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Rewards that depend on the outcome of an experiment

Decisions d € D

[

m Experiments with outcomes in f2.

m Reward r € R depending on experiment and outcome.
[

Utility U : R — R.
Example (Taking the umbrella)

m There is some probability of rain.
m We don't like carrying an umbrella.

m We really don't like getting wet.
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Rewards that depend on the outcome of an experiment Formalisation of the problem

Assumption (Outcomes)

There exists a probability measure P on ({2, F) such that the probability of the random
outcome w being in A C (2 is:

P(w € A) = P(A), VA € Fo. (2.1)

Assumption (Utilities)
Preferences about rewards in R are transitive, all rewards are comparable and there exists

a utility function U, measurable with respect to Fg such that U(r') > U(r) iffr =" r'.

Definition (Reward function)

r = p(w, d). (2.2)
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Rewards that depend on the outcome of an experiment Formalisation of the problem

The probability measure induced by decisions

For every d € D, the function p : 2 x D — R induces a probability Py on R. In fact, for
any B € Fg:
Pu(B) 2 P(p(w, d) € B) = P({w | pl(w, d) € B}). (23)

Assumption

The sets {w | p(w, d) € B} must belong to Fq,. In other words, p must be
Fo-measurable for any d.
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Rewards that depend on the outcome of an experiment Formalisation of the problem

B-e-0-©

(a) The combined decision problem (b) The separated deci-
sion problem

Expected utility

Er(U) = / U(r)dP;(r) = /Q Ulp(w, N]dP) =Ep(U|d =1)  (2.4)
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Rewards that depend on the outcome of an experiment Formalisation of the problem

Example

You are going to work, and it might rain. The forecast said that the probability of rain
(w1) was 20%. What do you do?

m di: Take the umbrella.

m do: Risk it!
pw, d) d o

w1 dry, carrying umbrella | wet
w2 dry, carrying umbrella | dry

Ulp(w, d)] di >
w1 0 -10
w2 0 1

Ep(U[d) | 0 [ -1.2

Table: Rewards, utilities, expected utility for 20% probability of rain.
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m The unknown outcome of the experiment w is called a parameter.
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m The unknown outcome of the experiment w is called a parameter.
m The set of outcomes {2 is called the parameter space.
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m The unknown outcome of the experiment w is called a parameter.
m The set of outcomes {2 is called the parameter space.

e(w’ d) = _U[p(w7 d)]

(2.5)
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Rewards that depend on the outcome of an experiment Formalisation of the problem

Application to statistical estimation

m The unknown outcome of the experiment w is called a parameter.

m The set of outcomes (2 is called the parameter space.

Definition (Loss)
Uw,d) = —U[p(w, d)]. (2.5)
Definition (Risk)

o(P,d) = /Q U(w, d) dP(w). (2.6)
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Rewards that depend on the outcome of an experiment Formalisation of the problem

Application to statistical estimation

m The unknown outcome of the experiment w is called a parameter.

m The set of outcomes (2 is called the parameter space.

Definition (Loss)
Uw, d) = =Up(w, d)]. (2.5)

Definition (Risk)
o(P,d) = /Q (w, d) dP(w). (2.6)

Of course, the optimal decision is d minimising o.
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Bayes risk and Bayes decisions

Bayes risk

Consider parameter space {2, decision space D, loss function £.

Definition (Bayes risk)

o"(P) = inf o(P,d) (3.1)

Remark

For any function f : X — Y, where Y is equipped with a complete binary relation <, we
define, for any A C X
M = inf f(x)
XEA
s.t. M < f(x) for any x € A. Furthermore, for any M’ > M, there exists some x' € A
sit. M' > f(x').
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Bayes risk and Bayes decisions

Example
Let 2 ={0,1} and D = [0,1]. For an o > 1, we define the loss L : 2 x D — R as

Uw,d) = |w—d|*. (3.2)
Assume that the distribution of outcomes is
Pw=0)=u Plw=1)=1-u. (3.3)
For ao =1 we have
o(P,d) =£(0,d)u+£(1,d)(1 — u) = du+ (1 —d)(1—u). (3.4)

Hence, if u > 1/2 the risk is minimised for d* = 0, otherwise for d* = 1.
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Bayes risk and Bayes decisions

