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Introduction

The reinforcement learning problem and MDPs

Markov decision processes

m Description of environments

m Solutions to bandit problems

Algorithms for unknown MDPs.

m Stochastic exact algorithms
m Stochastic estimation algorithms

m Online algorithms
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Introduction Estimation and Robbins-Monro approximation

Algorithm 1 Robbins-Monro bandit algorithm
1: input Step-sizes ()¢, initial estimates (ui,0)i, policy .
2. fort=1,..., T do
3:  Take action a; = i with probability 7w(i | a1,...,ac—1,r,..., fe—1).
4 Observe reward r.
5. e = e + (1 — iyt pie—1 // estimation step
6
7
8

pei = pje—1 for j # 0.
. end for
. return pur

Definition 1

e-greedy action selection (w.p. 1 — ¢, select an apparently best action, otherwise a
random action)

7t 2 (1 — er)r + ecUnif (A), (1.3)

A (i) =1 {i € A;‘} /1A, A = SR (1.4)
ic

Christos Dimitrakakis (Chalmers) Reinforcement Learning: Basic models and algorithms November 20, 2013 4 /28



Introduction Estimation and Robbins-Monro approximation
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Introduction Estimation and Robbins-Monro approximation
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Introduction Estimation and Robbins-Monro approximation

Main idea of the algorithm

m Estimate parameters

m Act according to the estimates
Requirements

m Good estimation procedure.

m Balance estimation with getting rewards!
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Introduction The theory of the approximation

Consider the algorithm

He+1 = fhe + Qe Zeya. (1.5)
Let hy = {pt, ¢, e, . . .} be the history of the algorithm.

Assumption 1

Assume a function f : R" — R such that:
(i) f(x) >0 for all x € R".
(i) (Lipschitz derivative) f is continuously differentiable and 3L > 0 such that:

IVEG) =V < Llx=yll,  VxyeR’

(iii) (Pseudo-gradient) Ic > 0 such that:
cIVF(ue)l® < =VF(ue) E(zer | he), Ve

(iv) 3Ki, K2 > 0 such that

E(llzena|? | he) < Ku + Ko V£ (o)
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Introduction The theory of the approximation

Theorem 2
For the algorithm
P+l = pt + Qe Zey1,

where oy > 0 satisfy
oo o0
Zat = 00, Zaf < 00, (1.6)
t=0 t=0

and under Assumption 1, with probability 1:
The sequence {f(u:)} converges.
limeoo VF(u:) = 0.
Every limit point pu* of . satisfies Vf(u*) = 0.
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Dynamic problems

Algorithm 2 Generic reinforcement learning algorithm

1. input Update-rule f : © x 8* x A x Z — O, initial parameters 6, € O, policy
T:SX 6O = D(A).

2. fort=1,...,T do

32 ar~7(-|0s) // take action

4:  Observe reward r1, state sy11.

5. Oir1 = f(Or,5t, ar, rev1,Se41) // update estimate

6: end for

Questions

m What should we estimate?

m What policy should we use?
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Dynamic problems

Figure: The chain task

S ‘ S1 ‘ S2 ‘ S3 ‘ S4 ‘ S5
V*(s) 6.672 | 7.111 | 7.689 | 8.449 | 9.449
Q*(s,1) | 6.622 | 6.532 | 6.676 | 6.866 | 7.866
Q*(s,2) | 6.672 | 7.111 | 7.689 | 8.449 | 9.449

Table: The chain task’s value function for v = 0.95
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Dynamic problems Monte-Carlo policy evaluation and iteration

Algorithm 3 Stochastic policy evaluation

1: input Initial parameters vy, Markov policy .

2: for s € S do

3: S = S.

4. fork=1,..., Kdo

5: Run policy 7 for T steps.

6: Observe utility Ux =3, :.

7: Update estimate vi11(s) = vi(s) + ax(Uk — vi(s))
8: end for

9: end for

10: return vk

For ax = 1/k and iterating over all S, this is the same as Monte-Carlo policy evaluation.

Algorithm 4 Approximate policy iteration

1: input Initial parameters vg, inital Markov policy 7o, stochastic estimator f.
2. fori=1,...,N do

3. Get estimate v; = f(v;_1, mi—1).

4:  Calculate new policy m; = argmax,. Zv;.

5: end for
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Dynamic problems Monte-Carlo policy evaluation and iteration

Monte Carlo update

Note that s, ..., st contains sk,...,sT.

Algorithm 5 Every-visit Monte-Carlo update
1: input Initial parameters vy, trajectory si,...,sr, rewards n, ..., rr visit counts n.
2. fort=1,..., T do
3 U= ZZ—ZI re.
4 ne(se) = ne—1(se) + 1
5 ver(s) = ve(S) + Qny(se) (5t) (Ur — vi(st))
6:
7
8

o ne(s) = ne—1(s), ve(s) = ve—1(s) Vs # st
: end for
: return vk

Example 3

Consider a two-state chain with P(s;11 =1|s;=0)=¢d and P(s;31 =1 s =1) =1,
and reward r(1) =1, r(0) = 0. Then the every-visit estimate is biased.
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Dynamic problems Monte-Carlo policy evaluation and iteration

Unbiased Monte-Carlo update

Algorithm 6 First-visit Monte-Carlo update

1: input Initial parameters vy, trajectory si,...,sr, rewards r, ..., rr, visit counts n.

