A SYNTACTICAL PROOF OF THE MARRIAGE LEMMA

THIERRY COQUAND

Abstract. We give a proof of the classical Marriage Lemma [5] using completeness of hyperresolution. This argument is purely syntactical, and extends directly to the infinite case. As an application we give a purely syntactical version of a proof that resolution is exponential on the pigeon-hole principle.

Introduction

The resolution rule [10] can be stated without references to logical connectives. It manipulates clauses, that can be seen abstractly as a pair of finite sets of “token” or atomic propositions. Despite, or maybe because of, this simplicity, it has deep connections with various parts of mathematics. Some of these connections were pointed out early on in [7, 6], respectively in the field of discrete mathematics and algebra. In [2, 3] other connections are described in the framework of entailment relations [11], an abstract version of Gentzen multi-conclusion sequent calculus, which can be seen as a variation on the resolution calculus. In [4] the connections with resolution and hyperresolution [10] are analysed in detail. In resolution calculus, we are interested in the consequences of a theory, that is a collection of given clauses X_i ⊢ Y_i. Here we write X, Y, Z, . . . for finite sets of token, and we write x_1, . . . , x_n ⊢ y_1, . . . , y_m the clause ¬x_1, . . . , ¬x_n, y_1, . . . , y_m. In many mathematical examples, one can give a direct, non inductive, description that captures exactly the consequences of a given theory.

As a typical example, if S is a commutative group, the consequences of the theory • x, −x ⊢, • x + y ⊢ x, y have the following direct description: X ⊢ Y iff a non empty sum of elements in X is equal to a sum of elements in Y . The models of this theory are in canonical correspondance with the linear preorderings of S and the intuitive meaning of the atomic proposition x is the statement x > 0.^1 This example shows how a mathematical notion can be captured and analysed by a simple propositional theory.

In this note, we give an example in the field of combinatorics, and present a purely syntactical proof of the classical Marriage Lemma [5] also known as Hall’s theorem. Though the core of the argument is then very close to the one of Rado [9], we feel that there is some interest in connecting it to hyperresolution, and the present note can be seen as yet another example of the use of hyperresolution in combinatorics [7]. We apply then this to describe a syntactical variation of the lower bound proof for the Pigeon-Hole principle presented in [1].

1The characterisation of ⊢ follows easily from the remark that the rule x, y ⊢ x + y can be derived by resolution from x ⊢ x + y, −y and y, −y ⊢. 1

1. Hyperresolution

To simplify our arguments we use the completeness of hyperresolution. This is used also in [7, 6]. To a sequent X_i ⊢ Y_i we associate the corresponding hyperresolution rule a_1, Y . . . a_n, Y Y provided X_i = a_1, . . . , a_n and Y_i ⊆ Y It can then be shown [10] that ⊢ Y is a (semantical) consequence of a set of sequents X_i ⊢ Y_i iff Y can be derived using the hyperresolution rules associated to these sequents.

One can give also a syntactical version of this result, which is the form we shall use. We consider the set of rules a ⊢ a X0 ⊇ X X ⊢ Y Y ⊆ Y 0 X0 ⊢ Y 0 X ⊢ Y, a a, X ⊢ Y X ⊢ Y then a sequent X ⊢ Y is a consequence of a set of sequents X_i ⊢ Y_i using these rules iff Y is a consequence of the sequents X_i ⊢ Y_i and the sequents ⊢ x, for x ∈ X using hyperresolution. This is a way to express completness of hyperresolution w.r.t. resolution [10].

2. Pigeon-Hole Theory

We suppose given two sets finite sets P and H. We take S = P × H. The rules are (a, h_1), (a, h_2) ⊢ T_1 meaning that a pigeon cannot be in two different holes, and (a_1, h), (a_2, h) ⊢ T_2 meaning that there is at most one pigeon in one hole, and finally ⊢ {(a, h) | h ∈ H} C meaning that each pigeon a is in at least one hole. We let T be the set of all these rules (“pigeon-hole theory”).

The theory T is the union of the three theories T_1, T_2 and C. We give a direct characterisation of consequences of T . Let a large rectangle be a set of the form P_1 × H_1 with P_1 ⊆ P, H_1 ⊆ H and |H| < |P_1| + |H_1|. Theorem 2.1. Y ⊆ P × H is a consequence of T iff it is a consequence of T_1, C iff it contains a large rectangle.

A simple corollary is that the theory T_1, C is inconsistent iff |H| < |P | since in this case we can take P_1 = P and H_1 = ∅.

Proof. It is clear that any subset containing a large rectangle is a consequence of the theory T , or even the theory T_1, C^2.

