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Outline

Using partiality monad to:
ጺ Define semantics of partial language:

formal definitional interpreter.
ጺ Prove type soundness.
ጺ Prove compiler correctness.



A partial language
A language with two effects:
non-termination and crashes.

𝑡 ∷= 𝑐 ∣ 𝑥 ∣ 𝜆𝑥.𝑡 ∣ 𝑡 𝑡

Represented using well-scoped de Bruijn indices:

𝐝𝐚𝐭𝐚 𝑇𝑚 (𝑛 ∶ ℕ) ∶ 𝑆𝑒𝑡 𝐰𝐡𝐞𝐫𝐞
𝖼𝗈𝗇 ∶ ℕ � 𝑇𝑚 𝑛
𝗏𝖺𝗋 ∶ 𝐹𝑖𝑛 𝑛 � 𝑇𝑚 𝑛
𝗅𝖺𝗆 ∶ 𝑇𝑚 (1 + 𝑛) � 𝑇𝑚 𝑛
𝖺𝗉𝗉 ∶ 𝑇𝑚 𝑛 � 𝑇𝑚 𝑛 � 𝑇𝑚 𝑛
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Environments and values

Based on closures:

𝐸𝑛𝑣 ∶ ℕ � 𝑆𝑒𝑡
𝐸𝑛𝑣 𝑛 = 𝑉𝑒𝑐 𝑉𝑎𝑙𝑢𝑒 𝑛

𝐝𝐚𝐭𝐚 𝑉𝑎𝑙𝑢𝑒 ∶ 𝑆𝑒𝑡 𝐰𝐡𝐞𝐫𝐞
𝖼𝗈𝗇 ∶ ℕ � 𝑉𝑎𝑙𝑢𝑒
𝖼𝗅𝗈 ∶ 𝑇𝑚 (1 + 𝑛) � 𝐸𝑛𝑣 𝑛 � 𝑉𝑎𝑙𝑢𝑒



Definitional interpreter

⟦ ⟧ ∶ 𝑇𝑚 𝑛 � 𝐸𝑛𝑣 𝑛 � 𝑉𝑎𝑙𝑢𝑒
⟦ 𝖼𝗈𝗇 𝑖 ⟧ 𝜌 = 𝖼𝗈𝗇 𝑖
⟦ 𝗏𝖺𝗋 𝑥 ⟧ 𝜌 = 𝑙𝑜𝑜𝑘𝑢𝑝 𝑥 𝜌
⟦ 𝗅𝖺𝗆 𝑡 ⟧ 𝜌 = 𝖼𝗅𝗈 𝑡 𝜌
⟦ 𝖺𝗉𝗉 𝑡1 𝑡2 ⟧ 𝜌 = ⟦ 𝑡1 ⟧ 𝜌 ∙ ⟦ 𝑡2 ⟧ 𝜌

∙ ∶ 𝑉𝑎𝑙𝑢𝑒 � 𝑉𝑎𝑙𝑢𝑒 � 𝑉𝑎𝑙𝑢𝑒
𝖼𝗅𝗈 𝑡1 𝜌 ∙ 𝑣2 = ⟦ 𝑡1 ⟧ (𝑣2 ∷ 𝜌)

ጺ Does not work in Agda, Coq…
ጺ Call-by-value? Call-by-name?
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Relational, big-step semantics

ጺ Can define inductive big-step semantics:

𝜌 ⊢ 𝑡 ⇓ 𝑣

ጺ Very similar to definitional interpreter,
but we cannot “run” the semantics.

ጺ Does not distinguish between
non-termination and crashes.



Relational, big-step semantics

ጺ Can add coinductive big-step semantics:

𝜌 ⊢ 𝑡 ⇑

ጺ Problem: Duplication of rules.
ጺ Problem: Have we forgotten a rule?



Alternative

Definitional interpreter + partiality monad
⇒

functional, big-step semantics.



