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AbstratMartin-L�of's type theory is a onstrutive type theory originally oneivedas a formal language in whih to arry out onstrutive mathematis. However,it an also be viewed as a programming language where spei�ations are rep-resented as types and programs as objets of the types. In this work, the useof type theory as a programming language is investigated. As an example, aformalisation of a uni�ation algorithm for �rst-order terms is onsidered.Uni�ation an be seen as the proess of �nding a substitution that makes allthe pairs of terms in an input list equal, if suh a substitution exists. Uni�ationalgorithms are ruial in many appliations, suh as type hekers for di�erentprogramming languages. Uni�ation algorithms are total and reursive, butthe arguments on whih the reursive alls are performed satisfy no syntationdition that guarantees termination. This fat is of great importane whenworking with Martin-L�of's type theory sine there is no diret way of formalisingsuh an algorithm in the theory.The standard way of handling general reursion in Martin-L�of's type the-ory is by using the aessibility prediate Acc whih aptures the idea that anelement a in A is aessible if there exists no in�nite dereasing sequene start-ing from a. As this is a general prediate, it ontains no information that anhelp us when formalising a partiular general reursive algorithm, and then itsuse in the formalisation of the uni�ation algorithm produes an unneessarilylong and ompliated algorithm. On the other hand, funtional programminglanguages like Haskell impose no restritions on reursive programs, and thenwriting an algorithm like the uni�ation algorithm is straightforward. In ad-dition, funtional programs are usually short and self-explanatory. However,there does not exist a powerful framework that allows us to reason about theorretness of Haskell-like programs.Then, the goal of this work is to present a methodology that ombines theadvantages of both programming styles and that an be used for the formal-isation of the uni�ation algorithm. In this way, a short algorithm that anbe proven orret by using the expressive power of onstrutive type theory isobtained.The main feature of the methodology presented here is the introdution ofan indutive prediate, speially de�ned for the uni�ation algorithm, that anbe thought of as de�ning the set of lists of pairs of terms for whih the algo-rithm terminates. This prediate ontains an introdution rule for eah of theases that need to be onsidered and provides an easy syntati ondition thatguarantees termination. The information ontained in this prediate simpli�esthe formalisation of both the algorithm and the proof of its partial orretness.In this way, both the algorithm and the proof are short, elegant and easy tofollow. In addition, it is possible to de�ne a methodology that extrats a Haskellprogram from the type theory formalisation of the uni�ation algorithm that isde�ned by using this speial-purpose prediate.
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Chapter 1IntrodutionMartin-L�of's type theory [ML84, NPS90, CNSvS94℄ is a onstrutive type theoryoriginally oneived as a formal language in whih to arry out onstrutivemathematis. Following the Curry-Howard isomorphism [How80℄, a theorem isrepresented as a type and a proof of the theorem is an objet of the orrespondingtype. Thus, a proof of a theorem is in general a funtion that, given proofs ofthe hypotheses of the theorem, omputes a proof of the thesis.However, Martin-L�of's type theory an also be seen as a programming lan-guage where spei�ations are represented as types and programs as objets ofthe types. Hene, when a spei�ation states the existene of an objet withertain properties, any program that satis�es the spei�ation omputes suhan objet. One an use the expressive power of type theory to reason about pro-gram orretness. This learly is an advantage of onstrutive type theory overstandard programming languages, and therefore the use of type theory in pro-gramming has been the objet of several studies (see for example [ML82, Sza97℄).In this work, we ontinue along this line and investigate the use of Martin-L�of'stype theory as a programming language for the formalisation of a uni�ationalgorithm for �rst-order terms.The uni�ation problem for �rst-order terms an be stated in di�erent ways.In our ase, uni�ation is the proess of �nding a substitution that makes allthe pairs of terms in an input list equal, if suh a substitution exists. Uni�a-tion has beome widely known sine Robinson used it in his resolution priniple[Rob65℄. Uni�ation algorithms are ruial in many appliations, suh as res-olution and non-resolution theorem provers, omputation of ritial pairs forterm rewriting systems, and type hekers and type inferene algorithms fordi�erent programming languages. Uni�ation algorithms for �rst-order termsare total and reursive. In our ase study, the reursive alls are on lists ofpairs of terms. Although we an de�ne a omplexity measure over lists of pairsof terms that stritly dereases in eah reursive all, the reursive alls are onnon-struturally smaller arguments, and then there is no easy syntati ondi-tion that guarantees termination. This fat is of great importane when workingwith Martin-L�of's type theory sine there is no diret way of formalising suh1



2 Introdutionan algorithm in the theory.The standard way of handling general reursion in Martin-L�of's type theoryis by using the aessibility prediate Acc. This prediate aptures the ideathat an element a of type A is aessible (by a ertain less-than relation on A)if there exists no in�nite dereasing sequene starting from a. When we usethis prediate to write the type theory version of a general reursive algorithmthat performs the reursive alls on arguments of type A we proeed as follows.First, we add an extra argument to the formalisation of the algorithm requiringthe input argument of type A to be aessible. In this way, we de�ne thealgorithm only for those inputs that are aessible. When writing the algorithm,in addition to the atual omputations we need to perform, we need to provideproofs showing that the arguments on whih we perform the reursive allsare smaller than the input argument. Hene, as there is no in�nite dereasingsequene that starts from the initial input argument (sine the argument isaessible), we guarantee that the algorithm terminates. Finally, by proving thatall elements of type A are aessible we show that the algorithm is de�ned forall possible inputs. The problem with this formalisation is that, as the standardaessibility prediate is a general prediate, it ontains no information thatan help us when formalising a partiular general reursive algorithm. Thus,the proess we just desribed is not always the best way of formalising generalreursive algorithms in type theory sine it sometimes produes unneessarilylong and ompliated algorithms.Writing general reursive algorithms is not a problem in funtional pro-gramming languages like Haskell [JHe+99℄ sine this kind of language imposesno restritions on reursive programs, whih makes the writing of algorithmslike the uni�ation algorithm straightforward. In addition, funtional programsare usually elegant, self-explanatory and shorter than their imperative versions.However, the existing frameworks that allow us to reason about the orret-ness of Haskell-like programs are weaker than the framework provided by typetheory, and it is basially the responsibility of the programmer to only writeprograms that are orret.In this work, we ombine the advantages of both programming styles whenwriting general reursive algorithms. In this way, we an write general reursivealgorithms in Martin-L�of's type theory that are short, self-explanatory and thatan be proven orret by using the expressive power of type theory. As a �rststep in this proess, we present a methodology that allows us to write a shortand elegant uni�ation algorithm in Martin-L�of's type theory.The main feature of our methodology is the introdution of a indutiveprediate, speially de�ned for the algorithm to be formalised, that an bethought of as de�ning the set of input on whih the algorithm terminates andthat an be used for formalising the desired algorithm in Martin-L�of's typetheory. This prediate ontains an introdution rule for eah of the ases thatneed to be onsidered and provides an easy syntati ondition that guaranteestermination.In our ase study, we all this indutive prediate UniAcc and we think of itas de�ning the set of lists of pairs of terms on whih our uni�ation algorithm



3terminates. In other words, a list of pairs of terms lp satis�es the prediate
UniAcc if our algorithm terminates on the input list lp. To de�ne this predi-ate, we present a(n almost) mehanial method that, given a Haskell versionof the uni�ation algorithm, onstruts an introdution rule of the prediate foreah of the ases we need to onsider when writing the algorithm. The methodis suh that, given a list of pairs of terms lp, there is one and only one intro-dution rule of the prediate that an be used for proving that the prediateholds for this partiular list lp. In addition, the premises of this introdutionrule are the neessary onditions that should be satis�ed in order to ensure thetermination of our uni�ation algorithm on the input lp. Moreover, the infor-mation ontained in the rule for lp is extrated from the equation of the Haskellversion of the uni�ation algorithm that de�nes the result of the algorithm forthe list lp. Observe that, if for the input lp the uni�ation algorithm performsa reursive all on the list lp0, the uni�ation algorithm an only terminate onthe input lp if it terminates on the input lp0. Hene, a proof that the list lp0satis�es the prediate is required as a premise of the (only) introdution rulethat allows us to show that the list lp satis�es our speial prediate.One we have de�ned our speial prediate, we proeed as follows to writethe type theory version of the uni�ation algorithm. First, we add an extraargument to the formalisation of the algorithm requiring that the input list ofpairs of terms satis�es the prediate UniAcc (whih means, intuitively, that thealgorithm terminates on this partiular input) and we de�ne the algorithm byreursion on this extra argument. To write the algorithm we perform patternmathing over the proof that the initial list to be uni�ed satis�es our prediate,obtaining one equation for eah of the introdution rules of the prediate. Aseah introdution rule of the prediate orresponds to one of the ases onsid-ered in the Haskell version of the algorithm, the type theory equations of thealgorithm losely follow the orresponding Haskell ases. In eah of the reur-sive equations we should supply a proof that the new list to be uni�ed satis�esthe speial prediate. Reall that, in eah of the reursive equations, this infor-mation is atually one of the arguments of the proof that the initial input listsatis�es the prediate UniAcc. Hene, we just need to selet the orrespondingargument and supply it to the reursive all. Observe that this ensures thatthe algorithm is de�ned by strutural reursion on the proof that the list to beuni�ed satis�es the prediate UniAcc. Finally, by proving that all lists of pairsof terms satisfy our speial prediate, we show that the algorithm is de�ned forall possible inputs.If we ompare the version of the uni�ation algorithm that uses the standardaessibility prediate (whih is presented in setion 4.4.1) and the version ofthe uni�ation algorithm that uses our speial prediate (whih is presented insetion 4.5.2), we see that the latter is more ompat and easier to read thanthe former and it is exatly our speial prediate that allows us to obtain thisimprovement. The main reasons for this improvement are the following:� The way we de�ne the prediate UniAcc ensures that we have one (andonly one) introdution rule for eah of the ases we need to onsider.



