A COMPLETENESS PROOF FOR GEOMETRICAL LOGIC

THIERRY COQUAND

Abstract. Given a geometrical theory, we give a site model, defined as a forcing relation, which is complete for this theory. This model is what is called also the generic model of a geometric theory [4]. What is interesting is that this model can be defined without references to logic and the forcing conditions are simply finite sets of atomic formulae, contrary to the model construction in [4, 17]. This model is inspired by [8].

1. Geometrical Theory and Geometrical Logic

A geometric or dynamical theory is a set of geometric formulae. A geometric formula is a first-order formula, without parameters, of the form ϕ_0 → (∃−→v_1 )ϕ_1 ∨ · · · ∨ (∃−→v_k )ϕ_k where the formulae ϕ_i are finite conjunctions of atomic formulae. There may be free variables present in the formulae ϕ_i and they are, as usual, implicitly universally quantified. We don’t assume any range restriction, so there may be free variables appearing in the conclusion not appearing in the hypothesis ϕ_0. A special case is when k = 0 in which case the formula becomes ϕ_0 →⊥ and expresses the negation of ϕ_0. Another special case is when k = 1 and −→v_1 is empty, in which case the formula is of the form ϕ_0 → ϕ_1 and can be seen as a conjunction of Horn clauses. Finally the conjunction ϕ_0 itself may be empty.

We let V be the set of all variables x, y, z, . . . and P be the set of all parameters a_0, a_1, . . . Atomic formulae are of the form R(u_0, . . . , u_{n−1}), where u_0, . . . , u_{n−1} are terms built from variables, parameters and function symbols and R a predicate symbol of arity n. A sentence is a closed first-order formula (not necessarily geometric). A fact is an atomic sentence, i.e. a closed atomic formula.

In the following we fix a geometric theory T . We now describe the notion of dynamical proof with respect to this theory [8]. We look at the formulae of the theory T as a collection of rules. The purpose of a dynamical proof is to establish the correctness of a fact with reference to some given set of facts X and the dynamical rules belonging to T starting from a given set of facts. A dynamical proof shows when a given fact F is a consequence of the given set of facts X. Formally, a dynamical proof is a rooted tree. At the root of the tree is the set of facts X we start with. Each node consists of a set of facts, representing a state of information. The sets increase monotonically along the way from the root to the leaves. The successors of a node are determined by the dynamical rules that add new information to the set of already available atomic formulas. The different immediate successors of a node correspond to case distinctions. Every leaf of a dynamical proof contains either a 1

contradiction or the fact under investigation F . If all leaves contain a contradiction then the given set of atomic formulas is contradictory.

Here is an example of a dynamical proof. The geometrical theory is (1) P (x) ∧ U(x) → Q(x) ∨ ∃y.R(x, y) (2) P (x) ∧ Q(x) →⊥ (3) P (x) ∧ R(x, y) → S(x) (4) P (x) ∧ T (x) → U(x) (5) U(x) ∧ S(x) → V (x) ∨ Q(x) and the following tree is a derivation of V (a_0) from P (a_0) and T (a_0)

P (a_0), T (a_0) (4) U(a_0) (1) Q(a_0) (2) ⊥

R(a_0, a_1) (3) S(a_0) (5) V (a_0) Q(a_0) (2) ⊥

The main goal of this note is to show that this method of proof is complete w.r.t. intuitionistic derivation. The method of proof is interesting since it involves a model construction. We are going to build a model of T , which is intuitively a “generic” model. It is defined by a forcing relation, X ⊩ ϕ, where X is a state of information, i.e. a finite set of facts and where ϕ is now an arbitrary first-order sentence. The definition will be such that, if ϕ is a fact, X ⊩ ϕ means exactly that there is a dynamical proof of ϕ from X.

2. A Complete Site Model

2.1. The forcing relation. The conditions will be pairs X = (I; L) where I is a finite set of parameters and L is a finite set of facts, with only parameters in I. We let D(X) be the set of parameters I, and T (X) the set of closed terms built from the parameters in I and C(X) = L the set of facts in X. We write X ⊆ Y iff D(X) ⊆ D(Y ) and C(X) ⊆ C(Y ).