Partiality
monad



Partiality monad

𝐝𝐚𝐭𝐚 ⊥ (𝐴 ∶ 𝑆𝑒𝑡) ∶ 𝑆𝑒𝑡 𝐰𝐡𝐞𝐫𝐞
𝗇𝗈𝗐 ∶ 𝐴 � 𝐴⊥
𝗅𝖺𝗍𝖾𝗋 ∶ ∞ (𝐴⊥) � 𝐴⊥

ጺ Non-strict data type (∞ suspension).
ጺ 𝐴⊥ ≈ 𝜈𝐶. 𝐴 + 𝐶.



Partiality monad
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ጺ Non-strict data type (∞ suspension).
ጺ 𝐴⊥ ≈ 𝜈𝐶. 𝐴 + 𝐶.



Partiality monad

𝐝𝐚𝐭𝐚 ⊥ (𝐴 ∶ 𝑆𝑒𝑡) ∶ 𝑆𝑒𝑡 𝐰𝐡𝐞𝐫𝐞
𝗇𝗈𝗐 ∶ 𝐴 � 𝐴⊥
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ጺ Non-strict data type (∞ suspension).
ጺ 𝐴⊥ ≈ 𝜈𝐶. 𝐴 + 𝐶.



Partiality monad

𝐝𝐚𝐭𝐚 ⊥ (𝐴 ∶ 𝑆𝑒𝑡) ∶ 𝑆𝑒𝑡 𝐰𝐡𝐞𝐫𝐞
𝗇𝗈𝗐 ∶ 𝐴 � 𝐴⊥
𝗅𝖺𝗍𝖾𝗋 ∶ ∞ (𝐴⊥) � 𝐴⊥

𝑛𝑒𝑣𝑒𝑟 ∶ 𝐴⊥
𝑛𝑒𝑣𝑒𝑟 = 𝗅𝖺𝗍𝖾𝗋 𝑛𝑒𝑣𝑒𝑟

>>= ∶ 𝐴⊥ � (𝐴 � 𝐵⊥) � 𝐵⊥
𝗇𝗈𝗐 𝑥 >>= 𝑓 = 𝑓 𝑥
𝗅𝖺𝗍𝖾𝗋 𝑥 >>= 𝑓 = 𝗅𝖺𝗍𝖾𝗋 (𝑥 >>= 𝑓)



Partiality monad

𝐝𝐚𝐭𝐚 ⊥ (𝐴 ∶ 𝑆𝑒𝑡) ∶ 𝑆𝑒𝑡 𝐰𝐡𝐞𝐫𝐞
𝗇𝗈𝗐 ∶ 𝐴 � 𝐴⊥
𝗅𝖺𝗍𝖾𝗋 ∶ ∞ (𝐴⊥) � 𝐴⊥

What is the right notion of equality for 𝐴⊥?

𝗅𝖺𝗍𝖾𝗋 (𝗅𝖺𝗍𝖾𝗋 (𝗇𝗈𝗐 5)) ≈ 𝗇𝗈𝗐 5
𝗅𝖺𝗍𝖾𝗋 𝑛𝑒𝑣𝑒𝑟 ≈ 𝑛𝑒𝑣𝑒𝑟
𝗇𝗈𝗐 5 ≉ 𝑛𝑒𝑣𝑒𝑟

Equality up to finite differences in the number of
𝗅𝖺𝗍𝖾𝗋 constructors.



Total
definitional
interpreter



Definitional interpreter

⟦ ⟧ ∶ 𝑇𝑚 𝑛 � 𝐸𝑛𝑣 𝑛 � 𝑉𝑎𝑙𝑢𝑒
⟦ 𝖼𝗈𝗇 𝑖 ⟧ 𝜌 = 𝖼𝗈𝗇 𝑖
⟦ 𝗏𝖺𝗋 𝑥 ⟧ 𝜌 = 𝑙𝑜𝑜𝑘𝑢𝑝 𝑥 𝜌
⟦ 𝗅𝖺𝗆 𝑡 ⟧ 𝜌 = 𝖼𝗅𝗈 𝑡 𝜌
⟦ 𝖺𝗉𝗉 𝑡1 𝑡2 ⟧ 𝜌 = ⟦ 𝑡1 ⟧ 𝜌 ∙ ⟦ 𝑡2 ⟧ 𝜌

