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Introduction

Definition 1 (u-greedy policy and value function)

T, € arg max.Zru, v, = Lu, (1.1)

where 7 : § — D (A) maps from states to action distributions.

Parameteric value function estimation

Vo ={vg | 0 € O}, 0" € argmin ||lvg — ul|¢ (1.2)
9co
where || - [ls £ [5] - [do.

Parameteric policy estimation

Il = {mg | 6 € O}, 0" € aregnelin lmo — 7ol (1.3)
€

where 7, = argmax, . ;; Zru
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Introduction  Error bounds

Theorem 2

Consider a finite MDP . with discount factor v < 1 and a vector w € V such that
||u =WV, Hoo = e. If  is the u-greedy policy then

x & 2
HVH - VH”oo = 1167'

In addition, deg > 0 s.t. if € < €p, then 7 is optimal.

Christos Dimitrakakis (Chalmers) Reinforcement Learning: Approximate Dynamic Progra November 21, 2013 4/19



Introduction  Features

Feature mapping £ : S x A — X.

For X C R", the feature mapping can be written in vector form:

fi(s, a)

f(s,a) = (1.4)

f(s,2)
Example 3 (Radial Basis Functions)

Let d be a metric on S x A and {(sj,a;) | i =1,...,n}. Then we define each element of
f as:

f,-(s,a) éexp{—d[(s7 3),(5,’,3,‘)]}. (15)
These function are sometimes called kernels.
Example 4 (Tilings)
Let 4 = {Xi,...,Xa} be a partition of S x A of size n. Then:

fi(s,a) 2 1{(s,a) € Xi}. (1.6)
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Approximate policy iteration

Approximate policy ieration

Algorithm 1 Generic approximate policy iteration algorithm

input Initial value function vo, approximate Bellman operator ., approximate value

estimator V.
for k=1,...do

Tk = argmin_ jﬁvk,1 — $Uk71H // policy improvement
v = argmin, oy [lv — VI¥|| // policy evaluation
end for
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Approximate policy iteration

Theoretical gurantees

Assumption 1
Consider a discounted problem with discount factor vy and iterates vy, mx such that:

loe — V™| < e, Vi 2.1)
| Lren vk — Lok, <6, Vk (2.2)

Theorem 5 ([6], proposition 6.2)

Under Assumption 1
6+ 2ve

it (2.3)

limsup [|V™ — V*|| _ <
k—o0

Christos Dimitrakakis (Chalmers) Reinforcement Learning: Approximate Dynamic Progra November 21, 2013 7/19



Approximate policy iteration Estimation building blocks

Lookahead policies

Single-step lookahead

mq(ali)>0 iff a € argmax q(i, a")
a’eA

q(i,a) & ru(i,a) +7 Y Puli | iy a)u())-

JES

T-step lookahead

7(i; qr) = arg max qr (i, a),
acA

where wy is recursively defined as:

qk(i,a) = ru(i,a) + 7Y Puli | i, a)ux-1(j)
JjES
uk(i) = max{qk(i,a) | a € A}

PR P
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Approximate policy iteration Estimation building blocks

Rollout policies

Rollout estimate of the g-factor

Ki Tx—1

q 1 Z Z r St,k,at,k),

Ki =1 t=0

where st x,ax ~ PL(- | so = i,a0 = a), and Ty ~ Geom(1 — 7).

Rollout policy estimation.

Given a set of samples g(i,a) for i € 5, we estimate

. *
min [0 — 5,

for some ¢ on S

Christos Dimitrakakis (Chalmers) Reinforcement Learning: Approximate Dynamic Progra November 21, 2013 9 /19



Approximate policy iteration The value estimation step

Generalised linear model using features (or kernel)

Feature mapping f : S — R", parameters 8 € R".

ve(s) = ZO,-f,—(s) (2.9)
i=1
Fitting a value function.

c(8) =Y c(0), cs(0) = ¢(s) lva(s) — v(s)ll; - (2.10)

Example 6
Thecase p=2, k=2

0; = 0; — 2a¢(s)[ve(s) — v(s)If(s). 2
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Approximate policy iteration Policy estimation

Generalised linear model using features (or kernel).