We define inductively the relation X ⊲ U which expresses that a finite set of conditions U covers a condition X. The intuition behind this definition is the following: think of X as the initial facts in a dynamical proof, and let X_0, . . . , X_{n−1} be the set of all branches of this tree, identifying a branch with the finite set of facts appearing in it. Then we have that X_0, . . . , X_{n−1} cover X. The precise definition is that X ⊲ {X} and that if X = (I; L) and we have a closed instance of an axiom of T ϕ_0 → (∃−→v_1 )ϕ_1 ∨ · · · ∨ (∃−→v_k )ϕ_k with all parameters in I such that all conjuncts of ϕ_0 are in L and for all i (I, −→m_i; L, ϕ_i(−→v_i = −→m_i)) ⊲ U_i 2

where −→m_i are new parameters not in I, then we have X ⊲ ∪U_i. It may be that k = 0 in which case we have X ⊲ ∅. Notice that if X ⊲ U and Y ∈ U then X ⊆ Y .

The conditions should be thought of as finite presentations of a “potential” model of the theory T . A condition (I; L) specifies indeed a finite set of generators I and a finite set of atomic relations L. Given a condition X, a covering X ⊲ U can be thought of as a possible finite exploration of a model satisfying X. The branching reflects the fact that there may be non-canonical choices in building the model from the finite information X.

If ϕ is a fact, to say that there is a dynamical proof of ϕ from X means exactly that there exists a covering X ⊲ X_1, . . . , X_n with ϕ ∈ C(X_i) for all i.

We define a map f:(I; L) → (J; M) between two conditions to be a one-to-one map f:I → J (renaming) such that ϕf ∈ M if ϕ ∈ L. If ϕ is a formula with only parameters in I, we write ϕf the formula obtained by replacing in ϕ the parameter a by the parameter f(a). If ϕ is a first-order sentence with only parameters in D(X), we define X ⊩ ϕ by induction on ϕ.

If ϕ is atomic, X ⊩ ϕ if X ⊲ X_0, . . . , X_{n−1} and ϕ ∈ C(X_i) for all i < n If ϕ is ϕ_1 → ϕ_2 we have X ⊩ ϕ if for any f:X → Y we have Y ⊩ ϕ_2f whenever Y ⊩ ϕ_1f If ϕ is ϕ_1 ∧ ϕ_2 we have X ⊩ ϕ if X ⊩ ϕ_1 and X ⊩ ϕ_2 If ϕ is ϕ_1 ∨ ϕ_2 we have X ⊩ ϕ if X ⊲ U and for all Y ∈ U we have Y ⊩ ϕ_1 or Y ⊩ ϕ_2 If ϕ is (∀x)ψ we have X ⊩ ϕ if for any f:X → Y and a ∈ T (Y ) we have Y ⊩ ψf(x = a) If ϕ is (∃x)ψ we have X ⊩ ϕ if we have X ⊲ X_0, . . . , X_{n−1} and a_i ∈ T (X_i) such that X_i ⊩ ψ(x = a_i) for all i < n

If ϕ is ⊥ we have X ⊩ ϕ if X ⊲ ∅

The clause for X ⊩ (∃x)ϕ reflects the fact that we may have to reason by cases to build a witness for an existential statement.

2.2. Correctness. The main result is the following.

Theorem 2.1. If ⊢_T ϕ then for any ρ:P → T (X) we have X ⊩ ϕρ. More generally, if ϕ_1, . . . , ϕ_n ⊢_T ϕ and we have X ⊩ ϕ_1ρ, . . . , X ⊩ ϕ_nρ then X ⊩ ϕρ.

Lemma 2.2. If X ⊲ U and f:X → Y then there exists V such that Y ⊲ V and for all Y^′ ∈ V there exists X^′ ∈ U with g:L → M which extends f.

Proof. We prove this by induction on the construction of X ⊲ U.

If U = {X} we can take V = {Y }.

If X = (I; L) and there exists a closed instance of an axiom of T ϕ_0 → (∃−→v_1 )ϕ_1 ∨ · · · ∨ (∃−→v_k )ϕ_k such that all conjuncts of ϕ_0 are in L and for all i X_i = (I, −→m_i; L, ϕ_i(−→v_i = −→m_i)) ⊲ U_i 3

we extend the renaming f by choosing −→ b_i not in D(Y ) and by taking g_i(−→m_i) = −→ b_i . We then define Y_i = (D(Y ), −→ b_i ; L, ϕ_i(ρ, −→v_i = −→ b_i )) so that g_i:X_i → Y_i. By induction hypothesis, we can find V_i such that Y_i ⊲ V_i and for all Y^′ ∈ V_i there exists X^′ ∈ U_i with h : X^′ → Y^′ which extends g_i. We then take V = ∪V_i. □ Lemma 2.3. If X ⊲ X_0, . . . , X_{n−1} and X_i ⊲ V_i for all i < n then X ⊲ ∪_{i<n}V_i.