4 IntrodutionIn this way, by doing pattern mathing over the proof that the inputlist satis�es the prediate we obtain, at one, all the di�erent ases weneed to onsider. On the other hand, if we use the standard aessibilityprediate Acc for de�ning the uni�ation algorithm we need to do severalase analyses to obtain the di�erent ases we need to onsider.� Our prediate UniAcc provides an easy syntati ondition that guaranteestermination if we de�ne the algorithm by reursion on the proof that theargument to be uni�ed satis�es the prediate.� The proofs that the lists on whih we perform the reursive alls are smallerthan the original list are essential to guarantee the termination of thetype theory version of the uni�ation algorithm that uses the standardaessibility prediate to handle the reursive alls. However, these proofsadd a onsiderable amount of ode to the algorithm and also distrat ourattention from the atual uni�ation proess sine they do not have anyomputational ontent.As these proofs are not needed in the type theory version of the uni�ationalgorithm that uses the prediate UniAcc to handle the reursive alls(sine this prediate provides an easy syntati ondition that guaranteestermination), the resulting algorithm gets onsiderably shorter and learer.Atually, our speial prediate allows us to move these long proofs fromthe real uni�ation proess to the proof that the prediate UniAcc holdsfor all possible inputs. We show that our speial prediate holds for allpossible inputs (and hene, that our uni�ation algorithm is total) in afuntion that is ompletely separate from the atual uni�ation proess.Unfortunately, we did not ome up with a nie proof that our prediateholds for all possible inputs.In addition to the type theory ode of the uni�ation algorithm and theproof that it is de�ned for all possible inputs, we also prove several lemmas thatshow that the algorithm is partially orret. Here, we an see that these proofsalso bene�t from the de�nition of our speial prediate. Mainly for the reasonspointed out above, these proofs are short and easy to follow.Finally, we integrate the atual uni�ation proess and its partial orretnessinto the omplete spei�ation of our uni�ation algorithm. One more, we useour speial prediate in this integrated approah for the uni�ation algorithmin Martin-L�of's type theory and bene�tted from its de�nition in the same wayas before.Both the formalisation of the uni�ation algorithm and all the propertieswe present in this work have been mahine-heked in ALF [Mag92, AGNvS94,MN94℄, whih is an interative proof assistant for Martin-L�of's type theoryextended with pattern mathing [Coq92℄. Although ALF does not support pro-gram extration, we disuss a methodology that allows us to extrat a Haskellprogram from the formalisation of the uni�ation algorithm that uses our speialprediate to handle the reursive alls. The Haskell version of the uni�ation al-gorithm that results from applying our program-extration methodology (whih



1.1 Overview of the Thesis 5is presented in setion 4.6) is very similar to the Haskell version of the algorithmthat we used for onstruting the prediate UniAcc. Atually, we an think ofthe proess that given a Haskell version of the uni�ation algorithm onstrutsits type theory version, and the proess that extrats a Haskell program fromour type theory version of the algorithm as inverses of eah other.We end this setion by summarising the advantages of the methodology wepresent in this work to onstrut our type theory version of the uni�ationalgorithm.� The way we de�ne our speial prediate ensures that we have one intro-dution rule for eah of the ases we need to onsider when writing thealgorithm.� Our speial prediate provides an easy syntati ondition that guaranteesthe termination of the algorithm.� Our speial prediate allows us to separate the atual uni�ation proessand its partial orretness from the total orretness of it.� These three points allow us to obtain a type theory version of the uni�a-tion algorithm that is short and elegant.� For the reasons pointed out above, our speial prediate also simpli�es allthe proofs we present in this work. Eah of the proofs we present here isshort and elegant.� The methodology we present here allows us to extrat a Haskell algorithmfrom our type theory version of the uni�ation algorithm.� Finally, we believe that the methodology we use for the uni�ation al-gorithm an be used for writing other total and general reursive algo-rithms in type theory. In this way, we think that this methodology gives astep towards losing the existing gap between programming in a Haskell-like programming language and programming in Martin-L�of's type theory.However, the generalisation of this methodology to all total and generalreursive algorithms remains to be studied.This paper is intended for readers who have some basi knowledge of Martin-L�of's type theory. In what follows, sometimes we use \type theory" as anabbreviation for \Martin-L�of's type theory".1.1 Overview of the ThesisThis thesis is organised as follows:In hapter 2, we give a brief introdution to Martin-L�of's type theory andits interative proof assistant ALF, and we present some general set formers andonstrutors in Martin-L�of's type theory together with some of their operatorsand properties.



6 IntrodutionIn hapter 3, we present the formalisation of a small and general reursivealgorithm in Martin-L�of's type theory: division-by-two over natural numbers.By using this very simple example, we illustrate the methodology we introduehere for writing general reursive algorithms in type theory. In addition, weshow the advantages of this methodology over the standard way of de�ninggeneral reursive algorithms in type theory, whih is by using the aessibilityprediate Acc.In hapter 4, we introdue the Haskell version of the uni�ation algorithmthat we onsider and we give an informal explanation of its termination. Afterintroduing the neessary de�nitions in ALF, we desribe how we an write theuni�ation algorithm in type theory by using the standard aessibility predi-ate, and we show why the use of this prediate to write the uni�ation algorithmin type theory is not a good solution in our ase. Then, we present a speialprediate for the uni�ation algorithm and we show how we an use this pred-iate to write the uni�ation algorithm in Martin-L�of's type theory, obtaininga short and self-explanatory algorithm. Finally, we disuss a methodology thatallows us to extrat a Haskell program from the formalisation of the uni�ationalgorithm that uses our speial prediate to handle the reursive alls.In hapter 5, we introdue a few more de�nitions and some properties ofsubstitutions whih will be used in the following two hapters to prove the partialorretness of the algorithm Unify and to present the integrated approah to theuni�ation algorithm.In hapter 6, we present the partial orretness of our formalisation of theuni�ation algorithm. That is, we prove that the uni�ation algorithm returnsthe value error only if there exists no substitution that uni�es the input list ofpairs of terms; otherwise it returns an idempotent substitution that is a mostgeneral uni�er of the input list of pairs of terms and whose variables are inludedin the set of variables in the input list.In hapter 7, we present the internal or integrated approah to the uni�ationalgorithm. In other words, we integrate the atual uni�ation proess and itspartial orretness into a omplete spei�ation of the uni�ation algorithm,and we prove that there is an objet that satis�es this spei�ation.In hapter 8, we present some onlusions, related work and future work.In appendix A, we explain the ALF proofs of the inequalities over lists ofpairs of terms presented in setion 4.2 to justify the termination of the uni�ationalgorithm.In appendix B, we disuss the proof that shows that all lists of pairs of termssatisfy the speial prediate UniAcc.Finally, appendix C ontains the omplete ALF ode for the formalisationof the uni�ation algorithm in Martin-L�of's type theory.



