A Constructive Analysis of the Stone-Weierstrass Theorem

Thierry Coquand

Version at September 25, 2001

Introduction

This note can be seen as a constructive comment on an older note of M.H. Stone [StII]. We give a simple, constructive localic proof of the Stone-Weierstrass theorem and a constructive treatment of Gelfand duality in the real case, using only elementary algebraic arguments. This gives also a particularly simple formal presentation of compact Hausdorff spaces X (and the associated spaces of probability measures).

1 A propositional theory

Let E be a lattice ordered abelian group (or l-group). The elements of E are written a, b, c, . . . The operation of E is written additively and the sup operation is written a ∨ b. The following assertions are standard, and have elementary, though not obvious, proofs [Birk, Lux].

Proposition 1.1 For n ≥ 1 we have n(a ∨ b) = na ∨ nb and n(a ∧ b) = na ∧ nb, also na ≥ 0 implies a ≥ 0.

This implies that E can be embedded as an l-group in a divisible lattice ordered group where for each x and n ≥ 1 there exists exactly one solution for ny = x. To simplify the presentation, we will assume in the following that E is divisible; it has then naturally the structure of a Riesz space over the set of rationals Q [Lux].

We write as usual a^+ for a ∨ 0 and a� for (−a) ∨ 0. We can define a ∧ b as a + b − a ∨ b. We say that a is positive iff a ≥ 0. Let P be the set of positive elements. We write a ⊥ b if a, b ∈ P and a ∧ b = 0. We shall also use the following standard results [Birk].

Proposition 1.2 We have a = a^+ − a� and a^+ ⊥ a�. Also, for positive a, b, c, if a ⊥ b and a ⊥ c then a ⊥ (b + c).

If b ∈ P we write a ⪯ b to mean that there exists n ≥ 1 such that a ≤ nb. If a, b ∈ P we write a ∼ b iff a ⪯ b and b ⪯ a. The following remark will be important, and it has a direct proof.

Proposition 1.3 For a, b, c ∈ P we have a ⪯ b if a ≤ b. Also a ⪯ c, b ⪯ c → a ∨ b ⪯ c c ⪯ a, c ⪯ b → c ⪯ a ∧ b, hence the structure (P/ ∼, ∧, ∨, ⪯) forms a distributive lattice L.

We associate to E a coherent propositional theory T [Joh, MP]. The atomic propositions are the elements of E and the axioms are 1. a, −a ⊢ 2. a ⊢ if a ≤ 0 3. a + b ⊢ a, b 4. a ∨ b ⊢ a, b Here, following Gentzen, we use , as meaning conjunction when appearing to the left and disjunction when appearing to the right of the ⊢ symbol.

Proposition 1.4 In T we have a ⊢ b whenever a ≤ b. In particular a ⊢ a^+. We also can prove a, b ⊢ a + b a, b ⊢ a ∧ b a^+ ⊢ a Proof. We have a ⊢ a + b, −b and −b, b ⊢. By cut, we get a, b ⊢ a + b.

If a ≤ b we have a − b ≤ 0 and hence a − b ⊢. Since a ⊢ a − b, b we get by cut a ⊢ b. Since 0 ⊢ and a ∨ 0 ⊢ a, 0 we get by cut a ∨ 0 ⊢ a, that is a^+ ⊢ 0. It follows that we have

(a − b)^+, (b − a)^+ ⊢

Since a = a ∧ b + (a − b)^+ and b = a ∧ b + (b − a)^+ we have also a ⊢ a ∧ b, (a − b)^+ b ⊢ a ∧ b, (b − a)^+ and hence by cut a, b ⊢ a ∧ b.

Theorem 1.5 The map m : a −→ a^+, E → L is an interpretation of T in the distributive lattice L. Furthermore it is the free such interpretation. In particular, a ⊢ b is derivable in T iff a^+ ⪯ b^+.

