Cubical Type Theory

1 Syntax
A = ()| Me:A | Tyi:I | Tye
r, s = 0] 1]4é|1=r|rAs | rvs
@, = O [1p [ @=0) | (i=1) [ oAY | oV
t,uy A, B = x| dex:At | tu| (x:A) — B
| (tuw) | t1 | t2 | (x:A)xB
| 0| su | natrectu | N
| @yt | tr | Path Atu
| S
| comp® A [p— u] ap
| gluefprt]u | unglue[p— (T, f)] u | Glue[p— (T, [f)] A
| U
S = (@1t ,0n tn]
2 Inference rules
’Well—formed contexts, I' - ‘
r-A4 '+ Fke:F
— — = (¢ ¢ dom( ¢ dom(T —
OF Tz ap (@ #dom(D) rir (0 Fdom(D)) T.oF
’Well—typed elements of I, ' -7 : 1
'+ . F'Er:1
_— — (i:1el) _
'-o0:I FFE1:1 F'Fi:I r'k1—r:1
I'kr:I I'kFs:1 I'kr:I I'ks:1
T'kFrAas:I F'kFrvs:I

Contexts
The interval, 1
The face lattice, F

[I-types

Y-types

Natural numbers
Path types

Compositions
Glueing
Universe
Systems



Well-typed elements of F, ' ¢ : F

I'Fia:l I'Fiai:l
'E0p:F F'Elp:F F@(@=0):F F@=1):F
I'Fy:F F'kFy:F I'kFe:F F'kFy:F
F'FpAy:F 'Fpvy:F
’Well—formed types, FI—A‘
I'z: AFB I'z:AFB 'k 'A I'Ft: A T'Fu:A
'k(z:A)— B '(z:A)xB I'EN I'kPath Atu

Fl_[(pl Alvv@n An]

'HA LT ok f:EquivT A 'k 'HA:U
T+ Glue [p — (T, f)] A T+ U TFA
Well-typed terms, Fl—t:A‘
I'Ht: A 'HA=18B I'z:AFt: B 'k
—— (x: A€l
I'-t:B FFXx:At:(z:A)— B 'ktz:A
'kt:(z:A)— B Ftu:A F'Ht:(x:A)xB F'Ht:(x:A)xB
'Ftu: Blx/u) F+t1:A4 I'Ft¢.2: B(z/t.1)
F-t: A Pt wu: B(z/t) I+ 'kn:N
Tk (t,u): (z: A) x B I'0:N I'ksn:N

Fz: NP I'kFa:P(xz/0) 'Fb:(n:N)— P(z/n) = P(z/sn)

I'knatrecab: (z:N)— P

TFA Ii:I-t: A T't:Path A ug ug

I'kr:1

Tk (i) t : Path A £(i0) £(i1) ThHtr:A

F}_ViQOiZI]FZIF 'A F,gﬁzkttA F,(pi/\(pjl_ti:tle

TH[o1t1,.-yontn]: A

| R ri:TFA Ip,i:TFu: A T'Foag: A(i0)[p — u(i0)]

[ comp’ A [p = u] ag : A(il)[p — u(il)]



T'Fb:Glue [p— (T, f)] A Dok f:EquivT A Dpkt:T F'kFa:Alp— ft

Tk ounglueb: Alp — f 1] I'kglue [p — t] a: Glue [ — (T, f)] A
rA:U I'x:A-B:U 'A:U Nz:AFB:U Tk
'F(z:A)—B:U '(z:A)xB:U '-N:U

T'HFA:U I'Ft: A F'Fu:A
I'FPath Atwu:U

'A:U NekET:U ok f:EquivT A
'k Glue [p— (T, f)] A: U

Interval equality, 'r =s: ]I‘

r=s(mod.T")
'kFr=s:1

Face lattice equality, ' - o =1 : IF‘

© =1 (mod. T)
TFo—=1:F

Type equality, ' A= B ‘ (Congruence and equivalence rules are omitted)

'y, =1p:F 'eT ' f:EquivT A
TH[p1 A1, yon Ap ] = A4 FHGlue[lp— (T, /)] A=T

Term equality, TFa=5b: A4 ‘ (Congruence and equivalence rules are omitted)

T'Ft=u:A '-rA=81B e:A+-t: B T'Fu:A
'Ft=wu:B 'k (Ax: A t)u=1t(z/u): B(z/u)

Nx:Artx=ux:B F-t¢t: A I'tw: B(x/t) T'kFt: A I'tw: B(z/t)
'tt=wu:(z:A4)—B 'k (t,u).l=t: A 'k (t,u).2 =u: B(z/t)

'tl=wul:A4A 'Ft2=u2:B(xz/t.1)
'tt=u:(z:A)xB

Fz:NFP I'ka:P(x/0) 'Eb:(n:N)— P(z/n) — P(x/sn)
'k natrecab0=a: P(z/0)




Lx:NFP I'ka: P(x/0) TkEb:(n:N)— P(z/n) = P(z/sn) Pkn:N
'k natreca b (sn) = bn (natreca b n) : P(z/sn)

A Fi:TFt: A Ti:TFti=wui:A I'Ft:Path A uy uq
L (@@)t)r=t@/r): A I'-t=wu:Path A up u; F't0=up: A
I'Ft¢:Path A ug uq TH[p1t1,..cyontn]: A 'y, =1p: F

F}—tlzule F"[(pltl,...,@ntn]:tiiA
r+¢t:T ta:A TEb:Glue [p— (T,f)] A
Phglue[lp—tla=t:T Tt b=glue [¢ — b] (unglue d) : Glue [p — (T, f)] A

Tyobt:T F'ka:Alp— ft
It unglue (glue [p—t]a)=a: A

Together with this family of rules for an arbitrary judgment body J:

Ir+J

3 Equality judgments for comp

Before defining the equality judgments for compositions we define some useful operations:

Kan filling:
Lyi:THAfill" Ao — u] ag = comp? A(i/i A7) [@— u(ifiAj), (i =0)— ag) ag : A

where j is fresh for I'.