Chapter 2Introdution toMartin-L�of's Type Theoryand ALFHere, we �rst give a brief introdution to Martin-L�of's type theory and its inter-ative proof assistant ALF, and then we present some general set formers andonstrutors in Martin-L�of's type theory, together with some of their operatorsand properties.2.1 Brief Introdution to Martin-L�of's TypeTheoryAlthough this paper is intended mainly for those who already have some knowl-edge of type theory, and in partiular of Martin-L�of's type theory, we presentin this setion a brief introdution to this theory to make the following setionsmore readable. For a more omplete introdution to the subjet, the reader anrefer to [ML84, NPS90, CNSvS94℄.Martin-L�of's type theory has a basi type and two type formers. The basitype is the type of sets. For eah set S, the elements of S form a type. Given atype � and a family � of types over �, we an onstrut the funtion type from� to �. We write a ∈� for \a is an objet of type �".Sets, elements of sets and funtions are explained as follows:Sets: Sets are indutively de�ned. In other words, a set is determined by therules that onstrut its elements, that is, the set's onstrutors. We write Setto refer to the type of sets.Elements of Sets: For eah set S, the elements of S form a type alled El(S).However, for simpliity, if a is an element in the set S, we say that a has type7



8 Introdution to Martin-L�of's Type Theory and ALFS, and thus we simply write a ∈S instead of a ∈ El(S).Dependent (and non-dependent) Funtions: A dependent funtion is afuntion in whih the type of the output depends on the value of the input. Toform the type of a dependent funtion, we �rst need a type � as domain andthen a family of types over �. If � is a family of types over �, then to everyobjet a of type � there is a orresponding type �(a).Given a type � and a family � of types over �, we write (x ∈�)�(x) for thetype of dependent funtions from � to �. If f is a funtion of type (x ∈�)�(x)then, when applying f to an objet a of type � we obtain an objet of type�(a). We write f(a) for suh an appliation.A (non-dependent) funtion is onsidered a speial ase of a dependent fun-tion, where the type � does not depend on a value of type �. When this is thease, we may write (�)� for the funtion type from � to �.Prediates and relations are seen in type theory as funtions yielding propo-sitions as output. As well as sets, propositions are indutively de�ned. So, aproposition is determined by the rules that onstrut its proofs. To prove aproposition P , we have to onstrut an objet of type P . In other words, aproposition is true if we an build an objet of type P and it is false if the typeP is not inhabited. We write Prop to refer to the type of propositions. However,the way propositions are introdued allows us to identify propositions and sets,and then we usually write Set instead of Prop.2.2 Brief Introdution to ALFALF (Another Logial Framework) is an interative proof assistant for Martin-L�of's type theory extended with pattern mathing [Coq92℄. In Martin-L�of'stype theory, theorems are identi�ed with types and a proof is an objet of thetype, generally a funtion mapping proofs of the hypotheses into proofs of itsthesis. ALF ensures that the onstruted objets are well-formed and well-typed. Sine proofs are objets, heking well-typing of objets amounts toheking orretness of proofs. For more information about ALF see [Mag92,AGNvS94, MN94℄.A set former, or in general, any indutive de�nition is introdued as a on-stant S of type (x1 ∈�1; : : : ; xn ∈�n)Set, for �1; : : : ; �n types. For eah setformer, we have to introdue the onstrutors assoiated with the set whihonstrut the elements of S(a1; : : : ; an), for a1 ∈�1; : : : ; an ∈�n.Abstrations are written in ALF as [x1; : : : ; xn℄ e and theorems are intro-dued as dependent types of the form (x1 ∈�1; : : : ; xn ∈�n)�(x1; : : : ; xn). Ifthe name of a variable is not important, one an simply write (�) instead of(x ∈�), both in the introdution of indutive de�nitions and in the delarationof (dependent) funtions. Whenever (x1 ∈�; x2 ∈�; : : : ; xn ∈�) ours, ALFdisplays (x1; x2; : : : ; xn ∈�) instead.



2.2 Brief Introdution to ALF 9A funtion an be de�ned by performing pattern mathing over one (or more)of its arguments. The various ases in the pattern mathing are exhaustive andmutually disjoint. Moreover, they are omputed by ALF aording to the de�-nition of the set to whih the seleted argument belongs. In general, theoremsare proven by primitive reursion on one of its arguments. Unfortunately, ALFdoes not hek well-foundedness when working with reursive proofs. However,for the proofs we present in this paper termination is guaranteed beause wealways apply the reursion on a struturally smaller argument. When provinga theorem by reursion on an argument a of type A, we �rst perform patternmathing over the argument a to obtain all the possible ases for a. Then, toeah of the reursive alls we supply the orresponding proper sub-pattern ofthe proof a, whih should be of type A. In this way, heking well-foundednessin our proofs is easy { even if rather tedious { to perform manually.Sometimes, it is useful to de�ne a funtion by doing ase analysis on anelement a of type A. For this, we an use ALF's case expression. The result ofonsidering ases on a ∈A is similar to the result of performing pattern mathingover a. The di�erene is that, when we do ase analysis on a, a does not needto be an argument of the funtion we want to de�ne but any proof of A. Hene,we an use any other previously de�ned funtion to onstrut the proof a ofA. One again, the various ases in the ase analysis are exhaustive, mutuallydisjoint and omputed by ALF aording to the de�nition of the set A.The following example shows how we an return the value zero or one de-pending on whether or not the natural numbers n and m are equal.
ex1 ∈ (n, m ∈ N) N

ex1(n, m) ≡ case Ndec(n, m) ∈ Dec(=(n, m))  of
yes(h) ⇒ 0
no(h) ⇒ 1

endHere, we perform ase analysis on the proof that the equality of n and m isdeidable and we obtain two ases: either the numbers are equal or not. In the�rst ase, both numbers are equal (and h is a proof of that) and we return thevalue zero. In the seond ase, the numbers are not equal (and h is a proof ofthat) and we return the value one. Although it was not neessary in our verysimple example, we an use the argument h as part of the resulting value ineah of the two ases.In partiular, if we do ase analysis on a proof a of absurdity, that is, wehave a ∈ ⊥, we do not obtain any ase to study sine there does not exist anyproof of absurdity. In this way, we an use the ase analysis as an ⊥ eliminationoperator. In the same way, if we study ases on the proof that a ∈A when A isisomorphi to absurdity (for example, when A is a set stating that zero is equalto suessor n or that suessor of n is less than zero, for a natural number n)we do not obtain any ase to onsider.The following example shows how we an prove that a natural number n isless than a natural number m if we have a proof that m is less than zero.



10 Introdution to Martin-L�of's Type Theory and ALF
ex2 ∈ (n, m ∈ N; <(m, 0)) <(n, m)

ex2(n, m, h) ≡ case h ∈ <(m, 0)  of
endHere, h is a proof that m is less than zero. For eah of the possible ways ofonstruting the proof h, we want to onstrut a proof that n is less than m. Asthere is no natural number less than zero, there is no ase in the ase analysis,and hene the proof of the thesis is trivial.2.3 Working with ALFAll of the ALF de�nitions and proofs we present here and in later setions havebeen pretty printed by ALF itself. That is, all of them have been heked inALF. In addition, we have made use of the layout faility of ALF that allows usto hide the delaration of some parameters, in the de�nitions of both sets andtheorems. However, this has only been done when the hidden parameters donot ontribute to the understanding of the de�nition. In general, the riterionused when hiding delarations is the following: when de�ning a funtion (or aset), we hide the delaration a ∈A if the parameter a ours later on as partof the delaration of any other argument of the funtion (or the set), unless weperform pattern mathing over the parameter a when de�ning the funtion.In the following example, ex3is a funtion that takes a proof that the naturalnumber n is less than or equal to the natural number m into a proof that thesuessor of n is less than or equal to the suessor of m.

ex3 ∈ (≤(n, m)) ≤(s(n), s(m))Notie that the delarations n ∈ N and m ∈ N are hidden. However, they donot ontribute to the understanding of the de�nition sine we an easily inferthe types of n and m from the fats that the relation ≤ and the funtion s areonly de�ned for natural numbers.In the next example, ex4 is a funtion that, given three natural numbers n,m and p, takes a proof that n is less than the addition of m and p into a proofthat n is less than the addition of the suessor of m and p.
ex4 ∈ (p ∈ N; <(n, +(m, p))) <(n, +(s(m), p))Here, as the addition operator, the less-than relation and the funtion s arede�ned only for natural numbers, we an easily infer that the variables n, m andp should be natural numbers. Thus, we an hide the delarations of these threearguments. However, we need to perform pattern mathing over the numberp as part of the de�nition of the funtion ex4, and then we do not hide thedelaration of p.We now present some general set formers and onstrutors in Martin-L�of'stype theory, together with some of their operators and properties.



