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Abstract

In a combinatorial search problem we wish to identify an unknown element by binary
tests, where the edges of a hypergraph specify the available tests. We show that, for rather
general cases of this problem, the worst-case minimum number of tests, even if adaptive
testing is permitted, can already be achieved in a small number of rounds of parallel tests.
In particular, the maximum number of necessary rounds grows only as the square root of
the number of elements, and two rounds are enough if, e.g., the test number is close to
the number of elements, or the hypergraph is a graph. We also provide polynomial-time,
hardness, and parameterized results on the computational complexity of finding optimal
strategies for some cases, including graphs and tree hypergraphs.
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1 Introduction

1.1 Problem Statement

A general combinatorial search problem where tests are binary, deterministic, independent
and not destructive can be formalized as a hypergraph H, which consists of a set of n vertices
and a family of subsets called edges. We also refer to the edges as tests and to the hypergraph
as a test set. These terms are used interchangeably; we prefer the hypergraph terminology for
purely combinatorial statements, and the term test set when it comes to the search problem:
One unknown vertex w is the target. A test T is positive if u € T and negative otherwise.
The goal is to identify u efficiently, by using tests from H. More precisely, we want strategies
that minimize the worst-case number of tests needed to identify every possible target.

Tests may be performed in rounds (also called stages), where tests in a round are executed
simultaneously, but the tests selected for a round may depend on all previous outcomes. In
adaptive testing, only one test is done per round. The main focus of this paper is on the
relation between tests and rounds. Adaptive strategies can take too much time, and we would
also like to limit the number of rounds. But parallelization of tests may (or may not) increase
the necessary total number of tests. This gives rise to the following notion.
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Definition 1. A test set H on n vertices is (n,t,r) if it satisfies: (i) There exists a strategy
A such that, for every possible target u, this A identifies u using a total of t tests in r rounds.
(ii) The pair (t,r) is optimal, in the sense that no strategy can identify every target u by t
tests in r — 1 rounds, and no strategqy can identify every target uw in r rounds by t — 1 tests.
Furthermore, let r(H) denote the largest r for which there exists t such that H is an (n,t,r)
test set.

In other words, one cannot improve ¢ or r without sacrificing the other measure. However,
note that an (n,t,r) test set may still admit strategies with strictly larger ¢ and smaller r,
or vice versa. Number r(H) is particularly interesting: The corresponding test number ¢
cannot be improved to some ¢’ < t, since then H would also be (n,t’,r’) for some r' > r(H),
contradicting the maximality of r(?#). Hence this ¢ is the optimal worst-case test number
for H, even if adaptive testing is permitted. Thus A allows a test-optimal strategy using
only 7(#) rounds. In other words, it is never meaningful to spend more than r(H) rounds
on searching, at least not from the worst-case test number point of view. The major type of
results in our paper is that r(#) is “small”; see details below.

1.2 Examples and Related Work

Combinatorial search, or learning an object by queries, subsumes disparate classic problems
where the vertices are structured and test sets are implicitly described (we give a few illustra-
tions below). Minimizing the number of rounds is a core topic in this field, so it appears only
natural to look into this matter also in the fully general search problem, that is, on arbitrary
hypergraphs, in order to delimit what is possible or not in any special search problems.

In the group testing problem, at most d of m items are defective, arbitrary subsets of
items can be tested for the presence of defectives, and the goal is to find all defectives.
We can model group testing in our framework in an obvious way: We create n = O(m?)
elements, one for each subset of at most d items. The target is the unique element representing
the exact set of defectives, and every group test is modelled by an edge containing those
elements which represent subsets of items that remain candidates for the defective set if
the test is positive. The worst-case number of tests in adaptive group testing strategies is
O(dlog m), and remarkably, this test number cannot be achieved in one round due to the lower
bound Q(% log m) in [14], whereas already two rounds allow strategies with O(dlogm) tests
[15, 11, 17, 16], which was a major insight in group testing and is desired in its applications.
The number of rounds in another group testing variant is addressed in [6].

Sorting a set of m distinct numbers by comparisons is a combinatorial search problem,
too. Here the vertices are the n = m! permutations, and a comparison is obviously a binary
test. Thus we can think of sorting networks with ¢ comparators and depth r as a special type
of strategies that search for the correct permutation using a total of ¢ tests in r rounds. For
classic and recent complexity results on size versus depth see [1, 27, 5, 21].

Back to general test sets, the case of one round, that is, recognizing whether a test set
is (n,t,1), is known as the test cover problem. It has direct applications, e.g., in biological
testing. This problem is NP-hard and has been intensively studied from the approximation



[12, 10], heuristic [13, 18], and parameterized complexity angle [2, 8, 9, 22]. Much less is
known for r > 1, actually, the only major result we are aware of is a sufficient condition for
test sets that cannot save tests in r > 3 rounds compared to r =1 [28].

In some applications, the tests have sizes limited by a constant, so this case has received
special attention [12, 8]. Even edges with only two vertices (that is, the given hypergraph is
a graph) are of interest. There, an optimal one-round strategy tests a maximum packing of &
vertex-disjoint 2-paths (pairs of incident edges) and adds a trivial test cover for the remaining
graph [12]. However, finding a maximum packing of 2-paths is NP-hard; an O*(2.4823%) time
parameterized algorithm is also known [19]. Moreover, an optimal test cover in a graph can
be approximated within a factor 4/3, and the problem is APX-hard [12].

Another important special case with several applications is tree hypergraphs where test
sets correspond to subtrees obtained by removing single edges in a tree. (See also Section 2
for the definition.) Adaptive testing on tree hypergraphs is equivalent to edge ranking, which
has been extensively studied in many directions, see, e.g., [7] for an informal survey and open
problems. An optimal adaptive strategy can be computed in O(n) time [25].