Proof. This is direct by induction on the proof of X ⊲ X_0, . . . , X_{n−1}. □

Lemma 2.4. If X ⊩ ϕ and f:X → Y then Y ⊩ ϕf.

Proof. We prove this by induction on ϕ.

If ϕ is atomic we have U such that X ⊲ U and ϕ ∈ C(Z) for all Z ∈ U. By lemma 2.2 we can find V such that Y ⊲ V and for all T ∈ V there is Z ∈ U and g : Z → T which extends f. Since ϕ ∈ C(Z) we have ϕg ∈ C(T ) and since g extends f and ρ takes its values in T (X) we have ϕg = ϕf. It follows that we have ϕf ∈ C(T ) for all T ∈ V and hence Y ⊩ ϕf. If ϕ is ϕ_1 → ϕ_2 and g:Y → Z we have Z ⊩ ϕ_2fg whenever Z ⊩ ϕ_1fg and hence Y ⊩ ϕf.

(Notice that we don’t use any induction hypothesis in this case.)

If ϕ is ϕ_1 ∧ ϕ_2 we have, by induction hypothesis, Y ⊩ ϕ_1f and Y ⊩ ϕ_2f and so Y ⊩ ϕf. If ϕ is ϕ_1 ∨ ϕ_2 we have U such that X ⊲ U and for all Z ∈ U we have Z ⊩ ϕ_1 or Z ⊩ ϕ_2.

By lemma 2.2 we can find V such that Y ⊲ V and for all T ∈ V there is Z ∈ U and g : Z → T which extends f. By induction hypothesis, we have then T ⊩ ϕ_1g or T ⊩ ϕ_2g since g extends f and ρ takes its values in T (X), and hence ϕ_ig = ϕ_if. Thus for all T ∈ V we have T ⊩ ϕ_1f or T ⊩ ϕ_2f and hence Y ⊩ ϕf.

If ϕ is (∀x)ψ we have for any g:Y → Z and a ∈ T (Z) that Z ⊩ ψfg(x = a). Hence, Y ⊩ ϕf. (Notice that we don’t use any induction hypothesis in this case.)

If ϕ is (∃x)ψ we have U such that X ⊲ U and for all Z ∈ U we have Z ⊩ ψ(x = a) for some a ∈ T (Z). By lemma 2.2 we can find V such that Y ⊲ V and for all T ∈ V there is Z ∈ U and g : Z → T which extends f. We have Z ⊩ ψ(x = a) for some a ∈ T (Z) and so, by induction hypothesis, T ⊩ ψg(x = g(a)). Since g extends f and ρ takes its values in T (X) we have ψg = ψf. Thus we get T ⊩ ψf(x = g(a)). This shows that Y ⊩ ϕf.

If ϕ is ⊥ we have X ⊲ ∅. By lemma 2.2 we have also Y ⊲ ∅ and so Y ⊩ ϕf. □

Lemma 2.5. If X ⊲ X_0, . . . , X_{n−1} and X_i ⊩ ϕ for all i < n then X ⊩ ϕ.

Proof. We prove this by induction on ϕ.

If ϕ is atomic we have for all i < n a set V_i such that X_i ⊲ V_i and ϕ ∈ C(Y ) for all Y ∈ V_i. By lemma 2.3 we have X ⊲ ∪_{i<n}V_i and hence X ⊩ ϕ.

If ϕ is ϕ_1 → ϕ_2 and f : X → Y is such that Y ⊩ ϕ_1f we have by lemma 2.2 V such that Y ⊲ V and for all Z ∈ V there exists i < n and g : X_i → Z extending f. By lemma 2.4 4

we have Z ⊩ ϕ_1f. Since g extends f we have ϕ_1f = ϕ_1g and so Z ⊩ ϕ_1g. Since X_i ⊩ ϕ we get that Z ⊩ ϕ_2g and hence Z ⊩ ϕ_2f. Since this holds for all Z ∈ V we get by induction hypothesis Y ⊩ ϕ_2f. Hence X ⊩ ϕ.

