THOUGTS ON THE GLUEING CONSTRUCTION FOR

CATEGORIES WITH FAMILIES

ABsTrRACT. Categories with families (cwif’s) are traditionally identified with
full split comprehension categories. Peter Lumsdaine has advocated that they
should better be identified with discrete comprehension categories. We agree
with his sentiment.

While the equivalence of these concepts is relatively easy to verify, the
bookkeeping is quite tremendous when building actual equivalences between
categories (with strict morphisms, pseudomorphisms, or lax morphisms) of
categories with families on one hand and discrete comprehension categories
on the other. Here, we try to give a conceptual account using the theory of
comonadicity. Our argument is suitable for formalization.
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1. RECOLLECTIONS ON COMONADS AND ADJUNCTIONS

1.1. Functors. We write Funcg,i.t for the category of functors and strict mor-

phisms, i.e. the functor category from the walking arrow to Cat. We write Funcpscudo, Funciax, Funcgpiaxfi
for the category of 2-functors from the walking arrow to Cat with pseudo-, oplax,

and lax natural transformations as morphisms. In all cases, given functors Fy: C; —

D; and Fy: Co — Dy, a morphism from Fj to F is a tuple (U, V, ¢) with functors

U:C, — Cy and V: D; — Dy, but the signature of the natural transformation

¢ differs. In the lax case, we have ¢: FoU — V Fj. In the oplax case, we have

¢: VF, — FyU. In the pseudo case, we have an isomorphism ¢: VF; — FyU. In

the strict case, we require that ¢: VF} — FyU is an identity. In summary, we have

a diagram of inclusions of wide subcategories as follows:

Funcgpjax
F\uncstrictc—> :Funcpseudo
Func,y.
In all cases, we have projection functors
D/ Cat
oIm
Func,
(m
¢ Cat

returning the domain and codomain category of the given functor.

1.2. Adjunctions. Let us describe the category Adj of adjunctions.

e An object of Adj is a tuple (C,D, L, R,n,¢) consisting adjoint functors
L:C — D and R: D — C with unit n and counit e.
e A morphism

(C1, D1, Ly, Ri,ms €1) = (C2, D2, Lo, Ra, 12, €2)

is a tuple (U, V, 1, r) with functors U: C; — C3 and V': D1 — D5 and natural
transformations [: LoU — VL; and r: UR; — RoV such that

rLyoUn; = Rol onpU
and
VerolR) = eV o Lor.
e The identity on (C,D, L, R,n,¢€) is (Id¢,Id¢,id,id). The composition of
(U1, V1,l1,71): (C1,D1, L1, R1,m1,€1) — (C2, D2, Lo, Ro, 12, €2)
and
(Ua, Va,lo,13): (Ca, D2, Lo, Ra, 2, €2) — (C3,Ds, L3, R3, m3, €3)
is
(UyUy, VoVi, Vo Ly o L3Uy, roUy o Usry).
e Neutrality and associativity laws clearly hold.
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Note that the last two conditions on a morphism in Adj above are equivalent
and both specify that [ and r are adjoint transposes, i.e.

R2V€1 o RQlRl O 772UR1 =T
or equivalently
€2VL1 o OLQT’Ll @) LQUT}l =1

Thus, one may remove one of [ and r from the data of a morphism and omit these
equations altogether. One obtains fully faithful functors

Funcoplax
e

Adj

m

Func,,

projecting to the left and right adjoint. One may alternatively define Adj in this
way, letting the morphism structure be created via these maps.

We add subscripts left-pseudo, left-strict, right-pseudo, right-strict, pseudo, strict
to Adj to indicate that we are taking the wide subcategory of morphisms as above
for which [ or 7 or both are invertible or an identity, respectively. These subscripts
maybe combined.

1.3. Comonads. Let us describe the category Cmd.

e An object is a tuple (D, N, e,v) with a category D and a comonad (N, €, v)
on D.

e A morphism from (D1, Ni,€1,v1) to (Da, Na, €2,19) is a functor V: Dy —
D5 and a natural transformation v: VN7 — NoV such that Ve, = eV ov
and NivovNy oV, =1V ow.

e The identity on (C,T,n, u) is (Ide,id). The composition of

(V17U1): (DlaNlaelayl) — (CQ)T27627V2)
and
(‘/27’02): (D27N2)€27V2) — (C3aT37€37y3)

is (VoVi,v2V1 o Vouy).
e Neutrality and associativity laws clearly hold.

We write Cmdpseudo and Cmdgyricr for the wide subcategory of Cmd of mor-
phisms as above for which v is invertible or an identity, respectively. Analogous
categories are defined for copointed endofunctors, in which case the comultiplication
component is omitted. This gives a diagram of categories as follows:

Cmdszrict(—> Cmdpsjudoc—> Crfd
Endocopt,strictc—> Endocopt,pseudoc—> Endocopt-
The horizontal arrows are wide subcategory inclusions.

1.4. Comonads and adjunctions. There is a functor S: Adjg_gricc — Cmd
sending an adjunction (C,D, L, R,n,€) to the comonad (D, LR, e, LnR) and a mor-
phism

(U1, Vi,l1,71): (C1, Dy, Ly, Riymuy €1) — (Ca, Da,y Lo, R, m2, €2)

to the morphism

(Vi,Lar): (D1, L1 Ry, €1, LiniRy) = (D2, LaRa, €2, Lana Ry).
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The functor S has a right adjoint 7: Cmd — Adjje_gtrice Sending a comonad
(D, N,¢,v) to the adjunction (Coalg(N), D, L, R,n,€) where L: Coalg(N) — D is
the forgetful functor sending a coalgebra (A, f) to A and R is the cofree coalge-
bra functor sending A to the coalgebra (T'A,v4); the component 14 5): (4, f) —
(TA,vy4) of the unit is given by f. The morphism

(V,v): (D1, Ny, e1,v1) = (Co, Ta, €2, 12)
is send to the morphism
(U, V,id,r): (Coalg(N )2, Do, Uz, F2, 12, €2) — (Coalg(Nz), Do, Uz, Fy, 12, €2)

where U sends a coalgebra (A, f) for N to the coalgebra (VA,va oV f) for Ny and
we do not to describe r or check any more laws since the projection Adjes _sirict —
Funcg,ict to the left adjoint is fully faithful.

The adjunction

. - %
Ad.]left—strict 1 Cmd

W
Cat
lives strictly over Cat as indicated where the left functor returns the target of the
left adjoint and the right functor returns the underlying category. It is further-
more a reflection, i.e. the right adjoint T is fully faithful. The adjunctions in the
essential image of T, i.e. those adjunctions X for which the unit X — T'SX is an
isomorphism, are called strictly comonadic.
Note that the above reflection restricts to reflections
s

/N
Ad-]pseudo,left—strict L Cmdpseudo

T
and
S
. — 3
Adjgice L Cmdsgrict.
—_
T

2. STUFF ON CARTESIAN COPOINTINGS

Recall that a functor is cartesian if it preserves pullbacks. Recall that a nat-
ural transformation is cartesian if its naturality squares are pullbacks. Recall
that a (co)monad is cartesian if it is cartesian as a functor and its (co)unit and
(co)multiplication are cartesian natural transformations.

Lemma 2.1. Let (N, €) be a copointed endofunctor. If the copointing € is cartesian,
then so is the whole copointed endofunctor (N, e€).

Proof. The functor N is cartesian by a pullback pasting argument in a cube, using
that its copointing € is cartesian. O

Lemma 2.2. Let (N,¢,v) be a comonad. If the counit € is cartesian, then so is
the whole comonad (N, e, v).

Proof. The functor N is cartesian by Lemma[2.1} By pullback pasting cancellation
in the neutrality law €N o v, we see that also v is cartesian. O
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Lemma 2.3. Let (N,e,v) be a comonad with cartesian counit on a category D.
Then the forgetful functor

F: Coalg(N,e,v) — Coalg(N,e¢)
is an isomorphism.

Proof. Clearly F' is injective on objects and fully faithful. It remains to show
that it is surjective on objects. Let (A,u) with u: A — NA be an object of
Coalg(N,€). To show that (A, w) lifts through F, we need to show that u respects
the comultiplication, i.e. that the following diagram commutes:

A—2 3 NA

Ju JNU (2.1)

NA -2 N2A.

Since € is cartesian, we have the following pullback:

N2A DA NA

_
Nea €A

NA 4 A

It thus suffices to verify that the two composites in (2.1) are equal when postcom-
posed with ey 4 and Ney. The composites of v4 with these two maps are identities,
S0 it remains to show that the postcompositions of Nu o u with ey4 and Nea are
equal to u. In the former case, we have
eynaoNuou=uoenygou

=uwuoid

= u.
In the latter case, we have

NegsoNuou=N(egou)ou
= N(id)ou
= U. ‘:l

Lemma 2.4. The vertical forgetful functors in the diagram

Cmdgyict“— Cmdpsendo~— Cmd

T

Endocopt,strict ? Endocopt,pseudo > Endocopt

are isomorphisms on copointed endofunctors with cartesian copointing.

Proof. All vertical functors have the same action on objects. Let us show that is
it bijective. Let (C, N, €) be a copointed endofunctor with e cartesian. We wish to
show that there is a unique comultiplication u satisfying the left and right neutrality
and associativity laws.

Since € is cartesian, we have the following pullback:

N2 N N

N{J l (2.3

N ——1d.
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This allows us to define comultiplication v follows:

o
N2-N N (2.4)

J
L
N ——1d.

Since € is natural transformation, so is v. The left and upper triangles in
witness the neutrality laws for a comonad. In fact, as seen in , v is determined
uniquely by these requirements.

Let us check the associativity law:

N —Y 3 N?

l }VV (2.5)

N2 N N8,

From ([2.3), we get the following pullback:

N2
N3 £ 5 N2

_
NeN eN

N2 —— N.
eN

It thus suffices to check that the two composites in are equal when postcom-
posed with eN? and NeN. In both cases, this is easily verified using the neutrality
laws.

Thus, we have shown that (N, ¢,v) is a comonad. Together with the unicity of
v observed earlier, this concludes the verification that the action on objects of the
vertical maps in are bijections.

It remains to show that the vertical maps in are fully faithful. Since this
property is preserved under pullback, it suffices to check this for the rightmost
vertical map Cmd — Endocpt. It is clearly faithful. To show that is full, consider
objects (D1, N1,€1,v1) and (Da, No, €2,v5) of Cmd with cartesian counits and a
morphism

(Vv, 'U)Z (N1,61) — (NQ,GQ)

in Endocopt. To lift this morphism to Cmd, we need to check that the following
diagram commutes:

VN, Y NoV
Vull luzv (26)

VN2 2N NNy 22 N2y

From ([2.3) for the counit ez, we get the following pullback:

N2V 2V Ny

J
NQEQVJ( ligv

NoV —— V.
EQV
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It thus suffices to check that the two composites in are equal when postcom-
posed with e NoV and Naeo V. For the upper right composite, we obtain v using
the neutrality laws for the comonad (N3, €,12). For the lower left composite, we
calculate

eaNoV o NovovNyo Vi =voeaVNyovNy oV
=voVeNioViy
=0
and
Noea Vo NovouvNyoViy = NoVeyovNyoViyg
=voVNiegoVin
= . O

Lemma 2.5. Consider an endofunctor N on a category B with a cartesian copoint-
ing €. Then the forgetful functor Coalg(N,e) — B is a discrete fibration.

Proof. Let f: A — B beamap in B and consider a coalgebra structure v: B — NB
on B. Our goal is to show that there is a unique coalgebra structure u: A — NA
on A such that f forms a coalgebra morphism from (A,u) to (B,v). That is, we
must show that there is a unique dotted map in the diagram

A sy NA—25 A
|

| oW

B——NB——B

commutes, where we ommited drawing the horizontal composite identities. This
follows from the universal property of the pullback given by the naturality square
of e at f. O

3. STUFF ON DISCRETE FIBRATIONS
3.1. Connected limits in discrete fibrations.
Lemma 3.1. A discrete fibration that is bijective on objects is an isomorphism.
Proof. Trivial. O

Lemma 3.2. Let P: £ — B be a discrete fibration and F: T — £ be a diagram
with T connected. Then the induced functor

Q: const |z g F' — const |z 5 PF
is bijective on objects.
Proof. Since Q is a discrete fibration, so is Q% : [Z,&] — [Z, B], hence the functor
Q':|Z,8])F — [Z,B]/PF
is an isomorphism of categories. By functoriality of the comma category construc-

tion, we have a commuting diagram of categories
const |z g F i> const |z 5 PF
P JR (3.1)
T,€))F —< 5 [7,B]/PF.