Transport: Composition for ¢ = Op corresponds to transport:

I'F transp’ A a = comp® A [] a: A(il)

Contr: Given I'F p :isContr A and I'; o - u : A we define the operation:

' contr p [p + u] = comp® A [p = p.2 wi] p.1: Alp — ]

Pres: Given
i:I-f:T— A Lyp,i:IH¢:T T'Fto: T(i0)[p — t(i0)]
Let I'Fag = f(i0) to : A(30) and ', p,i : I Fa = f ¢ : A, together with:
Di:TFu=fill' Afp—a]a:A Di:TFo=filll T[p—t]ty:T
we then define
I pres’ f [p 1] to = (j) comp’ A [p = a,(j =0) = u,(j = 1) = fv] ao

of type (Path A(i1) ¢; ex)lp > () (f £)(i1)] where ¢ = compi A [ J 1] (f(i0) to)
and co = f(il1) (comp® T [p — t] to).



Equiv: Given
't f:EquivT A DpkFt:T F'Fa:A D,pkp:Path Aa (f )
we define

'k equiv f [p+— (t,p)] a =contr (f.2a) [p+— (t,p)]: (z:T) x Path A a (f x)[p— (t,p)]

The equality judgments for comp® C' [p — u] ag are defined by cases on the type C:

e Product types, C = (z: A) = B:
Let

Doi:Tkw="fill' AGi/1—i) [Juy:A(G/1—4) and T,i:TFv=mw(i/1—1):A.

Using this we define

I+ (comp’ C [p = p] Ao) ur = comp’ B(z/v) [p =+ pu 0] (Ao 0(i0)) : B(i1)[g = (1 v)(i1)]
e Sum types, C = (z: A)x B

Let Ti: IFa=Aill" A[p— w.l] wy.l:Aand

I'Fc; = comp’ A [ — w.1] wy.1 I'F ¢y = comp’ B(z/a) [¢ — w.2] we.2
Using this we define:
Ik comp’ C [ w] wy = (e1,¢2) : C(i1)[p > w(il)]
e Natural numbers, C = N:
I'Fcomp’ C [pr+0]0=0:Clp+ 0]
Ik comp’ C [p > s 7] (s mg) = s (comp’ C [+ n] mo) : Clip > s 1)
e Path types, C = Path A u v:
I+ comp’ C [ip = p| po = (j) comp’ A S (po j) : C(il)[ip = p(i1)]

where the system Sis [p—pj,(j=0)—u,(j =1) — v].
o Glue, C = Glue [p— (T, f)] A:

We assume

T,i:1b:C Tk by : C>i0)[3p — b(i0)]
and define:
9,5 :1F a=unglue b: Alp — f b
I'F ap = unglue by : A(i0)[p(0) — f(i0) bg, 1 — a(i0)]

The following provides the algorithm for composition b; = comp® C' [¢) + b] by of type
C(il)[ — b(i1)].

6 = Vi r

a} = comp’ A [+ a] ap r

4 = comp’ T [¢ + b] by | )

w = pres’ f [¢ > b] by | )
() = equiv f(i1) (5> (), & > (b(31), ()] o (i)
ay = comp? A(il) [p(il) — a j,¥ — a(il)] o} r

bl = glue [Lp(il) (d tl] aq r



e Universe, C = U:

Given I' = A, T'+ B, and T',i : I F E, such that E(i0) = A and E(i1) = B, we will
construct equiv’ E : Equiv A B. In order to do this we first define

I'f = Mx:A transp* Ex: A— B

I'tg = MAy:B. (transp’ E(i/1—14) y)(i/1—i):B— A
Ti:lFu = )\x:A.filliE[]x:A—>E
Ii:TkFw Ny : B. (filll B(i/1—14) [ y)(i/1—4):B—FE

We will now prove that f is an equivalence. Given y : B we see that (z : A) X
Path B y (f x) is inhabited as it contains the element (g y,~) where

y={(j)comp’ E[(j=0)—vy,(j=1)—~u(gy)] (gy)

We then show that two elements (¢, 8p) and (z1,81) in (z : A) x Path By (f z) are
path-connected. This is obtained by the definitions

wo = comp’ E(i/1—1) [(j =0) vy, (j=1)— uzo] (Boj)
wr = comp’ E(i/1-1i) [(j=0)—=vy (j=1)—uzi] (b1 7)
0o = fill' E(i/1—)[(j=0)—vy,(j=1)—uzo (Boj)

00 = fill' E(i/1-4) [ =0)—vy,(j=1) —ux] (B ])

w = comp’ A [(k=0)—wy,(k=1)—wi] (gy)

6 = filM A[(k=0)— wo, (k=1)— wi] (9 9)

so that we have I',j : [,i : IF 6y : Eand I',j: ;i : I 6y : Fand T, : Lk :1F 6 : A.
If we define

S=comp' E[(j=0)—=vy, (j=1)—uw (k=0) 0, (k=1)+ 6] 0
we then have

(k) (w, (7)0) : Path ((z : A) x Path By (f #)) (0, o) (1,51)

as desired. We have hence shown that f is an equivalence, so we have constructed
equiv’ E : Equiv A B.

Using this we can now define the composition for the universe:

' F comp’ C [p — E] Ag = Glue [p +— (E(i1), equiv’ E(i/1—i))] Ao : C(il)[p — E(il)]
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