2.3 Working with ALF 112.3.1 Logial ConstantsSee setion C.1 for the omplete de�nitions of the following logial onstantsand their properties.Absurdity: The set former is ⊥ ∈ Set, and has no onstrutors.And: Represents onjuntion of two propositions. Here, we present the setformer and its only onstrutor, and the type of the operators that selet the �rstand seond proposition of the onjuntion. See setion C.1.2 for the ompleteALF ode.
∧ ∈ (A, B ∈ Set) Set

∧I ∈ (a ∈ A; b ∈ B) ∧(A, B)
fst ∈ (∧(A, B)) A
snd ∈ (∧(A, B)) BOr: Represents disjuntion of two propositions. Here, we present the set for-mer and its two onstrutors.
∨ ∈ (A, B ∈ Set) Set

∨L ∈ (a ∈ A) ∨(A, B)
∨R ∈ (b ∈ B) ∨(A, B)Imply: Represents impliation between two propositions. Here, we presentthe set former and its only onstrutor, the type of the elimination operatorassoiated with impliation and the type of the transitivity property for impli-ation. See setion C.1.6 for the omplete ALF ode.

⇒ ∈ (A, B ∈ Set) Set
⇒I ∈ (f ∈ (A) B) ⇒(A, B)

⇒E ∈ (f ∈ ⇒(A, B); a ∈ A) B
⇒trans ∈ (⇒(A, B); ⇒(B, C)) ⇒(A, C)Equivalene: Now, we an present the de�nition of logial equivalene as thefollowing abbreviation:
⇔ ∈ (A, B ∈ Set) Set

⇔ ≡ [A, B]∧(⇒(A, B), ⇒(B, A))Not: Represents the negation operator. This operator is atually de�ned asan abbreviation.
¬ ∈ (A ∈ Set) Set

¬ ≡ [A]⇒(A, ⊥)



12 Introdution to Martin-L�of's Type Theory and ALFExists: Represents the existential quanti�er. Here, we present the set formerand its only onstrutor, and the type of the operators that selet the elementthat satis�es the proposition and the proof that this partiular element satis�esthe proposition. See setion C.1.5 for the omplete ALF ode.
∃ ∈ (A ∈ Set; B ∈ (A) Set) Set

∃I ∈ (a ∈ A; b ∈ B(a)) ∃(A, B)
witness ∈ (∃(A, B)) A
proof ∈ (h ∈ ∃(A, B)) B(witness(h))Forall: Represents the universal quanti�er. Here, we present the set formerand its only onstrutor, and the type of the elimination operator assoiatedwith the universal quanti�er. See setion C.1.8 for the omplete ALF ode.
∀ ∈ (A ∈ Set; B ∈ (A) Set) Set

∀I ∈ (f ∈ (a ∈ A) B(a)) ∀(A, B)
∀E ∈ (∀(A, B); a ∈ A) B(a)2.3.2 Some Useful General PrediatesSee setion C.2 for the omplete de�nitions of the following prediates and theirproperties.Identity: Represents propositional equality. Its only onstrutor states thatan objet is equal to itself. Together with the de�nition of the set, we provethe symmetry and transitivity properties, the ongruene property with respetto funtions of one and two arguments, and two substitutivity properties. Be-low, we present the de�nition of the prediate and the types of the mentionedproperties. See setion C.2.3 for the omplete ALF ode.
= ∈ (a, b ∈ A) Set

refl ∈ (a ∈ A) =(a, a)
=symm ∈ (=(a, b)) =(b, a)
=trans ∈ (=(a, b); =(b, c)) =(a, c)
=cong1 ∈ (f ∈ (A) B; =(a1, a2)) =(f(a1), f(a2))
=cong2 ∈ (f ∈ (A; B) C; =(a1, a2); =(b1, b2)) =(f(a1, b1), f(a2, b2))
=subst1 ∈ (=(a, b); P(a)) P(b)
=subst2 ∈ (=(a, b); =(c, d); R(b, c)) R(a, d)Although the following two prediates are not as general as the previous one,they play an important role in the following setions.Aessibility: Represents the standard aessibility prediate, whih is thestandard way to handle general reursion in type theory (see [Az77, Nor88℄).Given a set A, a binary relation � on A and an element a in A, we an formthe set Acc(A;�; a). This set is inhabited if, given ai in A for 1 6 i, there existsno in�nite desending sequene : : : � a2� a1�a. If this is the ase, we say thata is in the well-founded part of � in A or that a is aessible by � in A.



2.3 Working with ALF 13Construtively, we say that an element a in A is aessible if all elementssmaller than a are aessible. In partiular, if a is an initial element (that is,there is no x in A suh that x� a), then a is aessible. This idea an beexpressed by the following introdution rule for the aessibility prediate:a ∈A p ∈ (x ∈A; h ∈x� a)Acc(A;�; x)
acc(a; p) ∈ Acc(A;�; a)Notie that, in this way, we are able to apture the notion of in�nite desendingsequene in a single rule.The elimination rule assoiated with the aessibility prediate, also knownas the rule of well-founded reursion, is the following:a ∈Ah ∈ Acc(A;�; a)e ∈ (x ∈A; h0 ∈ Acc(A;�; x); p ∈ (y ∈A; h1 ∈ y�x)P (y))P (x)

wfrec(a; h; e) ∈P (a)and its omputation rule is the following:
wfrec(a; acc(a; p); e) = e(a; acc(a; p); [y; h℄wfrec(y; p(y; h); e)) ∈P (a)If all the elements in A are aessible by�, the set A is said to be well-foundedby �, whih is denoted by WF(A;�).Below, we present the ALF de�nition of the aessibility prediate, the typeof the well-foundedness prediate and the type of the elimination operator as-soiated with the aessibility prediate.

Acc ∈ (A ∈ Set; less ∈ (A; A) Set; a ∈ A) Set
acc ∈ (a ∈ A; (x ∈ A; less(x, a)) Acc(A, less, x)) Acc(A, less, a)

WF ∈ (A ∈ Set; less ∈ (A; A) Set) Set
wfrec ∈ (a ∈ A;

Acc(A, less, a);
e ∈ (x ∈ A; Acc(A, less, x); (y∈A;less(y, x))P(y)) P(x)

) P(a)See setion C.2.1 for the omplete ALF de�nition of this prediate.Deidability: We an think of this prediate as the set of deidable proposi-tions. The set former has two onstrutors, depending on whether a propositionor its negation an be proven.
Dec ∈ (Set) Set

yes ∈ (h ∈ P) Dec(P)
no ∈ (h ∈ ¬(P)) Dec(P)Observe that another possible way to de�ne this prediate is the following:

Dec ∈ (Set) Set
Dec ≡ [P]∨(P, ¬(P))



14 Introdution to Martin-L�of's Type Theory and ALF2.3.3 Some Useful General Data TypesSee setion C.3 for the omplete de�nitions of the following data types and theirproperties.List: The set of lists over a set A. Here, we present the set former and its twoonstrutors, the type of the funtion that onatenates two lists and the typeof the membership, non membership, disjoint and inlusion relations over lists.
List ∈ (A ∈ Set) Set

[] ∈ List(A)
: ∈ (l ∈ List(A); a ∈ A) List(A)

++ ∈ (l1, l2 ∈ List(A)) List(A)
∈L ∈ (a ∈ A; l ∈ List(A)) Set
∉L ∈ (a ∈ A; l ∈ List(A)) Set
Disjoint ∈ (l, l1 ∈ List(A)) Set
⊆ ∈ (l1, l2 ∈ List(A)) SetWe also de�ne several properties of lists. See setion C.3.2 for the ompleteALF de�nitions and properties of lists.N: The set of natural numbers. In addition to the set of natural numbers, wede�ne addition and the relations less-than and less-than or equal-to. Here, wepresent the set former and its two onstrutors, and the type of the additionand the two relations we mentioned above.
N ∈ Set

0 ∈ N
s ∈ (n ∈ N) N

+ ∈ (n, m ∈ N) N
< ∈ (n, m ∈ N) Set
≤ ∈ (n, m ∈ N) SetWe also prove several properties of natural numbers. Among them we prove thedeidability of the equality of natural numbers, the assoiativity and ommuta-tivity of addition, and we prove that N is well-founded by <. See setion C.3.4for the omplete ALF de�nitions and properties of natural numbers.Pair: The set of pairs over the sets A and B. Below, we give the set formerand its only onstrutor.
Pair ∈ (A, B ∈ Set) Set

. ∈ (a ∈ A; b ∈ B) Pair(A, B)