Figure: Risk for four different distributions with absolute loss.
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Bayes risk and Bayes decisions

Example
Let 2 ={0,1} and D = [0,1]. For an a > 1, we define the loss L : 2 x D — R as

Yw,d) = |w—d|*. (3.2)
Assume that the distribution of outcomes is
Pw=0)=u Plw=1)=1-u. (3.3)
For a > 1,
o(P,d)=d%u+ (1 —d)*(1 — u), (3.4)

and by differentiating we find that the optimal decision is

(=)

d* =
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Bayes risk and Bayes decisions
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Bayes risk and Bayes decisions

Example (Quadratic loss)

Now consider 2 = R with measure P and D = R. For any point w € R, the loss is
lw,d) = |w—d|*. (3.4)
The optimal decision minimises

E(¢|d) = /}R lw — d> dP(w).

Then, as long as 9/0d|w — d|? is measurable with respect to Fr

55 o= dlap) = | Sk —d ap(w) (3.5)
=2 [ (o= d)ap() (36)
- Z/Rde(w) - 2/RddP(w) (3.7)
= 2E(w) — 2d, (3.8)

so the cost is minimised for d = E(w).
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Consider two probability measures P, Q on (2, Fp).
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Consider two probability measures P, Q on (2, Fp).

These define two alternative distributions for w. For any A For any P, Q and « € [0, 1],
we define

Z,=aP+(1-a)@Q
to mean the probability measure such that

Zo(A) = aP(A) + (1 — @) Q(A)
for any A € Fo.
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Bayes risk and Bayes decisions Concavity of the Bayes risk

Concavity of the Bayes risk

Theorem
For probability measures P, Q on Fgo and any « € [0, 1]

o [aP + (1 - a)Q] > ac™(P) + (1 — a)o*(Q). (3.9)

Proof.
From the definition of risk (2.6), for any decision d € D,

olaP+ (1 — a)Q,d] = ac(P,d) + (1 — a)o(Q, d).
Hence, by definition (3.1) of the Bayes risk,
c'laP+ (1 —a)Q] = Jnga[aP +(1-a)Q,d]

JEE[aU(P’ d)+ (1 - a)o(Q,d)].
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Theorem
For probability measures P, Q on Fg and any « € [0, 1]
o' [aP+ (1 — a@)Q] > ac™(P) + (1 — a)o™(Q). (3.9)
Proof.
o' [aP+ (1-a)Q] = Jng[ao(P, d)+ (1 — a)o(Q,d)].
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Bayes risk and Bayes decisions Concavity of the Bayes risk

Concavity of the Bayes risk

Theorem
For probability measures P, Q on Fg and any « € [0, 1]

c'laP+ (1 —a)Q] > ac™(P) + (1 — a)d™(Q). (3.9)

Proof.
o' laP+ (1-a)Q] = JgE[aa(P, d)+ (1 - a)o(Q,d)].
Since inf[f(x) + g(x)] > infy f(x) + infx g(x),

oc'laP+(1-a)Q] > acilnga(P, d)+(1-a) JEEJ(Q, d)

=ac"(P) + (1 — a)o™(Q).
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Methods for selecting a decision

Mixed decisions

A distribution over decisions
m Consider a probability measure 7 on D.
m We select decisions according to probability
m(A) £ P(d € A).
for any appropriate A C D.

Theorem

Consider any statistical decision problem with probability measure P on outcomes {2 and
with utility function U : 2 x D — R. Further let d* € D such that

E(U | d*) > E(U | d) for all d € D. Then for any probability measure = on D,

E(U | d*) > E(U | 7).
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Methods for selecting a decision

Mixed decisions

Theorem

Consider any statistical decision problem with probability measure P on outcomes {2 and
with utility function U : 2 x D — R. Further let d* € D such that
E(U | d*) > E(U | d) for all d € D. Then for any probability measure w on D,

E(U | d*) > E(U | 7).

Proof.

E(U|w):/DIE(U\d)d7r(d)
g/E(U\d*)dw(d)
:]E(U\d*)/de(d):]E(UM*)

O
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Select d maximising minyew U(w, d).
For some € > 0, select d maximising

(f oo nen ).