Note that L and R are injective on objects since Z is inhabited. Since L and Q' are
injective on objects, so is Q.
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Let us show that @ is is surjective on objects. Consider an object (B, u), where
u: const(B) — PF, of the codomain of Q. Let (Y, v) the (unique) lift of R(B,u) =
(const B, u) through @’. Since R is injective on objects, it remains to lift (Y”,v)
through L.

Since P reflects identities, we have that YK = Y'K’ and Y’j = id for any map
j: K — K'in Z. Since 7 is connected, there hence is an object Y € &£ such that
Y’ =constY. Then (Y,v) is a lift of (Y’,v) through L. O

Lemma 3.3. Let P: £ — B be a discrete fibration and F: T — £ be a diagram
with Z connected. Then the induced functor
Q: const |z ¢ F' — const |z 5 PF

is an tsomorphism.
Proof. We know by Lemma that @ is bijective on objects. Using Lemma [3.1]
it remains to show that @ is a discrete fibration. So let (Y,v) be an object of its
domain and (A, s) — (PY, Pv) a map in its codomain; we want to show that it has
a unique lift (X, u) — (Y,v) in its codomain.

We extend F' using the cone (Y, v), obtaining a new functor G: 1 xZ — £. Now
consider the functor

R: const |{1,7,e] G — const 1.7 5 PG.

The map (4, s) = (PY, Pv) forms an object of its codomain. Lifts (X, u) — (Y, v)
correspond to lifts of this object to its codomain. By Lemma [3.2] lifts of objects
through R are unique. O

Alternative to our setup, one could show directly that the diagram (3.2)) in the
proof of Lemma [3.2]is a pullback.

Corollary 3.4. Discrete fibrations create connected limits.

Proof. Using the characterization of limits as terminal objects in appropriate commall

categories, this is just Lemma [3.3] O
Corollary 3.5. Discrete fibrations create pullbacks. O
Corollary 3.6. Discrete fibrations create coequalizers. (]

3.2. Discrete fibrations with right adjoints.

Lemma 3.7. Consider a discrete fibration P: & — B with a right adjoint (R, e€).
Then € is a cartesian natural transformation.

Proof. Let g: B — C be a map in B. We want to show that the square
PRB 21, pRC
"
B—2 ¢

is a pullback. Let us consider a cone
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our goal is to show that there is a unique map f as indicated making the diagram
commute.

Let w: X — RC be the unique lift of h to £, using that P is a discrete fibration.
In particular, we have A = PX. The outer square in states commutativity of

the triangle
ecoPw
\\ (3.3)

B2,

We will now work with transposes with respect to the adjunction P 4 R. Let us
write u: X — RB be the transpose of f’. Using naturality of transposition in the
codomain, we obtain from (3.3]) the commuting triangle

RB - Re.

For existence of f in , we can now put f =4qet Pu. The left triangle commutes
because f’ is the transpose of u. The upper triangle commutes because it is the
image of under P.

For uniqueness of f, we argue as follows. Since P is a discrete fibration, we
must have f = Pu for some map @ in £ with codomain RB. Using the left triangle
in , we have that @ is the transpose of f’. This determines %, and hence f,
uniquely. O

We call an adjunction cartesian if the left and right adjoints are cartesian functors
and the unit and counit are cartesian natural transformations. Note that this
implies that the induced monad and comonad are cartesian.

Proposition 3.8. Consider a discrete fibration P: & — B with a right adjoint R.
Then the adjunction P 4 R is cartesian.

Proof. We know that P preserves pullbacks by Corollary[3.5] Note that R preserves
pullbacks as it is a right adjoint. The counit € is cartesian by Lemma

The unit 7 is cartesian by the following reasoning. Recall the triangle law
PnoeP = idp. Since € is cartesian, so is eP, and hence Pn by pullback past-
ing cancellation. Then 7 is cartesian as P reflects pullbacks by Corollary 3.5} O

Let us recall a few items from the theory of comonadic adjunctions. Consider
a functor P: & — B with right adjoint R, denoting the unit n and counit €. The
adjunction P 4 R is called comonadic if the canonical comparison functor

& ———— Coalg(PR)

NS

B

over B sending X to the comonad algebra (PX, Prnx) is an equivalence. It is
strictly comonadic if this comparison functor is an isomorphism. In case P is an
amnestic isofibration, for example because it is a discrete fibration, comonadicity
is equivalent to strict comonadicity.

There are various versions of the comonadicity theorem, which gives sufficient
(and sometimes equivalent) conditions for detecting comonadicity. In our case, we
will only need the following. Given an adjunction P 4 R as above, if P creates
coequalizers, then P - R is comonadic.



THOUGTS ON THE GLUEING CONSTRUCTION FOR CATEGORIES WITH FAMILIES 10

Proposition 3.9. Consider a discrete fibration P: £ — B with a right adjoint R.
Then the adjunction P - R is strictly comonadic.

Proof. Tt is comonadic because P creates coequalizers by Corollary [3.6] It is then
strictly comonadic as P is a discrete fibration. O

We add the subscript left-discfib to the category Adj to indicate that we restrict
to objects where the left adjoint is a discrete fibration.

4. VARIANTS OF CATEGORIES WITH FAMILIES
4.1. Standard definition.

Definition 4.1. A category with families (cwf, standard variation) C = (C, Ty’ TmC, p°, ©l
consists of a category C, a presheaf Ty on C, a presheaf Tm® on J Ty°, and for
each T € C and A € Ty®(T'), a universal element

(PG TA =T, g5 1) € TmE(TyC (pr 4))(A)))
of the presheaf

WKTmG: )¢ (C/T)% —— (f Ty®)o» —T2°, et

where the first map is the functor sending o: A — T to (A, Ty (a)(A)).

We introduce some shorthand notation. We omit superscripts if they are evident
from the context. The category C is also referred to as the category of contexts
and substitutions. Its objects are usually denoted with uppercase greek letters
T'AE,.... The elements of Ty and Tm are called types and terms, respectively.

Let T' € C be a context and A € Ty(T') be a type over it. The context T'.A
is called the context extension (of T') with A. The morphism psa: T'A — T is
called the context projection of A. Given also a substitution o: A — T', we write
Alo] =get Ty(o)(A) for the substitution of A by o. Given additionally a term
t € Tm(T, A), we write t[o] =4qer Tm(o, A)(¢t) for the substitution of t by o. Note
that this notation is ambiguous if the values of the presheaf Ty respectively Tm
are not disjoint.

Definition 4.2. A laz morphism of cwf’s from C to D is a tuple (F,u,v) with
a functor F': C — D, a natural transformation u: Ty, — TypF, and a natural
transformation v: Tme — Tmp ([ u).

Given a lax morphism of cwf’s as in Definition 4.2/ and T' € C with A € Ty®(T),
note that (prF,A), v(p,A,A[pA])q(CF,A)) is an element of the presheaf WkTm?FF’urA).
By universality of (p(DFF,uFA)7 q(DI,nuFA)), there is thus a unique coercion substitution

(T, A)

>FF.U1"A

F(T.A)
F(p(cl“yA)\l ‘AF‘“FA)
r

over I' as indicated such that U(F.A,A[pA])Q(CnA) = qg?F’uFA) [T(r,4)]. The lax mor-
phism (F, u,v) is a pseudomorphism if all coercion substitutions are isomorphisms
and a strict morphism if they are identities.

Lax morphisms of cwif’s compose in the evident way. The identity on C is given
by (Ide,id,id). The composition of morphisms

C (Fyu,v) D (F' /0" £
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is given by (F'F,u'F o u,v'([u) ov). Neutrality and associativity laws are easily
verified.

Observe that identities in CwF,, are strict morphisms and that pseudomor-
phisms and strict morphisms are closed under composition. This justifies the fol-
lowing definition.

Definition 4.3. We have categories of cwf’s (standard variation) with strict mor-
phisms CwFyict, pseudomorphisms CwF pscudo, and lax morphisms CwF,y.

In summary, we have a sequence of wide subcategory inclusions

CwFpict > CWF peudo ™ CWF . (4.1)

4.2. Slickering. Let us look for a more categorical way of defining cwf’s. The
first change is to present types and terms in terms of discrete fibrations instead
of presheaves. This cuts down on instances of the category of elements construc-
tion, which passes from presheaves to discrete fibrations and appears already inside
Definition 411

Replacing all presheaves by discrete fibrations, and overloading names in the
process, we obtain we the following. A category with families C is equivalently
given by a tower of discrete fibrations

Tm®

disle

TyC

disclP

C

together with, for each A € Ty, a universal element of the presheaf

(C/PAYP — = 5 (TyC/a)r —9m , (TyCyop @ s gep  (42)

where the first map is given by the unique lifting property of discrete fibrations.

Note that the first functor in is fact an isomorphism as indicated. Thus,
we may simplify the condition without changing it by omitting it, requiring instead
for each A € Ty a universal element of the presheaf

(TyC/A)op —om  (pyCyop @, et (4.3)

Note that this condition does not make use of the discrete fibration P: Ty® — C
at all anymore, only its total space.

A final simplification is achieved by noting that the category of elements of the
presheaf is just the comma category @ | A. A universal element of the presheaf
is a terminal object in there. Thus, a choice for each A € Tyc of a universal element
of the presheaf is nothing but a right adjoint for Q. Therefore, we obtain the
following categorical definition.
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Definition 4.4. A category with families (cwf, slick variation) C is a tower of
discrete fibrations
Tm°

TyC

disclPC

C
with a right adjoint RC to @ as indicated.

This categorical phrasing makes the definition of categories of cwf’s much easier.
Let us write DiscFib for the full subcategory of Funcg,i.; of functors that are
discrete fibrations.

Definition 4.5. The category of cwif’s (slick variation) with lax morphisms is
defined by the pullback

CWFlax ? Ad-]left-discﬁb,left—strict

_
J lCodoLeft

DiscFib — 2% . Cat.

The categories of cwf’s with pseudomorphisms and strict morphisms are defined by
an analogous pullback, but with Adjiegischib left-strict TePlaced by

Ad.] left-discfib,left-strict,right-pseudo
and
AdJleft—discﬁb,strict ’
respectively.

Unfolding the components of morphisms, identities, and composition in this def-
inition, one finds that the categories defined are indeed equivalent to Definition [1-3]
and that these equivalences respect the wide subcategory inclusions of (4.1).

5. VARIANTS OF DISCRETE COMPREHENSION CATEGORIES
5.1. Standard definition.

Definition 5.1. A discrete comprehension category (standard variation) C is a
commuting diagram of categories

S SE

A

where the left map is a discrete fibration and x¢ maps morphisms to pullback
squares.

We copy some usage and terminology from cwif’s. We omit superscripts if they
are evident from the context. The category C is again referred to as the category
of contexts and substitutions. The objects of Ty are called types. Given I' € C, we
write Ty (T") =qef P~1(T) for the types over T'.

Let A € Ty be a type in context I' =4o¢ PA. The map x(A): I''A — T" is called
the comprehension or context projection of A. Its domain is the context extension
with A. Given also a substitution o: A — T', we write A[o] — A for the unique
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lift of o, using that P is a discrete fibration. We call A[o] the substitution of A by
0. Observe that, in contrast to the case of categories with families, this notation is
never ambiguous.

Definition 5.2. A lax morphism of discrete comprehension categories from C to
D consists of functors F, G and a natural transformation ( fitting into a diagram

Ty" %C"
AWy
C
|
D

such that the bottom left square commutes and ( lies over the identity, i.e. codp ( =
id.

In Definition [5.2] note that we do not require ¢ to be valued in pullback squares.
If this is the case, equivalently if ¢ is an isomorphism, we have a pseudomorphism.
If ¢ is an identity, we have a strict morphism.

Lax morphisms of comprehension categories compose in the evident way. Ob-
serve that the identity lax morphism is strict and that strict morphisms and pseu-
domorphisms are closed composition. This justifies the following definition.