Feature mapping f : S — RR", parameters 8 € R".

mo(al )= E52) gls,a) =D 0ii(s,a), hS)= Y a(s,b)

h(s) bk
Fitting a policy through a cost function.

c«(8) =) <(6), cs(0) = &(s) llmo (- | s) = (- [ S)II, -

ses

Thecase p=1, k = 1.

0 = 0; — ad(s) (m(a 15) > fi(s, b) = (s, a)) :

be A
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Approximate policy iteration Rollout-based policy iteration methods

Algorithm 2 Rollout Sampling Approximate Policy Iteration.
for k=1,...do
Select a set of representative states §k
forn=1,...do
Select a state s, € 5, maximising U,(s) and perform a rollout.
If 5%(sy) is optimal w.p. 1 — 6, put s, in 54(6) and remove it from 5.
end for
Calculate gx = Q™* from the rollouts.
Train a classifier mg, , on the set of states 5,(6) with actions a*(s).
end for
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Approximate policy iteration Least Squares Methods

Least square value estimation

Projection.
Setting v = @0 where @ is a feature matrix and 0 is a parameter vector we have
P00 =r + P, PO (2.15)
6 =[(I—7P.)® 'r (2.16)

Replacing the inverse with the pseudo-inverse, with A = (I — P, )P

AL AT (AAT)717

Empirical constructions.

Given a set of data points {(s;, ai, ri,s/) | i =1,...,n}, which may not be consecutive,
we define:

r = (r)i.

D = f(si,ai), D = (D).

Pyx=PuPr, Py r(i,j) =1{j =i+1}
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Approximate policy iteration Least Squares Methods

Algorithm 3 LSTDQ - Least Squares Temporal Differences on g-factors
input data D = {(s‘,a,, riysi) | i=1,...,n}, feature mapping f, policy
6= ($(I—7P.s)

Algorithm 4 LSPI - Least Squares Policy lteration
input data D = {(s;,ai, ri,s;) | i = 1,...,n}, feature mapping f
Set 7o arbitrarily.
for k=1,...do
0, = LSTDQ(D, f,mk_1).
Tk = Mg, -
end for
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Approximate Value Iteration Approximate backwards induction

Vi(s) = max{r(s,a) + v Eu (Vi | e = 5,2 = a)} 3.1)

Iterative approximation

Vils) = max{ r(5,2) + 73 Puls’ | 5, )vea(s)) (32)

v = argmin{”v — W ’ vE V} (3.3)

Online gradient estimation

0t+1 =0: — a:Ve H’Ut - \A/t

(3.4)
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Approximate Value Iteration State aggregation

Aggregated estimate.

Let 4 = {So, S1,...,Sn} be a partition of S, with So =) and 6 € R" and let
fi(st) =1 {s: € Sk}. Then the approximate value function is

v(s) = 0(k), if s € Sk, k#0. (3.5)
Online gradient estimate.
Consider the case ||-|| = ||-||3. For s; € Sk:
6c1(K) = (1 - 0)0u(K) + amaxr(si,a) 7 Y PG| smaju(s)  (36)
J
For s¢ ¢ Sk:
0:.1(k) = 0(k). (3.7)
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Approximate Value Iteration Representative states

Representative states approximation.

Let S be a set of n representative states and 8 € R" and a feature mapping f:

> fils)=1, VseS.
i=1

Representative state update.
For i € &:

0:11(/) = max {r(i, a) +7/vt(s)dP(s | i, a)} (3.8)

with

ve(s) = Z fi()0:(i). (39)
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Approximate Value Iteration Representative states

Bellman error methods

mein lve — Lvel| (3.10)

Gradient update.

When the norm is

lvo — Zvell = 3" Do(s)?,  Do(s) = ve(s) — rneei‘)\(/s velj)dP( | 5,3).  (3.11)

ses

then the gradient update becomes
9t+1 = 91» — aDgr (St)nggt (St) (312)

VQDQI(St) = nggt(st) — / VQ’Ugt(j) dP(J | St, a:) (313)
S

a; = arg max {r(st, a) + w/svg(j) dP(j | st, a)} (3.14)

acA
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m Fitted Q-iteration [2].

m Fitted value iteration [16].

m Rollout sampling policy iteration [13]
m State aggregation [19, 4]

m Bellman error minimisation [1, 12, 14]
m Least-squares methods [8, 7, 15].
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