2. Let m € IN®! be trajectory visit counts.

3: fort=1,..., T do

4: Ut = ZtT:I re.

5. ne(se) = ne—1(se) + 1

6:  me(st) = me—1(se) + 1

70 Vea(se) = ve(S) + s (5e)(Ur — ve(se)) if me(se) = 1.
8 ne(s) = ni—1(s), ve(s) = vi—1(s) otherwise

9: end for

10: return vk
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Dynamic problems Monte-Carlo policy evaluation and iteration
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Figure: Error as the number of iterations n increases, for first and every visit Monte Carlo
estimation.
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Dynamic problems  Temporal difference methods

Temporal differences

The full stochastic update is of the form:
vi+1(5) = vi(s) + (U — vi(s)),

Using the temporal difference error d(st, ser1) = v(se) — [r(se) + yv(se+1)],

vir1(s) = vi(s) + QZ’Ytdh di £ d(st, st41) (2.1)
t
Stochastic, incremental, update:
'Ut+1($) = 'Ut(s) + Oé’ytdt. (22)
TD(\)
Temporal-difference operator
Onia() = vai £ ol Ta(i) 2D B [(2) (st 501) | = 1]
t=0
Stochastic update:
vnia(s) = vn(se) +a ) _(7A) " di. (23)
k=t
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Dynamic problems  Temporal difference methods

Algorithm 7 Online TD(\)

1. input Initial parameters vy, trajectories (s, ax, rt)

2: ey = 0.

3: fort=1,...,T do

4 dp 2 d(st, St41) temporal difference

5. eist) =er—1(s) +1 eligibility increase

6: forse S do

7: Ver1(st) = ve(s) + ares(s)d:. update all eligible states
g8: end for

9: €11 = e

10: end for

11: return vt
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Dynamic problems  Value iteration methods

Algorithm 8 Simulation-based value iteration
1: Input u, S.
. Initialise s; € S,v9 € V.
:fort=1,2,... do
: S=s;.

2
3
4
5. m(s) = argmax, P,(s'|s, a)vi—1(s")

6 vel(s) = r(5) + Do Puls' |5, me(5))vin ()

7. ser1~ (1 —€) - P(seq1 | se = a, e, 1) + € - Unif (S).
8: end for

9: Return m,, V.
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Dynamic problems  Value iteration methods
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Figure: Simulation-based value iteration with vg = 0, varying ¢; = 0.1.
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Dynamic problems  Value iteration methods
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Figure: Simulation-based value iteration with vg = 20 = 1/(1 — «), varying e.
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Dynamic problems  Value iteration methods

Algorithm 9 Q-learning

1: Input p, S, €, a.
Initialise sy € S,qo € V.
fort=1,2,... do
s = st.
ac ~ 72, (a | st.q0)
Se41 ~ P(seq1 | 5t = a, e, ).
qr1(st; ar) = qi(st, ar) — a[r(s) + vi(se+1)], where ve(s) = maxac4 q:(s; a).
end for
Return m,, V.

© ®NOD s wN
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Dynamic problems  Value iteration methods
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Figure: Q-learning estimation error with vg = 1/(1 — ), et = 1/ns,, ot € an;2/3.
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Dynamic problems  Value iteration methods
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Figure: Q-learning estimation error with vg = 1/(1 — ), et = 1/ns,, ot € an;2/3.
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Dynamic problems  Value iteration methods

Algorithm 10 Generalised stochastic value iteration

1: Input fio, S, €, at.

2: Initialise s1 € S,q1 € V.

3: fort=1,2,...do

4 ar~ 7l (alse,qe)

5. Observe sii1, rey1.

6:  fir = fle—1 | St, 3¢, Se+1, Me+1. // update MDP estimate.
7. forseS,ae Ado

8 With probability o¢(s, a) do:

ar11(s,a) = qi(s,a) —ae [r(s) +v E P(ser1 =" | sc = s,ar = a, le)ve(s”)

s'eS
9: otherwise g:+1(s, a) = g:(s, a).
10:  end for
11: end for

12: Return m,, V,.
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Dynamic problems  Value iteration methods
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Figure: GSVI with Dirichlet model and single state-action update, with vg = 1/(1 — ~),
et =1/ns,, a; € an;2/3.
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Dynamic problems  Value iteration methods
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Figure: Q-learning with Dirichlet model and single state-action update with vg = 1/(1 — v),
et =1/ns, a; € an;2/3.
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Dynamic problems  Value iteration methods
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Figure: GSVI with Dirichlet model estimation and a uniform sweep over the state-space with
—2/3
vo=1/(1—7), &« =1/ns,, ar € ang, 3.
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Dynamic problems  Value iteration methods
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Figure: GSVI with Dirichlet estimation, and a uniform sweep over the state space, with
—2/3
vo=1/(1—7), &« =1/ns,, ar € ang, 3.
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