Some papers [24, 20] study search strategies in two and more rounds, however for the
problem of finding one of several targets, and with arbitrary subsets as queries.

1.3 Owur Contributions

Section 2 defines more terminology and reviews some known or simple facts on (n,¢,1) test
sets, as context for our results on r > 2 rounds. Our proof methods in the following sections
are elementary, but this appears to be the first systematic exploration of tests versus rounds
in arbitrary test sets.

A natural question to start with is how large 7(#) can ever be. As a first main result of
the paper, Section 3 shows that, somewhat surprisingly, r(H) < v/2n + 4 is a general upper
bound. In other words, the minimum number of tests can always be implemented in as few as
v2n + 4 rounds. Moreover, this bound is the best possible, subject to an additive constant,
since we give an infinite sequence of hypergraphs H with r(H) = v/2n — ©(1).

Section 4 provides a combinatorial concept that we will use to characterize, in many cases,
the optimal test number for r > 2 rounds. Based on this concept, Sections 5 and 6 show
that r(H) is as small as 2 for many hypergraphs: The main result is that r(#H) < 2, if H
has an adaptive test complexity Q(n). If H is a graph (every edge has size at most 2), we
can compute an optimal two-round strategy in polynomial time. Notice that it is not our
consideration that is limited to two rounds, rather, it comes out as a result that two rounds
are sufficient to implement an optimal test number in instances that need many tests.

The “take-away message” from the above results is that r(#) is far below n in general,
and even constant for a wide range of test sets. It may meet the expectations that tests can
be highly parallelized in instances requiring many tests. However, from this intuition alone it
is not easy to guess how many rounds are actually needed to accommodate a strategy with
an optimal test number. Actually, the lower bound in Section 3 reveals that many rounds can
be necessary in some cases, too, and the v/2n borderline is not obvious. (See also the open
problem concerning the entire trade-off in Section 3.)



Besides the combinatorial complexity, i.e., number of tests versus rounds, we also study the
computational complexity of constructing optimal strategies. Section 7 deals with computing
the optimal test number ¢ for two rounds. Already this sub-problem turns out to be NP-hard,
therefore only special cases can be efficiently solved. In particular, we show that the problem
belongs to FPT with n — ¢ as the parameter. We mention that the problem for one round is
in FPT, too [9, 2]. Moreover, by our aforementioned result r(#) < 2 for small n — ¢, more
than two rounds are not helpful if the parameter n — ¢ is small. Therefore, the problem in
this parameter is now settled completely.

Deciding whether log, n + k tests suffice is W[2]-hard, in the parameter k, for any fixed r.
Previously this was known for » = 1 only [9]. We solve the case of graphs, for » > 2 rounds, in
polynomial time already in Section 6. Although not being particularly difficult, we think that
this is another main result, as it contrasts nicely to hardness of the graph case for r = 1. In
Section 8 we consider tree hypergraphs. Searching them in one round is trivial, as it always
needs n — 1 tests. We give an O(n log? n) time algorithm to compute an optimal strategy for
two rounds.

2 Preliminaries

Some of the notation in this and the next section might appear involved at first glance, but
it compacts the formulations, both here and later on.

e If no confusion arises, symbol H denotes a hypergraph or just the family of its edges.

e For a subset V of vertices, the hypergraph H restricted to V', denoted H | V, is obtained
from H by deleting all vertices outside V' from the edges. Thus, edges having the same
intersection with V' become identical on H | V', and edges disjoint to V' become empty.
In these cases we remove all copies of identical edges but one, and we remove empty
edges.

e For a family € of edges, we denote by | £ the set of all vertices in the union of all edges
in £.

o A k-set (< k-set, > k-set) is a set with exactly (at most, at least) k vertices. We use
this notation also for sets in special roles, e.g., we speak of k-edges.

e The test set must distinguish all vertices by binary properties. Accordingly, a hyper-
graph is called a separating system, or just separating, if for any two vertices v, w there
exists an edge containing exactly one of v, w.

e With respect to a fixed hypergraph, a class means a maximal set of vertices that belong
to precisely the same edges.

e Thus a hypergraph divides its vertices into classes. We say that it induces these classes.
Note that a hypergraph is separating if and only if all induced classes are singletons.



e Anedge T and its complement T are obviously equivalent tests. A test set is complement-
freeif it contains no pair of tests 7' and T.. Thus we silently assume, unless said otherwise,
that any given test set is separating and complement-free, and all tests are < n/2-edges.

e We refer to a test cover with ¢t = n — 1 tests in one round as a trivial test cover.

Let T be a given test set. The test set R C 7T used in a round identifies which class C'
induced by R contains the target, and the remaining search problem is specified by T | C,
which is separating if T was.

Obviously, the worst-case number t of tests always satisfies ¢ > logyn, and ¢ > r for a
strategy using r rounds. From the definition of separating systems it also follows easily that
t < n—1 tests in one round are always enough: Starting from an empty R we can successively
add tests from 7 to R in order to partition classes that still have more than one element,
and after n — 1 steps all classes are singleton sets. Then, test R in one round. Clearly, also
optimal r-round strategies are built of at most n — 1 different tests, which in turn implies that
the set of triples (7,t,7), where 7 admits a strategy with ¢ tests in  rounds, belongs to NP.

A natural question is: When does ¢ < n — k hold, for a prescribed k7 The following
definition and theorem, essentially taken from [9], answers this question for » = 1. (The
reason for the condition s < 2k is not obvious, see [9] for details.)

Definition 2. A test set on n vertices is an (n,k)-mini test cover, (n,k)-MTC for short, if
it has s < 2k edges and induces s + k or more classes.