Definition 5.3. We have categories of comprehension categories (standard vari-
ation) with strict morphisms CompCat pseudomorphisms CompCat
and lax morphisms CompCat,,,.

strict? pseudo’

In summary, we have a sequence of wide subcategory inclusions

CompCat C—— CompCat C—— CompCat,,. (5.1)

strict pseudo

5.2. Slickering. Suppose we are given a comprehension category

Ty X e

Nz

Since PC is a discrete fibration, we have a pullback square
(Tyc)_> disc c—
|
cod cod (53)

Ty disc cC.
Note that the top arrow in is again a discrete fibration as indicated, for example
because discrete fibrations are stable under pullback. From the pullback , we
see that giving x¢ making the diagram commute is the same thing as giving
a section to
codrpye: (Ty©)™ — Ty®.

Furthermore, since discrete fibrations create pullbacks by Corollary we have
that x¢ maps morphisms to pullback squares exactly if the corresponding section
to codpye: (Ty )7 — Ty has that property.
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Finally, observe that a section to codpyc that maps morphisms to pullback
squares is the same thing as a copointed endofunctor on Tyc with cartesian co-
pointing. Recall from Lemmata and that a copointed endofunctor with
cartesian copointing is the same thing as a cartesian copointed endofunctor and a
cartesian comonad. Thus, we obtain the following isomorphic definition of discrete
comprehension categories.

Definition 5.4. A discrete comprehension category (slick variation) C is a discrete
fibration Ty® — C together with a cartesian copointed endofunctor on Ty°.

This definition makes it slightly easier to specify categories of comprehension cat-
egories. Let us write Endocept,cart for the full subcategory of copointed endofunctor
that are cartesian and similarly for its variants.

Definition 5.5. The category of comprehension categories (slick variation) with
lax morphisms is defined by the pullback

CompCat,,, — Endocopt cart
I |
DiscFib —222  Cat
where the right functor returns the underlying category of an endofunctor. The

categories of comprehension categories with pseudomorphisms and strict morphisms
are defined by an analogous pullback, but with Endocopt cart replaced by

Endocopt,pscudo,cart
and
Endocopt,s‘crict,cartv
respectively.
Unfolding the components of morphisms, identities, and composition in this def-

inition, one finds that the categories defined are indeed equivalent to Definition [5.3]
and that these equivalences respect the wide subcategory inclusions of (5.1]).

6. COMPARING CATEGORIES WITH FAMILIES AND DISCRETE COMPREHENSION
CATEGORIES

With the framework we have built up, comparing not just categories with families
and discrete comprehension categories but also the different categories thereof is
now possible in a very conceptual manner.

Theorem 6.1. Categories with families and discrete comprehension categories are
equivalent in the sense of vertical equivalences making the following diagram com-
mute:

C:VV]:T‘strict(—> C:VVFpseudo(—> CWFlax

CompCat,,;,“— CompCat . 4, CompCat,,,.

Proof. All six categories are defined in Definitions [£-5] and [5.5] via a pullback along
the same functor

DiscFib —2% . Cat.
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Instead of constructing the equivalences in (6.1]) directly, we may thus instead
construct equivalences as in

AdJleft-discﬁb,strict AdJleft-discﬁb,left—strict,right-pseudo Ad-]left-discﬁb,left-strict

= =~ =

Endocopt,strict,cart(—> :Endocopt,pseudo,cartc—> Endocopt,cart
(6.2)
where each vertical arrow must live over Cat via the right vertical functors in
Definitions .5 and
Let us first construct the rightmost equivalence in . We have a commuting
diagram

Adjiefi-dischib left-strict ¢ CMdecat — > Endocopt,cart

M) J / (6.3)

Cat

where the left horizontal arrow is a restriction of the fully faithful right adjoint
of the adjunction of adjunctions and comonads of Subsection using that the
associated forgetful functor from the category of coalgebras for a cartesian comonad
is a discrete fibration by Lemma [2.5 and the right horizontal arrow is the functor
forgetting the comultiplication.

Recall from Proposition that the adjunctions in Adjjef; dischib left-strict aT€
strictly comonadic. Since the associated comonad of an adjunction in Adjieg;_gischib left-strictl]
is cartesian by Proposition [3.8] we have that the left horizontal functor in is es-
sentially surjective (via an explicit functor) and hence an equivalence. The second
horizontal arrow is an isomorphism by .

This gives the rightmost equivalence in . The middle and leftmost equiva-
lence are constructed using the same argument, but with modified subscripts as in
the diagrams

Ad-]left—discﬁb,left—strict,right—pseudo CmdpSCUdO,CBTt ? Endocopt,pscudo,cart

M) l /
Cat

and
Adjleft-diSCﬁb,strict — Cmdstrict,cart E— Endocopt,strict,cart
M) l /
Cat.
Furthermore, all these diagrams fit together naturally. O

7. SOME TOOLS

For this section, fix a discrete comprehension category

S SE

A
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7.1. Telescopes. For n € N, we recursively define category Ty(") of telescopes of
length n together with a comprehension functor x(™): Ty(") — C” as follows.

e At the initial stage, we set Ty(o) =ger C and let x(@: C — C% be the
canonical isomorphism.

e At the successor stage, we define Ty(”+1) via the pullback
Ty("+1) Ty
_
disclp((:)+l) disc | P
Ty(n) X(") C[n]OP c©) C

and (D Ty _, ¢+ yia the induced map between pullbacks as
indicated below:

Ty(n+l) Ty
\ ) \
(D Ty(n) c
X {
C[n+1]°p c—
\ cod
clnl et C.

We write P for the following composite of functors: Consider the diagram

1P

Ty™ —> cln

px/{}

By induction on n, we see that P is a discrete fibration and that x(™ as a
morphism of functors over C is cartesian, i.e. in this situation sends morphisms to
cartesian natural transformations.

We denote an object of Ty™ as a tuple (I'; Ay, ..., A,) with I' € C and A; €
Ty(T;—1) for i € {1,...,n} where I’y =gef I' and T'; =ger [';—1.4;. A morphism
from (A; By,...,B,) to (T; Ay, ..., A,) then is a substitution o: A — T such that
B; = A;oi—1] where 0¢g =gef 0 and o; =qet 04—1.4; for i € {1,...,n}.

7.2. Pullbacks along types. Consider a context I' € C, a substitution o: A — T,
and a type A € Ty(T"). The substitution o lifts to a map A[o] — A between types.
Applying comprehension, we obtain a pullback square

AAjo] -Z25T.4

_
PA[U]\L J/PA

A—7—T.

Ordinarily, we view this situation as the base change A[o] of the type A along the
substitution o. Dually, however, we may also view it as the pullback 0.A of the
substitution o along a type A. This operation lifts to a functor, which we write

(—).(=): C™ xe¢ Ty — C~
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where the pullback is taken with respect to cod and P.

8. DEPENDENT SUMS AND PRODUCTS

Consider a discrete comprehension category

S S

A

Ty ch_) —C~

We have a pullback functor

Ty® xc Ty —» ¢~

Definition 8.1. The category of dependent products Cry is defined with a functor
Cn — Ty(2) as follows.
e An object over (T'; A, B) consists of a type II4B € Ty(T'), and a bijection
eval from C(T',T.II4 B) to C(I".A,T.A.B).
e A morphism over

(o,m,n): (I, A,B) — (I'", A", B)

from (IT4/ B, eval’) to (I14 B, eval) consists of a map 0: A.Il4 B’ — I'.114 B
over ¢ such that m* o eval = eval oo*.

Let I be a set.

Definition 8.2. The category of weak I-coproducts C is defined as follows.

e An object consists of a context I' € C, types A; € Ty(T") for ¢ € I, a type
X € Ty(T'), and maps f;: I'A; = T.X over I for i € I.

e A morphism from (A, A", X', f') to (T, A, X, f) consists of a substitution
o: A — T, maps m;: A, — A; over o for ¢ € I, and amap u: A.X' - T.X
over ¢ such that the diagram

AA T A X

o,
fi

A, ——r.X

commutes for each 7 € I.

D——B

_
o ~ip

c—LA

Given a context (I'c,T') in D. Given types (C; € Ty(T'¢), B; € Ty(I'g)) over
it. We want to take their coproduct. So we take Cy +Cy € Ty(I'¢) and By + B €
Ty (). But these do not map to the same thing in A: F(C; + Cs) vs P(By + Bs)
in Ty(T4).

Well, P is a strict map. So P(By + Ba) = P(By) + P(Bs) = F(Cy) + F(Cy).
Have a canonical map F(Cy) + F(Cy) = F(Cy + Cs).

C(A,AIlyB') C(I,T.11,B)
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Definition 8.3. The category of dependent sums Cy is defined with a functor
Cy — Ty(2) as follows.

e An object over (I'; A, B) is a pair (X4B,snd) with ¥4B € Ty(I") and a
map
snd: xr.4(B) = xr(ZaB).A
in C/T".A such that (xpr(X4B),snd) is an initial object in xp a(B) | (—).A.
e A morphism over
(0,m,n): (I, A, B) - (I, A, B')

from (X 4B, n) to (Xa/B’,n)isamap o: ¥4 B — X 4B in Ty over ¢ such

that
X(B') X X(B)
J/snd' lsnd
(S B).A — X0 B4
commutes.

e Identities and compositions are defined using that in Ty.

Formally, we may write Cys; as a full subcategory of the inserter

F
Ty(2) xc Ty 4)4> c—
G

where the pullback is taken with respect to P(?) and P, the functor F is given by

- (2) op 11,2}
Ty(z) xe Ty 0 Ty(z) X clr ¢ c—

and the functor G is given by

@ P xex L OO
Ty x¢ Ty ———— Ty X C7 ————C™.

We restrict to those objects whose inserter map lies over the identity at the functor

T:C,A: Ty(D),b:C/T.Ajx : C/A,C/T.A(b,z.A))c

|

Ty Ty xc C™

|

C

Let A € Ty, with comprehension p4: I"'A — I'. We denote (—).A the induced
functor in the following commuting diagram:

Ty/A—~Ty/NA

o |

e era.
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Note that the vertical arrows are isomorphism since P is a discrete fibration. Since
the counit € of IV is cartesian, observe that the top functor in the above diagram is
a pullback functor in Ty along €4: NA — A and hence so (—).A in C along pa.

Definition 8.4. Given A € Ty(T') and B € Ty(T'.A), a dependent sum of A and
B is a type ¥4B € Ty(T') and a map

n: xr.a(B) = xr(XaB).A
in C/T". A such that (xr(X4B),n) is an initial object in xr.4(B) | (—).A.

Consider a substitution o: IV — T', a map m: A’ — A in Ty over I, and a map
n: B" — B in Ty over o0.m. Consider dependent sums (X4B,n) and (X4 B’, 7).
The dependent sums are called coherent if there is a morphism o: ¥4 B — ¥ 4/ B’
over o
Definition 8.5. The category of dependent sums in C is defined as follows.

e The objects are tuples (T', A, B, ¥ 4 B, n) with a context T', types A € Ty ('),
B e Ty(I''A), and £4B € Ty(I'), and a map
n: XI‘.A(B) — XF(ZAB).A

n: xr.a(B) = xr.a((X¥aB)o])
in C/T.A such that (xr(XaB),n) is an initial object in xr.4(B) | (—).A.
e The morphisms
(Fa A7 B7 ZAB7 77) - (F/7 A/a Bl7 EA’B/7 77,)
are tuples (o, m,n,o0) with a substitution : IV — T, a map m: A’ — A in
Ty over I', amap n: B’ — B in Ty over 0.m, and amap o0: X4/ B' — X 4B
in Ty over o such that

x(n)

x(B) x(B)

" [
x(o[pm])

X(BarB)par]) ————— x((ZaB)[pal)

commutes.
e Identities and compositions are defined componentwise.

Note that
n: xr.a(B) = xr(XaB).A
may also be written
n: xr.a(B) = xr.a((XaB)[pal)

Fix a substitution o: A — I'. Consider types A € Ty(I') and B € Ty(I".A) with

a dependent sum (X 4B,7n). We have morphisms in Ty of
Alo] = A
over ¢ and
Blo.A] —» B
over 0.A and
(ZAB)[O'] — 4B

over o. Applying x, we get pullback squares

AAlo] ——T.A

"

A——
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and
A.Alo].Blo.A] —— F.TB
A Alog] —T.A
and

A(EAB)[O'] — '3 4B

l |

A——T

1: Xa.al0)(Blo-A]) = xa((XaB)[0]).Alo]

Definition 8.6. Given A € Ty(I') and B € Ty(I'.A4), a dependent product of A
and B is a type 14 B € Ty(T") and a map

€: XF(EAB).A — XF.A(B)
in C/T". A such that (xr(X4B),€) is a terminal object in (—).A | xr.a(B).
Definition 8.7. Let A € Ty(T'), B € Ty(I".A), and o: A —T.