Chapter 3A Small ExampleIn this hapter, we present the formalisation of a small and general reursivealgorithm in Martin-L�of's type theory: division-by-two over natural numbers.By using this very simple example, we illustrate the methodology we introduein this work for writing general reursive algorithms in type theory. In addition,we show the advantages of this methodology over the standard way of de�ninggeneral reursive algorithms in type theory, whih is by using the aessibilityprediate Acc.Here, we follow the same proess as the one we use in the next hapter to de-�ne the uni�ation algorithm in type theory. That is, we �rst de�ne the Haskellversion of the algorithm. Then, we de�ne the type theory version of the algo-rithm that uses the standard aessibility prediate Acc to handle the reursivealls and we point out the problems of this formalisation. Afterwards, we de-�ne a speial-purpose aessibility prediate, whih we all DivAcc, spei�allyde�ned for this ase study. Intuitively, this prediate an be seen as de�ningthe set of natural numbers on whih the division-by-two algorithm terminates.Then, we show that atually all natural numbers satisfy this prediate, whihmeans that the division-by-two algorithm terminates on all possible inputs. Fi-nally, we write a new (and �nal) version of the division-by-two algorithm intype theory that is de�ned by strutural reursion on the proof that the naturalnumber to be divided satis�es the prediate DivAcc. We end this hapter byshowing that the methodology we introdue here for writing the division-by-twoalgorithm in type theory admits a program-extration proess.3.1 The Haskell Version of the AlgorithmIn order to de�ne the Haskell algorithm that divides a natural number by two, we�rst de�ne the set of natural numbers in Haskell, the addition and subtrationoperations (<+> and <-> respetively) over natural numbers, and the less-thanrelation << over natural numbers. 15



16 A Small Exampledata Nat = Z | S Natone = S Ztwo = S (S Z)(<+>) :: Nat -> Nat -> Natn <+> Z = nn <+> (S m) = S(n <+> m)(<->) :: Nat -> Nat -> Natn <-> Z = nZ <-> m = Z(S n) <-> (S m) = n <-> m(<<) :: Nat -> Nat -> Booln << Z = FalseZ << (S m) = True(S n) << (S m) = n << mNow, the Haskell algorithm that divides a natural number by two an bede�ned as follows:div2 :: Nat -> Natdiv2 n | n << two = Z| not(n << two) = one <+> (div2 (n <-> two))Here, we ignore eÆieny aspets suh as the fat that the expression n << twois omputed twie.It is easy to see that this is a total algorithm that terminates on all possibleinputs. However, the reursive all is made on an argument that is not stru-turally smaller than the argument n, though the value of the argument n� 2 onwhih we perform the reursive all is less than n. The fat that the reursiveall is made on a non-struturally smaller argument is of great importane whenworking in Martin-L�of's type theory sine there is no diret way of formalisinggeneral reursive algorithms in the theory.3.2 Using the Standard Aessibility Prediatefor the FormalisationBefore introduing the type theory version of the algorithm div2 that uses thestandard aessibility prediate to handle the reursive all, we present the om-plete type theory de�nitions of the addition and subtration operations, and theless-than relation over natural numbers. Reall that the de�nition of the set ofnatural numbers was already introdued in setion 2.3.3.



3.2 Using the Standard Aessibility Prediate for the Formalisation 17
+ ∈ (n, m ∈ N) N

+(n, 0) ≡ n
+(n, s(m1)) ≡ s(+(n, m1))

− ∈ (n, m ∈ N) N
−(n, 0) ≡ n
−(0, s(m1)) ≡ 0
−(s(n1), s(m1)) ≡ −(n1, m1)

< ∈ (n, m ∈ N) Set
<0 ∈ (m ∈ N) <(0, s(m))
<s ∈ (<(n, m)) <(s(n), s(m))In what follows, assume 1 ∈ N and 2 ∈ N to be de�ned as expeted. Inorder to present the type theory version of the algorithm that uses the standardaessibility prediate to handle the reursive all, we need to de�ne two lemmas.The �rst lemma shows that it is deidable whether or not a natural number isless than two. This lemma has the following type in ALF:

<2dec ∈ (n ∈ N) Dec(<(n, 2))The seond lemma establishes that if the natural number n is not less thantwo, then the result of subtrating two from n is less than n. This lemma hasthe following type in ALF:
<−2 ∈ (n ∈ N; ¬(<(n, 2))) <(−(n, 2), n)Now, we present the type theory version of the division-by-two algorithmthat uses the standard aessibility prediate Acc to handle the reursive all.
div2acc ∈ (n ∈ N; Acc(N, <, n)) N

div2acc(n, acc(_, h1)) ≡ case <2dec(n) ∈ Dec(<(n, 2))  of
yes(h) ⇒ 0
no(h) ⇒ +(1, div2acc(−(n, 2), h1(−(n, 2), <−2(n, h))))

endThis algorithm is de�ned by reursion on the proof that the natural numberto be divided is aessible by <. To de�ne the algorithm, we onsider asesdepending on whether or not n is less than two. If so, we return the value zero.Otherwise, we add one to the result of dividing n� 2 by two, whih means thatwe have to all the algorithm reursively on the value n� 2, and we have tosupply a proof that the value n� 2 is aessible, whih is given by the expressionh1(−(n; 2); <−2(n; h)).As the funtion allaccN gives us a proof that any natural number is aessibleby < 1, we an de�ne the algorithm that divides any natural number by two asfollows:
Div2acc ∈ (n ∈ N) N

Div2acc(n) ≡ div2acc(n, allaccN(n))The main disadvantage of this formalisation of the algorithm is that wehave to supply a proof that n� 2 is aessible by < to the reursive all. Thisproof has no omputational meaning and its only purpose is to serve as a stru-turally smaller expression on whih to perform the reursion and, in this way,guarantee the termination of the division-by-two algorithm. As we alreadymentioned, the proof that n� 2 is aessible by < is given by the expressionh1(−(n; 2); <−2(n; h)), whih uses a proof that n� 2 is less than n. Notie that,even for suh a small example, this aessibility proof distrats our attentionfrom the atual division proess and enlarges the ode of the algorithm.1See setion C.3.4 for the proof that all natural numbers are aessible by <.



18 A Small ExampleOur intention is to overome this problem by de�ning a speial-purposeaessibility prediate for the division-by-two algorithm, that we all DivAcc,whih ontains useful information that an help us to write a new (and �nal)type theory version of the algorithm.3.3 Using a Speial-Purpose AessibilityPrediate for the FormalisationTo onstrut this speial-purpose aessibility prediate we ask ourselves thefollowing question: on whih inputs does the division-by-two algorithm termi-nate? To �nd the answer to this question, we inspet the Haskell version of thealgorithm we presented at the beginning of this hapter, putting speial atten-tion on the input value, the onditions that should be satis�ed in order to givea basi result or to perform a reursive all, and the value on whih we performthe reursive all. We distinguish two ases:� If the input number n is less than two, then the algorithm terminates sinewe return the value zero.� If the input number n is not less than two, then the algorithm an onlyterminate on the input n if it terminates on the input n� 2.Following this desription, we de�ne the indutive prediate DivAcc overnatural numbers by means of the following introdution rules:n < 2
DivAcc(n)

¬(n < 2) DivAcc(n� 2)
DivAcc(n)This prediate an easily be formalised in ALF as follows:

DivAcc ∈ (n ∈ N) Set
divacc<2 ∈ (<(n, 2)) DivAcc(n)
divacc≥2 ∈ (¬(<(n, 2)); DivAcc(−(n, 2))) DivAcc(n)Now, we prove that the division-by-two algorithm terminates on all possibleinputs, that is, we prove that all natural numbers satisfy our speial-purposeaessibility prediate DivAcc. In this proof, we use the fat that the argu-ment on whih the algorithm performs a reursive all is stritly smaller thanthe original argument. Hene, the division-by-two proess should terminate onany input sine the set of natural numbers is well-founded with respet to theless-than relation. In the proof that all natural numbers satisfy the prediate

DivAcc, we use a few properties of the relation less-than over natural numberswhose proofs an be found in setion C.3.4. In addition, we need to de�ne thefollowing auxiliary lemma:
<to⊥ ∈ (<(s(s(n)), 2)) ⊥



3.3 Using a Speial-Purpose Aessibility Prediate for the Formalisation 19Below, we present the proof that all natural numbers satisfy the prediate
DivAcc.

divaccaux ∈ (n ∈ N; Acc(N, <, n); f ∈ (m ∈ N; <(m, n)) DivAcc(m)) DivAcc(n)
divaccaux(0, h, f) ≡ divacc<2(<ssR(0))
divaccaux(s(0), h, f) ≡ divacc<2(<sR(s(0)))
divaccaux(s(s(n)), h, f) ≡ divacc≥2(⇒I(<to⊥), f(n, <ssR(n)))

allDivAcc ∈ (n ∈ N) DivAcc(n)
allDivAcc(n) ≡ wfrec(n, allaccN(n), divaccaux)Now, we present the type theory version of the division-by-two algorithmthat uses the prediate DivAcc to handle the reursive all.