If ϕ is ϕ_1 ∧ ϕ_2 we have by induction hypothesis X ⊩ ϕ_1 and X ⊩ ϕ_2 and so X ⊩ ϕ. If ϕ is ϕ_1 ∨ ϕ_2 we have for all i < n a set V_i such that X_i ⊲ V_i and Y ⊩ ϕ_1 or Y ⊩ ϕ_2 for all Y ∈ V_i. By lemma 2.3 we have X ⊲ ∪_{i<n}V_i and hence X ⊩ ϕ.

If ϕ is (∀x)ψ and f : X → Y and a ∈ T (Y ) we have by lemma 2.2 V such that Y ⊲ V and for all Z ∈ V there exists i < n and g : X_i → Z extending f. Then Z ⊩ ψg(x = a). Since g extends f we have ψf = ψg and so Z ⊩ ψf(x = a). Since this holds for all Z ∈ V we get by induction hypothesis Y ⊩ ψf(x = a). Hence X ⊩ ϕ.

If ϕ is (∃x)ψ we have for all i < n a set V_i such that X_i ⊲ V_i and for all Y ∈ V_i we have m ∈ T (Y ) such that Y ⊩ ψ(x = m). By lemma 2.3 we have X ⊲ ∪_{i<n}V_i and hence X ⊩ ϕ.

If ϕ is ⊥ we have X_i ⊲ ∅ for all i < n and by lemma 2.3 we get X ⊲ ∅ and so X ⊩ ϕ. □

We can now prove the main theorem. If Γ is a finite set of sentences and ϕ is a sentence we define inductively Γ ⊢ ϕ by the clauses (this is a convenient formulation of the usual intuitionistic natural deduction for first-order logic)

(1) Γ ⊢ ϕ if ϕ ∈ Γ (2) Γ ⊢ ϕ_1 → ϕ_2 if Γ, ϕ_1 ⊢ ϕ_2 (3) Γ ⊢ ϕ_1 ∧ ϕ_2 if Γ ⊢ ϕ_1 and Γ ⊢ ϕ_2 (4) Γ ⊢ ϕ_1 ∨ ϕ_2 if Γ ⊢ ϕ_1 or Γ ⊢ ϕ_2 (5) Γ ⊢ (∀x)ψ if Γ ⊢ ψ(x = a) for some fresh parameter a (6) Γ ⊢ (∃x)ψ if Γ ⊢ ψ(x = t) for some term t (7) Γ ⊢ ϕ_2 if Γ ⊢ ϕ_1 → ϕ_2 and Γ ⊢ ϕ_1 (8) Γ ⊢ ϕ_i if Γ ⊢ ϕ_1 ∧ ϕ_2 (9) Γ ⊢ ϕ if Γ ⊢ ϕ_1 ∨ ϕ_2 and Γ, ϕ_i ⊢ ϕ (10) Γ ⊢ ϕ if Γ ⊢ (∃x)ψ and Γ, ψ(x = a) ⊢ ϕ for some fresh a (11) Γ ⊢ ϕ(x = t) if Γ ⊢ (∀x)ϕ (12) Γ ⊢ ϕ if Γ ⊢⊥ If Γ = {ϕ_1, . . . , ϕ_n} we let X ⊩ Γ mean that X ⊩ ϕ_i for all i = 1, . . . , n. We now prove that if X ⊩ Γρ then X ⊩ ϕρ by induction on the proof of Γ ⊢ ϕ. Suppose ϕ ∈ Γ then X ⊩ Γρ implies directly X ⊩ ϕρ.

If ϕ is ϕ_1 → ϕ_2 and Γ, ϕ_1 ⊢ ϕ_2. Assume X ⊩ Γρ and f:X → Y and Y ⊩ ϕ_1ρf. By lemma 2.4 we have Y ⊩ Γρf. Hence Y ⊩ (Γ, ϕ_1)ρf. Hence by induction Y ⊩ ϕ_2ρf. This shows X ⊩ ϕρ.

If ϕ is ϕ_1 ∧ ϕ_2 and Γ ⊢ ϕ_1, Γ ⊢ ϕ_2 and X ⊩ Γρ, by induction, we have X ⊩ ϕ_1ρ and X ⊩ ϕ_2ρ and hence X ⊩ ϕρ.

If ϕ is ϕ_1 ∨ ϕ_2 and Γ ⊢ ϕ_1 or Γ ⊢ ϕ_2 and X ⊩ Γρ, by induction, we have X ⊩ ϕ_1ρ or X ⊩ ϕ_2ρ and hence, since X ⊲ {X}, we have X ⊩ ϕρ.