∙ ∶ 𝑉𝑎𝑙𝑢𝑒 � 𝑉𝑎𝑙𝑢𝑒 � 𝑉𝑎𝑙𝑢𝑒
𝖼𝗅𝗈 𝑡1 𝜌 ∙ 𝑣2 = ⟦ 𝑡1 ⟧ (𝑣2 ∷ 𝜌)



Definitional interpreter
With 𝑀𝑎𝑦𝑏𝑒 monad:

⟦ ⟧ ∶ 𝑇𝑚 𝑛 � 𝐸𝑛𝑣 𝑛 � 𝑀𝑎𝑦𝑏𝑒 𝑉𝑎𝑙𝑢𝑒
⟦ 𝖼𝗈𝗇 𝑖 ⟧ 𝜌 = 𝑟𝑒𝑡𝑢𝑟𝑛 (𝖼𝗈𝗇 𝑖)
⟦ 𝗏𝖺𝗋 𝑥 ⟧ 𝜌 = 𝑟𝑒𝑡𝑢𝑟𝑛 (𝑙𝑜𝑜𝑘𝑢𝑝 𝑥 𝜌)
⟦ 𝗅𝖺𝗆 𝑡 ⟧ 𝜌 = 𝑟𝑒𝑡𝑢𝑟𝑛 (𝖼𝗅𝗈 𝑡 𝜌)
⟦ 𝖺𝗉𝗉 𝑡1 𝑡2 ⟧ 𝜌 = ⟦ 𝑡1 ⟧ 𝜌 >>= 𝜆 𝑣1 �

⟦ 𝑡2 ⟧ 𝜌 >>= 𝜆 𝑣2 �
𝑣1 ∙ 𝑣2

∙ ∶ 𝑉𝑎𝑙𝑢𝑒 � 𝑉𝑎𝑙𝑢𝑒 � 𝑀𝑎𝑦𝑏𝑒 𝑉𝑎𝑙𝑢𝑒
𝖼𝗅𝗈 𝑡1 𝜌 ∙ 𝑣2 = ⟦ 𝑡1 ⟧ (𝑣2 ∷ 𝜌)
𝖼𝗈𝗇 𝑖1 ∙ 𝑣2 = 𝑓𝑎𝑖𝑙



Definitional interpreter
With 𝑀𝑎𝑦𝑏𝑒 monad:

⟦ ⟧ ∶ 𝑇𝑚 𝑛 � 𝐸𝑛𝑣 𝑛 � 𝑀𝑎𝑦𝑏𝑒 𝑉𝑎𝑙𝑢𝑒
⟦ 𝖼𝗈𝗇 𝑖 ⟧ 𝜌 = 𝑟𝑒𝑡𝑢𝑟𝑛 (𝖼𝗈𝗇 𝑖)
⟦ 𝗏𝖺𝗋 𝑥 ⟧ 𝜌 = 𝑟𝑒𝑡𝑢𝑟𝑛 (𝑙𝑜𝑜𝑘𝑢𝑝 𝑥 𝜌)
⟦ 𝗅𝖺𝗆 𝑡 ⟧ 𝜌 = 𝑟𝑒𝑡𝑢𝑟𝑛 (𝖼𝗅𝗈 𝑡 𝜌)
⟦ 𝖺𝗉𝗉 𝑡1 𝑡2 ⟧ 𝜌 = ⟦ 𝑡1 ⟧ 𝜌 >>= 𝜆 𝑣1 �

⟦ 𝑡2 ⟧ 𝜌 >>= 𝜆 𝑣2 �
𝑣1 ∙ 𝑣2

∙ ∶ 𝑉𝑎𝑙𝑢𝑒 � 𝑉𝑎𝑙𝑢𝑒 � 𝑀𝑎𝑦𝑏𝑒 𝑉𝑎𝑙𝑢𝑒
𝖼𝗅𝗈 𝑡1 𝜌 ∙ 𝑣2 = ⟦ 𝑡1 ⟧ (𝑣2 ∷ 𝜌)
𝖼𝗈𝗇 𝑖1 ∙ 𝑣2 = 𝑓𝑎𝑖𝑙



Total definitional interpreter
With 𝑀𝑎𝑦𝑏𝑒 + ⊥:

⟦ ⟧ ∶ 𝑇𝑚 𝑛 � 𝐸𝑛𝑣 𝑛 � (𝑀𝑎𝑦𝑏𝑒 𝑉𝑎𝑙𝑢𝑒)⊥
⟦ 𝖼𝗈𝗇 𝑖 ⟧ 𝜌 = 𝑟𝑒𝑡𝑢𝑟𝑛 (𝖼𝗈𝗇 𝑖)
⟦ 𝗏𝖺𝗋 𝑥 ⟧ 𝜌 = 𝑟𝑒𝑡𝑢𝑟𝑛 (𝑙𝑜𝑜𝑘𝑢𝑝 𝑥 𝜌)
⟦ 𝗅𝖺𝗆 𝑡 ⟧ 𝜌 = 𝑟𝑒𝑡𝑢𝑟𝑛 (𝖼𝗅𝗈 𝑡 𝜌)
⟦ 𝖺𝗉𝗉 𝑡1 𝑡2 ⟧ 𝜌 = ⟦ 𝑡1 ⟧ 𝜌 >>= 𝜆 𝑣1 �

⟦ 𝑡2 ⟧ 𝜌 >>= 𝜆 𝑣2 �
𝑣1 ∙ 𝑣2

∙ ∶ 𝑉𝑎𝑙𝑢𝑒 � 𝑉𝑎𝑙𝑢𝑒 � (𝑀𝑎𝑦𝑏𝑒 𝑉𝑎𝑙𝑢𝑒)⊥
𝖼𝗅𝗈 𝑡1 𝜌 ∙ 𝑣2 = 𝗅𝖺𝗍𝖾𝗋 (⟦ 𝑡1 ⟧ (𝑣2 ∷ 𝜌))
𝖼𝗈𝗇 𝑖1 ∙ 𝑣2 = 𝑓𝑎𝑖𝑙



Total definitional interpreter
With 𝑀𝑎𝑦𝑏𝑒 + ⊥:

⟦ ⟧ ∶ 𝑇𝑚 𝑛 � 𝐸𝑛𝑣 𝑛 � (𝑀𝑎𝑦𝑏𝑒 𝑉𝑎𝑙𝑢𝑒)⊥
⟦ 𝖼𝗈𝗇 𝑖 ⟧ 𝜌 = 𝑟𝑒𝑡𝑢𝑟𝑛 (𝖼𝗈𝗇 𝑖)
⟦ 𝗏𝖺𝗋 𝑥 ⟧ 𝜌 = 𝑟𝑒𝑡𝑢𝑟𝑛 (𝑙𝑜𝑜𝑘𝑢𝑝 𝑥 𝜌)
⟦ 𝗅𝖺𝗆 𝑡 ⟧ 𝜌 = 𝑟𝑒𝑡𝑢𝑟𝑛 (𝖼𝗅𝗈 𝑡 𝜌)
⟦ 𝖺𝗉𝗉 𝑡1 𝑡2 ⟧ 𝜌 = ⟦ 𝑡1 ⟧ 𝜌 >>= 𝜆 𝑣1 �

⟦ 𝑡2 ⟧ 𝜌 >>= 𝜆 𝑣2 �
𝑣1 ∙ 𝑣2

∙ ∶ 𝑉𝑎𝑙𝑢𝑒 � 𝑉𝑎𝑙𝑢𝑒 � (𝑀𝑎𝑦𝑏𝑒 𝑉𝑎𝑙𝑢𝑒)⊥
𝖼𝗅𝗈 𝑡1 𝜌 ∙ 𝑣2 = 𝗅𝖺𝗍𝖾𝗋 (⟦ 𝑡1 ⟧ (𝑣2 ∷ 𝜌))
𝖼𝗈𝗇 𝑖1 ∙ 𝑣2 = 𝑓𝑎𝑖𝑙