Remark 8.8. Fix A € Ty(I'). A choice of dependent sums for A and any B €
Ty(T'.A) corresponds to a function

Ya: Ty(l.A) —» Ty(D)

and a natural transformation € as in

Ty(T.A) %> Ty(T)

J/ o xrXa l
XI.A [/ XT
€ - A

C/T.A«—C/T
()-A

witnessing xrX 4 as the xr. a-relative left adjoint of (—).A.
Dually, a choice of dependent products for A and any B € Ty(I".A) corresponds
to a function
IMy: Ty(T'.A) —» Ty(I")

and a natural transformation 7 as in

Ty(I.A) - Ty(T)

“exrlla
XI.A 77/ pen
g

witnessing xrIl4 as the xr a-relative right adjoint of (—).A.

9. OTHER STUFF

9.1. General tools for discrete fibrations. where the bottom functor maps a
fibration to its total space and the right functor maps an adjunction to the target
of its left adjoint.

The category of comprehension categories is defined by the pullback

CompCat,,, —— Endocpt
| |

DiscFib ——— Cat
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where the bottom functor maps a fibration to its total space and the right functor
maps a copointed endofunctor to the underlying category.

Definition 9.1. The category Aj.x is defined as follows.

e The objects are tuples (P, R, €) with a discrete fibration P having a right
adjoint (R, ¢). Often in our notation, we will leave the counit implicit.

e The morphism structure is created from Cat™ via the map sending (P, R, ¢)
to P. In particular, a morphism from (Py, R1,€1) to (Pa, Ra, €2), where we
write P;: & — B; for i € {1,2}, is a pair (V,U) of functors making the
below square commute:

51 L}gz

lpl l&

Bl L)BQ

We refer to the morphisms of Ay, as lax morphisms.

Consider a lax morphism (V,U) as denoted in Definition The natural iso-
morphism id: P,V — U P, transposes to a natural transformation q: VR; — RoU.
We call (V,U) a strong morphism if ¢ is an isomorphism and a strict morphism if it
is an identity. Observe that strong and strict morphisms are closed under finitary
composition.

Definition 9.2. The categories Apseudo and Agirict are the wide subcategories of
A, consisting of pseudo and strict morphisms, respectively.

In summary, we have a sequence of wide subcategory inclusions
Agpict —— Apseudoc—> Ajax.
Observe that this is simply sequence of wide subcategory inclusions
Adjgio Adjpseudo,left-strictc—> Adjes strict
restricted to objects whose left adjoint is a discrete fibration.

Definition 9.3. The category CompCat,,, is defined as follows.

e The objects are tuples (B, F, €) with a category B, an endofunctor F' on B,
and a copointing €: F' — Id that is cartesian.

e The morphism structure is created from the category of copointed endo-
functors and lax morphisms. In particular, a morphism from (By, Fy,€1)
to (Ba, Fy,€2) is a tuple (U, A\) with a functor U: B; — B2 and a natural
transformation ¢: UF; — F>U making the following triangle commute:

We refer to the morphisms of CompCat,,, as lax morphisms. Consider a lax
morphism (U, q) as denoted in Definition We call (U, q) a strong morphism if
the natural transformation ¢ is cartesian and a strict morphism if it is an identity.
Observe that strong and strict morphisms are closed under finitary composition.

Definition 9.4. The categories CompCat 4, and CompCat,,;; are the wide
subcategories of CompCat,,, consisting of pseudomorphisms and strict morphisms,
respectively.
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In summary, we have a sequence of wide subcategory inclusions

CompCat,, ;..“— CompCat C—— CompCat,,,.

strict pseudo

Observe that this is simply the sequence of wide subcategory inclusions
]Endocopt,strict(—> :Endocopt,pseudoc—> Endocopt
restricted to objects with cartesian copointings.

We can also describe the categories of Definition directly, using the copointed

endofunctor ((—)7, codeart) where cody: B, — B on Cat:

e CompCat,,,;.. is the category of algebras for ((—)7, codeart),
e CompCat 4, is the category of algebras and pseudomorphisms for ((—)7, codcant )}
seen as a copointed 2-endofunctor,

Lemma 9.5. There is an equivalence Aj.x =~ CompCat,,.. It restricts to equiva-
lences Apseudo =~ CompCat and Agirice ~ CompCat

pseudo strict -

Proof. Given £ — B, we returns the comonad RP. Given a cartesian copointed
endofunctor R on B, we let £ be the category of its coalgebras.

In one direction, £ — Coalg(PR) needs to be an isomorphism somehow.

In the other direction, we get the identity.

A->NA

Given X € &, why does X arise as a O

Lemma 9.6. Let B be a category. Then there is an equivalence of categories
between:

(i) discrete fibrations P: & — B with a right adjoint (R, €).

(i) sections to the forgetful functor cod: BZ, — B.

Proof. We have a functor from (i) to (ii) by sending (P, R, €) to the functor ¢: B —
B Its codomain is justified by (3.7). Recall that the codomain of the natural
transformation e is the identity, making the functor € a section to cod.
The functor
c?rt,section — Bc?rt

O

Definition 9.7. A category with families (version A) C consists of a category C, a
presheaf Ty, on C, a presheaf Tme on [ Ty, and for each T’ € C and A € Ty, (T),
a universal element

(pa:T.A—=T,q4 € Tme(Tye(pa)(A)))
for the presheaf

(C/T)> —L s (f Tye)™ —2 Set
where F is the functor sending o: A — T" to (A, Ty.(0)(A)).

Definition 9.8. A category with families (version B) C counsists of a category
C, a presheaf Ty, on C, a presheaf Tm¢ on [ Ty, and a right adjoint to the
Grothendieck construction [ Tme — [ Tye.

Definition 9.9. A category with families (version B) C consists of a category C, a
presheaf Ty, on C, a presheaf Tm¢ on [ Ty, and a section to the functor

(f Tye)dm —=%— ([ Tye) ™.
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Definition 9.10. A category with families (comprehension category version) (cwf)
C = (C,Ty¢, xc) consists of a category C, a presheaf Ty.: C°® — Set, and a
cartesian morphism xc: [Ty, — C~ making the following diagram commute
strictly:

~

10. CATEGORIES OF CWF’S

Definition 10.1. A category with families (cwf) C = (C, Ty, xc) counsists of a
category C, a presheaf Ty.: C°? — Set, and a cartesian morphism x¢: [Ty, —
C™ making the following diagram commute strictly:

Note that [Ty, — C is a discrete fibration, hence every morphism in its do-
main is cartesian. The requirement of ¢ preserving cartesian arrows can thus be
equivalently expressed by giving it signature x¢: [ Tye — Con.

We introduce some shorthand notation. We omit certain subscripts if they are
evident from the context. The category C is also referred to as the category of
contexts and substitutions. Its objects are usually denoted with uppercase greek
letters I'; A, E,.... Let I € C be a context and A € Ty(I") be a type over it. We
write pa: A — T for the comprehension or context extension of A, its image
under x. Given a substitution o: A — T, we write A[o] =qer Ty(c)(A) for the
substitution of A by o, the image of A under the action of the presheaf Ty on o.
We also write py: pajs] — pa for the image of the morphism (A, Afo]) Z (T, A) in
J Ty under y:

as indicated in the diagram, 0.A =gt dome(p,). When working with objects and
morphisms of C7 or C/T" (where I' € C), we may regard them as objects and
morphisms of C, leaving the application of the domain functor dom¢: C7 — C or
the forgetful functor C/T' — C implicit.

Definition 10.2. A laz morphism F = (F,up,vp) of cwf’s from C to D consists of
a functor F': C — D, a natural transformation ur: Ty, = TypF, and a natural
transformation vp: F~x¢ — xp([ ur) of functors [ Ty, — D~ lying strictly over
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the identity on F' (i.e. cod¢c vp = idpy, ):

f Tyc xe C_>

This is a morphism if w is invertible. It is a strict morphism if u is an identity
natural transformation.

We introduce some shorthand notation. We omit certain subscripts if they are
evident from the context. When applied to a type A € Ty(T'), we usually write
just F'A for the image (up)r(A) of A under the component of the natural transfor-
mation ug at I'.

Every cwf admits a strict identity morphism. There is an evident notion of
composition of lax morphisms; the result is a (strict) morphism if the inputs were.
Identity and composition satisfy the expected neutrality and associativity laws.
We write CWF (CwF,x, CWFgict) for the category of cwif’s with (lax, strict)
morphisms.

11. THE CATEGORY OF MAPS OF CWF’S WITH RIGHT ADJOINTS ON TYPES

Definition 11.1. Let F': C — D be a lax morphism of cwif’s. A right adjoint R
on types is a J-relative right adjoint (Rr,er) to F: C/T' — D/FT for every T € C
where J is the map Ty, (FT') — D/FT given by xp:

TYD(FF)
J “._ Rr
c/r = D/FT.

Recall that a relative right adjoint is the same thing as an absolute right Kan
lift in the 2-category Cat, i.e. a right Kan extension in Cat®? (1-cells inverted).

Unfolding the above definition, we obtain the following. For any context I' € C
and type B € Ty (FT), there is a context R(T', B) over I' such that maps

A » R(T', B)

NS

r

are in bijection with maps

FA » FT.B
Fx \%3
FT,

naturally in A € C/T.
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Consider a morphism F — F’ in CwF},,, i.e. a strictly commuting diagram of
lax morphisms

c—*2.p

Ul JV (11.1)

o

Assume that F' and F’ have right adjoints on types (Rr,er) and (R, e€p) with
I'e C and IV € C', respectively.

Let T" € C and consider the commuting diagram, a prism with natural transfor-
mations as faces where the front square commutes strictly and the back left square
is missing:

Typ(FT)

Rr J
— = N
c/T Y pJ/FT

dr\l (uV)FF)l

(11.2)
, vV )Fr
U / Ty (F'UT) v
c’'/jur D'/F'UT

Recall that absolute Kan lifts are stable under precomposition. By the universal
property of the absolute Kan lift (R, €r) precomposed with (uy)gr, there is
a unique natural transformation in the back left square as indicated making the
prism of natural transformations commute.

Definition 11.2. Consider a morphism of F — F’ in CwF;,, as in where
F and F’ have right adjoints on types. We say that F — F” satisfies the Beck-
Chevalley condition if the induced natural transformation dr in is an isomor-
phism for all T" € C.

Proposition 11.3. Maps that satisify the Beck-Chevalley condition in CWF,. be-
tween objects that have right adjoints on types are closed under finitary composition.

Proof. Standard. O

We write CwF,” (CwF,, ,, CwF};, ) for the category over CwF~ whose
objects are (lax, strict) morphisms of cwf’s with right adjoints on types and whose
morphisms from F to F’ are given by commuting squares (U,V): F — F’ in
CwkF, that satisfy the Beck-Chevalley condition such that U,V are morphisms
of cwi’s. If we wish U and V' to be lax morphisms or strict morphisms intead, we
append a further outermost subscript as in ‘(CWF,”)j.x’. We obtain nine different

categories in total, all given by Proposition [L1.

11.1. Global description of right adjoints on types.

Lemma 11.4. Let F': C — D be a lax morphism of cwf’s with a right adjoint R
on types. Then the relative right adjoints (Rr,er) with I' € C assemble to a global
(C xp xp)-relative right adjoint (R, €) of exp(dy, F') = (cod, F~) that is a cartesian
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morphism over C:

CXDfTYD—>fTYD

. CXDXD JXD
~Y A Cxp D* D~
codF
D.

Proof. This is an instance of Lemma [T7.2} O

Consider a morphism F — F’ in CwF} as in (ILI). Assume that F and F’
have right adjoints on types, assembling to global relative right adjoints (R, ¢) and
(R',€¢) as in Lemma[11.4]

Consider the following prism, where the top and bottom faces are the counits
natural transformations of the relative adjoints, the back right square is a pullback
of vy, , and the front square commutes strictly:

CXDnyD

R
e B
c— CXD'D%

a\y l = (11.3)

CXD’UUD

XD/ nyD/
R/
/%? \
(C/)—> c’ XD (D/)—>

Recall that absolute Kan lifts are stable under precomposition. By the universal
property of the absolute Kan lift (R',€¢’) precomposed with Ue Xy, Up, there is
a unique natural transformation in the back left square as indicated making the
prism of natural transformations commute.