2Notice that non syntactically, a model of T is exactly a one-to-one map f : P → H. If |H| < |P1| + |H1| the image of P1 by f has to meet H1. Hence, any model of T is a model of P1 × H1. This non syntactical argument can be replaced by a direct hyperresolution derivation, built by induction on the size of P1.

We show that the set of such subsets of P × H is closed by the hyperresolution rule. We have then three cases to consider.

Y is derived from Y, (a, h_1) and Y, (a, h_2) and we can assume (a, h_1) /∈ Y, (a, h_2) /∈ Y . We have by hypothesis that Y, (a, h_1) and Y, (a, h_2) both contain a large rectangle. We can assume that these large rectangle contain respectively (a, h_1), (a, h_2), otherwise this large rectangle will be contained in Y and we have finished. Thus, we get P_1, H_1, P_2, H_2 such that |H| < |P_i ∪ {a}| + |H_i ∪ {h_i}| = 2 + |P_i| + |H_i| (∗) and the large rectangle (P_i ∪ {a}) × (H_i ∪ {h_i}) is a subset of Y, (a, h_i). Since (a, h) ∈ Y if h ∈ H_2 and (a, h_1) is not in Y it follows that h_1 is not in H_2. Similarly, h_2 is not in H_1. Also, the two products

(P_1 ∩ P_2) × (H_1 ∪ H_2 ∪ {h_1, h_2}) (P_1 ∪ P_2 ∪ {a}) × (H_1 ∩ H_2)

are subsets of Y .

From (∗) we derive

2|H| < 3 + |P_1| + |H_1| + |P_2| + |H_2|

but this last expression can be rewritten to

|P_1 ∩ P_2| + |H_1 ∪ H_2 ∪ {h_1, h_2}| + |P_1 ∪ P_2 ∪ {a}| + |H_1 ∩ H_2|

and hence we have either

|H| < |P_1 ∩ P_2| + |H_1 ∪ H_2 ∪ {h_1, h_2}| or |H| < |P_1 ∪ P_2 ∪ {a}| + |H_1 ∩ H_2|; hence the result.

The case where Y is derived from Y, (a_1, h) and Y, (a, h_2) is similar. The last case is when Y contains {(a, h) | h ∈ H}. We can take P_1 = a and H_1 = H.

The core of the argument is quite similar to the one in [9] (but was rediscovered independently). Thus the contribution of the present note can be seen as explaining how to connect Rado’s argument with hyperresolution.

The next result can be stated without assuming H or P finite. It is a purely syntactical version of the classical Marriage Lemma [5]. Notice that we get directly the infinite case as well, without any form of the axiom of choice.

Corollary 2.2. Suppose given A_a ⊆^{fin} H for each a ∈ P and consider the theory ⊢ {(a, h) | h ∈ A_a} D that expresses that each pigeon a has to be in a hole in A_a. Then the theory T_1, T_2, D is contradictory iff the theory T_1, D is contradictory iff there exists P_1 ⊆^{fin} P such that | ∪_a2_{P1} A_a| < |P_1|.

Proof. If the theory T_1, T_2, D is contradictory, there exists a finite subset from which we can deduce a contradiction. This is a purely syntactical observation: a proof of a contradiction is a finite object, which involves only a finite subset of the set of axioms. In this subset, only a finite number of pigeons and holes P_0 ⊆ P, H_0 ⊆ H are mentionned, and, by enlarging H_0 if necessary, we can assume that A_a ⊆ H_0 for all a ∈ P_0. We consider then the theories (a, h_1), (a, h_2) ⊢ T 0_1 for each a ∈ P_0, and h_1 ≠ h_2 ∈ H_0 and (a_1, h), (a_2, h) ⊢ T 0_2 for each a_1 ≠ a_2 ∈ P_0, and h ∈ H_0 and ⊢ {(a, h) | h ∈ H_0} C0 for each a ∈ P_0, and ⊢ {(a, h) | h ∈ A_a} D0 for each a ∈ P_0. We know that T 0_1, T 0_2, D0 is contradictory. This implies that the clause {(a, h) | a ∈ P_0, h ∈ H_0 − A_a} is a consequence of the theory T 0_1, T 0_2, C0. The result follows then from the theorem: we have P_1, H_1 such that P_1 × H_1 ⊆ {(a, h) | a ∈ P_0, h ∈ H_0 − A_a} such that |H_0| < |P_1| + |H_1| We have then H_1 ⊆ H_0 − ∪_a2_{P1} A_a, and hence |H_1| ≤ |H_0| − | ∪_a2_{P1} A_a| which implies | ∪_a2_{P1} A_a| < |P_1| as desired.

