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Introduction

In set theory
Isomorphic monoids can be provably distinct:

(N, λmn. m+ n, 0)

(N \ { 0 }, λmn. m+ n− 1, 1)



Introduction

In Martin-Löf type theory
Isomorphic monoids are not provably distinct.



Introduction

In homotopy type theory
Isomorphic monoids are provably equal.

This talk:
▶ A more general theorem,

which applies to a large class of
algebraic structures.

▶ Two instantiations: monoids, posets.
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Proof parameters (1)

A universe:

U : Type
El : U → Type → Type



Examples
For monoids and posets:

data U : Type where
id : U
type : U_ : U → U → U
⊗ : U → U → U
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For monoids and posets:
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id : U
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Examples
For monoids and posets:

data U : Type where
id : U
type : U_ : U → U → U
⊗ : U → U → U

poset : U
poset = id _ id _ type
El poset C def

= C → C → Type



What about the
properties?



Extended codes

Code : Type
Code =

Σ a : U.
(C : Type) → El a C →

Σ P : Type. Is -proposition P

Is -proposition A ⇔ (x y : A) → x ≡ y
Is -set A ⇔

(x y : A) → Is -proposition (x ≡ y)
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Examples
monoid : Code
monoid =

((id _ id _ id) ⊗ id
, λ C ( • , e).

( ( (∀ x. e • x ≡ x) ×
(∀ x. x • e ≡ x) ×
(∀ x y z. x • (y • z) ≡ (x • y) • z) ×
Is -set C

)
,…
)

)



Examples
poset : Code
poset =

(id _ id _ type
, λ C ⩽ .

( ( (∀ x. x ⩽ x) ×
(∀ x y z. x ⩽ y → y ⩽ z → x ⩽ z) ×
(∀ x y. x ⩽ y → y ⩽ x → x ≡ y) ×
Is -set C ×
(∀ x y. Is -proposition (x ⩽ y))

)
,…
)

)



Instances

Code : Type
Code =

Σ a : U.
(C : Type) → El a C →

Σ P : Type. Is -proposition P

Instance : Code → Type
Instance (a,P) =

Σ C : Type.
Σ x : El a C.
fst (P C x)



Examples

Instance monoid def
=

Σ C : Type.
Σ ( • , e) : (C → C → C) × C.
(∀ x. e • x ≡ x) ×
(∀ x. x • e ≡ x) ×
(∀ x y z. x • (y • z) ≡ (x • y) • z) ×
Is -set C



Examples

Instance poset def
=

Σ C : Type.
Σ ⩽ : C → C → Type.
(∀ x. x ⩽ x) ×
(∀ x y z. x ⩽ y → y ⩽ z → x ⩽ z) ×
(∀ x y. x ⩽ y → y ⩽ x → x ≡ y) ×
Is -set C ×
(∀ x y. Is -proposition (x ⩽ y))



How is
“isomorphism”

defined?



Equivalence

Equivalence:

≃ : Type → Type → Type

A ≃ B is logically equivalent to
“A is in bijective correspondence with B”.

id : A ≃ A



Proof parameters (2)

resp : ∀ a. B ≃ C → El a B → El a C
resp -id : ∀ a. (x : El a B) → resp a id x ≡ x



Examples

cast : ∀ a. B ⇔ C → El a B ⇔ El a C



Isomorphisms

Isomorphic :
∀ c. Instance c → Instance c → Type

Isomorphic (a, ) (C, x, ) (D, y, ) =
Σ eq : C ≃ D. resp a eq x ≡ y



Examples

Monoids are isomorphic if there is a homomorphic
equivalence between their carrier types:

Isomorphic monoid (C1, ( •1 , e1), laws1)
(C2, ( •2 , e2), laws2)

def
=

Σ eq : C1 ≃ C2.
( (λ (x y : C2). to eq (from eq x •1 from eq y))
, to eq e1
)

≡
( •2 , e2)



Examples

For posets we get something which is provably
equivalent to order isomorphism:

Isomorphic poset (C1, ⩽1 , laws1)
(C2, ⩽2 , laws2)

def
=

Σ eq : C1 ≃ C2.
(λ (a b : C2). from eq a ⩽1 from eq b)

≡
⩽2



The main
theorem



The main theorem

▶ Parameters: U, El, resp, resp -id.
▶ The theorem:

∀ c. (X Y : Instance c) →
Isomorphic c X Y ≡ (X ≡ Y)

▶ Provable using univalence and
“equivalence reasoning”.



Substitutivity

Equality is substitutive:

∗ : x ≡ y → P x → P y



Lemma

∀ c. ((C, x, p) (D, y, q) : Instance c) →
((C, x, p) ≡ (D, y, q))

≃
Σ eq : C ≡ D. eq ∗ x ≡ y

(C, x, p) ≡ (D, y, q) ≃
((C, x), p) ≡ ((D, y), q) ≃
(C, x) ≡ (D, y) ≃
Σ eq : C ≡ D. eq ∗ x ≡ y
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The univalence axiom
The function

λ eq. eq ∗ id : A ≡ B → A ≃ B

is the forward component of an equivalence.

The inverse:

eq -to -eq : A ≃ B → A ≡ B



The transport theorem

Follows from the univalence axiom:

(resp : ∀ A B. A ≃ B → P A → P B) →
(resp -id : ∀ A p. resp A A id p ≡ p) →
∀ eq p. resp A B eq p ≡ eq -to -eq eq ∗ p



Proof of the main theorem

Isomorphic c (C, x, p) (D, y, q) ≡

Σ eq : C ≃ D. resp a eq x ≡ y ≃
Σ eq : C ≃ D. (eq -to -eq eq ∗ x) ≡ y ≃
Σ eq : C ≡ D. eq ∗ x ≡ y ≃

(C, x, p) ≡ (D, y, q)
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Discussion

▶ Related ideas were published already in the
1930s (Lindenbaum and Tarski).

▶ Isomorphism is equality,
for a large class of structures,
in homotopy type theory.

▶ More abstract:
Aczel’s structure identity principle.
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