(4.1)
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U, = maxmin U(w, d) = min U(w, d")
U* = min max U(w,d) = max U(w™, d),
Note that by definition

(maximin)

(minimax)
U > Uw*,d") > U..

(4.2)
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utility function U(w, d) and a prior distribution P(w;) =1/2.

Consider a problem with two possible outcomes w1, w2, two possible decisions, di, d2, a

U(w, d) d |
w1 -1 0
w2 10 1
E(U|P,d) | 45| 05
ming, U(w, d) | -1

Table: Utility function, expected utility and maximin

0

utility.
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Methods for selecting a decision Alternative notions of optimality

Regret

Consider a problem with two possible outcomes w1, w2, two possible decisions, di, d2, a
utility function U(w, d) and a prior distribution P(w;) =1/2.

U(w,d) d1 d2
w1 -1 0

w2 10 1
E(U[P,d) | 45| 05
min,, U(w, d) | -1 0

Table: Utility function, expected utility and maximin utility.

Definition (Regret)

L(w,T) & max U(w, ") — U(w, ). (4.3)
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Consider a problem with two possible outcomes w1, w2, two possible decisions, di, d, a
utility function U(w, d) and a prior distribution P(w;) =1/2.

U(w, d) d | &
w1 -1 0
w2 10 1
E(U|P,d) | 45| 05
ming, U(w, d) | -1 0

Table: Utility function, expected utility and maximin utility.

L(w, d)

d | o
w1 1 0
w2 0 9
E(L|P,d) | 05 | 45
max, L(w,d) | 1 9

Table: Regret, in expectation and minimax.
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Methods for selecting a decision Minimax problems

Minimax utility, regret and loss

Remark

For each w, there is some d such that:

U(w, d) € max U(w, 7).

Remark

L(w,m) = n(d)L(w,d) >0,

d
with equality iff T is w-optimal.

Remark

L(w, ) = max U(w, d) — U(w, ).

Remark
L(w,7) = —U(w, ) = L(w, ) iff maxg U(w, d) = 0.
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Methods for selecting a decision

Example

(An even-money bet)

Minimax problems

U w1 w2
di 1| -1
d | 0 0

Table: Even-bet utility
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Methods for selecting a decision Two-person games
For two distributions 7,& on D and {2, define our expected utility to be:

Ugm) 2> Uw, d)é(w)r(d). (4.6)

we deD
Then we define the maximin policy 7* such that:

mfin U(&, °) = U. £ max mgin U, ) (4.7)

Then we define the minimax prior £* such that

max U(&*, ) = U* & mgin max U(¢, ) (4.8)
Expected regret

L(¢,m) = n:ﬁxZﬁ(w) {U(w,n") — U(w,7)}

= max U(€, ') — U(E, m). (4.9)
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Methods for selecting a decision Two-person games

Theorem
If there exist £*, " € D and C € R such that

U, m) < C< U )

then

U'=U, = U@ n")=C

Definition
A bilinear game is a tuple (U, =, II, £2, D) with U : & x IT — R such that all £ € = are
arbitrary distributions on {2 and all = € IT are arbitrary distributions on D:

U(¢, ) 2 E(U | £, 7) Zde (d)&(w).

Theorem
For a bilinear game, U™ = U.. In addition, the following three conditions are equivalent:
7 is maximin, £ is minimax and U* = C.
U, n*) > C > U(&",n) forall &,
U(w,n™) > C > U(&*, d) for all w,d.
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Methods for selecting a decision Two-person games

Linear programming formulation

The problem
max mEin U, n),

where &, 7 are distributions over finite domains, can be converted to finding 7 with the
greatest lower bound. Using matrix notation,

max{v7r

where everything has been written in matrix form. Equivalently, we can find £ with the
least upper bound:

Um); > va¥j, > mi=1,m> ov,'},

min {v§ €U <wevi, Y g=1,4> OVj},

J

where everything has been written in matrix form. In fact, one can show that v¢ = v,
thus obtaining Theorem 2.

Christos Dimitrakakis (Chalmers) Decision Problems 1/11/2013 24 / 35



We must choose a decision from D.
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We must choose a decision from D.