If ϕ is (∀x)ψ and Γ ⊢ ψ(x = a) for some fresh a and f:X → Y and m ∈ T (Y ) then, by lemma 2.4, we have Y ⊩ Γρf. We define ν:P → T (Y ) by taking ν(u) = f(ρ(u)) if u ≠ a and ν(a) = m. We have by induction Y ⊩ ψ(x = a)ν which is Y ⊩ ψρf(x = m). This shows X ⊩ ϕρ. 5

If ϕ is (∃x)ψ and Γ ⊢ ψ(x = t) for some term t and X ⊩ Γρ we have, by induction, X ⊩ ψ(x = t)ρ which is X ⊩ ψρ(x = tρ). Since X ⊲ {X}, we get X ⊩ ϕρ.

If Γ ⊢ ψ → ϕ and Γ ⊢ ψ and X ⊩ Γρ then, by induction, we have X ⊩ (ψ → ϕ)ρ and X ⊩ ψρ which implies X ⊩ ϕρ.

If Γ ⊢ ϕ_1 ∧ ϕ_2 and X ⊩ Γρ then, by induction, we have X ⊩ (ϕ_1 ∧ ϕ_2)ρ and hence X ⊩ ϕ_iρ for i = 1, 2.

If Γ ⊢ ϕ_1 ∨ ϕ_2 and Γ, ϕ_i ⊢ ϕ for i = 1, 2 and X ⊩ Γρ then, by induction we have X ⊩ (ϕ_1 ∨ ϕ_2)ρ. Hence we have X ⊲ X_0, . . . , X_{n−1}, with X_i ⊩ ϕ_1ρ or X_i ⊩ ϕ_2ρ for each i < n. Since X ⊆ X_i we have by lemma 2.4 that X_i ⊩ Γρ. Also X_i ⊩ (Γ, ϕ_1)ρ or X_i ⊩ (Γ, ϕ_2)ρ. By induction, this implies X_i ⊩ ϕρ. By lemma 2.5, we get X ⊩ ϕρ.

Suppose Γ ⊢ (∃x)ψ and Γ, ψ(x = a) ⊢ ϕ with a fresh and X ⊩ Γρ. By induction we have X ⊩ ((∃x)ψ)ρ. Hence we have X ⊲ X_0, . . . , X_{n−1} and m_i ∈ T (X_i) with X_i ⊩ ψρ(x = m_i). Since X ⊆ X_i we have by lemma 2.4 that X_i ⊩ Γρ. If we define ν_i:P → T (Y ) by ν_i(u) = ρ(u) if u ≠ a and ν_i(a) = m_i we have Γν_i = Γρ and so X_i ⊩ Γν_i and X_i ⊩ ψ(x = a)ν_i since ψ(x = a)ν_i = ψρ(x = m_i). Hence by induction X_i ⊩ ϕν_i. Hence for all i we have X_i ⊩ ϕρ since ϕρ = ϕν_i. It follows that we have X ⊩ ϕρ by lemma 2.5.

If Γ ⊢ (∀x)ϕ and X ⊩ Γρ then, by induction, we have X ⊩ (∀x)ϕρ. This implies X ⊩ ϕρ(x = tρ) which is X ⊩ ϕ(x = t)ρ. If Γ ⊢⊥ and X ⊩ Γρ then, by induction, X ⊩⊥ ρ and hence X ⊲ ∅. By lemma 2.5 this implies X ⊩ ϕρ. This concludes the proof of the main theorem.

2.3. Simplification.

Lemma 2.6. If we have that Y ⊩ ϕ_1 implies Y ⊩ ϕ_2 for all Y ⊇ X then X ⊩ ϕ_1 → ϕ_2. If Y ⊩ ϕ(x = a) for all Y ⊇ X and a ∈ T (Y ) then X ⊩ (∀x)ϕ.