Proposition 11.5. In the context of (L1.3)), the natural transformation d in (11.3)
is assembled from the natural transformations dr in (11.2)) for T € C.

Proof. Standard. O
Note that Proposition implies that codg: d = id.

Corollary 11.6. In the context of (L1.3)), the morphism F' — F' satisfies the Beck-
Chevalley condition exactly if the natural transformation d is an isomorphism.

Given a lax morphism F': C — D with a right adjoint on types, there is a way of
forming an “intermediate” cwf with contexts coming from C and types coming from
D. This is the context of the next lemma.

Lemma 11.7. Let F: C — D be a lax morphism of cwf’s with a right adjoint R
on types. Then there is a cwf & with category of contexts C and types given by the
composite

¢ —L D> — Set.
Furthermore, F factors via £ as below:
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Proof. Under the category of elements construction, precomposition of presheaves
corresponds to pullback of induced discrete fibrations. So [€ ~ C xp [Typ,
and under this isomorphism, we may take the functor R of Lemma [I1.4] for the
comprehension functor xg. This completes the definition of the cwf £.

The lax morphism £ — D has functor on contexts given by F', natural transfor-
mation between types given by the identity on Ty F', and natural transformation
between comprehensions given by the counit of the relative adjoint R.

The lax morphism C — £ has functor on contexts given by Id¢, natural trans-
formations between types given by up, and natural transformation between com-
prehensions given by vp under the natural isomorphism characterizing R as an
absolute right Kan lift. O

Note that even when starting with a morphism of cwf’s C — D in Lemma [11.7]
the induced lax morphisms C — £ and £ — D will generally not be morphisms.

12. GLUEING OVER THE WALKING ARROW

[Note: old material, not yet converted to shorthand presheaf substitution.|

Let F': (C,Ty., Tme) — (D, Typ, Tmp) be a map of cwi’s, required to preserve
types and terms strictly. We require that context extension is preserved only up to
canonical isomorphism in the following sense. Given I'c € C and A¢ € Ty.(T'¢),
we have a canonical comparison morphism

h(Fc,Ac): F(Fc.Ac) — FFc.FAc.

We require that h(T'¢, A¢) is invertible.

We define a new cwf (€, Tyg, Tmg) as follows. We choose to define compre-
hension instead of terms. This is an equivalent style of presentation. The terms
can be recovered by letting Tmg(T', A) be the set of sections of p(A4): T.A — T.
Functoriality of comprehension makes Tmyg into a presheaf.

Contexts. We set £ =qo¢ D | F. Explicitly:
e an object is a tuple (I'¢,I'p, @) where I'c € C, I'p € D, and «: I'p — FT¢,

e amorphism from (A¢, Ap, 8) to (T'c, I'p, @) is a pair (o¢,op) where o¢: Ac —J)

T'c and op: Ap — I'p such that F(o¢) o f = aoop,
e identity and composition of morphisms is given componentwise,
e neutrality and associativity laws follow componentwise.

Types. The presheaf Tys: £°P — Set is defined as follows.

o Given (T'¢,I'p, ) € &, we let Ty (T'¢c,I'p, ) be the set of pairs (Ac, Ap)

where A¢c € Ty (T¢) and Ap € Ty, (I'p. Typ(a)(FAc)).
e Given a morphism

(O-CaO-D): (AC7A'D;B) — (FC,FD,O[)
in £, we define
Tyg(oc,0p): Tye(T'e,I'p,a) = Tyg(Ac, Ap, B)

by sending (A¢, Ap) to (Tyc(oc)(Ac), Typ(op. Typ(a)(FAc))(Ap)) wherel

op.Typ(a)(FAc): Ap.Typ(op)(Typ(a)(FAc)) = I'p.Typ(a)(FAc)

is our notation for comprehension of morphisms in D.

e Coherence with respect to identity and composition of morphisms in £
follow from those of Ty, and Ty, with respect to morphisms in C and D,
respectively, and the fact that comprehension in D respects identities and
compositions.



THOUGTS ON THE GLUEING CONSTRUCTION FOR CATEGORIES WITH FAMILIES 28

Comprehension. Let us define a comprehension functor ye as below:

b%
f Tye : > Ecart

N‘/od
c.

As usual, we also write x¢(T", A) as p(A): A — T

e On objects, we define x¢ as follows. Suppose we are given (I'¢,I'p,a) € &€
and (Ac, Ap) € Tyg(Te,I'p, ). The context extension

(Te,T'p,).(Ac, Ap) € €
is defined as
(Te.Ae, T'p. Typ(a)(FAc).Ap,7)
where
v: I'p. Typ(a)(FAc). Ap — F(T'c.Ac)

is defined as the composition

A o. h(Te,Ac) ™t
T'p. Typ(a)(FAc).Ap 220, Ty Ty o (a)(FAe) <A<, pre. pac el F(FC.AC).I
The context projection
p(Ac, Ap): (I'e,I'p, a).(Ac, Ap) — (I'e,I'p, a)

is defined as (p(Ac), p(Typ(@)(FAc)) o p(Ap)).
e Let us define xg¢ on morphisms. Suppose we are given a morphism

(0c,op): (Ac,Ap,B) = (I'e,I'p, @)

in £ and a type (A¢, Ap) € Ty(Te,I'p, ). We want to define the mor-
phism of context extensions

(0'(37 UD)-(AC7 AD) : (AC7 Ap, 5)'Ty(‘,‘(UC7 UD)(AC7 AD) - (FC’ I'p, Oz).(Aa AD)’
where the signature unfolds to

(Ac.Tyc(oc)(Ac),
Ap.Typ(B)(F(Tyc(oc)(Ac)))-Typ(op.Typ(a)(FAc))(Ap), §) —

(Fc.Ac7 FD-TyD (a) (FAc).AD, ’)/)
where + is as before and ¢ is the composite
Ap.Typ(a)(F(Tyc(oc)(Ac))) Typ(op. Typ(e)(FAc))(Ap))

p(Typ(op. Typ(a)(FAc))(Ap)))

Ap.Typ(a)(F(Tyc(oc)(Ac)))

B-F(Tyc(oc)(Ac))

FAce.F(Tyc(oc)(Ac))

h(Ac,Tyc(oc)(Ac))

F(Ac.Tyc(oc)(Ac)).

We take
(Uc, O'D).(Ac, AD) —def (Uc.Ac, UD.TyD(a)(FAc>.AD).
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The second component type-checks as follows:

Ap.Typ(B)(F(Tyc(oc)(Ac)))- Typ(op. Ty p(a)(FAc))(Ap)

Ap.Typ(op)(Typ(a)(FAc)). Typ(op. Typ(a)(FAc))(Ap)
J/UD.Ty-D(a)(FAc).AD
FD.TyD (Oz) (FAc)AD

To make (o¢,0p).(Ac, Ap) into a morphism in &, we need to check that
the following diagram commutes:

Ap.Typ(a)(F(Tyc(oc)(Ac))- Typ(op. Typ(a)(FAc))(Ap))
6

op.Typ(a)(FAc).Ap F(Ac.Tyc(oc)(Ac))

FD.TyD(CK)(FAc).AD F(oc.Ac)

\ F(Te.Ac).

Since op.Typ(a)(FAc).Ap lives over op.Typ(a)(FAc) with respect to
the context projections that form the first factors of v and 9, respectively,
this follows from commutativity of the following diagram:

Ap.Typ(a)(F(Tyc(oc)(Ac)))
B.F(Tyc(oc)(Ac))
op.Typ(a)(FAc) FA¢.F(Tyq(oc)(Ac))

h(Ac,Tyc(oc)(Ac)) "

FD.TyD(a)(FAc) F(oc).FAc F(Ac.Tyc(Uc)<Ac))
w
Frc.FAc F(oc.Ac)
b(Tc,Ac) ™
F(Te.Ac).

Here, the left square commutes by functoriality of context extension in C
and commutativity of the right square is equivalent to commutativity of
the square

h(Ac, o) (A
(BeTyelre)Ae) | pA, F(Tye(oc)(Ac))

I'p.Typ(a)(FAc)

J{F(UC.AC) lF(oc).FAc
h(I'¢,A
F(T¢.A) (Te.Ae) FT¢.FAc.

This is a naturality square for the natural transformation relating context
extension in C to context extension in D.
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We now need to show that the morphism (o¢,0p).(Ac, Ap) lives over
(o¢,op) with respect to the context projections, i.e. that the square

(oc,0p).(Ac,Ap)
(A¢,Tp, B).Tye(oc, 0p)(Ac, Ap) ——22202%

p(Tye(oc ﬁv)(Ac’AD))J
(AC7 F'D7 6)

(FCaFDa a)'(AC7AD)

lﬁ"(Ac ,AD)

(Te,T'p, )

(oc,op)

(12.1)
commutes. By the construction of the category £. This decomposes into
commutativity of the squares

Ac.Tyq(oc)(Ac) 228 Te. A¢
p(Tycwc)(Ac))J mec) (12.2)
Ae——2 4 T¢
and
Ap.Typ(B)(F(Tyc(0¢)(Ae)) Ty p(0p. Typ(a)(FA))(AB) 2220 E Ty p(a) (F Ac) . A
p(TyD(UD‘TyD‘(D‘)(FAC))(AD)) JP(AD)
1 op. Typ(a)(FAc)
Ap.Typ(B)(F(Tye(oc)(Ac)) Fo Typ(0) ()
p(TYD(ﬂ)(F(EyC(UC)(AC))) (Typ((i)(FAc))
Ap 70 I'p.

(12.3)
These are instances of induced morphisms between context extensions living
over the base context morphisms for C and D.

Finally, we need to check that the square (|12.1)) is cartesian, i.e. a pull-
back. By assumption, the squares ((12.2]) and (12.3]) are cartesian since they
are images on morphisms of the comprehension functors in case of C and
pastings thereof in case of D. Since the functor F' preserves comprehen-
sion up to (canonical) natural isomorphism, the image of under F
is still a pullback. We now use the fact that limits in the comma category
& =D | F are computed componentwise whenever F' preserves the limit in
the component of C. It follows that the square is also a pullback.

e Note that xg preserves identities and compositions because it preserves
cartesian arrows.

13. GENERALIZED GLUEING

Proposition 13.1 (Generalized glueing). Consider a morphism F and lax mor-

phism G of cwf’s as below:
lax
F G

C.

Assume that G has a right adjoint on types (R, €). Then there is a cwf GenGlue(F, G),}}
called the generalized glueing of F' and G.

There is a forgetful strict morphism of cwf’s GenGlue(F,G) — A defined via
projection to the first component.
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We obtain the previous glueing construction (oplax limit over the walking arrow)
by letting G be an identity.

Proof. We abbreivate £ =4t GenGlue(F, G).
Contexts. We set £ =gt G | F. Explicitly:

e an object is a tuple (I'4,I'p, ) where 'y € A, T'p € B, and a: GT'p —
FT 4,

e a morphism from (A4, Ag, 8) to (T'4,T'p, ) is a pair (o4, 05) where o.4: A g —j}
I'y and o5: A — 'z such that Foy 08 = ao Gog:

GABL)FAA

Gm{ JF"*‘ (13.1)

GTI'p —2 5 T A,
e identity and composition of morphisms is given componentwise,
e neutrality and associativity laws follow componentwise.
Types. The presheaf Ty, : £°P — Set is defined as follows.

o Given (T'4,T'p,a) € &, we let Tyg(T' 4,5, a) be the set of pairs (A4, Ap)
where A4 € Ty 4(T4) and Ag € Tyg(Rr, (FAL)[a]).
e Given a morphism

(04,08): (Aa,Ap,B) = (F4,I'p, )
in £, we define
Tye(oa,08): Tye(La,I's,a) = Tyg(Aa,Ap, B)

by sending (A4, Ag) to (Aaloa], As[Ro, (FAL)[a])]).

e Coherence with respect to identity and composition of morphisms in £
follow from those of Ty 4 and Ty with respect to morphisms in A and B,
respectively, and the fact that R: B x¢ [ Ty, — B~ is a functor.

