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Introduction

What is a higher inductive type?

@ In ordinary Martin-Lof type theory
a=AaA a’

has one constructor refl : a =4 a.

@ In Homotopy Type Theory higher inductive types (hits) are
types A where we can have other constructors as well, for all
the iterated identity types:

a=A a’

_ !
P —a=pa’ P

_ /
0 =p=, p 0

Bauer, Lumsdaine, Shulman, Warren 2011.



Introduction

Higher inductive types of level n

Terminology:
@ point constructor for A (level 0)
@ path constructor for a =4 a’ (level 1)
e surface constructor for p =, ,» p’ (level 2)
o etc

n-hits only have constructors of level < n.




Introduction

1-hits

General examples from the HoT T-book
@ propositional truncation
@ pushout
Homotopical examples:
@ interval
@ circle
@ suspension
Equational theories Ty £, e g
@ combinatory logic

@ many examples in Basold, Geuvers, Van der Weide 2017



Introduction

2-hits

General examples:

@ O-truncation

@ set-quotient
Homotopical examples:

@ 2-sphere

@ torus
Computer science example:

@ patch theories (Angiuli, Harper, Licata, Morehouse, 2014)



Introduction

From the HoTT-book

In this book we do not attempt to give a general
formulation of what constitutes a “higher inductive
definition * and how to extract the elimination rule from
such a definition - indeed, this is a subtle question and
the subject of current research. Instead we will rely on
some general informal discussion and numerous examples.



Introduction

Some questions

What is a good definition of a higher inductive type, that is,
what do the types of their constructors look like in general?

What are their associated elimination and equality rules?

How do we show the consistency of a general theory of higher
inductive types?

How do we get a " computational interpretation”?

What is the foundational status of higher inductive types?
What is their relation to Martin-Lof’s meaning explanations?

Can we reduce the meaning of higher inductive types to the
standard inductive or inductive-recursive types?



Introduction

Higher-dimensional, univalent type theory

A reinterpretation of intensional type theory
e type = weak oo-groupoid (Kan cubical set)

@ new rules are validated, e g the univalence axiom and higher
inductive types

@ constructivity is maintained because Kan cubical set model
can be formulated in constructive metatheory (extensional
type theory) itself justified by Martin-Lof's (1979) standard
meaning explanations. Cf work in progress by Bickford and
Coquand on an implementation in NuPRL.



Introduction

Type theory in the groupoid model

A reinterpretation of intensional type theory, Hofmann and
Streicher (1993).

e type = groupoid A = (Ao, A1, A2) = (Ao, A1, =a,(_))-

@ new rules are validated, e g univalence axiom in first universe
and higher inductive types of level 2.

@ constructivity is maintained because groupoid model can be
formulated in constructive metatheory (extensional type
theory) itself justified by Martin-Lof's (1979) standard
meaning explanations.



Introduction

Type theory in the setoid model

A reinterpretation of intensional type theory
@ type = setoid A = (Ao,Al) = (AO, :A)-
@ new rules are validated, e g higher inductive types of level 1,

including quotient types and algebraic theories Ty . Cf
Basold, Geuvers, van der Weide (2017).

@ constructivity is maintained because setoid model can be
formulated in constructive metatheory (extensional type
theory) itself justified by Martin-Lof's (1979) standard
meaning explanations.



Quotients
Quotient types

Let A be a type and R be a binary relation on A. Then A/R is the
1-hit with

o 1 A= A/R
c1 : (x,y:A)—= R(x,y) = co(x) =a/r co(y)

Notation: [x] = co(x)



Quotients
Quotient types in the setoid model

In the setoid model the points/elements are generated by the
constructor

Coo Ao — (A/R)o
and the paths/proofs of equality are generated by

cio ¢ (x,¥:A0) = (R(x,¥))o — coo(x) =a/r coo(y)
cor @ (x,y:A0) = x=ay—coo(x)=a/r coo(y)
o (x,y,z€(A/R)o) > X=a/RY =Y =a/RZ > X=aA/RZ
(
(

x € (A/R)o) = x =a/r X
()
Note that (A/R)o is an inductive type and =4/ is an inductive

family which are instances of the general schema for inductive
families of Dybjer (1991) and CiC.