Theorem 3. A test set T allows to identify every target with n — k tests in one round if
and only if T contains an (n,k)-MTC. Thus, T is (n,n — k,1) if and only if T contains an
(n,k)-MTC but no (n,k+1)-MTC.

e We define the notion of crossing edges by saying that two edges cross if they induce four
classes.

e A tree hypergraph is a hypergraph without crossing edges.

Any single edge is an (n, 1)-MTC but not an (n,2)-MTC. Note that any two edges form an
(n,2)-MTC if and only if they cross. Tree hypergraphs can be recognized straightforwardly
in linear time: View the edges in any order and check that every edge induces at most one
class more.

Since a tree hypergraph with t edges induces at most ¢ + 1 classes, it does not contain any
(n,2)-MTC (see Definition 2). From these observations and Theorem 3 we see:

Corollary 4. A test set is (n,n — 1,1) if and only if it is a tree hypergraph. Moreover, the
only minimal (n,2)-MTC are the crossing edge pairs.

3 Tight Upper Bound on Adaptivity

We give the first main result that limits the number of meaningful rounds in arbitrary test
sets.



Theorem 5. For (n,t,r) test sets we have r < \/2n+ 4. In other words, r(T) < v/2n+4
holds for all test sets T on n vertices.

Proof. A test strategy can be naturally viewed as a rooted tree, where every non-leaf node
¢; represents a set 7T; of t; edges tested in a round. Then one child of the tested node is
reached depending on all test outcomes. In every leaf of the tree, the target is identified and
no further testing takes place. The depth d of a tree is the number of arcs on a longest path
from the root to some leaf. Depth equals the maximum number of rounds. We can assume
that a strategy never performs redundant tests (that do not induce new classes).

Let us study the tree of any strategy A, with depth d > 2. Let ¢1 denote the root, and
assume that 7; induces some > (n —d + 1)-class C. Let g2 be the child of ¢; that we reach if
the target is in C. We construct another strategy A’ as follows. We test 71 U T3 already in
round 1. If the target is in C, we continue as in strategy A below node ¢». In all other cases
we apply a trivial test cover to the induced class in C' containing the target. The tree of A’ is
easy to describe: Copy the subtree rooted at ¢o, make g» the root, and place under the new
root also new subtrees of depth 1 for the trivial test covers on the other classes. Obviously
the depth has strictly decreased.

Let 7 be the worst-case number of tests done by A. If the target is in C, then strategy A’
does not run more than 7 tests, since it has done the same tests as A and continues like 4. In
all other cases there remains some < (d — t1)-class containing the target, due to the following
argument. C has at most d — 1 vertices, and A has already done ¢; tests in round 1. Since no
test is redundant, every test (except perhaps one that equals C) splits off a new class in C.
Even in the worst case, the largest class outside C retains at most (d —1) — (t1 — 1) =d — 3
vertices.

Hence, if the target is in C, then the two rounds of A’ together never exceed (t; + t2) +
(d=t1)—1=d—1+4+1tys < d— 2+t + to tests. We show that d — 2 + ¢; + to < 7, which
then implies that A’ executes at most 7 tests. To see this inequality, consider a path in A
with the maximum depth d. Since only < (d — 1)-classes exist outside C, any path not going
through ¢o does at most d — 2 further tests, thus its total length is below d. That is, some
path through ¢» in A attains the maximum depth d, hence it performs t; + ¢5 tests at ¢; and
q2, and at least d — 2 tests in the subsequent d — 2 rounds.

Thus we have shown: Either we can decrease the depth without increasing the worst-case
number of tests, or the edges tested at the root induce only < (n — d)-classes. In simpler
words, in the latter case all possible test outcomes at the root discard at least d vertices. This
suggests the following auxiliary concept:

We call a strategy (and its tree) eager if the first round always discards at least d vertices.

Now consider an (n,t,r) test set and a corresponding strategy. The tree T is eager,
otherwise the test set is (n,t,7 —1) or better. Let ¢ be any node in T, and let d; be the depth
of the subtree T'(¢) rooted at g. Next we make all subtrees of depth dy > 2 eager. (Note that
dq has to be used in the role of d.) If T'(¢) is not eager, we rearrange 7'(¢q) as above. Clearly
this does not increase the depth of T'. Moreover, root-leaf paths which avoid ¢ are not affected
by the rearrangement. For any root-leaf path through ¢, let s be the number of tests done on



this path before it enters q. The strategy in T'(¢q), before rearrangement, performed at most
t — s tests on every path, since the test number of T' was at most ¢. Since our rearrangement
does not increase the test number in T'(q), it is still bounded by ¢ — s, hence the total test
number is still bounded by t.

Iterating this procedure we get rid of the non-eager subtrees of depth larger than 2, unless
the process runs into a cycle and never terminates. To rule out this possibility it suffices to
identify some integer variable D > 0 that strictly decreases in every step. For instance, we
may define it by D := )" q(dq — 1), where the sum is taken over all non-leaf nodes ¢q. Every
transformation step strictly decreases some terms in D and does not create new positive terms,
since we only move some subtree upwards, while each newly created subtree appended to its
root has depth 1. Hence D strictly decreases.