Comprehension. Let us define the comprehension functor yg as below:
f Ty(g xe > g_>
N A
E.
e On objects, we define x¢ as follows. Suppose we are given (I'4, 'z, ) € £
and (A4, Ap) € Tye(I'4,T'5,a). The context extension

(FA,FB7Q).(AA,AB) c€
is defined as
(T'a-Au, Rrg ((FA4)[a]).A,7)
where
v G(RFB((FAA)[Q]).AB) — F(F_A.AA)

is defined as the transport under the natural transformation vg and natural
isomorphism vg of

’}/Z GRFB ((FAA)[Q])GAB — FFA.FAA.
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In turn, this is defined as the composite

| GRrg((FA4)la))
/

GRFB ((FA_A)[C%DGAB

E(rg,(FA»)[a])

GT'p.(FAx)|q]
The context projection
(A, Ag): (Ta, I, @).(As, Ag) = (T4, I's, @)

is the pair of maps consisting of p(A4): T'4.A4 — ' 4 and

Rry((FA4)[0]).As —— Rry((FA4)la]) — Ts.
e Let us define xg on morphisms. Suppose we are given a morphism

(ca,08): (Aa,Ap,B) = (P4, T's,a)

in & and a type (A4, Ag) € Tye(Ta,I'n, ). We want to define the mor-
phism of context extensions

(0a,08).(Aa, Ap): (Aa, A, B).(Aa; Ag)[(0a,08)] = (L4, T's,a).(Aa, AB),
where the signature unfolds to
(Aa-Aaloal, Rays(F(Aaloal]))[B])-As[Ros (F(Aa)[oa])[B])], 0) —
(Ta-An; Bry ((FAA)|]).-A,7)

where -y is as before and § is the transport under the natural transformation
v and natural isomorphism vg of 7/, given by the composite

) GRay((F(Aaloal))[B])
/
GRa,(F(Aaloa])8]).GAs[Ro, (F(AD)[oA)[B])] s rliaramiey  FALF(Aqlo4)).
_ B F(Aala])

GAp.(F(Aaloal]))[A]
We take
(c4,08).(Aa, AB) =def (0 4-Aa, Royy (FAA)[Q]).AB).
The second component uses
Rop(FAQ)[)): Ray((FAA)l][Gop]) = Ry (FAL)[e])
and type-checks because of the following chain of equations:

(F(Aaloa]))[B] =
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To make (o04,08).(Aa, Ag) into a morphism in &£, we need to check that
the following diagram commutes:

G(Ras((F(Aaloa])B])-As[Rop ((F(Aaloa]))[B8])])
6

G(Rop ((FA)[a]).AB) F(AA.AA[O'AD

G(Rrs;((FA4)[e]).AB) F(oa-Ad)
\

F

Using naturality squares of the natural transformation vg and natural iso-

morphism v, this is equivalent to commutativity of the following diagram:

(Ta.An).

GRay((F(AaloA])B])-G(As[Ro s (F(Aaloa])B])])
5

GRop ((FAA)[a]).GAB FA 4. F(Aaloa))

GRFB((FAA)[Q]).GAB Foa.FA»4

Since GR,,((FA)a]).GAp lives over GR,, ((FAa)[a]) with respect to
the context projections that form the first factors of 4" and ¢’, respectively,
this follows from commutativity of the following diagram:

FT 4.FAy.

€T3, (F(A g0 41)[8]) B.F(Aala])
GRas(F(Aaloa])[B]) =225 GA B (F(Aaloal) 8] 2 FALF(Aaloa))
GRop ((FAL)[a]) Gop.(FAA)[a] Foa.FAyu
E(rg,(FA»)[a]) a.FA4

GRFB((FAA)[Q]) GFB.(FAA)[Q] FFA.FA_A.
Here, the left square is a naturality square for the counit € of R and the
right square comes substituting the type FA4 along the morphisms of the
commuting square [I6.1]

We now need to show that the morphism (o.4,05).(A4, Ag) lives over

(o4,0) with respect to the context projections, i.e. that the square

(ca,08).(Aa,AB)
(A4, T, B8).(Au, Ap)[(0.4, 05)] —TE22ATES

p((Aa,AB)[(ca 705)]J(

(FA7 FB7 O[).(AA, AB)
Jp(AA,AB) (13.2)
(04,08)

(A4,T'5,B) (T4, T, )
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commutes. By the construction of the category &, this decomposes into
commutativity of the square

oa-Aa

ATy g(04)(Ad) LA Ay

l j (133)

Aa e [ 4,

which is a morphism in the image of x 4, and the square

Rop (FAA)[])- A

Rag((FAA)[] [GUB])-Af [Ras ((FAA)[e][Gog])] Rr, ((FAf) [a]).As
Rao((FAL)[0][Gos)) fop (AN Ry (FAL)[a))
Ap = Ig,
(13.4)

which is a pasting of a morphism in the image of yp and a morphism in
the image of R.

Finally, we need to check that the square (|16.2)) is cartesian, i.e. a pull-
back. By assumption, the squares (16.3)) and (16.4) are cartesian since they
are (pastings of) images of cartesian arrows under cartesian morphisms into
the arrow categories of A and B, respectively. Since the functor F' preserves
comprehension up to the natural isomorphism vg, the image of un-
der F is still a pullback. We now use the fact that limits in the comma
category £ = GG | F are computed componentwise whenever F' preserves
the limit in the second component. It follows that the square is also
a pullback.

e Note that ye preserves identities and compositions because it preserves
cartesian arrows.

We obtain the strict morphism of cwf’s &€ — A by projecting contexts and types
to their first component. O

We will now show that the generalized glueing construction is suitably functorial.

Proposition 13.2 (Generalized glueing: action on morphisms). Consider a dia-
gram of morphisms of cwf’s as below:

A B
\ la/
vl F . G |y
A’ Ue B
lax
.

Assume that G and G' have right adjoints on types (R,€) and (R',€'), respectively,
and that (Ug,Uc): G — G’ satisfies the Beck-Chevalley condition. Then there is
an induced morphism cwf’s

GenGlue(U,V,W): GenGlue(F,G) — GenGlue(F’,G")
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commuting with the forgetful strict morphisms as follows:

GenGlue(F, G) =2 o/

|

GenGlue(F',G") stret, 4,
Proof. We abbreviate

& =4et GenGlue(F, G),
&' =4t GenGlue(F, G),
T =det GenGlue(U, V, W)

As in and , we write d for the natural isomorphism of the Beck-
Chevalley condition.

Contexts. Recall that the categories of contexts of source and target of 1" are
given by £ = G | F and & = G’ | F'. The functor T between the categories of
contexts is induced by functoriality of the comma category construction.

Explicitly:

e An object
(FA,FB,Oz) €&
with a: GT'g — FT 4 is sent to the object

(UAFA, U5P137 Uca) e&

with Ueca: G'Ugl'g — F'U4T 4.
e A morphism

(JAagB): (A.AaABaﬂ) - (F.Avl—‘B’O‘)
of £ is sent to the morphism
(Uaoa,Upog): (UaAa,UsAp,UcB) = (Ual'4,Usl'p, Ucav),

e preservation of identities and compositions follows from the that of U4 and
Up.

Types. We need to define a natural transformation ur: Tys — Ty /T.

e Given (I'4,T'g, ) € &, let us define the component
(ur)(rars.e): Tye(Ta, T, a) = Tyg/ (Ual 4, Usl's, Ucc).

This will be given as a dependent pairing of functions. On the first compo-
nent, the function is

U.
Ty 4(Ta) ———— Ty 4 (Ual 4).
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Given A € Ty 4(T4), the function on the second component is the com-
posite

Tys(Rrys((FA4)l0]))
Us

TyB/ (UBRFB ((FA.A) [Oé]))

(Dldiry, (rappan]

Ty s (Rysr, Us(FAA)[a]))

T~

Ty s (Ryyr, (F'UaAa)[Ucal)).

e Given a morphism
(0a,08): (Aa,Ap,B) = (P4, T'p,a)

of &, let us verify that ur is natural at (c4,0p), i.e. that the square

(ur)(r 4.rp,a
A Ty (UaT 4, UsT's, Uca))

Tyf (FAv FB? Oé)
J((—)[(UAUA-,UBUB)]

M(oa UB)]J
(ur)(a 4,05.8)
Tye(Aa, Ag, B) A8 Ty e (Uada, UsAg, UeB)

commutes. On the first component, this is commutativity of the square

U
Ty 4(T4) = Ty 4 (Ual' 4)
()[UA]\L l()[UAUA]
U
Ty 4(A4) = Ty 4 (UaAa),

i.e. naturality of uy, at 04. On the second component, given Ay €
Ty 4(T 4), this is commutativity of the outer rectangle in the commuting

diagram

Typ(Ras((F(Aaloa]))[B])
<—>[RUB<<FAL>[am G
Ty (UsRag((F(Aaloal))B])
(—)[UBRUB«FLA)[a])] Qs cresatoamin)
TyB’(RUBABUB( (Aaloal)

Tys(Rrs((FA4)[]))
N ()[R0 Us FAA) \

Ty (UpRry ((FA4)[a]) Ty (Riyay (F'Ua(Aaloa)])[Uch]))
|
(T ra o) <7>[R;JB”B((F’UAAAnUcam

TyB, (RUBFBUB FA_A

\

Ty (Riyr, (F'UsAA) [Ucql)).
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The left square is the naturality square for uy,, at the morphism R, ((FA4)[])}
The middle square is the naturality square for d ! at the morphism (o5, (FA4)[a])l]
of B x¢ [ Tye. The right square commutes by rewriting using strict equal-

ities of functors.

Comprehension. We need to define a natural transformation

J Tye — e~

fu{ A or JT%

Xeg!

JTye —— (&)

such that codgr vy = id.
e Given (I'y,I'p,a) € £ and (A4, Ag) € Ty:(T'a,I'n,a), let us define the
component
(vr)(aq,a5): T xe(An, Ag) = xer [ ur(Aa, Ap)
of vy at (T4, T, ), (A4, AB)).
On the component of A’, we need to find a morphism of arrows

Ua(T 4.An) yUAT 4 UAA
JUAP Jp
Ual' 4 >y UL 4.
We simply choose the component of vy, at (I' 4, A4). This has an identity
at the bottom.

On the component of B’, we need to find dotted morphisms making the
following outer square commute:

Us(Rrs((FAA)la]).AB) > Riyrg (F(UAAL)[Ued))-(UsAB)dr, (5 a )]

JM l

d(rg.(FA 4)la])

UsRrs(FA)l0]) - = == —-=— - + Ryyr, (FUAAL)[Uca])
UBFB 4 UBFB.

We decompose the square into two smaller squares as indicated. The lower
square is the component of d at (I'g, (FA4)[e]). This has an identity at
the bottom. The upper square decomposes as follows:

Us(Rry (FA)[))-Ap) —— UpRry (FAA)[a]).Us A —— Ry, (F(UaAL)[Uea))-(UsAB)dr, (54 e

UsRrys((FAa)|a]) === UpRr((FA4)[a]) Ry (FUAA L) [Ucal).

d(rg.(FA 4)lal)

The left square is the component of vy, at (Rr, ((FA4)[a]), Ag). The right
square is the action of yp on the inverse of (d(}lg,(FAA)[a]), UpAg).

We now need to show that the morphisms in (A’)~ and (B’)~ are com-
patible with the morphism in (C')™ of the objects T7xe(A4, Ag) and
xe' [ ur(Aa, Ag). Because these share the same codomain and the bottom
morphisms of the squares in A’ and B’ are identities, it only remains to
show compatibility on domains. [To be finished.|

e [Naturality of comprehension needs to be checked.]
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O

We define
GenGluelnput =gt CWF ™ X cwF CWFQX,r

the category of input data for the generalized glueing construction (the pullback is
with respect to

Theorem 13.3. Generalized glueing forms a functor
GenGlue: GenGluelnput - CwF
Proof. The action on objects and morphisms is defined in Proposition and

Proposition [I3.2] respectively. It remains to verify that identities and compositions
are preserved. [To be checked.| O

14. THOUGHTS ON ORGANIZING GENERALIZED GLUEING BETTER

Let us work with discrete fibrations instead of presheaves of types. Likely we do
not even need discreteness. Then we can formulate the construction at the level of
split comprehension categories.