Proof. We treat only the case of implication, since the case of universal quantification has a similar justification. Assume that Y ⊩ ϕ_1 implies Y ⊩ ϕ_2 for all Y ⊇ X and that f:X → Y is such that Y ⊩ ϕ_1f. There exists then Y_0 ⊇ X with a bijective map f_0 : Y_0 → Y extending f. By lemma 2.4, we have Y_0 ⊩ ϕ_1ff^{−1}_0 . Since f_0 extends f this implies Y_0 ⊩ ϕ_1. Hence by hypothesis, we have also Y_0 ⊩ ϕ_2. By lemma 2.4, this implies Y ⊩ ϕ_2f_0 and since f_0 extends f we have also Y ⊩ ϕ_2f as desired. □

This shows that in the definition of the forcing relation, for the clauses for implication and universal quantification, we can limit ourselves to renamings that are inclusions. Hence the definition of forcing can be stated without references to renaming. A similar remark is made in [2].

2.4. Propositional case. The definition of forcing simplifies: the conditions are now finite sets of atomic propositions

(1) X ⊩ ϕ if X ⊲ U and ϕ ∈ C(Y ) for all Y ∈ U (2) X ⊩ ϕ_1 → ϕ_2 if for any Y ⊇ X we have Y ⊩ ϕ_2 whenever Y ⊩ ϕ_1 (3) X ⊩ ϕ_1 ∧ ϕ_2 if X ⊩ ϕ_1 and X ⊩ ϕ_2 (4) X ⊩ ϕ_1 ∨ ϕ_2 if X ⊲ U and for all Y ∈ U we have Y ⊩ ϕ_1 or Y ⊩ ϕ_2 6

(5) X ⊩⊥ if X ⊲ ∅ and our definition of X ⊩ F becomes similar to the one of hyper-resolution [18]. The method of trees in this case can be traced back to Lewis Carroll [1].

2.5. Related work. Our definition of the syntactical site is similar to the one presented in [17, 4]. However one main difference is that our notion of morphism in this site is simply renaming and hence does not refer to the theory T , as in these references. This is important for instance if we want to use our model to show the consistency of the theory T . In [16] there is another construction, attributed to Coste, closer to our definition, which is also given in [8]. There morphisms are algebra morphisms, and the objects are finitely presented structures of a suitable subtheory of the theory T . It is not emphasized however there that this gives a purely syntactical, and constructive, completeness proof of the notion of dynamical proof for geometrical formulae^1. A related construction is presented in [2], attributed to Buchholz, which applies to any theory (not necessarily geometrical). In the references [5] and [7], we present a completeness proof for topological models using a generalised inductive definition. It is remarkable that the present completeness proof uses only ordinary inductive definitions.

Our completeness theorem can be compared to theorem 1.1 of [8], which is a cutelimination theorem. Both results can be seen as algorithms to transform a usual proof into a dynamical proof. It would be interesting to compare these two algorithms on simple examples.

The notion of dynamical proof is quite close to the tableau method [21]. Since it is possible to write any first-order formula in a geometrical way, essentially by naming each subformula and its negation, our completeness result actually shows also the completeness of the tableau method. In [5], we present an example showing the possible interest of the notion of dynamical proof for automatic deduction. Similar ideas, with an implementation in Prolog, appeared already in [15].

3. Examples

3.1. Infinite model. The following theory ¬(x < x) x < y ∧ y < z → x < z (∃y)[x < y] is consistent but has no finite model. In this case, finite presentations define finite posets and we can build directly a forcing model by taking finite posets as conditions. A direct extension of a poset X is obtained by choosing x ∈ X and adding a new element y to X with the only constraint that y > x. We write X ⊲ Y if we get Y from X by successive direct extensions. The forcing relation becomes

X ⊩ ϕ if ϕ holds in X X ⊩ ϕ_1 → ϕ_2 if for any map f:X → Y we have Y ⊩ ϕ_2f whenever Y ⊩ ϕ_1f

1For instance, in [8] a similar construction is presented as a non-constructive model construction. 7

X ⊩ ϕ_1 ∧ ϕ_2 if X ⊩ ϕ_1 and X ⊩ ϕ_2 X ⊩ ϕ_1 ∨ ϕ_2 if X ⊲ Y and we have Y ⊩ ϕ_1 or Y ⊩ ϕ_2 X ⊩ (∀x)ϕ if for any map f:X → Y and a ∈ Y we have Y ⊩ ϕf(x = a) X ⊩ (∃x)ϕ if X ⊲ Y and we have Y ⊩ ϕ(x = a) for some a ∈ Y

Furthermore, though the theory has no finite models, the consistency is established by considering only finitely presented, and hence in this case finite, structures. This seems connected to similar remarks in [19].