Altogether this shows the existence of a strategy for the (n,t,r) test set where all subtrees
of depth larger than 2 are eager. Note that the tree has some path of length exactly r. If the
test outcomes follow this path, then round ¢ discards at least » — 7 + 1 vertices. But this is
possible all the way down only if Z:;f (r—i+1) <n—1. (Summation has to stop at i = r—2
since we had to assume depth at least 3.) This is equivalent to > 3%_3j =r(r+1)/2-3 <n—1,

hence r < +/2n + 4. O

A refined analysis might further bring down the small additive constant. We remark that
the proof efficiently transforms any strategy A into a strategy A’ with the claimed maximum
number of rounds which, however, can be larger than r(7) for the given test set 7. (For
instance, we may add to 7 an optimal test cover for one round. Then A’ remains a valid
strategy but uses at least two rounds whereas r(7) = 1. But, interestingly enough, our general
upper bound is essentially the best possible:

Theorem 6. For arbitrarily large n there exist (n,r + 1,r) test sets T with r = v/2n — O(1).
That is, the bound r(T) < v/2n + 4 is tight up to a constant summand.

Proof. Our example is a test set 7 with n = k(k+1)/2 vertices and pairwise disjoint edges of
decreasing sizes k,k—1,k—2,...,2,1 plus all singletons. A simple strategy tests the edges by
descending sizes, and when the ith test is the first positive one, the strategy tests all vertices
but one, in this positive edge. This needs i+ (k—i+1) — 1 = k tests for any target. We show
that k is the optimal test number, and k — 1 rounds are needed in the worst case to guarantee
these k tests. Together this means that 7 is (n,k,k — 1), and that »(7) = k — 1.

Let K denote the k-edge, and consider any strategy. In the event that K hosts the target,
we must have eventually tested £ — 1 of the singletons in K, since otherwise the target could
be among the two or more untested vertices, and we cannot distinguish them. In other words,
for any strategy there exists a target in K for which the strategy needs k — 1 tests. With this
in mind, assume that some of the edges tested in round 1 is disjoint to K. Then, if the target
is in K, we still have to test k — 1 singletons in K, these are together k tests. If K itself is
tested as well, we apply too many tests. If K is not tested, consider an untested v € K. In
order to decide whether v is the target, we must cover all vertices outside K by tests, which
requires even more tests. This shows that round 1 can only test edges £ C K, or we can be
forced to exceed k tests. But then, if the tests are negative, we are left with a hypergraph of



the same structure, with & — 1 in the role of k (and perhaps further untested vertices from
K). By an inductive argument, this hypergraph is (n —k, k — 1, k —2). For the induction base
k = 2 we have a (3,2,1) test set. With r = k — 1 we obtain (r +1)(r +2) = k(k + 1) = 2n,
hence r = v/2n — O(1). O

The example used in the proof has v/2n — ©(1) edges, thus, of course, more rounds are of
no use there. The next natural question is whether some test sets with more that v/2n edges
still need this worst-case number of rounds. In the following sections we will see that r(#)
gets down to 2 when the optimal number of tests is close to n. More ambitiously, it would be
interesting to figure out the optimal ¢ versus r trade-off for the full range v2n < t < n; we
must leave this question open.

4 Gain of a Hypergraph

The intuition behind the following concept of gain is as follows. It is desirable to find an
edge containing the target early, because then the remaining search can be confined to this
edge. This costs one negative test for every edge where the target is not found, but every such
test also excludes every vertex in the edge as possible target. Thus it appears to be a good
idea to cover a maximum number of distinct vertices by some number s of edges. Detailed
investigation shows that, essentially, the number of covered vertices minus s is in fact the
right measure for our purpose. Merely for formal reasons we add an offset 1.

Definition 7. Let H be a hypergraph on n wvertices. The gain of H is the largest possible
number g = ||JS| — s+ 1, where S C H is a selection of s edges with ||JS| < n, that is, not
covering all vertices. Such S is a gain certificate for the gain g if ||JS| =s+g—1, and S is
a minimal gain certificate if no proper subset of S is a gain certificate.

Note that, equivalently, the gain is also the smallest number g such that ||JS| < s+g—1
holds for every s and every selection S C H of s edges with ||JS| < n.

Definition 8. In a permutation (linear order) of a set S of edges, the ith expansion x; is
the number of vertices in the ith edge that occur in no earlier edge. A permutation of S is
L-maximal (L stands for “lexicographically”) if x1 is mazimum among all permutations of S,
To is mazrimum among all permutations of S that maximize x1, and so on.

Lemma 9. Consider any hypergraph H with gain g.

(a) Every set of edges has an L-mazimal permutation, with monotone non-increasing expan-
S10MS.

(b) If g > k then H contains a selection S of s < k edges with ||JS| > s+ k and | US| < n.
(c) H contains a (minimal) gain certificate with expansions x1 > ... > x5 > 2, where s < g.

Proof. For (a) consider an L-maximal permutation. If z; < ;41 for some 4, then we switch
the two edges and obtain a sequence with increased x;, which contradicts L-maximality.

For (b) note that a hypergraph of gain larger than k contains, by definition, a selection
S of s edges with n > ||JS| > s+ k. We show that s < k can be accomplished. We take



an L-maximal permutation of S as in (a). Let 8’ C S be the prefix of edges with expansions
larger than 1, and let s’ := |S’|. From |[|JS| > s+ k we get |JS'| > ¢’ + k. If s’ < k then
we are done, since S’ (in the role of S) is the required selection. If s’ > k, then consider the
L-maximal permutation of &’ that is a prefix of the L-maximal permutation of S considered
above. Clearly, all expansions therein are at least 2. Therefore, the first k edges cover at least
2k vertices, and the assertion holds with k& in the role of s.

For (c), apply the reasoning from (b) with k¥ = g — 1 and note that s+ g —1=s+k <
IUS| < s+ g — 1. Thus the selection from (b) is a gain certificate, all expansions in the
L-maximal permutation are at least 2, and therefore the gain certificate is also minimal. [

The connections between gain and multi-round testing are established by the following
bounds.

Theorem 10. In a test set with gain g, even any adaptive strateqy needs at least n — g tests
in the worst case.

