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{Nhat are we trying to do ?

We describe a new uniform generation tree for permutations with the specific property that, for most permutations, all of their descendants .

' ] ' ' ' - - : Special

in the generation tree have the same number of fixed points. Our tree is optimal for the number of permutations having this property:. Permutatiopn
Two probabilistic applications of such a tree are given: uniform derangement generation and Poisson variate generation. o= (S, 0) ares

Permutations wit}, §

being a criticy]
derangemem. Ul

Uniform Generation Tree for Permutations Our Generation Tree - Rules

An infinite tree such that... Our tree is based on a non-standard way to represent a permutation o € Sy, as a pair (5,0), where S is the set of

e Each node is a permutation fixed points of o and § is the derangement of the non-fixed points of o, normalized to fit in [1..n — |S|]. We note w¢(7)
the normalization of the non-fixed point ¢ and (o) the greatest non-fixed point of ¢ (0 if ¢ is the identity).

e Level n consists of §,,, the set of permu-

tations over [n| = {1,...,n} If 0 = (5,0) is a permutation of size n with k fixed points, then

e Fach permutation of size n, has n + 1

we construct o, the i-th child of o by the following rules: 1234567
children

Let o = — (S5
1.If o is special and 1 =n + 1: oo (1534627> (5,0)

o = (SU{n+1% Ap) [ts set of fixed points is S = {1,3,4,7} and

o ’ n— . : :

1. A description of a bijection ¢, between 2.1f o is special and (o) < i < 1 gs n(;)rmahied dderangement 1§ 5 = (1 ﬁQ 3(31
S, [n 1] and S,,.1, for each n o _|_1(0" 1) : P Y ~ N. ased on the derangement of its non-fixe

o = (S\{i}, Ap_jio) points (2 5 6).
Here mg(2) =1, mg(5) = 2 and wg(6) = 3.

Its 2-nd child is o/ = (S,d") with §' =
74(6,1) = (1 4 2 3). Its 3-rd child is ¢’ =

2. A generation algorithm of random uni- Fig. 1: A permutation o of size n

3.1f i € S, o is non-special or ¢ special and i < v(o):
o' = (S\ i} U{n+ 1}, Tnp1—k(0, ms\ i1 (7))

4.1t € S, o is non-special or o special and 7 £ n + 1: (S.6") with §' = {1,478} 7a(3) = 2
0" = (5, Tns1-1(0, ms(2))) and & = 74(6,2) = (1243).

form permutations with its 7 + 1 children.

Example 1: Last value insertion

v becomes the last value, and all value greater than or equal to 2 are shifted by one. L

: . ! e

Our Generation Tree - First Levels

In the last value insertion generation tree, the number of fixed points may change dramatically

L ; < 2431
Pemutations o witp, a different number of /

[t

between one permutation and its children. In the cycle insertion, it is potentially changed by

only one, but it happens infinitely many times through an infinite random descent.

Propertles Of our Tree Critical Derangements

21

Agy is the derangement of size
2¢ into ¢ cycles of length 2.

where each odd integer is paired

e 2! permutations of size n are special

4312

e Being non-special is hereditary
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It o is special, then with its successor, e Agy = Our tree has only 2"-! permutations, among the T
_ fp(O‘) — fp(p&l”@ﬂt(()’)) + 1 (1 2) (3 4) . (2€ — 1 2@). n! at level n, that have children with different num- 219
. ber of fixed points, and it 1s easy to prove that our 3491
—the last child of o has fp(O') + 1 fixed generation tree is optimal in this regard. 13
points, and the others have either ,
fp( 0-) Or fp( O') — 1 fixed pOiIltS 7 does not Produce Ay, ap q Fig. 2: Our complete generation tree up to level 5. Each node at level n has n + 1 children, depicted in order from bottom to top.

1t is not
Ot defined op (Agy, 20 + 1) Special permutations (red) are drawn in bold or bulleted. Fixed points are underlined.

__

Bijection on Derangements

Probabilistic Applications

We need a bijection 7,41 : Dp X [n+ 1]\ (Ap,n+1) = Dyq \ {A,41} for derangements
(permutations with no fixed points) of size n in order to produce derangements of size n + 1. Derangement Generation

Poisson Variate

We use directly for that purpose Rakotondrajao’s bijection 3| over derangements that proves Sample from the Poisson distribution p; =

e *\¥/k! with parameter 1, i.e. return
k > 0 with probability 1/(ek!):
e Perform a random descent in the gen-

1. Perform a random descent in the tree until
reaching a non-special permutation o or level n,
whichever comes first.

combinatorially the recurrence d,, = nd,,_1 + (—1)", where d,, stands for |Dj,|.

e 7,.1(0,1) corresponds to the Cycle insertion whenever ¢ < n + 1

2. If the reached permutation is a derangement, con-

e Otherwise i = n+1 and 7,,.1(d, 7) is defined as follows: let p be the greatest inte-

ger such that 5‘[29—1] =Ap16.e. 0=(12)34)...(p—2p-1)(pdp) -..)-.. tinue the descent until regching level n and return
the derangement; otherwise, repeat Step 1.
—Ifo(p) =p+ 1 (then d(p+ 1) # p):

eration tree, until a non-special permu-
tation is reached; output its number of
fixed points.

This algorithm uses, In expecta-

This algorithm uses in expectation n + O(1) calls to Ran- tion, between 6.89 and §.9
: .69 and 6.9 ran-

D TN - O~ o ; > | dom() — equivalent to nlogy(n) + o(nlog(n)) random bits dom bits.
5_1(]9) p+ 1 (p> p \/n =+ assuming perfect sampler [1] — which is asymptotically opti- Algorithm POISSON(l)
0 . mal, improving in this regard some recent techniques |2]. N1l g0, k1
—If 6(p) # p+ 1 and p is in a cycle of length > 2: PTOVING 5 ques (2 Lo
L ) 5= Random(n + 1)
/95_1 /\ — le:n+1then
s PN, P 5 nel R
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