div2 ∈ (n ∈ N; DivAcc(n)) N
div2(n, divacc<2(h1)) ≡ 0
div2(n, divacc≥2(h1, h2)) ≡ +(1, div2(−(n, 2), h2))This funtion is de�ned by strutural reursion on the proof that the numberto be divided by two satis�es the prediate DivAcc. To write the algorithm, we�rst perform pattern mathing over the proof that the input number satis�esthe prediate DivAcc. As a result of the pattern mathing we obtain two equa-tions, one for eah of the introdution rules of the prediate. The �rst equationonsiders the ase where n is less than two and h1 is a proof of it. Then, wereturn the value zero. The seond equation onsiders the ase where n is notless than two. Here, h1 is a proof that n is not less than two and h2 is a proofthat n� 2 satis�es the prediate DivAcc. Then, we have to add one to the resultof dividing n� 2 by two, whih means that we have to all the algorithm reur-sively on the value n� 2. To the reursive all we have to supply a proof thatthe value n� 2 satis�es the prediate DivAcc whih is given by the argumenth2. Finally, we an use the previous funtion and the fat that all natural num-bers satisfy the prediate DivAcc to write the division-by-two algorithm.

Div2 ∈ (n ∈ N) N
Div2(n) ≡ div2(n, allDivAcc(n))Notie that, even for suh a small example, the version of the algorithm thatuses our speial prediate

div2 ∈ (n ∈ N; DivAcc(n)) N
div2(n, divacc<2(h1)) ≡ 0
div2(n, divacc≥2(h1, h2)) ≡ +(1, div2(−(n, 2), h2))is slightly shorter and a bit more readable than the type theory version of thealgorithm that is de�ned by using the prediate Acc

div2acc ∈ (n ∈ N; Acc(N, <, n)) N
div2acc(n, acc(_, h1)) ≡ case <2dec(n) ∈ Dec(<(n, 2))  of

yes(h) ⇒ 0
no(h) ⇒ +(1, div2acc(−(n, 2), h1(−(n, 2), <−2(n, h))))

end



20 A Small Example3.4 Towards Program ExtrationTo end this hapter, we show that it is possible (and easy) to extrat a Haskellalgorithm from the type theory version of algorithm div2whih uses our speial-purpose prediate to handle the reursive all. Notie that there are two kindsof parameters among those in the proof that a given natural number n satis-�es the prediate DivAcc: the parameters that are proofs of ertain onditionsthat should be satis�ed in order to give a result or to perform a reursive all(the parameter h1 in both equations) and the parameter that is a proof thatthe number to be divided by two in the reursive all satis�es the prediate
DivAcc (the parameter h2 in the seond equation). In order to obtain a Haskellalgorithm from the type theory algorithm div2, we translate eah of the ALFequations of the algorithm into a Haskell equation. In the translation of eahof the ALF equations, we throw away the expressions that are proofs that aertain number satis�es the prediate DivAcc and we keep the expressions thatrepresent onditions to be satis�ed as guards of the Haskell equation. Then, wewould obtain the following Haskell algorithm:div2 :: Nat -> Natdiv2 n | n << two = Zdiv2 n | not (n << two) = one <+> (div2 (n <-> two))Observe that this algorithm is the same as the Haskell algorithm we pre-sented in setion 3.1 and that we used for de�ning the speial-purpose prediate
DivAcc. The reason for this similarity is that this program-extration proessan be seen as the inverse of the proess that takes the Haskell version of thealgorithm into the type theory version that uses the prediate DivAcc to handlethe reursive alls.In setion 4.6, we desribe the extration of a Haskell program from theformalisation of the uni�ation algorithm in type theory that uses a speial-purpose aessibility prediate to handle the reursive alls in more detailed.



Chapter 4The Uni�ation AlgorithmHere, we �rst introdue the Haskell [JHe+99℄ version of the uni�ation algorithmthat we onsider, and we give an informal explanation of its termination. Af-ter introduing the neessary de�nitions in ALF, we desribe how we an writethe uni�ation algorithm in Martin-L�of's type theory by using the standardaessibility prediate, and we show why the use of this prediate to write theuni�ation algorithm in type theory is not a good solution in our ase. Then,we present a speial-purpose aessibility prediate for the uni�ation algorithmand we show how we an use this prediate to write the uni�ation algorithmin Martin-L�of's type theory. With this partiular prediate, the resulting algo-rithm is short and elegant. Finally, we disuss a methodology that allows us toextrat a Haskell program from the formalisation of the uni�ation algorithmthat uses our speial-purpose aessibility prediate to handle the reursive alls.4.1 The Haskell Version of the Uni�ationAlgorithmIn this setion, we present the Haskell version of the uni�ation algorithm thatwe onsider. In order to do that, we �rst have to introdue a few de�nitions.To de�ne the set Termof terms, we assume two (possibly in�nite) sets: a set
Var of variables and a set Fun of funtion symbols. These sets are suh that foreah pair of variables and eah pair of funtions, it is deidable whether or notthey are equal. We use x and y to range over variables, and f and g to rangeover funtions.A term is either a variable or a funtion applied to a (possibly empty) listof terms. We use t (possibly primed or subsripted) to range over terms. Wede�ne the terms in Termby means of the following abstrat syntax:t ::= x j f(t1; : : : ; tn)We use lt (possibly primed or subsripted) to range over lists of terms.21



22 The Uni�ation AlgorithmOne we have de�ned the set of terms, we de�ne the set ListPT of lists ofpairs of terms and the set Substof substitutions. A list of pairs of terms is a listof pairs of the form (t1; t2). A substitution is a list of pairs of the form (x; t),that is, the left element of the pair is a variable and the right one is a term1.We use lp and sb (possibly primed or subsripted) to range over lists of pairs ofterms and substitutions, respetively.Given a substitution sb of the form [(x1; t1); : : : ; (xn; tn)℄, the domain of thesubstitution is the set of variables fx1; : : : ; xng and the range of the substitutionis the set of variables that our in the terms t1; : : : ; tn. Given a term t, theresult of applying sb to t is denoted by sb(t) and it is de�ned as the parallelsubstitution of ti for xi in t, for 1 6 i 6 n. Given a list of pairs of terms lp anda substitution sb, we say that sb uni�es lp or that sb is a uni�er of lp, if for eahpair of terms (t1; t2) in lp it holds that sb(t1) = sb(t2). Finally, we say that asubstitution sb is a most general uni�er of a list of pairs of terms lp if sb is themost general substitution that uni�es lp. In other words, sb is a most generaluni�er of lp if sb uni�es lp and, for any other substitution sb0 that also uni�eslp, there exists a substitution sb1 suh that sb0(t) = sb1(sb(t)), for all terms t.The uni�ation algorithm we onsider here is a deterministi version ofthe �rst (non-deterministi) algorithm presented by Martelli and Montanariin [MM82℄. Given a list of pairs of terms, the algorithm returns a substitutionthat uni�es the list if suh a substitution exists, or the speial value Nothing ifthere is no suh substitution. A similar algorithm is presented by Peter Hanokin hapter 9 of [PJ87℄, although the input of Hanok's algorithm is just a pairof terms and not a list of pairs of terms.In �gure 4.1, we present the Haskell version of the uni�ation algorithmthat we onsider. One again, we ignore eÆieny aspets suh as the fat thatsome expressions are omputed twie. The funtions length, zip, elem, ++, ==and && are prede�ned funtions in Haskell: length takes a list and returns thelength of the list, zip takes two lists and returns a list of orresponding pairs,elem is the membership funtion over lists, ++ onatenates two lists, == is theequality funtion and && is the boolean funtion and. These funtions have thefollowing types:length :: [a℄ -> Intzip :: [a℄ -> [b℄ -> [(a,b)℄elem :: Eq a => a -> [a℄ -> Bool(++) :: [a℄ -> [a℄ -> [a℄(==) :: Eq a => a -> a -> Bool(&&) :: Bool -> Bool -> BoolNotie that both the funtion elem and the funtion == require an equalityrelation over the type of the elements in the list and the type of the elementsto be ompared, respetively.We now explain the funtions varsT, substLPT and substS. The funtionvarsT returns the list of variables in a term, and the funtions substLPT and1For the moment, we impose no restritions on the variables that our in the left handside of the pairs of a substitution.