Proof. Consider any adaptive strategy and the event that all tests are negative. Let ¢ be their
number. Since the gain is g, these ¢t negative edges cover at most ¢+ g — 1 elements. But they
must cover n — 1 elements, otherwise the target is not yet identified. Thust+g—1>n—1,
that is, t > n —g. O

Theorem 11. Any test set T on n wvertices and with gain g admits a test strategy with at
most max{g,n — g} tests in two rounds. Specifically, it tests a minimal gain certificate with
s < g edges in round 1 and applies a trivial test cover in round 2.

Proof. By Lemma 9 (b) there exists a selection S of s < g — 1 edges with ||JS| =s+¢— 1.
Let us test all edges of S in round 1.

If all these tests are negative, there remain n — (s + g — 1) vertices. A trivial test cover
finds the target among them by using n — (s + g — 1) — 1 further tests in round 2. Hence, in
total s +n— (s+g—1) — 1 =n — g tests are sufficient in this case.

If some test in S is positive, let j denote the smallest index of such a positive test, in an
L-maximal permutation of S. Then a trivial test cover finds the target by using x; — 1 further
tests in round 2. In the worst case this is 1 — 1, and a total of at most s + x1 — 1 tests are
made. By Lemma 9 (c), S is a minimal gain certificate, with expansions x; > 2 for all 7. It

follows
S S S
QZZl’i—S—i—l:xl—Fin—(s—l):x1+2(xi—1) >r+s—1,
i=1 i=2 i=2
thus at most g test are made in this case. ]

For gains g > [n/2] we can sharpen this upper bound. The proof is similar though.

Theorem 12. Any test set T on n wvertices and with gain g > [n/2] admits a test strategy
with at most [n/2] tests in two rounds.



Proof. For convenience define m := [n/2]. Take an L-maximal permutation of a gain certifi-
cate S of s edges, and let z; denote their expansions. Observe that || JS| = s+g—1 > s+m—1.
Let P be the shortest prefix of the ordered sequence S that still satisfies ||JP| > p+m — 1,
where p := |P|. We test the p edges of P in round 1.

If all tests are negative, then round 2 needs at most n— (p+m—1)—1=n—m—-p<m-—p
tests. If some tests are positive, the worst case is to have x1 — 1 tests in round 2. If p = 1
then P is a single m-edge, and the assertion of the Theorem is obvious. For p > 2, let P’ be
the set P without its last edge in the considered order. Then |[JP'| < (p+m —1)—2 =
(p— 1) +m — 2 holds due to the minimality of p. Since z; > 2 for all expansions, this also
implies x1 +2(p—2) < (p—1)+m—2, thusp+z; — 1 < m. O

The bound is tight up to a constant summand: A test set consisting of two disjoint edges
of size almost n/2 (to avoid complements) and all singletons actually needs almost n/2 tests
in two rounds despite a gain nearly n. The same example shows that a large gain is not
always helpful in one round, as this is a tree hypergraph and thus an (n,n —1,1) test set. As
another side remark, Theorem 12 says that a large gain guarantees a global upper bound on
the number ¢ of tests in two rounds, in analogy to the global upper bound ¢ < n — 1 for one
round.

5 Two and More Rounds

Now we use the concept of gain and the preceding results to determine the number of tests
needed in two or more rounds, especially if it is larger than [n/2]. The following point (b)
gives a complete characterization in this case.

Theorem 13. Let T be a test set on n vertices. For each k < |n/2] we have:

(a) T has gain k if and only if the optimal worst-case number of tests needed in two rounds
equals n — k.

(b) T is (n,n — k,2) if and only if: T contains no (n,k)-MTC, and T has gain k. In the
affirmative case, T contains a selection S of s < k edges with | US| =s+k —1 < n, and
testing S in round 1 followed by a trivial test cover in round 2 guarantees at most n — k tests.

Proof. For (a), let g denote the gain of 7. First suppose that g = k. Since g < |n/2| <n/2,
according to Theorem 11 we need at most n — g tests in two rounds, and by Theorem 10 this
is optimal (even for adaptive strategies). Conversely, suppose that the optimal worst-case
number of tests needed in two rounds is n — k. Theorem 10 yields n —k > n — g, hence k < g.
Assume g > [n/2] for the moment. Due to Theorem 12 this would imply n — k < [n/2],
contradicting k < [n/2]. Thus g < [n/2], which also means g < n/2. Applying Theorem 11
again this yields n — k <n — g, hence k > g, altogether g = k.

For (b), we put the previous results together. Suppose that T is (n,n — k,2). No (n, k)-
MTC is present, otherwise the test set is (n,n — k, 1) or better; see Theorem 3. The gain is
k, as already seen in (a), and Theorem 9 yields that some s < k edges have an (s + k — 1)-set
as their union. Conversely, suppose that 7 satisfies the listed conditions. Since the gain is k,
we have that n — k tests are optimal in two rounds, hence we cannot save tests in two rounds.
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Since no (n, k)-MTC is present, we cannot save a round either. Altogether T is (n,n — k, 2).
A suitable test set for round 1 is also provided by Theorem 11. O

The following corollary also addresses the case of r > 2 rounds. Apart from the technical
formulation, the result says that two rounds are sufficient to accommodate the optimal worst-
case number of tests, if this number is a large enough fraction of n.

Corollary 14. No (n,n — k,r) test set exists for k < [n/2] and r > 2. Consequently, if a
test set T requires t > [n/2] adaptive tests, then r(T) < 2.