X,y € (A/R)o) = X =a/RY = Y =a/R X



Quotients
Heterogenous identity

o If x: AF C(x), a,a' : A and p:a=p ' then

denotes the heterogenous identity of ¢ : C(a) and ¢’ : C(&).
o If f:(x:A)— C(x), a,a : A, then

apd;: (p:a=44d)— f(a) :g ()

Both are definable from the rules for homogeneous identity types.
(Should they perhaps be primitive?)



Quotients
Elimination and equality rules for quotients

The elimination rule expresses how to define a function
f:(x:A/R) = C(x)

by structural induction on the points of A/R, such that the
function preserves =4 /g.

flco(x)) = co(x)
apdf(cl(x7y7 Z)) = C~1(X7y7 Z)
under the assumptions
G : (x:A)— C(co(x))
Qs Gy A) = (2 R06Y)) = Go6) =Sy )



Schema for introduction rules

General schema for 1-hits?

H is a hit with point constructors
Co - ?

and path constructors
(G ?

What is the form of their types?



Schema for introduction rules

General schema for 1-hits?

H is a hit with point constructors
Co - ?

and path constructors
(G ?
What is the form of their types? First try:

@ the type of a point constructor has the form of a constructor
for an inductive type H.

@ the type of a path constructor has the form of a constructor
for a binary inductive family =g on H.



Schema for introduction rules

A schema for finitary 1-hits

We settle for the time being for a restricted version of hits:

@ the type of a point constructor has the form of a constructor
for a finitary inductive type H.

@ the type of a path constructor has the form of a constructor
for a finitary binary inductive family =g on H. The indices in
the type are point constructor patterns

Three reasons:
@ Simpler semantics
e Simpler syntax, yet cover most (but not all) examples

@ Clearly constructive (the schema for inductive families in
Dybjer (1991) was perhaps too general)



Schema for introduction rules

The type of a point constructor

Finitely branching trees, with finitely many constructors

co : (a:iA)— = (Xm:Am(x, - Xm=1))
—-H—-..-—H
—H

A; are arbitrary types. They may not depend on H.
This is also the schema for point constructors of the hit H.



Schema for introduction rules

A schema for path constructors

c1 : (x1:B1) == (X Ba(x, .oy Xn—1))
—-(1:H) == (yp:H)
= p1(%, ;) =0 qu(Xi, vj) = - = pm(Xi: ¥j) =1 qm(Xi, ¥})
— p'(%,y) =u 4 (%, ¥})

where neither H nor =y may appear in A; and where

P1,G1,---,Pmsdm, P, q are point constructor patterns built up by
from variables x;, y; by point constructors cg. Grammar

pi=ylco(a,...,a,p,...,p)



Schema for introduction rules

A schema for path constructors

@ 1-hits generalize T's g from algebraic specification theory, the
initial term algebra for a signature X and a list of equations E.

@ Note that although one may think that the set of points of H
is defined before =g, a negative occurrence of H would
generate a negative occurrence of =y in the setoid
interpretation of =y.



Schema for introduction rules

Simplified schema for 1-hits

A simplified form with only one side condition and one inductive
premise:

co A() —+H-—>H
cr : (x:A) = (v H) = p(x,y) =n q(x, y)
— pI(X7y) —H q/(va)



Schema for introduction rules

The Torus T? as a 2-hit

base : T?
path; : base =12 base
path, : base =2 base

surf : path; o path, =base=,pbase path, o path;



Schema for introduction rules

Simplified schema for 2-hits

Simplified version:

cg : Ag—H—H
1t (x:A) = (y:H) = p(x,y) =n q(x,y)
= pi(x,y) =n q1(x,y)
H) L p

2 (x:A) = (y:H) = (z:p2Ax,y) =1 q2(x,y))
- gl(X7 Y, Z) =p3(x,y)=naq3(x,y) hy (X, Y, Z)
— g2(X7 Y, Z) =pa(x,y)=nqa(x,y) h2(X7 Y, Z)
Here p, q, pi, q; are point constructor patterns in the variables x, y
and gj, h; are path constructor patterns in the variables x, y, z.