There is an unknown parameter w € {2 with measure &.
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We must choose a decision from D.

There is an unknown parameter w € {2 with measure &.
Ourlossis £: 2 x D — R.

a
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=

We must choose a decision from D.

There is an unknown parameter w € {2 with measure &.
Our lossis £: 2 x D — R.

Now consider a family of probability measures on the observation set S:

{to [ we 2}
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BEEE

We must choose a decision from D.

There is an unknown parameter w € {2 with measure &.
Our lossis £: 2 x D — R.

Now consider a family of probability measures on the observation set S:

{to [ we 2}

Let x € S be a random variable with distribution 1,.

«4Or «Fr «=>r «E» = Q>



We must choose a decision from D.

=

There is an unknown parameter w € {2 with measure &.
Ourlossis £: 2 x D — R.
Now consider a family of probability measures on the observation set S:

{to [ we 2}

Let x € S be a random variable with distribution .

B ©

We want to choose d € D, taking into account both £ and the evidence x.
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Decision problems with observations

Obtaining information

We must choose a decision from D.
There is an unknown parameter w € {2 with measure &.
Ourlossis£: 2 x D — R.

Now consider a family of probability measures on the observation set S:

{Yo | w e 2}.

Let x € S be a random variable with distribution ,,.
We want to choose d € D, taking into account both £ and the evidence x.

We want to find a decision function § : S — D that minimises the risk

o(6.0) = E (600 = [ ([ o001 0) (o)
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Decision problems with observations

Minimising the risk

Expected loss of a fixed decision d with w ~ &
ol d) = [ Lw.d)de(w). (51)
Expected loss of a decision function § with fixed w € {2
7(.8) = [ L,60) dv (). (52)
Expected loss of a decision function ¢ with W ~ &

o(€,6) = /Q plw, ) dE(w), o' (6) Zinfo(6.0) = pl6.57).  (5.3)

Christos Dimitrakakis (Chalmers) Decision Problems 1/11/2013 26 / 35



o5 = /ﬂ /s O, 6(x)] d&(w) e ()

_ / / O, 8(x)] de(w | x) dF(x),
SJN
where f(x) = [, 1. (x) dé(w).

(5.4)
(5.5)

§*(x) £ argmaxE¢(4 | x,d) = argma.x/ Uw,d)dé(w | x).
deD dep  Jg
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Decision problems with observations

Bayes decision functions

Extensive form

o(€.6) = /Q / O, 5()] dE () dps () (5.4)
:/S/nﬂ[w,é(x)]df(w|X)df(x), (5.5)

where f(x) = [, Yu(x)dé(w).

§°(x) £ arg maxEe(¢ | x,d) = argmax/ 0w, d) dé(w | x).
[, [t enactw 1 x)ar) = [ {min [ stw,dlaetw )} arto.
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Decision problems with observations

Bayes decision functions

Extensive form

o(€,5) / / fle, 5(x)] AE(w) b () (5.4)
- / /Q o, 5(x)] dé(w | x) dF(x), (55)
where f(x) = [, Yu(x) dé(w).

Definition (Prior distribution)

The distribution & is called the prior distribution of w.

Definition (Marginal distribution)

The distribution f is called the (prior) marginal distribution of x.

Definition (Posterior distribution)
The conditional distribution &(- | x) is called the posterior distribution of w.
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Decision problems with observations Robust inference and minimax priors

Minimax worlds with observations

Consider a utility function U : £2 x D — R. There are two players, the statistician and
nature, each selecting d € D and w € (2 respectively. The statistician's maximin decision
without observations is:

max m|n E(U|w,d) = max m|n U(w, d).

deD wes?

Now consider an observation x € S, with x ~ 9(- | w). The statistician now selects a
decision function 6 € A. For any §, the worst-case expected utility is:

wmel?zE(U | w,d) mln / Ulw, §(x)] depu (x) (5.6)

min D U(w, d)gu (fx € S | 6(x) = d}). (5.7)
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Decision problems with observations Robust inference and minimax priors

Minimax priors with observations

The maximin problem

maxmin (U €.6) = maxmin [ [ Ul 600 dé(e | %) dpe().