Proof. Assume that 7 is (n,n — k,r). Then we need at least n — k tests in two rounds.
Theorem 13 implies that 7 has gain g < k. From Theorem 10 we know that at least n — g
tests are necessary also in r rounds. Thus k < g, implying g = k. Applying Theorem 13 again
we see that exactly n — k tests are needed in two rounds. This contradicts » > 2. The last
assertion follows by setting k =n — t. O

6 The Case of Graphs

In this small section we will see that, in test sets T with only < 2-edges, optimal test strategies
are easy to characterize and to compute for any » > 2. This is worth emphasizing, as the
graph case found already special attention for r = 1, and the following result contrasts nicely
to the known hardness for r = 1.

Theorem 15. In a test set T of only < 2-edges, an optimal two-round strateqy works as
follows. If the graph has a perfect matching, then test all its edges, except one, in round 1.
Otherwise, test some mazimum matching in round 1. In both cases, apply a trivial test cover
in round 2. Hence an optimal strategy can be computed in polynomial time. Furthermore we
have r(T) < 2.

Proof. Let n be the number of elements, and let u be the size of a maximum matching M
in the graph G of 2-edges. By Lemma 9, the gain is g = p if G has a perfect matching, and
g = 1+ 1 otherwise. (In the former case note that, by definition, a minimal gain certificate
does not cover all elements, hence it contains all edges of a perfect matching except one, such
that g=p—1+1=p.)

If M is a perfect matching, then the proposed strategy needs at most (u—1)+1=p =
n — i =mn — g tests in two rounds. If M is not a perfect matching and n > 2u + 1, then the
proposed strategy needs at most p + (n — 2u — 1) = n — g tests in two rounds as well. By
Theorem 10, this test number is optimal. If n = 2u + 1, then the proposed strategy needs
at most u + 1 tests in two rounds, as in the worst case some test in round 1 is positive.
Therefore, in this case the general lower bound from Theorem 10 is slightly too weak, but we
show optimality separately: Consider any adaptive strategy. The first ;1 —1 tests cover at most
2u — 2 elements, hence at least 3 elements are left. If the next test covers two new elements
and is positive, or covers only one new element and is negative, then still two candidates for
the target exist, and another test is needed; these are together p + 1.
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A maximum matching is found in polynomial time [26], and r(7) < 2 holds since the
optimal number of tests is achieved in at most two rounds. ]

We also add a small corollary for arbitrary test sets and k = n —t = 2. Explicit charac-
terizations of (n,n — k,r) test sets become more complicated for k > 3.

Corollary 16. For n > 4 elements, a test set is (n,n — 2,2) if and only if it has exactly one
2-edge and the rest are 1-edges.

Proof. Due to Theorem 13, an (n,n — 2,2) test set has gain 2. Hence all tests are < 2-edges,
and some 2-edge exists. Any two disjoint 2-edges exceed gain 2, but any two crossing 2-edges
form an (n,2)-MTC, which is excluded by Theorem 13. Thus an (n,n —2,2) test set contains
exactly one 2-edge. O

7 Computational Complexity of (n,n-k,2) Test Sets

Recognizing (n,t,r) test sets is NP-hard for any fixed r, due to a simple reduction from the
test cover problem: Given an (n,t,1) test set T, we construct an (n”,rt,r) test set denoted
T recursively as follows. 7' is a copy of T, and a test set T¢, i > 1, is a copy of T where
each vertex is replaced with a copy of 7¢71. The same reduction also lifts W[2]-hardness of
(n,logam + k,1) [9] to any fixed r. In this section, however, we focus on (n,n — k,2) test
sets. As we have seen, the gain is of central importance for recognizing them, but as for the
complexity we have to make another negative observation:

Theorem 17. Computing the gain of a hypergraph is NP-hard. Consequently, the problem of
recognizing whether a test set is (n,n — k,2) is NP-hard, too.

Proof. We give a simple reduction from the Set Cover problem (covering all vertices by a
minimum number of edges), which is one of the classic NP-hard problems in [23]. Take a
hypergraph H; as an instance of Set Cover. Without loss of generality, each of the n vertices
of H; belongs to some edge. Let Ha be the hypergraph obtained from H; by doubling the
vertices: for every vertex v we create a copy v’ that belongs to precisely the same edges as v.
Furthermore, we add another vertex = to Ho.

We show that H; has a set cover with at most s sets if and only if s has a gain at least
g, where g + s = 2n + 1. Once this equivalence is established, the last assertion follows from
the characterization in Theorem 13.

Consider any set cover in H1, consisting of s sets. After doubling the vertices, the corre-
sponding set family in H; covers 2n vertices (all but the extra vertex x). Due to Definition
7, Ho has a gain 2n — s + 1 or larger. The extra vertex is only needed to avoid covering all
vertices of Hs.

Conversely, let g be the gain of Hs, and let S be any gain certificate, that is, a set of edges
with | S| = s + g — 1, where s is the number of edges in S. Define C := |JS. If C leaves
out some v and v’, then we can add one edge to S that contains v and v’, which contradicts
the gain g. Hence C' is the entire set of vertices except x, and the corresponding set family
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in H; is a set cover with s sets. Since S is a gain certificate, we have 2n = s + g — 1, that is,
g+s=2n+1. ]

Due to NP-hardness it is meaningful to aim for a parameterized algorithm to compute
the gain g. The problem looks related to the k-Partial Set Cover problem which asks to
cover at least k vertices by a minimum number of edges and is solvable in 2°®)nmlogn time
in hypergraphs with n vertices and m edges [4]. However, an attempt to apply this result
to the gain computation fails for subtle reasons. Instead we get fixed-parameter tractability
directly, by kernelization techniques. The following theorem addresses not only the gain but
the combined problem to be solved according to Theorem 13. We use the standard O* notation
that suppresses polynomial factors and displays only the dependency of the time bound on
the parameter.