4.1 The Haskell Version of the Uni�ation Algorithm 23type Var = Inttype Fun = Intdata Term = Var Var | Fun Fun [Term℄type PairS = (Var,Term)type Subst = [PairS℄type PairT = (Term,Term)type ListPT = [PairT℄unify_H :: ListPT -> Maybe Substunify_H lp = unify_h lp [℄unify_h :: ListPT -> Subst -> Maybe Substunify_h [℄ sb = Just sbunify_h ((Var x,Var y):lp) sb| x == y = unify_h lp sbunify_h ((Var x,t):lp) sb| x `elem` (varsT t) = Nothing| not(x `elem` (varsT t)) =unify_h (substLPT x t lp) ((x,t):(substS x t sb))unify_h ((Fun f lt,Var x):lp) sb =unify_h ((Var x,Fun f lt):lp) sbunify_h ((Fun f lt1,Fun g lt2):lp) sb| f /= g || length lt1 /= length lt2 = Nothing| f == g && length lt1 == length lt2 =unify_h ((zip lt1 lt2)++lp) sbFigure 4.1: Haskell Version of the Uni�ation AlgorithmsubstS substitute a term for a variable in all the terms of a list of pairs of termsand a substitution, respetively. These funtions have the following types:varsT :: Term -> [Var℄substLPT :: Var -> Term -> ListPT -> ListPTsubstS :: Var -> Term -> Subst -> SubstThe algorithm presented in �gure 4.1 works as follows: given a list of pairsof terms, the funtion unify H omputes a substitution that uni�es the list, ifsuh a substitution exists, by using the auxiliary funtion unify h.The funtion unify h takes two arguments: a list of pairs of terms lp and asubstitution sb. Then, if the set of variables in lp and the set of variables in sb aredisjoint, the substitution that results from the exeution of unify h lp sb will bethe smallest extension of sb that uni�es lp. As the �rst time the funtion unify his alled, it is alled with the empty substitution [ ℄, then the substitution that



24 The Uni�ation Algorithmresults from the exeution of unify H lp will be a most general substitution thatuni�es the input list of pairs of terms. From the de�nition of the algorithms, itis relatively easy to see that every time the algorithm unify h is exeuted, theondition on the sets of variables that our in the list of pairs of terms to beuni�ed and in the aumulated substitution is satis�ed.If the list of pairs of terms is empty, the funtion unify h returns the (a-umulated) substitution sb. Otherwise, we onsider four ases depending onthe form of the �rst pair of terms in the list of pairs of terms. These ases areexhaustive and mutually disjoint.The �rst ase we onsider is when both of the terms in the �rst pair of thelist are the (variable) term x. As both terms are already equal, we remove the�rst pair from the list and we ontinue �nding a uni�er for the rest of the list.If, on the other hand, the left term of the �rst pair is the variable x andthe right one is a term t (notie that here, we know that the terms x and t aredi�erent), we hek whether or not the variable x belongs to the set of variablesin the term t. If so, as the term t is di�erent from the (variable) term x, itmeans that x is a proper subterm of t. As the relation \is a proper subtermof" is preserved under substitution appliation, given any substitution sb, thensb(x) is a proper subterm of sb(t). Thus, there exists no substitution that uni�esx and t, and onsequently there exists no substitution that uni�es the originallist of pairs of terms. Therefore, we �nish the exeution of the algorithm withthe result Nothing. If the variable x does not belong to the variables in t, thenany substitution that uni�es the original list of pairs of terms should make xand t equal, so we add the pair (x; t) to the resulting substitution. Besides,we substitute t for x both in the list lp and in the substitution sb and allthe uni�ation algorithm reursively. In this way, we eliminate the variable xfrom lp and sb sine x does not belong to the variables in t. Notie that now,x only ours as the left hand side of the pair (x; t) just introdued to theaumulated substitution. As this proess is performed every time we add anew pair to the resulting substitution, all the variables in the domain of theresulting substitution will be di�erent from eah other.The next equation onsiders the ase where the left term of the �rst pair isnot a variable (that is, it is a funtion appliation) but the right one is. Here, wejust swap the terms in this pair and all the uni�ation algorithm reursively.It is easy to see that now, this �rst pair of the list is going to be handled by thethird equation of the algorithm. Notie that we ould have written an equivalentalgorithm if we would have performed here the same kind of omputation as inthe previous equation. However, this would have made the algorithm and thedi�erent proofs a bit longer.The last equation onsiders the ase where both terms in the �rst pair of thelist are funtion appliations. Here, we hek whether or not the funtions inboth terms are the same, whih is done by heking that the funtion symbolsand the length of both lists of terms are equal. If the funtions are not equal,there does not exist any substitution that uni�es the �rst pair of the list. Thus,there does not exist any substitution that uni�es the original list of pairs ofterms and we return the value Nothing. If both funtions are equal, then the



4.2 Termination of the Uni�ation Algorithm 25�rst pair of terms of the list has the form (f(t1; : : : ; tn); f(t01; : : : ; t0n)). Now,any substitution that uni�es the original list should also unify this pair, andonsequently it should unify ti and t0i, for 1 6 i 6 n. With the help of thefuntion zip, we reate the list of pairs of terms [(t1; t01); : : : ; (tn; t0n)℄ from thelists of terms lt1 and lt2. Then, we onatenate this list with the rest of theoriginal list of pairs of terms and we all the uni�ation algorithm reursively.4.2 Termination of the Uni�ation AlgorithmAs one an see from the uni�ation algorithm given in �gure 4.1, the reursionperformed in the algorithm is not always on struturally smaller arguments.Thus, there is no easy syntati ondition that guarantees the termination ofthe algorithm. Here, we show that our uni�ation algorithm always terminatesby de�ning a funtion that maps lists of pairs of terms into triples of naturalnumbers, and showing that in every reursive all the triple that orrespondsto the list on whih we perform the reursion is stritly smaller than the triplethat orresponds to the original list of pairs of terms. This mapping, whih weall LPTtoN3, is a simpli�ation of the mapping F presented in [MM82℄ to showthe termination of their (non-deterministi) algorithm.
N3- The Set of Triples of Natural Numbers: Consider the set N of naturalnumbers and the inequality relation < over N with its usual meaning2. We usen and m (possibly subsripted) to range over natural numbers.Consider now the set N3 of triples of natural numbers and the lexiographiorder <N3 over triples. In other words, if n1, n2 and n3 are natural numbersthen (n1; n2; n3) is an element of N3. The lexiographi order over elements of
N3 is de�ned as the smallest relation suh that:(n1; n2; n3) <N3 (m1; m2; m3) if n1 <m1(n1; n2; n3) <N3 (n1; m2; m3) if n2 <m2(n1; n2; n3) <N3 (n1; n2; m3) if n3 <m3As the set of natural numbers is well-founded by <, it an be proven thatthe set of triples of natural numbers, that is N3, is well-founded by <N3.See setion C.3.5 for the omplete ALF de�nition of N3 together with theALF proof that N3 is well-founded by <N3.The Funtion LPTtoN3: To de�ne the funtion LPTtoN3 that maps lists ofpairs of terms into triples of natural numbers, we use three auxiliary funtionsthat take a list of pairs of terms and return a natural number. The �rst funtion,alled #varsLPT, takes a list of pairs of terms and returns the number of di�erentvariables that our in the list. The seond funtion, alled #funsLPT, takes alist of pairs of terms and returns the number of funtion appliations that our2See setion C.3.4 for the ALF de�nitions of the set N and its inequality <, and the ALFproof that N is well-founded by <.