Let

Ty, — % A~ Ty; — = B~

N N\,

\/

be split comprehension categories. Let F : A — C be a morphism of split compre-
hension categories and G: B — C a lax morphism of split comprehension categories
with a right adjoint on types. We will try to define the glued split comprehension
category £ in an as categorical way as possible.

The category of contexts of £ is given by

GlF~(BxA) xeC™.
We have a functor H: £ x 4 Ty 4 — B defined as the following composite:

and

EXATyAg)(BXTyC) ><C2Cﬂ4>BXcTyCHBﬁ4>B.

We let Ty, — £ be the pullback of Tyz — B along H followed by postcomposition
with the pullback of Ty 4 — A along £ — A. [In a sense, the functor £ — A is on
the same footing as the functor H.|

Now we need to define Ty, — £ over &.

Maps D — £ are in correspondence with maps U: D —+ A and V: D — B with
a natural transformation GV — FU. An analogous correspondence holds for maps
D—E.

We have a map

Ty, ——E x4 Ty, Ty 4 A7
What about Ty, — B7?
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14.1. A different approach. Given
A B
lax
F G
C.

GlC

N

We show that G | C is a cwf. And then show that G | C — C is a special kind of
map of cwf that can be pulled back (a discrete “opfibration”).

A typein G | C over (Y, f: FY — X) cousists of a type A in C over X and a
type B in B over R(A[f]).

Definition 14.1. A lax morphism F': C — D of cwi’s is called a (discrete) (op)fibration]
if the morphism (up, F) from [Ty, — C to [ Typ — D in Cat™ is a Reedy (dis-
crete) (op)fibration, viewing the walking arrow as an inverse category.

We view it as

Concretely, this means that C — D and [ Ty, — C xp | Typ are a (discrete)
(op)fibrations.

Remark 14.2. In CwF, pullbacks along discrete opfibrations exist and are com-
puted componentwise in Cat. Discrete opfibrations are stable under pullback.

15. PULLBACKS OF CWF’S

Lemma 15.1. The forgetful functor Endocopt,pscudo — Funcpscudo creates pull-
backs in some sense.

e: FP 5 1dp
The category of discrete fibrations has all limits. The category CwFg,ict has all
limits.

Lemma 15.2. The category CwF pscudo has pullbacks along strict isofibrations.
Furthermore, the pullback of a strict isofibration can be chosen as a strict isofibra-
tion.

Like for Lemma [I8.6] isofibrations are invariant under isomorphisms of maps in
Funcpseudo, but being strict is not, explaining the last point of the statement.

Proof. We work with the presentation of CWF seudo given by Definition [5.5]
Consider a solid cospan in CwF pscudo With P a strict isofibration as follows:

G

D > B

_
Q : isofib P | isofib

c—2 A
We have to construct a pullback as indicated such that @ a strict isofibration.

We work with the presentation of CWF eeudo given by Definition @ The con-
texts and types of the cwf D are constructed from those of A, B, D by taking the
pullback in DiscFib (so that the pullback is preserved under the forgetful map
CwF seudo — DiscFib).

Next, we construct the cartesian copointed endofunctor on (N7, €P) on Ty?®.
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(NB,€P)
(NA, eA)
(N€,€€)
D- B
N y K
“p J B
C A isofib
K o g XA,
C A

O

Definition 15.3. A morphism P: £ — B in CwF is an isofibration if it is strict
and the underlying functor P is a split isofibration of categories.

Proposition 15.4. The category CwF has pullbacks along isofibrations. Isofibra-
tions are stable under pullback.

Proof. We are given a cospan

D F>B
_

P isofib P | isofib
c—E A
in the category CwF as indicated by the solid arrows, and we wish to construct its
pullback as indicated by the whole diagram.
To define the category of context D, we take the pullback as above on underlying
categories:
D P8

P : isofib P | isofib (15'1)

_
c—L A
Importantly, since P: B — A is an isofibration in Cat, so is P: D — C and
the pullback (15.1)) is also a pullback in Cat as a weak 2-category (a homotopy
pullback).
To define types Ty, we take the following pullback of presheaves over D°P:

Typ — TygF
Dl

Note that this makes

lisoﬁb lisoﬁb (15.2)

JTye —— [Ty,
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a pullback of categories with isofibrations as indicated. Furthermore, there is an
induced morphism in Cat from the square to the square which extends
the given morphism between cospans.

It remains to define comprehension

xp: [ Typ = D.

JTyp [ Tys

™

oy
D~ J{ B~

nyC l ny.A isofib
\ c~ A7

Remark 15.5 (Excursion on pullbacks of isofibrations). Let P: £ — B be a split
isofibration and F': B’ — B a functor:

&
Plisoﬁb (15.3)
B—r 8.
The category of semi-strict cones over the cospan (F, P) is defined as follows:
e The objects are tuples (A, G, @, 0) with a category A, functors @Q: B — &,

G: A — &, and a natural isomorphism 6: FQ — PG:
A—E ¢
Ql Zy Plisoﬁb
B ————B.
e Morphisms from (A1, G1,Q1,01) to (As, G2, Q2,02) are pairs (H, «) with

a functor H: A; — As such that Q1 = HQ- and a natural isomorphism
«: G171 — GoH such that 6; = 0,H o Pa:

Al . G1
N -

AQLE

Q2l /92 Plisoﬁb

B’TM%;

and furthermore, for X € A, we have that ax: G1 X — GoHX is the cho-
sen lift through P of the isomorphism (o HX) 106, X: PG1X — PGoHX
when given the lift G; X of the domain. Note that this is both a constraint
on GoH and «, and that « is completely determined by this constraint.

e The identity on (A, G, @,0) is given by (Id4,id). The composition

(Hy,a1) (Hz,a2)

(A1,G1,Q1,01) ———— (A2, G2, Q2,62) (As,G3,Q3,03)
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is given by (HaHi,a2H; o ap). In both cases, we use that P is split.
e Neutrality and associativity laws are easily verified.

We take the ordinary pullback of the cospan ([15.3) in Cat:

g ¢

_
P | isofib P | isofib

B—r B

Note that P will again be a split isofibration with cleavage transferred from P (and
F preserving the cleavage). Thus, we can regard (£, F, P,id) as a semi-strict cone
over (F, P). We claim that it is terminal.

Consider an arbitrary object (A,G,Q,0). Our aim is to construct a unique
morphism

(H,a)

(A,G,Q.0) (€', F,P,id)

as indicated below:

eI ¢

= .
P ‘”ﬁb/i 4 P |isofib

B’Tﬂg.

In detail, we consider the set of pairs (H,«) with a functor H: A — &’ such
that PH = @ and a natural isomorphism a: G — FH such that Pa = 6 and
furthermore, for X € A, we have that ax: GX — FHX is the chosen lift through
Pof §X: PGX — PFHX when given the lift GX of the domain.

Writing H = (Q’,G’) with Q': A — B’ and G': A — & such that FQ' = PG,
this is in bijection with the set of pairs (G',a) with a functor G': A — & such
that PG’ = PFH and a natural isomorphism o: G — G’ such that Pa = 6 and,
furthermore, for X € A, we have that ax: GX — G’X is the chosen lift through
P of 6X: PGX — PG'X when given the lift GX of the domain.

The latter condition determines (G'X,aX) uniquely for every X € X, hence
determines (G’, ) uniquely. To see that the set is inhabited, define (G'X, aX) for
every X € X according to the chosen lift through P of §X: PGX — PG'X when
given the lift GX of the domain. The action on morphisms of G’ is transported
from that of G using the family of isomorphisms «, making « natural. Preservation
of identities and compositions for G’ follows from that for G.

Then given a category A, functors G': A — B', H: A — £ and a natural
isomorphism a: FG — H P, there is a unique functor H': A — £’ and a natural
isomorphism «’: FH' — H such that G’ = PH' and a = Pd’.

| Typ — D a pullback of that same data for A, B,C in Cat™, and that this is
also a weak pullback. O

To define types
Typ: D7 — Set,
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we take the pullback of presheaves as follows:
Typ —— TyzF
]

Note that this makes [ Ty, — D a pullback of that same data for A, B,C in Cat ™,
and that this is also a weak pullback. Now we need to define comprehension

xp: [ Typ = D.

For this, we use the weak pullback

D F B~

|
P | strict P | strict

A
The comprehension functors of A, B,C assemble to a morphism in the (weak) 2-
category of spans from the cospan of categories of types to the cospan in the above
diagram. By 2-functoriality of weak pullbacks, we thus obtain a functor yp as
required.
Explicitly, given an object (0,T',A) where I' = FO and ' = PA of D and an
element (C, A, B) of Ty,(0,T", A) where A = FC and A = PB, we have

X’D((@a L, A)v (CvAvB)) = (XC(G’ C)a XA(FvA)a XB(Aa B))

Tya — Typ
Ty —— Ty4

16. ABSTRACTED GLUEING

Proposition 16.1 (Abstracted glueing). Let G: B — C be a lax morphism of cwf’s
that has a right adjoint on types (R, €). Then there is a cwf AGlue(G) and a discrete
opfibration AGlue(G) — C.

Proof. We abbreviate & =get AGlue(G).
Contexts. We set £ =gof G | C. Explicitly:
e an object is a tuple (I'¢,I'g, @) where I'c € C, 'z € B, and a: GT'g — I'¢,
e amorphism from (A¢, Ag, 8) to (Tc, ', @) is a pair (o¢, o5) where o¢: Ae —f]
I'c and o5: A — I'g such that o¢c o 8 = a o Gog:

GAp —25 Ac

Gm{ lF” (16.1)

GFB L} Fc,
e identity and composition of morphisms is given componentwise,
e neutrality and associativity laws follow componentwise.
Types. The presheaf Ty.: £°P — Set is defined as follows.

e Given (I'¢,T'p,a) € &, we let Tyg(T'c,I's, @) be the set of pairs (Ac, Ag)
where A¢c € Ty.(T¢) and Ag € Tyg(Rr,(Aclal)).
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e Given a morphism
(0c,08): (Ac, Ap,B) = (Te,T's, )
in £, we define
Tyg(oc,08): Tys(I'e,I's,a) = Tye(Ac, Ap, B)

by sending (Ac, Ag) to (Acloc], Ag[Rop (Acla])]).

e Coherence with respect to identity and composition of morphisms in &£
follow from those of Ty, and Ty, with respect to morphisms in C and B,
respectively, and the fact that R: B x¢ [ Ty, — B~ is a functor.

Comprehension. Let us define the comprehension functor xg as below:

N

e On objects, we define x¢ as follows. Suppose we are given (I'¢,I'g,a) € £
and (Ac, Ap) € Tyg(T¢, ', ). The context extension

(e, Tp,a).(Aa, A) € €

Xe
E.

is defined as
(Te-Ac, Rry(Acla]).AB,7)
where
v: G(Rry(Aclal).Ag) — Te. Ac

is defined as the composite

, Ghry(Acla))

GRFB (Ac [a])GAB

The context projection
p(Ac, Ap): (Te, s, a).(A¢, Ap) = (e, I'p, @)
is the pair of maps consisting of p(A¢): Te.A¢c — T'¢ and
Rr,(Acle)).Agp —2— Rr,(Ac[a]) —— Tp.
e Let us define xg on morphisms. Suppose we are given a morphism
(oc,08): (Ac,Ap, B) = (T'c,I's, a)

in £ and a type (Ac, Ap) € Tye(T' 4,5, ). We want to define the mor-
phism of context extensions

(0c,08).(Ac, Ap): (Ac, Ap, B).(Ac, AB)[(oc,08)] = (e, T's, a).(Ac, Ap),
where the signature unfolds to

(Ac.Acloc], Rag(Acloc o B]).As[Rop (Acloc o B])],0) —
(I'e.Ac, Rry; (Aclal).As, )
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where 7y is as before and ¢ is the composite

GRA,(Acloc o f])

_——

GRAB (Ac [O'A o B]).GAB [RUB (Ac [O'A o ﬁ])] (g, AclocoB)) Ac.Ac [O'C].
_—B.Aclal
GAB.AC[O'C o 6]
We take

(Uc, O'B).(Ac, AB) =def (O’c.AA, RUB (Ac [OZ])AB)
The second component uses
RUB (Ac[OzD : RAB (Ac[Oz o G(TB]) — RFB (Ac [Oé])

To make (o¢,0).(Ac, Ag) into a morphism in £, we need to check that the
following diagram commutes:

G(Rag(Acloc o B]).-Ap[Ro (Acloc o B])])
4

G(Ropg (Acla]).AB) Ac.Acloc]
G(RFB(Ac[a]).AB) oc.Ac
\
Te. Ac.