In non syntactical terms, it means that if we assume |P_1| ≤ | ∪_a2_{P1} A_a| for any finite subsets P_1 of P then there exists an injective map f in (Πa ∈ P )A_a. Indeed, the theory T_1, T_2, D is then non contradictory, and hence has a model, which is such a function f. This is the usual formulation of the Marriage Lemma [5, 9]. To get this version from the corollary, it is enough to use compactness (in its model theoretic form) of propositional logic.

Let us give another application, characterising exactly all the consequences in the case where H, P are finite.

Corollary 2.3. Any clause consequence of T_1, T_2, C, and not of T_1, T_2 has the form (a_1, h_1), . . . , (a_n, h_n) ⊢ Y where a_i −→ h_i is a partial one-to-one map, and P_1 × H_1 ⊆ Y , where P_1 is disjoint from a_1, . . . , a_n, and H_1 is disjoint from h_1, . . . , h_n and |H| < |P_1| + |H_1| + n. Proof. Since the clause is not a consequence of T_1, T_2 it has the form (a_1, h_1), . . . , (a_n, h_n) ⊢ Y where a_i −→ h_i is a partial one-to-one map. Then ⊢ Y is a consequence of T_1, T_2, C, (a_1, h_1), . . . , (a_n, h_n), hence the result from the theorem.

From this result, we get an explicit description of the prime implicants of the theory T_1, T_2, C [8].

3. Application to the analysis of the Pigeon-Hole Principle

We present a variation on the simplified version of the lower bound proof of [1]. We consider the theory T_1, T_2, C in the case where P, H are finite, |H| = N = |P |−1 and we want to show that any proof of the empty clause by resolution has to be exponential.

Our argument avoids the non syntactical notion of critical assignement [1]. We say that a clause C is killed by a token (a, h) iff C is a consequence of the theory T_1, T_2, (a, h). A clause is large iff it is killed by at least 2/9th of the atoms. We limit ourselves to show that in any proof by resolution appears a large clause. In [1], it is shown how the exponential lower bound result follows from this fact by using the method of random restrictions.

Proposition 3.1. Any resolution proof of the empty clause from T_1, T_2, C contains a large clause.

Proof. It is easily seen that there is one clause in this derivation that can be derived from less than 2/3 of the clauses C but cannot be derived from less than 1/3 of these clauses. By the second corollary of the theorem, this clause has the form

(a_1, h_1), . . . , (a_n, h_n) ⊢ Y

where a_i −→ h_i is a partial one-to-one map, and P_1 × H_1 ⊆ Y , where P_1 is disjoint from a_1, . . . , a_n, and H_1 is disjoint from h_1, . . . , h_n and N < |P_1| + |H_1| + n. If k = |P_1| we have by assumption 1/3(N + 1) ≤ k ≤ 2/3(N + 1). This clause is killed by all (a_i, h), h ≠ h_i and all elements of P_1 × H_1. Hence, it is killed by at least

n(N − 1) + k(N + 1 − n − k) ≥ k(N + 1 − k) ≥ 2/9(N + 1)^2

atoms.

Acknowledgement

We thank Guo-Qiang Zhang for useful comments.

References

[1] P. Beame and T. Pitassi. Simplified and Improved Resolution Lower Bounds. In the proceeding of FOCS’86.

[2] J. Cederquist and Th. Coquand. Entailment relations and distributive lattices. To appear in the Proceedings of Logic Colloquium 98.

[3] Th. Coquand and H. Persson. Valuations and Dedekind Prague Theorem. To appear in the Journal of Pure and Applied Logic.

[4] Th. Coquand and G-Q. Zhang. Sequents, Frame and Completness. in P.Clote and H.Schwichtenberf (Eds.): CSL2000, LNCS 1862, p. 277-291, 2000.

[5] P. Halmos and H.E. Vaughan. The marriage problem. Amer. J. Math. 72, (1950). 214–215. [6] V. Lifschitz. Semantical Completeness Theorem in Logic and Algebra. Proceedings of the American Mathematical Society, 79, p. 89-96, 1980.

[7] Y. Matiyasevich. Proof Procedures as Bases for Metamathematical Proofs in Discrete Mathematics. Available on the web address http://logic.pdmi.ras.ru/ yumat/Journal/jcontord.htm.

[8] Q.V. Quine. The problem of simplifying truth functions. Am. Meth. Monthly, vol. 59, 1952, p. 521-531.

[9] R. Rado. Note on the transfinite case of Hall’s theorem on representatives. Journal London Math. Soc., 42 (1967), 321-324/ [10] J.A. Robinson. The generalised resolution principle. Machine Intelligence, vol. 3, p. 77-93.

1968.

[11] D. Scott. Completeness and axiomatizability. in Proceedings of the Tarski Symposium, 1974, p. 411-435.

Department of Computer Science, University of Göteborg, S 412 96, Göteborg, Sweden.

E-mail address: coquand@cs.chalmers.se