Proof. Using proposition 1.4, it is easy to see that if a^+_1 ∧ . . . ∧ a^+_n ⪯ b^+_1 ∨ . . . b^+_m then a_1, . . . , a_n ⊢ b_1, . . . , b_m is derivable in T . Also, it is direct that m is an interpretation of T .

2 Stone-Weierstrass Theorem

We assume now that E has a strong unit 1: we have 0 ≤ 1 and a ⪯ 1 for all a ∈ E. An important consequence [Birk] is that if a ∈ P and a ∧ 1 = 0 then a = 0. We notice that in this case, E has naturally the structure of a seminormed vector space [MP] by defining a ∈ N(q) as −q01 ≤ a ≤ q01 for some q0 < q. We can verify rather directly that this defines a seminormed structure on E.

We let T_1 be the theory T extended with the axiom ⊢ 1. To this theory T_1 we can associate canonically a spectral space Sp(T_1), and we let F rm(T_1) be its frame of open [Joh].

We associate now to E the following geometric propositional theory [MP] S(E). The atomic propositions are, as before, the elements of E and the axioms are

1. a, −a ⊢ 2. a ⊢ if a ≤ 0 3. a + b ⊢ a, b 4. a ∨ b ⊢ a, b 5. ⊢ 1

6. a ⊢ W_{q>0}(a − q1)

Had we not assume E to be divisible, the last axioms should have be formulated as a ⊢ W_{n(na − 1).} Theorem 2.1 The theory S(E) describes a compact regular locale X. The points of X can be seen as models of the theory S(E) and can be identified classically with positive linear mappings ϕ : E → R preserving sups.

Proof. Any element a of E can be seen as a basic open D(a) of the space X. Notice that, because of the axiom a ∨ b ⊢ a, b, we have D(a ∨ b) = D(a) ∪ D(b). We also have directly D(qa) = D(a) for q > 0.

We have an interpretation m : E → F rm(T_1) of the theory S(E) in the spectral frame F rm(T_1) given by m(a) = W_{q>0}(a − q1). Indeed, it is directly checked that all the axioms of S(E) are valid in this interpretation. It follows from this remark that X is a retract of Sp(T_1), and hence that X is stably compact [Joh]. Since we have a − q1, −a + q1 ⊢ ⊢ a, −a + q1 each open D(a − q1), q > 0, is well-inside the open D(a) and X is compact regular [Joh].

A point α of the space X is a model of the theory S(E) [MP]. We can associate to α a map ϕ_α : E → R by defining ϕ_α(a) to be the supremum of q ∈ Q such that a − q1 holds in the model α. This is well-defined because 1 is a strong unit, and this is a positive linear functional preserving binary sups. Conversely any such positive linear function ϕ : E → R defines a model of S(E) by interpreting a as 0 < ϕ(a).

Theorem 2.2 If X = D(a) then 1 ⪯ a in E

Proof. If ⊢ a in S(E) we have 1 = W_{q>0} a − q1 in F rm(T_1) and hence 1 ⊢ a − q1 is derivable in T_1 for some q > 0. By theorem 1.5 this implies 1 ⪯ (a − q1)^+. It follows from this that 1 ⊥ (a − q1)�, since (a − q1)^+ ⊥ (a − q1)� and hence that (a − q1)� = 0. Hence a − q1 = (a − q1)^+ is positive and 1 ⪯ a.

Each element of a defines a formal continuous map â ∈ C(X) â : α −→ ϕ_α(a) The last theorem can be seen as expressing that if â is a strictly positive function, then ϵ1 ≤ a in E for some rational ϵ > 0. Another formulation of this result shows the analogy with Gelfand duality.

Corollary 2.3 We have a ∈ N(q) iff |â(x)| < q for any x ∈ X.

It follows from this also that â = 0 iff a is infinitesimal: we have −1/n ≤ a ≤ 1/n for all n. The next proposition states the existence of partition of unity. A direct corollary can be seen as a constructive version of the Stone-Weierstrass theorem.