The minimax problem
min gqeanE(U | €,8) = 21€|:g/sg1€a5</n Ulw, d] d¢(w | x) dpe(x).

Lemma

If = contains all priors, then

A0t U(¢,9) = inf U(w,d)
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Decision problems with observations Decision problems with two points

Decision problems with two points and hypothesis testing

Table: Cost function of a simple hypothesis testing problem

We observe the value of some random variable X and then choose decision §(X).
Let «(d) be the conditional probability that we choose d» when w = ws.

Let B(d) be the conditional probability that we choose di when w = wy.

Let a2 qP(w=wi) and b 2 o P(w = wp).

The risk of § is:

aa(8) + bB(5) (5.11)
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Decision problems with observations Decision problems with two points

Decision problems with two points and hypothesis testing

Table: Cost function of a simple hypothesis testing problem

The risk of ¢ is:
aa(8) + bB(o) (5.11)
Theorem (Neymann-Pearson lemma)

Let where 1), be densities or probabilities on S. For any a > 0, b > 0, let 6™ be a
decision function such that,

8" (x) = du, if athuy (x) > bibu, (x) (5.12)
8" (x) = do, if @, (x) < bhu,(x), (5.13)

and either di, d> otherwise. Then, for any other §:

aa(8*) + bB(6™) < aa(d) + bB(J)
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Decision problems with observations Calculating posteriors

Posterior distributions for multiple observations

A . A
Assume that we observe a value x" = x1, ..., x, of a random variable X" = Xi,..., X,.
We have a prior £ on {2. For the observations, we write:

Observation probability given history x"~1 and parameter w

U | 6 ) = L)

- du(x"71)

Posterior recursion

b)) _ 60 [ w0l [ X

§lwx") = f(x") f(xn | x"—1)

(5.14)

Christos Dimitrakakis (Chalmers) Decision Problems 1/11/2013 31/35



Decision problems with observations Calculating posteriors

Posterior distributions for multiple independent observations

If (xn | W, x" 1) = 1bu(xa) then 1y,(x") = [1i_, Yw(x«). Then:

Posterior recursion with conditional independence

6nlw) £ gofe | x7) = LeCEL) (5.15)
=&_1(w | xn) = %(HX_,,I)(W) (5.16)

where we define &; to be the belief at time t.

Conditional independence allows us to write the posterior update as an identical recursion
at each time t.
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Decision problems with observations Cost of observations

Observation cost

Expected cost of observation

Let ¢ : S X £2 — R be an observation cost function. Then the expected cost is

Ee[c(x,w)] = /Q /5 c(w, ) dih (x) dE(w). (5.17)

The total risk of observing x and using a decision function ¢

is then given by
o (&,0) + Ee[c(w, x)]
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Decision problems with observations Cost of observations

Fixed cost per observation

m Consider that we can choose the size n of a sample x1,..., xn.

m The cost of the sample of size n is yn.

m Let J, be the (random) Bayes decision function after observing xi, ..., X
dp £ argmin o[€(- | x1, . .., Xn), d] (5.18)
deD

m Thus, the Bayes risk of n observations is
o¢(&,0n) = 0(&,8n) + yn. (5.19)

m Now we have another decision problem: How many observations to take?

Exercise

Prove that if the risk is bounded, then there exists an optimal number n of observations.
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Decision problems with observations Cost of observations

Quick summary

m We want to make a decision against an unknown parameter W.
m The risk is the negative expected utility.

m The Bayes risk is the minimum risk, and it is concave with respect to the
distribution of W.

m Our decisions can depend on observations, via a decision function.

m We can construct a complete decision function by computing o (&, d) for all decision
functions (normal form).

m We can instead wait until we observe x and compute o[£(- | x), d] for all decisions
(extensive form).

m In minimax settings, we can consider a fixed but unknown parameter w or a fixed
but unknown prior £. This links decision theory to game theory.

m When each observation has cost «, there is an optimal value n of minimising
o[&(- | Xn),0n] + vn, where &, is the Bayes decision function after n observations.

m The posterior given multiple observations can be computed recursively using
independence.

m Our decision at a certain time, affects the future information available.

m Problems where future decisions must be considered, require planning ahead and are
called sequential decision problems.
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