Schema for introduction rules

Point and path constructor patterns

Point constructor patterns

p = x| co(a, p)
Path constructor patterns

gu=2z|c(a,pg)|gog|id| g™

(add ap,(p, £)?)



Elimination and equality rules

Elimination rule for the simplified schema for hits

The elimination rule expresses how to define a function
f:(x:H)— C(x)

by structural induction on the points of H, such that the function
preserves =pj.

f(CU(X7y)) = c"o(x,y,f(y))

apde(ci(x,y,2)) = ¢i(x,y,f(y), z,apd¢(z))
under the assumptions
@ : (x:A0) = (y:H)— Cy) = C(colx,y))
G (x:A) = (y:H) = (¥:Cy))
— (z: p=u q) = To(p) =S To(q)
= To(P") =6 (xy.z) To(d")

where Ty is a lifting function defined below.



Elimination and equality rules
Lifting

Lifting point constructor patterns:

Toy) = ¥
TO(CO(aap)) = C~0(a,p7T0(p))

Lifting path constructor patterns:

Ti(z) = z
Ti(c1(a, p, 8)) ¢1(a, p, To(p), &g, T1(g))
Ti(gog’) = Ti(g)o Ti(g")
Ti(id) id
Ti(g™}) = Ti(g)™"

It follows that To(p) = f(p) and T1(g) = ap((g)



Elimination and equality rules

Heterogeneous identity of level 2.

Leta,a : A p,p:a=ad,0:p=,_,2p, b:B(a), b:B(d),
q:b:E b, q’:b E b’ We write
b_Bb/ ’
qa = q
for the heterogeneous identity of the heterogenous paths q, q'.
Moroever,
b=Bp
9 “refi(p) 9

is judgmentally equal to g =b=Eb q.



Elimination and equality rules
Functions preserve level 2 identities

fi(x:A)— C(x)

then not only

apd;: (p:x=ax') = f(x) :g f(x)

but also

_ )=
0

apd? : (6: p =, ') = apd¢(p) ) apd,(p')



Elimination and equality rules
Elimination and equality rules

We define f : (x : H) — C(x) by

f(CO(a]_,bl)) = CNO(alabla f(bl))
apdf(Cl(az,bz,CQ)) = CNl(a27b27 f(b2)ac27apdf(c2))
apdf(ca(as, b3, c3,05)) = Ca(as, b, f(bs), c3,apdy(c3), d3, apd(ds))

We have already shown the assumptions on ¢y and ¢;. We also
have

G (33 : A2) — (b3 : H) — (/33 : C(b3)) — (C3 . p3 =H q3)
— (& : To(ps) =& To(qs)) = (d3 : &1 =py=iqs 1)
_H
~ Ty(g1) :330(134)—7 To(qa) T1(hy)
— Ty(g) _To(ps)="To(gs) T1(h2)

" ca(as3,b3,c3,d3)



Groupoid model

Groupoid model of H

The interpretation of H is the groupoid (Ho, Hy, Hy), where
e Hj is the inductively defined set of objects (elements, points).
@ Hi(x,y) is the inductively defined family of set of arrows
(identity proofs, paths)

e Hy(x,y,f,g) is the inductively defined family of set of 2-cells
(identity proofs of arrows, surfaces, homotopies)



Groupoid model

The objects of H

Hp is inductively generated by a constructor for the object part of
the point constructor

Coo (Ao)o — Ho — Ho



Groupoid model

The arrows of H

H;j is inductively generated by:
@ a constructor for the object part of the path constructor