Total definitional interpreter

⟦ ⟧ ∶ 𝑇𝑚 𝑛 � 𝐸𝑛𝑣 𝑛 � (𝑀𝑎𝑦𝑏𝑒 𝑉𝑎𝑙𝑢𝑒)⊥

ጺ Obviously deterministic.
ጺ Obviously computable: can test things.
ጺ No “duplication of rules”.
ጺ Impossible to forget a case.
ጺ Classically equivalent to

𝜌 ⊢ 𝑡 ⇓ 𝑣 plus 𝜌 ⊢ 𝑡 ⇑.



Type
soundness



Types
Coinductive simple types (to allow non-termination):

𝐝𝐚𝐭𝐚 𝑇𝑦 ∶ 𝑆𝑒𝑡 𝐰𝐡𝐞𝐫𝐞
𝗇𝖺𝗍 ∶ 𝑇𝑦

⇾ ∶ ∞ 𝑇𝑦 � ∞ 𝑇𝑦 � 𝑇𝑦

𝜏 ∶ 𝑇𝑦
𝜏 = 𝜏 � 𝗇𝖺𝗍

Typing relation:

𝛤 ⊢ 𝑡 ∶ 𝜎



Type soundness

Statement of type soundness:

[ ] ⊢ 𝑡 ∶ 𝜎 � ⟦ 𝑡 ⟧ [ ] ≉ 𝑓𝑎𝑖𝑙

Proof: Generalise, then nested corecursion/
structural recursion.



Compiler
correctness



Compiler correctness
Small-step, total, functional semantics:

𝑒𝑥𝑒𝑐 ∶ 𝑆𝑡𝑎𝑡𝑒 � (𝑀𝑎𝑦𝑏𝑒 𝑉𝑀-𝑉𝑎𝑙𝑢𝑒)⊥
Iterates step function.

Compilers:

𝑐𝑜𝑚𝑝 ∶ 𝑇𝑚 0 � 𝑆𝑡𝑎𝑡𝑒
𝑐𝑜𝑚𝑝v ∶ 𝑉𝑎𝑙𝑢𝑒 � 𝑉𝑀-𝑉𝑎𝑙𝑢𝑒

Compiler correctness:

(𝑡 ∶ 𝑇𝑚 0) �
𝑒𝑥𝑒𝑐 (𝑐𝑜𝑚𝑝 𝑡) ≈

(⟦ 𝑡 ⟧ [ ] >>= 𝜆 𝑣 � 𝑟𝑒𝑡𝑢𝑟𝑛 (𝑐𝑜𝑚𝑝v 𝑣))



Compiler correctness
Small-step, total, functional semantics:

𝑒𝑥𝑒𝑐 ∶ 𝑆𝑡𝑎𝑡𝑒 � (𝑀𝑎𝑦𝑏𝑒 𝑉𝑀-𝑉𝑎𝑙𝑢𝑒)⊥
Compilers:

𝑐𝑜𝑚𝑝 ∶ 𝑇𝑚 0 � 𝑆𝑡𝑎𝑡𝑒
𝑐𝑜𝑚𝑝v ∶ 𝑉𝑎𝑙𝑢𝑒 � 𝑉𝑀-𝑉𝑎𝑙𝑢𝑒

Compiler correctness:

(𝑡 ∶ 𝑇𝑚 0) �
𝑒𝑥𝑒𝑐 (𝑐𝑜𝑚𝑝 𝑡) ≈

(⟦ 𝑡 ⟧ [ ] >>= 𝜆 𝑣 � 𝑟𝑒𝑡𝑢𝑟𝑛 (𝑐𝑜𝑚𝑝v 𝑣))



Compiler correctness
Small-step, total, functional semantics:

𝑒𝑥𝑒𝑐 ∶ 𝑆𝑡𝑎𝑡𝑒 � (𝑀𝑎𝑦𝑏𝑒 𝑉𝑀-𝑉𝑎𝑙𝑢𝑒)⊥
Compilers:

𝑐𝑜𝑚𝑝 ∶ 𝑇𝑚 0 � 𝑆𝑡𝑎𝑡𝑒
𝑐𝑜𝑚𝑝v ∶ 𝑉𝑎𝑙𝑢𝑒 � 𝑉𝑀-𝑉𝑎𝑙𝑢𝑒

Compiler correctness:

(𝑡 ∶ 𝑇𝑚 0) �
𝑒𝑥𝑒𝑐 (𝑐𝑜𝑚𝑝 𝑡) ≈

(⟦ 𝑡 ⟧ [ ] >>= 𝜆 𝑣 � 𝑟𝑒𝑡𝑢𝑟𝑛 (𝑐𝑜𝑚𝑝v 𝑣))



Conclusions

ጺ Definitional interpreter + partiality monad
⇒

functional, total, big-step semantics.
ጺ Can mechanise (some) meta-theory.
ጺ See paper for non-determinism,

contextual equivalence, applicative bisimilarity.
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Bonus slides



Operational semantics?

ጺ Very close to usual, relational
big-step operational semantics.

ጺ Not compositional.
ጺ No built-in, congruent extensional equality.



Typing rules

𝛤 ⊢ 𝖼𝗈𝗇 𝑖 ∶ 𝗇𝖺𝗍 𝛤 ⊢ 𝗏𝖺𝗋 𝑥 ∶ 𝑙𝑜𝑜𝑘𝑢𝑝 𝑥 𝛤

𝜎 ∷ 𝛤 ⊢ 𝑡 ∶ 𝜏
𝛤 ⊢ 𝗅𝖺𝗆 𝑡 ∶ 𝜎 ⇾ 𝜏

𝛤 ⊢ 𝑡1 ∶ 𝜎 ⇾ 𝜏 𝛤 ⊢ 𝑡2 ∶ 𝜎
𝛤 ⊢ 𝖺𝗉𝗉 𝑡1 𝑡2 ∶ 𝜏



Virtual machine

𝐝𝐚𝐭𝐚 𝑆𝑡𝑎𝑡𝑒 ∶ 𝑆𝑒𝑡 𝐰𝐡𝐞𝐫𝐞
⋮

𝐝𝐚𝐭𝐚 𝑅𝑒𝑠𝑢𝑙𝑡 ∶ 𝑆𝑒𝑡 𝐰𝐡𝐞𝐫𝐞
𝖼𝗈𝗇𝗍𝗂𝗇𝗎𝖾 ∶ 𝑆𝑡𝑎𝑡𝑒 � 𝑅𝑒𝑠𝑢𝑙𝑡
𝖽𝗈𝗇𝖾 ∶ 𝑉𝑀-𝑉𝑎𝑙𝑢𝑒 � 𝑅𝑒𝑠𝑢𝑙𝑡
𝖼𝗋𝖺𝗌𝗁 ∶ 𝑅𝑒𝑠𝑢𝑙𝑡

𝑠𝑡𝑒𝑝 ∶ 𝑆𝑡𝑎𝑡𝑒 � 𝑅𝑒𝑠𝑢𝑙𝑡
𝑠𝑡𝑒𝑝 … = …
⋮
𝑠𝑡𝑒𝑝 = 𝖼𝗋𝖺𝗌𝗁



Virtual machine

𝑒𝑥𝑒𝑐 ∶ 𝑆𝑡𝑎𝑡𝑒 � (𝑀𝑎𝑦𝑏𝑒 𝑉𝑀-𝑉𝑎𝑙𝑢𝑒)⊥
𝑒𝑥𝑒𝑐 𝑠 = 𝐜𝐚𝐬𝐞 𝑠𝑡𝑒𝑝 𝑠 𝐨𝐟

𝖼𝗈𝗇𝗍𝗂𝗇𝗎𝖾 𝑠′ � 𝗅𝖺𝗍𝖾𝗋 (𝑒𝑥𝑒𝑐 𝑠′)
𝖽𝗈𝗇𝖾 𝑣 � 𝑟𝑒𝑡𝑢𝑟𝑛 𝑣
𝖼𝗋𝖺𝗌𝗁 � 𝑓𝑎𝑖𝑙

ጺ Obviously deterministic.
ጺ Obviously computable.
ጺ Possible to forget a case.