Theorem 18. The problem of recognizing whether a test set T is (n,n—k,2) is fized-parameter
tractable in the parameter k. More specifically, we can decide it, and in the affirmative case

94k?+2k 10g2(2k)+2k)

we can also construct a two-round strategy, both in O*( time.

Proof. We check whether T satisfies the conditions from Theorem 13. Let g be the gain of T
(yet unknown to the algorithm).

First we construct some C C T and C' = [JC as follows. Starting from C := () and C := ()
we add some edge to C that increases ¢ = |C| by at least 2, as long as possible. Since g is the
gain, we can do this at most g — 1 times, and ¢ < 2g — 2. For the final C we have |[E'\ C| <1
for all edges E. This property also implies g < ¢+ 1.

Next we extract a subset 7' C T as follows. Let D be any fixed subset D C C. We
consider all edges E of the form £ = D U {v}, v ¢ C. If at most 2¢ such edges exist, we keep
them in 7, otherwise we keep only 2¢ of them in 77, arbitrarily chosen.

Let S be a minimal certificate for the gain g of T, with s edges. Remember ||JS| = s+g—1.
Lemma 9 gives that s < g—1 < ¢. Thus ||JS| = s+¢—1 < 2¢. Assume that S contains some
edge E = D U {v} which was thrown out from 7’. By construction, there are still 2¢ edges
of the form D U {u} (with our fixed D C C) in T’. Since ||JS| < 2¢, at most 2¢ — 1 of the
vertices u belong to other edges of S. We take an unused vertex u and replace D U {v} with
DU {u} in §. Note that still ||JS| = s+ g — 1 after the exchange. Iterating this procedure
we eventually get some S C 7' with || JS| =s+¢—1 (and s < ¢). It follows that 7’ has gain
g. We perform this procedure for all subsets D C C' in any order.

Thus, in order to compute g, it suffices to compute the gain of the smaller hypergraph 77,
and for this we only have to examine sets S of at most ¢ edges and take the largest || JS|—s+1.
The hypergraph 77 is constructed in O*(2¢) time and retains at most 2¢-2¢ < 2¢+1°82¢+1 edges,
thus brute-force examination can be done in O*(202+010g2 ct¢) time. With s < ¢ < 2g we get
the time O*(249°+291082(20)+29)

Suppose in the following that ¢ = k, that is, the gain equals our prescribed k. Since
the brute-force step examines all combinations of at most ¢ edges in 7', and k = g < c+1
(see above), we also find among them a selection S of s < k — 1 edges whose union is an
(s+k—1)-set. Due to Theorem 13 such an S exists, and the test strategy can test S in round
1, followed by a trivial test cover in round 2.
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It remains to check that 7 is free of (n,k)-MTC. We do not use the algorithm from [9]
whose time bound grows very fast with k. In our case we leverage the strong additional
information that the gain is k. Since an (n, k)-MTC is a set S of s < 2k edges inducing s + k
or more classes, and the gain is k, the only possibility is that |[JS| = s + k — 1, and each
vertex in |JS is a class of its own. (The (s + k)-th class is JS.)

We extract another subset 7” C T similarly to 77, but this time we keep 2k (rather
than 2c¢) edges that intersect C' in the same set D C C, for each D. Now let S be any
set of s < 2k edges of 7 with the aforementioned properties of an (n,k)-MTC. Using the
same transformation as before, we can make S a subset of 7", moreover, the transformed
hypergraph S is isomorphic to the original S. (Note in particular that || JS| cannot grow by
our edge exchanges, since the gain is only k.) Due to isomorphism, the transformation also
preserves the property that each vertex in [ J§ is a class of its own. This shows: If 7 has an
(n, k)-MTC, then already 7" has some.

Thus it suffices to examine all sets of s < 2k edges of 7”. Similarly as above, 7" is
constructed in O*(2°) time and has at most 2k - 2¢ < 2¢H19825+1 edges. Brute-force search
therefore needs O (22ket2klog; 42k time and by ¢ < 2k this is again OF (24+”+2klog;(2k)+2k),

O

Actually we can compute the gain g much faster. The following algorithm is, however,
result-wise weaker: It only determines the optimal test number ¢ for two rounds, but it does
not check whether one round would be sufficient for ¢ tests. It remains open whether we can
also accelerate the exclusion of (n, g)-MTC.

Theorem 19. The gain g of a hypergraph (and hence the optimal test number n — g for two
rounds, if n > 3g — 2), can be computed in O*(29°+(9/2) 10g2(29)+29) time,

Proof. In the given test set 7 we construct 7' C T as before, but we search for a gain
certificate more economically. According to Lemma 9 there exists a minimal certificate S,
and it has an L-maximal permutation where all expansions are at least 2. Let P be the
“prefix” consisting of all edges of the ordered & with expansion at least 3. For brevity let
R:=T1. W Then R has only < 2-edges, since any > 3-edge allows to append another
edge with expansion at least 3 to P, contradicting L-maximality of the ordered S. Since the
expansions of all further edges in S after P are 2, the corresponding 2-edges in R form a
matching. Moreover, this matching is maximum, otherwise S would not reach the gain.