Ccio (X S (Al)O) — (y S Ho)
— Hi(po(x, y), go(x; ¥)) = Hi(po(x, ¥), go(x, ¥))
@ a constructor for the arrow part of the point constructor:
cor (%X € (Ad)o) = (Ao)i(x,x") = (y,y" € Ho)
— Hi(y,y") = Hi(coo(x, ¥), coo(x', y'))

@ constructors for composition, identity, and inverse of paths

o : (x,y,z€ Hp) — Hi(x,y) = Hi(y,z) = Hi(x, 2)
id : (x € Hp) — Hi(x,x)
(=)' (x,y € Hp) = Hy(x,y) = Hi(y, x)



Groupoid model

The surfaces of H

H, (representing equality of paths) is inductively generated by

coo — the object part of the surface constructor
@ c11 — the arrow part of the path constructor

@ co2 — the surface (preservation of equality of arrows) part of
the point constructor:

o cil cg — witnesses for the functor laws for the point
constructor

e tran,refl, sym — witnesses that Hy is a family of equivalence
relations

@ Wy, w1 — witnesses that composition preserves equality

@ o, A\, p, Lo, t1 — witnesses for the groupoid laws



Groupoid model

Interpretation of formation rule

It's clear that (Hp, Hy, Hp) is a groupoid.



Groupoid model

Interpretation of introduction rules

@ The point constructor cg : Ap — H — H is interpreted by the
functor on groupoids with object part cgg, arrow part cg; and
preservation of equality part cgp. The functor laws are
witnessed by the constructors cis! and cj.

@ A groupoid interpreting x =11 y is a setoid and hence functors
on such groupoids degenerate to setoid-maps. Hence, the
path constructor

1 (x:1 A1) = (y:H) = plx,y)=nq(x,y)
= p1(x,y) =n q1(x,y)

is interpreted by the setoid map with underlying function cig
and preservation of equality part ci7.

e A groupoid interpreting f =, f’ has only one object and
one arrow (up to equality). Hence it suffices that the
constructor cy is interpreted by cyp.



Groupoid model
Interpretation of elimination and equality rules

We want to show that there exists a "dependent groupoid functor”
f:(x:H)— C(x)
such that

f(CO(Xay)) = CNO(X7y7 f(y))
apd¢(ci(x,y, 2)) ¢1(x,y, f(y), z,apd¢(z))
apd%(c2(X>Y7Z> W)) = CN2(X7y7 f(y),z,apdf(z),W,apd%(w))



Groupoid model
Object and arrow part of f

@ Object part fy : (x € Hyg) — Co(x) by

fo(coo(x,¥)) = (o)o(x, ¥, fo(y)))

@ Arrow part

A o (x.x €Ho) — (g € Hi(x, X)) = Ci(g, fo(x), fo(x'))

where C{ is a heterogenous version of arrow (between

elements of different fibers). This is done by Hj-elimination:

f]_(C]_()(X,y,Z)) = (CNI)O(X7y7f()(y)az7f1(p7qu))
fAlcor(x, X' e,y,y’,d)) = (@)h(x,x ey, y' d fo(y) foly) fly,

and clauses which say that f; maps an identity on H to an
identity, a composition to a composition, and an inverse to an

inverse.



Groupoid model

Preservation of equality of arrows part of f

We define the 2-cell part

fr : (x,x €Ho) = (g,8" € Hi(x,x)) = (x € Ha(x,x', g,8"))
— Ci(x, A(x, X', g), i(x, X, g"))

where C} is a heterogenous notion of equality between elements in
different fibres. This is proved by Hy-elimination.



Groupoid model

Can the schemata for 1- and 2-hits be extended to arbitrary n-hits
and also to oo-hits?

@ Can cubical type theory be extended with schema for hits with
constructors of arbitrary dimensionality?

@ Can these hits be interpreted in the Kan cubical set model?

A step on the way:
@ Formulate 1- and 2-hits using face maps and degeneracies.

@ Formulate setoids and groupoids as truncated Kan cubical
sets.
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