Proposition 2.4 If U_j is an arbitrary covering of X it is possible to find a partition of unity p_1, . . . , p_n with p_i ∈ [0, 1] and Σp_i = 1 and each open D(p_i) is a formal subset of some U_j. Proof. Given any covering U_j we can find positive elements a_1, . . . , a_n such that the formal open D(a_i) is a formal subset of some U_j and X = D(a_1) ∪ . . . ∪ D(a_n) = D(a_1 ∨ . . . ∨ a_n) This means that we have in Sp(E) ⊢ a_1 ∨ . . . ∨ a_n and hence, by theorem 2.2, we have 1 ≤ N(a_1 ∨ . . . ∨ a_n) = Na_1 ∨ . . . ∨ Na_n for some N ≥ 1. If we define q_i = 1 ∧ Na_i ∈ [0, 1] we have thus ∨q_i = 1. If we define next p_i = q_i − (q_i ∧ ∨_{j<i}q_j), we have p_i ∈ [0, 1], each basic open D(p_i) ⊆ D(a_i) is a formal subset of some U_j and Σ_{j<i}p_j = ∨_{j<i}q_j. In particular Σp_i = ∨q_i = 1.

Corollary 2.5 If f ∈ C(X) and ϵ > 0 there exists a ∈ E such that |f(x) − â(x)| < ϵ for all x ∈ X. Proof. We can find a family U_i, q_i such that U_i covers X and |f(x) − q_i| < ϵ for x ∈ U_i. If we take a corresponding partition of unity p_i ∈ E and define a = Σq_ip_i we have f(x) = Σp̂_i(x)f(x) and hence |f(x) − â(x)| ≤ Σp̂_i(x)|f(x) − q_i| for all x ∈ X. Since p̂_i(x) > 0 implies x ∈ U_i it implies also |f(x) − q_i| < ϵ and hence |f(x) − â(x)| < ϵ for all x ∈ X. This corollary states that the functions â, a ∈ E are dense in C(X) and is analogous to the Stone-Weierstrass theorem.

If we don’t assume divisibility in E, only the last statement has to be changed. We have to state that for any ϵ > 0 and f ∈ C(X) there exists n ≥ 1 and a ∈ E such that |nf(x) − â(x)| < nϵ for all x ∈ X.

3 Space of measures

Similarly, we can consider the following geometric propositional theory 1. a, −a ⊢ 2. a ⊢ if a ≤ 0 3. a + b ⊢ a, b 4. ⊢ 1 5. a ⊢ W_{q>0}(a − q1) where we simply take away the axioms a ∨ b ⊢ a, b. One can show, in a similar way as we did for the space X, that this defines a compact regular space M(X).

The space M(X) can then be seen as the space of probability measure over X. Indeed a point of M(X) defines a positive linear functional I : E → R such that I(1) = 1 which extends in a unique way to a positive linear functional I : C(X) → R.

Compared to the usual expression of Stone-Weiestrass theorem, we have replaced the ring structure of C(X) by its lattice structure. In another work [C1] we comment on another note of M.H. Stone [StI], where the ring structure is analysed.

References

[Birk] G. Birkhoff. Lattice Theory. Third edition, 1967, American Mathematical Society. [BM] B. Banaschewski and C. Mulvey. A Constructive Proof of the Stone-Weierstrass Theorem to appear [C1] Th. Coquand. About Stone’s notion of spectrum. Submitted [Joh] P. T. Johnstone. Stone Spaces. Cambridge studies in advanced mathematics 3, 1982. [Lux] W.A. Luxemburg and A.C. Zaanen. Riesz Spaces I. North-Holland, 1971. [MP] Ch. Mulvey and J.W. Pelletier. A globalization of the Hahn-Banach theorem. Adv.

Math. 89 (1991), no. 1, 1–59.

[StI] M.H. Stone. (1940) A General Theory of Spectra. I Proc. N.A.S., 26, p. 280-283. [StII] M.H. Stone. (1940) A General Theory of Spectra. II Proc. N.A.S., 27, p. 83-87.