3.2. Theory of fields. The theory of fields has terms built from 1, 0, +, −, × and only one predicate symbols Z(t), which stands for t = 0. We can then write t_1 = t_2 for Z(t_1 −t_2) and can consider the terms modulo the usual equations for rings. We have the three axioms for rings

Z(0) Z(a) ∧ Z(b) → Z(a + b) Z(a) → Z (ab) In order to get the theory of fields we add the axioms ¬Z(1) and Z(x) ∨ (∃y)Z(xy − 1) The conditions can be thought of as finite presentations of rings. We can then simplify the site model by taking as conditions finitely presented rings and as morphisms finitely presented extensions (adding finitely many new parameters and new equations). Starting from a ring A with an element a ∈ A the basic covering corresponding to the axiom of field is then obtained by taking the two extensions A → A/<a> and A → A[x]/<ax − 1>.

Another possible geometric axiom that we can add to the theory of ring is

(∃y)(xy = 1) ∨ (∃y)((1 − x)y = 1)

which expresses that the ring is a local ring. In this case the basic coverings are obtained by the two extensions A → A[x]/<ax − 1> and A → A[x]/<(1 − a)x − 1>.

Here is a remark, due to Kock [14], which shows an interesting consequence of the main theorem 2.1. The following non geometrical formula is forced in this theory

⊩ ¬(∧x_i = 0) → ∨_i(∃y)(x_iy = 1) (∗)

Indeed, we have A ⊩ ¬(∧x_i = 0) iff 1 ∈ <x_0, . . . , x_{n−1}> in A.^2 It is also clear that if 1 ∈ <x_0, . . . , x_{n−1}> in A then we have ∨_i(∃y)(x_iy = 1) if A is a local ring. It follows then from the main theorem that if a geometrical formula can be proved with (∗) then it can be proved without.

2For this it is enough to consider the finitely presented extension A → A/<x_0, . . . , x_{n−1}> which corresponds to adding the facts Z(x_0), . . . , Z(x_{n−1}). This shows that to have A ⊩ ¬(∧x_i = 0) implies that the ring A/<x_0, . . . , x_{n−1}> is trivial. 8

3.3. Consistency versus Quantifier Elimination. As seen in the two examples above, one interest of the method is to allow the construction of models, and hence to analyse the consistency of a theory. This may be interesting even if the theory admits quantifier elimination, because the consistency proof may be simpler than the proof of quantifier elimination. We believe that Herbrand had something similar in mind when he alluded to a proof of quantifier elimination for proving the consistency of the theory of real closed fields and then added that his model construction provides a simpler consistency argument [10].

We shall treat the example of the theory of algebraically closed fields. The argument is reminiscent of the one used by Skolem [20] in his analysis of the theory of the projective plane. In both cases, the crucial step is to show that the introduction of “auxiliary elements” allowed by existential axiom does not prove new facts about the old elements.

Lemma 3.1. If a, b ∈ A then b is nilpotent in A[x]/<ax − 1> iff ab is nilpotent in A.

Proof. If b^m is 0 in A[x]/<ax − 1> it is 0 in A[1/a]. This implies that for some n we have a^nb^m = 0 in A and hence ab is nilpotent. □

Corollary 3.2. If a, b ∈ A and b is nilpotent in A[x]/<ax − 1> and in A/<a> then b is nilpotent in A.

Lemma 3.3. If p is a monic non-constant polynomial in A[x] and a ∈ A then a is nilpotent in A if, and only if, it is nilpotent in A[x]/<p>.

Proof. Since p is monic and non-constant, an equality a^n = pq for q ∈ A[x] implies q = 0 and hence a^n = 0 in A. □

The geometric theory of algebraically closed fields is obtained from the theory of rings by adding to the axiom of fields the axiom schema, for n ≥ 1

(∃x)Z(x^n + a_{n−1}x^{n−1} + · · · + a_0)

The forcing conditions are arbitrary finitely presented rings, and we add as a basic covering the extension A → A[x]/<p> for each monic and non-constant p ∈ A[x].

Theorem 3.4. If a ∈ A then A ⊩ Z(a) iff a is nilpotent.

Proof. Direct from corollary 3.2 and lemma 3.3. □

It follows from our main theorem that, for any ring A and any formula intuitionistically provable from the (geometric) theory of algebraically closed fields and the positive diagram of A we have A ⊩ ϕ.