Applicative bisimilarity, part 1

𝐝𝐚𝐭𝐚 ≈⊥ ∶ (𝑀𝑎𝑦𝑏𝑒 𝑉𝑎𝑙𝑢𝑒)⊥ �
(𝑀𝑎𝑦𝑏𝑒 𝑉𝑎𝑙𝑢𝑒)⊥ � 𝑆𝑒𝑡 𝐰𝐡𝐞𝐫𝐞

𝗇𝗈𝗐 ∶ 𝑢 ≈MV 𝑣 � 𝗇𝗈𝗐 𝑢 ≈⊥ 𝗇𝗈𝗐 𝑣
𝗅𝖺𝗍𝖾𝗋 ∶ ∞ (𝑥 ≈⊥ 𝑦) � 𝗅𝖺𝗍𝖾𝗋 𝑥 ≈⊥ 𝗅𝖺𝗍𝖾𝗋 𝑦
𝗅𝖺𝗍𝖾𝗋l ∶ 𝑥 ≈⊥ 𝑦 � 𝗅𝖺𝗍𝖾𝗋 𝑥 ≈⊥ 𝑦
𝗅𝖺𝗍𝖾𝗋r ∶ 𝑥 ≈⊥ 𝑦 � 𝑥 ≈⊥ 𝗅𝖺𝗍𝖾𝗋 𝑦

𝐝𝐚𝐭𝐚 ≈MV ∶ 𝑀𝑎𝑦𝑏𝑒 𝑉𝑎𝑙𝑢𝑒 �
𝑀𝑎𝑦𝑏𝑒 𝑉𝑎𝑙𝑢𝑒 � 𝑆𝑒𝑡 𝐰𝐡𝐞𝐫𝐞

𝗃𝗎𝗌𝗍 ∶ 𝑢 ≈V 𝑣 � 𝗃𝗎𝗌𝗍 𝑢 ≈MV 𝗃𝗎𝗌𝗍 𝑣
𝗇𝗈𝗍𝗁𝗂𝗇𝗀 ∶ 𝗇𝗈𝗍𝗁𝗂𝗇𝗀 ≈MV 𝗇𝗈𝗍𝗁𝗂𝗇𝗀



Applicative bisimilarity, part 2

𝐝𝐚𝐭𝐚 ≈V ∶ 𝑉𝑎𝑙𝑢𝑒 � 𝑉𝑎𝑙𝑢𝑒 � 𝑆𝑒𝑡 𝐰𝐡𝐞𝐫𝐞
𝖼𝗈𝗇 ∶ 𝖼𝗈𝗇 𝑖 ≈V 𝖼𝗈𝗇 𝑖
𝗅𝖺𝗆 ∶ (∀ 𝑣 �

∞ (⟦ 𝑡1 ⟧ (𝑣 ∷ 𝜌1) ≈⊥ ⟦ 𝑡2 ⟧ (𝑣 ∷ 𝜌2))) �
𝗅𝖺𝗆 𝑡1 𝜌1 ≈V 𝗅𝖺𝗆 𝑡2 𝜌2

≈T ∶ 𝑇𝑚 𝑛 � 𝑇𝑚 𝑛 � 𝑆𝑒𝑡
𝑡1 ≈T 𝑡2 = ∀ 𝜌 � ⟦ 𝑡1 ⟧ 𝜌 ≈⊥ ⟦ 𝑡2 ⟧ 𝜌