Thus we can limit brute-force search to the prefixes P, and then compute any maximum
matching in R for each P (using the above notations). Since T has gain g, the size of every
P is obviously at most g/2. We do not know ¢ in advance (the aim of the algorithm is to
compute this number!), but we can loop through j = 1,2,3... and enumerate all possible
prefixes P of length j. For every prefix P that adheres to the above structure (expansions
are at least 3 and R has only < 2-edges), we also compute a maximum matching. As soon as
the next j does not yield new prefixes, further increase of j cannot yield new prefixes either.
Thus we will stop at some j < ¢g/2, and a gain certificate is any obtained set S with largest
US| —s+1.
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As is well known, maximum matchings can be computed in polynomial time [26]. By the
earlier analysis, 77 is constructed in O*(2¢) time where ¢ < 2g, and has at most 2611082 ¢+1
edges. The last exponent is now multiplied with only g/2, which gives the assertion. O

8 Tree Hypergraphs

Due to Corollary 4, tree hypergraphs are the worst test sets for one round, as they need
exactly n — 1 tests. Before we discuss testing in two rounds, we relate tree hypergraphs to
usual trees. To avoid confusion with vertices and edges of hypergraphs we speak of nodes and
arcs in trees.

Consider any separating system being a tree hypergraph. Recall that any two edges are
either disjoint or in subset relation. Let F1,..., F,, denote the edges that are maximal with
respect to the subset relation. Clearly, they have the following properties: The FE;’s are
pairwise disjoint, at most one vertex v is outside Fy U ... U E,, (since we have a separating
system), and every further edge is a subset of exactly one of the F;. This defines a partitioning
of the edge set, and we can recursively partition the edge set of the hypergraph restricted to
each E; in the same way.

This recursive partitioning can also be described as a rooted tree, recursively constructed
as follows. We create a root, and for each E; append an arc to it. If a vertex v as specified
above exists, then we assign it to the root node. (Otherwise, no vertex is assigned to the root
node.) For i = 1,...,m, the other node of the i-th arc becomes the root of the tree for the
hypergraph restricted to E;.

Note that the vertices are assigned to distinct nodes, but there may be (non-leaf) nodes
without assigned vertices. We call this tree the separating tree, due to the following property:
Every arc represents an edge, i.e., a test. If the test is positive, the remaining candidates for
the target are the vertices assigned to nodes of the subtree below this arc, and if the test is
negative, the remaining candidates for the target are the vertices assigned to the rest of the
tree. These are exactly the two connected components of the tree after removal of the arc.

Theorem 20. An optimal two-round strategy for a given tree hypergraph can be computed in
O(n log? n) time, provided that its separating tree is given.

Proof. Let T denote the separating tree, and let F' be the set of arcs of T tested in round 1.
The test outcomes specify the connected component C' of T' — F' where the target is hidden.
Moreover, the remaining problem instance for round 2 is described by the subtree C' of T.
Recall that the test number in one round is just the number of vertices minus 1. Thus, we have
to minimize |F'| + b, where b is the maximum number of vertices in a connected component
of T — F.

For any node v let T'(v) denote the subtree rooted at v. Let us fix b, the budget for the
maximum number of tests permitted in round 2. Assume that we have already decided which
arcs of T'(v) we put in F; this is vacuously true for the leaves v of T. Then let h(v) be the
number of vertices in the connected component of T'(v) — F at the root v, called the root
component. Note that h(v) < b+ 1. Now let v be any node where the arcs in F' are already
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decided in T'(u) for all children u of v. It remains to decide which arcs vu be added to F.
Every such arc finalizes a connected component of T'— F. For the children u with vu ¢ F, the
root components of the T'(u), node v, and the arcs vu together form the root component of
T'(v), and h(v) is the sum of their h(u), plus 1 if v represents a vertex. We must put enough
new arcs in F' to achieve h(v) < b+ 1. Clearly, the number of new arcs in F' is minimized
if we decide vu € F successively for children u with the largest h(u), until h(v) < b+ 1 is
reached. An exchange argument implies the correctness of this greedy procedure: The only
reason for adding more arcs vu to F' (and making h(v) even smaller) is to prevent the current
root component from exceeding the budget later on. But instead of adding any further arc
vu to F' we can add the arc between v and the parent of v later on.

The time is O(nlogn) for every budget b, where the logn factor is added only for sorting
the children by their h(u) values. Let t(b) be the optimal total number of tests when the
budget is b. Clearly, t(b) is a monotone non-increasing function. Consider the smallest b with
t(b) < b. Assume t(b) < b for this b. Then we have found a solution that uses at most b — 1
tests in total, hence we obtain this value of ¢ already with budget b — 1 or smaller. Thus
t(b—1) < b— 1, contradicting the minimality of b. This shows ¢(b) = b. Furthermore, if
a solution actually uses a larger budget for round 2, it needs more than b tests is total and
cannot be optimal. We conclude that ¢(b) is the optimal test number overall. We find this
specific b by binary search on the budget values. O

Open problems include an improved time bound for r = 2 and the time complexity for
any fixed r > 2.

9 Further Research

We state some open problems in addition to those mentioned in the paper. First of all: What
are the possible ranges of round numbers r (and test numbers t) for which a given hypergraph
H) is (n,t,r)? That is, which subsets of numbers r can appear in the sequence 1,2, ..., 7(H)?

Another, more technical question concerns a worst-case time bound (presumably expo-
nential in n) for solving arbitrary instances 7 on n elements exactly. A promising approach
is dynamic programming on the partitionings. Here we sketch the ideas. We create a directed
graph D whose nodes represent partitionings of the n-set (the induced classes plus marks at
the already discarded elements). At every node p of D we loop through the edges of 7 and
decide either to add some test to the current round and refine the partitioning, or to ask
the current edges and learn the induced class containing the target. We insert arcs from p
to the corresponding nodes. Then the nodes of D are evaluated bottom-up and annotated
with the smallest ¢ for each r, obtained by simple min-max calculations. The number of
partitionings of an n-set is the nth Bell number. Bounds smaller than n” are known, such as
(0.792n/In(n + 1))™ [3]. Already for r = 1 this approach is more efficient than naive exam-
ination of all combinations of ¢ > log, n edges, and it also works for all r. Furthermore, in
general not all partitionings appear in D.
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