In particular, suppose that Z(a) is derivable from the geometric theory of algebraically closed fields and the positive diagram of A. Then we have A ⊩ Z(a) and hence a is nilpotent. Thus, if Z(1) is derivable A should be a trivial ring. This shows the consistency of the theory of algebraically closed fields. Furthermore this consistency proof can be interpreted as building effectively a non-standard model of the theory. 9

In the reference [12] is sketched an argument for the consistency of this theory which proves also quantifier elimination. A complete argument is presented in [8]. In the context of our paper, the result of quantifier elimination can be interpreted as follows: the consistency of a branch in a dynamical proof in the theory of algebraically closed fields is decidable.

Acknowledgement

I would like to thank Wolfgang Ahrendt for his comments on a preliminary version of this paper.

References

[1] F. Abeles. Lewis Carroll’s method of trees: its origins in Studies in logic. Modern Logic 1 (1990), no.

1, 25–35.

[2] J. Avigad, Algebraic proofs of cut elimination. J. Log. Algebr. Program. 49 (2001), no. 1-2, 15–30. [3] J. Avigad, J. Helzner. Transfer principles in nonstandard intuitionistic arithmetic. Archive for Mathematical Logic, 41:581-602, 2002.

[4] J.L Bell Toposes and local set theories. An introduction. Oxford Logic Guides, 14.Oxford University Press, New York, 1988.

[5] M. Bezem, Th. Coquand. Newman’s lemma—a case study in proof automation and geometric logic.

Bull. Eur. Assoc. Theor. Comput. Sci. EATCS No. 79 (2003).

[6] A. Blass, Topoi and computation, Bulletin of the EATCS 36, October 1988, pp. 57–65. [7] Th. Coquand, S. Sadocco, G. Sambin and J.Smith. Formal topologies on the set of first-order formulae.

J. Symbolic Logic 65 (2000), no. 3, 1183–1192.

[8] M. Coste, H. Lombardi, and M-F. Roy Dynamical methods in algebra: effective Nullstellensätze, Annals of Pure and Applied Logic 111(3):203–256, 2001.

[9] Grzegorczyk, A. A philosophically plausible formal interpretation of intuitionistic logic. Indag. Math.

26 1964 596–601.

[10] J. Herbrand Ecrits Logiques. Presses Universitaires de France, Paris 1968.

[11] P. Johnstone, Stone Spaces, Cambridge Studies in Advanced Mathematics 3, Cambridge University Press, 1982.

[12] A. Joyal. Le théorème de Chevalley-Tarski. Cahiers de Topologie et Géometrie Differentielle, (1975). [13] S.C. Kleene, Mathematical logic, John Wiley & Sons, Inc., New York-London-Sydney, 1967. [14] A. Kock Universal projective geometry via topos theory. J. Pure Appl. Algebra 9 (1976/77), no. 1, 1–24.

[15] R. Manthey and F.Bry. SATCHMO: a theorem prover implemented in Prolog. Proc. of 9th Conf. on Automated Deduction , LNAI 310, 1988.

[16] M. Makkai and G. Reyes. First order categorical logic. Model-theoretical methods in the theory of topoi and related categories. Lecture Notes in Mathematics, Vol. 611.

[17] E. Palmgren. Constructive sheaf semantics. Math. Logic Quart. 43 (1997), no. 3, 321–327. [18] J.A.. Robinson, Automatic deduction with hyper-resolution. Internat. J. Comput. Math. 1 1965 227– 234.

[19] A. Robinson, Formalism 64. in Logic, Methodology and Philos. Sci. pp. 228–246, 1965, North-Holland, Amsterdam [20] T. Skolem. Logisch-kombinatorische Untersuchungen uber die Erfullbarkeit oder Beweisbarkeit mathematischer Satze nebst einem Theoreme uber dichte Mengen. Skrifter utgit av Videnskappsellkapet i Kristiania, 4:4–36. Reprinted in Selected Works in Logic, edited by J.E. Fenstad, Universitetsforlaget, Oslo. 10

[21] R.M. Smullyan. First-order logic. Corrected reprint of the 1968 original. Dover Publications, Inc., New York, 1995.

[22] G. Wraith. Intuitionistic algebra: some recent developments in topos theory. in Proceedings of the International Congress of Mathematicians (Helsinki, 1978), pp. 331–337, Acad. Sci. Fennica, Helsinki, 1980.

COMPUTER SCIENCE, CHALMERS UNIVERSITY, SE-412 96 GÖTEBORG, SWEDEN,

WWW.CS.CHALMERS.SE/ COQUAND.

11