Since GR,, (Acla]).GAp lives over GR,, (Ac[a]) with respect to the con-
text projections that form the first factors of 7 and ¢’, respectively, this
follows from commutativity of the following diagram:

€T3, (F(A g0 41)[B8]) B.F(Aala]
A

GRas((F(Aaloa]))[B]) GAp.(F(Aaloa]))[b] " FALF(Aulo])

GRyp ((FAA)[]) Gop.(FAA)[a] Foa. FAu

€. (FA L)) a.FAy

GRrg(FAL)0]) Gp.(FA4)o]

FT 4.FAy.

Here, the left square is a naturality square for the counit € of R and the
right square comes substituting the type FA4 along the morphisms of the
commuting square [I6.1]

We now need to show that the morphism (o.4,05).(A4, Ag) lives over
(o4,0) with respect to the context projections, i.e. that the square

(ca,08).(Aa,AB)
(A4, T, B8).(Au, Ap)[(0.4, 05)] —TE22ATES

p((Aa,AB)[(ca 705)]J(

(FA7 FB7 O[).(AA, AB)
Jp(AA,AB) (16.2)
(04,08)

(A4,T'5,B) (T4, T, )
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commutes. By the construction of the category &, this decomposes into
commutativity of the square

op A
ATy 4(04)(An) — T 4. Ay

pl }’ (16.3)

Aq e [ 4,

which is a morphism in the image of x 4, and the square

Rop (FA)a]).As
Rag((FAA)[a][Gogl).As[Ras ((FAa)[a][Gos])] Rr;((FA4)[a]).As

I I
RUB (FAA)[a])

Ry ((FA4)[d][Gos)) R ((FA4)[a])

| J

Ag - I's,
(16.4)
which is a pasting of a morphism in the image of ys and a morphism in
the image of R.

Finally, we need to check that the square (|16.2)) is cartesian, i.e. a pull-
back. By assumption, the squares ((16.3]) and (16.4]) are cartesian since they
are (pastings of) images of cartesian arrows under cartesian morphisms into
the arrow categories of A and B, respectively. Since the functor F' preserves
comprehension up to the natural isomorphism vg, the image of un-
der F is still a pullback. We now use the fact that limits in the comma
category £ = GG | F are computed componentwise whenever F' preserves
the limit in the second component. It follows that the square is also
a pullback.

e Note that yg¢ preserves identities and compositions because it preserves
cartesian arrows.

We obtain the strict morphism of cwf’s €& — A by projecting contexts and types
to their first component. O

17. APPENDIX: FIBERED RIGHT ADJOINTS

Lemma 17.1. Let L be an opcartesian morphism over B and C — B an opfibration
in the strictly commuting diagram below:

c—*Lt 71
op% /

Let Ly: Co — D4 have a right adjoint (Ra,€4) for every A € B. Then these
local right adjoints assemble to a global right adjoint (R, €) of L that is a cartesian
morphism over B.

Proof. Standard.
Consider the inclusion
Lylp,Y—=L|pY (17.1)
for A€ Band Y € Dy. The given right adjoints (Ra,e4) to L4 for A € B consist
of a terminal object in the domain of for every Y € Dy. The desired right
adjoint (R, €) to L consists of a terminal object in the codomain of for every
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A€ BandY € Dy. It thus suffices to show that the inclusion preserves
terminal objects. But it is a right adjoint since L preserves opcartesian arrows.

By construction of RY via the initial object of L4 |p, Y, we see that the action
of objects of R commutes strictly with those of the functors to B. The unit and
counit maps are those of L4 <4 R4 and thus vertical (map to identities in B). By
naturality of counits, then R is a functor over B since L is.

Let us verify that R is a cartesian morphism. Let Y — Z be a cartesian arrow
in D over B — C'in B. To show that RY — RZ is cartesian, consider A — B in B
and a lift X — RZ of A — C to C. Our goal is to show that there is a unique lift
X — RY of A — B making the evident triangle in C commute, as seen in the left
diagram below:

X LX
\ C \ D
> y
RY —— RZ Y—7
A A
\ B, \\ B.
B——C B——C
Using the adjunction L - R, such lifts correspond bijectively to lifts as in the right
diagram, which has a unique solution since ¥ — Z was assumed cartesian. O

Lemma [I7.1] has a straightforward generalization to relative right adjoints.

Lemma 17.2. Let L be an opcartesian morphism and J a cartesian morphism over
B and C — B an opfibration in the strictly commuting diagram below:

D/

o RL /L]

C— D
op%
B

Let La: Ca — D4 have a Ja-relative right adjoint (Ra,€a) for every A € B. Then
these local relative right adjoints assemble to a global J-relative right adjoint (R, €)
of L that is a cartesian morphism over B.

Proof. Consider the inclusion
Lalp, JAY = LlpJY (17.2)

for A € Band Y € D/,. The given right Ju-relative adjoints (R4,€4) to Ly for
A € B consist of a terminal object in the domain of for every Y € D/,.
The desired J-relative right adjoint (R, €) to L consists of a terminal object in the
codomain of (17.2) for every A € B and Y € D/;. It thus suffices to show that
the inclusion preserves terminal objects. But it is a right adjoint since L
preserves opcartesian arrows.

By construction of RY via the initial objects of La |p, JaY, we see that the
action of objects of R commutes strictly with those of the functors to 5. The counit
maps are those of L4 < R4 and thus vertical (map to identities in ). By naturality
of counits, then R is a functor over B since L is.
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Let us verify that R is a cartesian morphism. Let Y — Z be a cartesian arrow
in D’ over B — C in B. To show that RY — RZ is cartesian, consider A — B in
B and a lift X - RZ of A — C to C. Our goal is to show that there is a unique
lift X — RY of A — B making the evident triangle in C commute, as seen in the
left diagram below:

X LX
c ' D
RY —— RZ
A A
B— s C B——C

Using the adjunction L - R, such lifts correspond bijectively to lifts as in the right
diagram, which has a unique solution as JY — JZ is cartesian since ¥ — Z was
assumed cartesian and J is a cartesian morphism. O

18. APPENDIX: ISOFIBRATIONS

Isofibrations are functors which admit lifts of isomorphisms given a lift of one of
their endpoints.

Definition 18.1. A functor P: £ — B is an isofibration if, given an object X € &
and an isomorphism f: PX — B in B, there is an isomorphism u: X — Y in &
such that Pu = f (and hence PY = B).

If there is always a unique such isomorphism u, we call P a discrete isofibration.

We may succinctly express that P is an isofibration by saying that it has the right
lifting property against the inclusion {e} < {e ~ e}. For P a discrete isofibration,
the right lifting property is replaced by right orthogonality.

A cleavage for an isofibration P is a choice of lifts of isomorphisms as in Defini-
tion [I8:I] We then speak of a cloven isofibration. For us, all isofibrations will be
cloven by default, and we will not mentioned this anymore.

Lemma 18.2. Given composable functors P and Q, if Q is a discrete isofibration,
then the following are equivalent:

(i) P is a (discrete) isofibration,

(ii) QP is a (discrete) isofibration.

Proof. This is an instance of an abstract fact about (weak) factorization systems.
O

Corollary 18.3. Let (U,V): P — @ be a morphism between discrete fibrations. If
V' is an isofibration, then so is U.

Proof. Observe that discrete fibrations are discrete isofibrations and use Lemma[I8:2|l}
O

Isofibrations are stable under pullback in Cat since they are defined by a right
lifting property. Recall that isofibrations are the fibrations of the canonical model
structure on Cat, in which every object is fibrant. Pullbacks along isofibrations
are thus also homotopy pullbacks, 2-pullbacks in the 2-category Cat. This 1-
categorical and 2-categorical behaviour gives rise to mixed properties as illustrated
by the following statement.
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Lemma 18.4. Consider a pullback of an isofibration as follows:

g e

|
P’ | isofib P | isofib

B— B
Then for any 2-cone
A—C
Q| W, P
B

isofib

<

J&—M™

_—
F

)

there is a functor H: A — &' such that Q = P'H with a natural isomorphism
a: G — F'H such that Pa=0:

fe I e (18.1)

_
P’ | isofib P | isofib

B’Tﬂ’)’,

Proof. For each object X € A, we have an isomorphism 0x: PGX — FQX in B.
Since P is an isofibration, this lifts to an isomorphism we call ax : GX — G’X. This
defines the action on objects of a functor G': A — &£ and of a natural transformation
a: G — G'. The action on morphisms of G’ is transported from that of G using
the family of isomorphisms «, making « natural. Preservation of identities and
compositions by G’ follows from that by G.

Since PG’ = FQ, we can now define H = (Q, G’). This makes the left triangle
in commute and makes « have the correct signature in the top triange
by construction. We have Pa = 8 by construction of «. O

Corollary 18.5. Consider a diagram in Cat
B/

.

A’ P | isofib

NN

C A.

B
(18.2)

C/

where the right square commutes and the bottom squares commutes up to a natural
isomorphism « as indicated. Then there is an induced functor between the pullbacks
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as in

D/

B/
J B
AN
D B

- l (18.3)

P | isofib

bt
\ 7 \ A.

C

Q/

/

where the left square commutes and the top square commutes up to a natural iso-
morphism B as indicated such that P = aQ)’.

Proof. Apply Lemma to the 2-cone given by the object D’ over the cospan
C— A+ B O

Call amap (U, V,VF N GU): F — G in Funcpseudo good if V' is an isofibration.

Lemma 18.6. The category Funcpscudo has pullbacks along good strict maps. Fur-
thermore, the pullback of a good strict map can be chosen as a good strict map.

Being good is invariant under isomorphisms of maps in Funcpseudo. Being strict
is not, however, explaining the last point of the statement.

Proof. Consider a span in Funcpgeudo With one map being good and strict as
in (18.2). We take pullbacks in Cat separately in domain and codomain parts
and construct a commuting square

(G',G.B)
—

(D', D, FP) (B, B, FB)

(Q/,Q)lgood,s‘crict (P’,P)Jgood,strict (184)

(C',C, F¢) ——— (A, A, F4)
(F',F,«a)
as in using Corollary Note that omit writing the identity natural
isomorphism for strict morphisms.
Let us verify that the square is a pullback in Funcpscudo- For this, consider
a cone as given by the outer square in the diagram

(5/,€7F5) (T',T,5)

e (H' Hn)

o o
(0, D, FP) L2, (3, B, ) (18.5)

(Q’,Q)J{good,strict (P',P)J{good,strict

(C/achc) W (AlvAa FA)

We have to show that there is a unique dotted map (H’, H,n) as indicated. Note
that H' and H are uniquely determined by the universal property of the pullbacks
in Cat shown in the front and back squares of the cube (18.3). Thus, it remains
to show that there is a unique natural isomorphism n: HF¢ — FPH’ such that
BH' o Gn =6 and Qn = 7.
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Since P is an isofibration, the pullback

DB

QJ - plisoﬁb (18.6)

c—sAa

is also a 2-pullback in the 2-category Cat. Let us look at the cone

g TFE

B
E
RE Plisoﬁb

C—F A

g

By the universal property of 2-pullbacks, the category of morphisms of 2-cones from
this cone to the one of (|18.6)) (with the identity natural isomorphism) is contractible
(equivalent to the terminal category). We have two such morphisms, one given by

(C/‘/

D G

RF QJ P
C

F

|

>

isofib

L

with identity natural isomorphisms everywhere, and the other given by

g TFE
FPH'
[

G

4

D———B
RF® ﬁQJ Plisoﬁb
C—FA
where ¢ is the composite
TR 0 pB —— e L g
and v is the composite
RF¢ -1 4 FCR —— FCQ'H' —— QFPH'.

A 2-cell between these morphisms is given by a morphism n: HF¢ — FPH’ such
that Gn = ¢ and @Qn = v, and it is invertible precisely if 7 is iso. By what we
have said about contractibility of the category of morphisms of 2-cones to the 2-
pullback , there is a unique such 2-cell and it is invertible. This proves our
claim. (]
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