26 The Uni�ation Algorithmin the list. The last funtion, alled #eqsLPT, takes a list of pairs of terms andounts the number of pairs of the form (x; x) or (f(lt); x) that appear in thelist.We now de�ne the funtion LPTtoN3 as follows:
LPTtoN3 :: ListPT! N3
LPTtoN3(lp) = (#varsLPT(lp); #funsLPT(lp); #eqsLPT(lp))To show that the uni�ation algorithm terminates, it is suÆient to show that,in every reursive all of the algorithm, we derease the omplexity measure ofthe list of pairs of terms to be uni�ed. The measures we onsider here are triplesof natural numbers and the mapping from lists of pairs of terms into triples ofnatural numbers is the funtion LPTtoN3. Hene, we have to show that thefollowing inequalities hold:

LPTtoN3(lp) <N3 LPTtoN3((x; x) : lp)
LPTtoN3(lp [x:=t℄) <N3 LPTtoN3((x; t) : lp) if x∉L varsT(t)

LPTtoN3((x; f(lt)) : lp) <N3 LPTtoN3((f(lt); x) : lp)
LPTtoN3((zip lt1 lt2) ++ lp) <N3 LPTtoN3((f(lt1); f(lt2)) : lp)where lp [x:=t℄ denotes the funtion that substitutes the term t for the variablex in the list of pairs of terms lp, varsT is the funtion that returns the set ofvariables in a term and the funtion ∉L is the non-membership relation over lists(these funtions orrespond to the funtions substL, varsT and the negation ofthe funtion elem respetively, in the algorithm of �gure 4.1). See appendix Afor a disussion of the ALF proofs of these inequalities and setion C.4.4 for theomplete ALF ode of the formalisation of these proofs.Informal Proof of LPTtoN3(lp) <N3 LPTtoN3((x; x) : lp): If the variable x doesnot our in the list lp we have that #varsLPT(lp) < #varsLPT((x; x) : lp), and on-sequently we know that LPTtoN3(lp) <N3 LPTtoN3((x; x) : lp) by the �rst inequal-ity in the de�nition of <N3. Otherwise, #varsLPT(lp) = #varsLPT((x; x) : lp). Here,

#funsLPT(lp) = #funsLPT((x; x) : lp) and, sine the pair (x; x) is one of the pairsounted by the funtion #eqsLPT, we know that #eqsLPT(lp)< #eqsLPT((x; x) : lp).Thus, LPTtoN3(lp)<N3 LPTtoN3((x; x) : lp) by the third inequality in the de�ni-tion of <N3.Informal Proof of LPTtoN3(lp [x:=t℄) <N3 LPTtoN3((x; t) : lp): As x∉L varsT(t),x does not belong to the set of variables of the list lp [x:=t℄. Hene, we havethat #varsLPT(lp [x:=t℄) < #varsLPT((x; t) : lp) and thus, by the �rst inequality inthe de�nition of <N3, we have that LPTtoN3(lp [x:=t℄) <N3 LPTtoN3((x; t) : lp).Informal Proof of LPTtoN3((x; f(lt)) : lp) <N3 LPTtoN3((f(lt); x) : lp): Here,we know that #varsLPT((x; f(lt)) : lp) = #varsLPT((f(lt); x) : lp) and we also knowthat #funsLPT((x; f(lt)) : lp) = #funsLPT((f(lt); x) : lp). Sine the pair (f(lt); x)is one of the pairs ounted by the funtion #eqsLPT, we an easily show that



4.3 Terms, Lists of Pairs of Terms and Substitutions in ALF 27
#eqsLPT((x; f(lt)) : lp) < #eqsLPT((f(lt); x) : lp). Thus, by the third inequality inthe de�nition of <N3, we have LPTtoN3((x; f(lt)) : lp) <N3 LPTtoN3((f(lt); x) : lp).Informal Proof of LPTtoN3((zip lt1 lt2) ++ lp) <N3 LPTtoN3((f(lt1); f(lt2)) : lp):Here, we know that #varsLPT((zip lt1 lt2) ++ lp) = #varsLPT((f(lt1); f(lt2)) : lp).We also know that #funsLPT((zip lt1 lt2) ++ lp) < #funsLPT((f(lt1); f(lt2)) : lp) be-ause the two appliations of f in the pair (f(lt1); f(lt2)) do not our in the listof pairs of terms (zip lt1 lt2). Hene, by the seond inequality in the de�nitionof <N3, LPTtoN3((zip lt1 lt2) ++ lp) <N3 LPTtoN3((f(lt1); f(lt2)) : lp).4.3 Terms, Lists of Pairs of Terms andSubstitutions in ALFIn this setion, we present the representation of terms, lists of pairs of termsand substitutions in Martin-L�of's type theory.In order to formalise the set Termof terms, we use the notion of vetors of aertain length instead of the lists used in the Haskell version of the algorithm.In this way, we have information about the length of a list as part of its type.A vetor is either empty and has length 0, or it has length n+ 1 and isformed from adding an element to a vetor of length n. Hene, the length of avetor is part of its type. Vetors are formalised in type theory as follows:

Vector ∈ (n ∈ N; A ∈ Set) Set
[]v ∈ Vector(0, A)
:v ∈ (v ∈ Vector(n, A); a ∈ A) Vector(s(n), A)As the sets Var of variables and Fun of funtion symbols we use the set ofnatural numbers. Then, the deidability of the equality of variables and funtionsymbols beomes the deidability of equality of natural numbers.

Var ∈ Set
Var ≡ N

Vardec ∈ (x, y ∈ Var) Dec(=(x, y))

Fun ∈ Set
Fun ≡ N

Fundec ∈ (f, g ∈ Fun) Dec(=(f, g))The following lemma allows us to hoose between the elements a and b,depending on whether we have a proof that the variables x and y are equal ordi�erent.
VartoA ∈ (a, b ∈ A; Dec(=(x, y))) A

VartoA(a, b, yes(h1)) ≡ a
VartoA(a, b, no(h1)) ≡ bTerms and vetors of terms are de�ned in ALF as follows:

Term ∈ Set
var ∈ (x ∈ Var) Term
fun ∈ (f ∈ Fun; lt ∈ Vector(n, Term)) Term

VTerm ∈ (n ∈ N) Set
VTerm(n) ≡ Vector(n, Term)



28 The Uni�ation AlgorithmThe ALF representation of parametri lists and pairs was already introduedin setion 2.3.3. We now use them to de�ne the set ListPT of lists of pairs ofterms and the set Substof substitutions:
PairT ∈ Set

PairT ≡ Pair(Term, Term)
ListPT ∈ Set

ListPT ≡ List(PairT)

PairS ∈ Set
PairS ≡ Pair(Var, Term)

Subst ∈ Set
Subst ≡ List(PairS)Notie that, as part of the de�nition of substitutions, we do not require thevariables in the domain of a substitution to be di�erent from eah other. Fur-thermore, a variable may our in its assoiated term. In this way, the de�nitionof substitutions remains simple, whih makes it easier to prove lemmas aboutsubstitutions. We impose these two onditions in the de�nition of idempotenein setion 5.2.In ALF, we write :=T, :=VT , :=LPT and :=S for the funtions that substitute aterm for a variable in a term, in a vetor of terms, in a list of pairs of terms andin a substitution respetively, and we write varsT, varsVT , varsLPT and varsS forthe funtions that return the list of variables that our in a term, in a vetorof terms, in a list of pairs of terms and in a substitution respetively.See setions C.4.1, C.4.3 and C.4.5 for the omplete ALF de�nitions of termsand vetors of terms, lists of pairs of terms and substitutions respetively.To �nish this setion, we present the type of the ALF lemmas that orrespondto the four inequalities over lists of pairs of terms presented in the previoussetion.

<LPTvar_var ∈ (x ∈ Var; lp ∈ ListPT) <N3(LPTtoN3(lp), LPTtoN3(:(lp, .(var(x), var(x)))))
<LPT:=var_term ∈ (lp ∈ ListPT;

∉L(x, varsT(t))
) <N3(LPTtoN3(:=LPT(x, t, lp)), LPTtoN3(:(lp, .(var(x), t))))

<LPTvar_fun ∈ (f ∈ Fun;
x ∈ Var;
lt ∈ VTerm(n);
lp ∈ ListPT

) <N3(LPTtoN3(:(lp, .(var(x), fun(f, lt)))), LPTtoN3(:(lp, .(fun(f, lt), var(x)))))
<LPTzip_fun_fun ∈ (f, g ∈ Fun;

lt1, lt2 ∈ VTerm(n);
lp ∈ ListPT

) <N3(LPTtoN3(++(zip(lt1, lt2), lp)), LPTtoN3(:(lp, .(fun(f, lt1), fun(g, lt2)))))See appendix A for a disussion of the ALF proofs of these inequalities andsetion C.4.4 for the omplete ALF ode of the formalisation of these proofs.4.4 The Uni�ation Algorithm in Type Theory:First AttemptIn this setion, we present our �rst attempt to formalise the uni�ation algo-rithm in Martin-L�of's type theory. This formalisation uses the standard aes-sibility prediate to handle the reursive alls. Reall that the de�nition of the



4.4 The Uni�ation Algorithm in Type Theory: First Attempt 29standard aessibility prediate Acc was already introdued in setion 2.3.2.4.4.1 The Uni�ation Algorithm using the AessibilityPrediateIn order to write the type theory version of the uni�ation algorithm that usesthe standard aessibility prediate to handle the reursive alls, we de�ne abinary relation <LPT over lists of pairs of terms as follows:
<LPT ∈ (lp1, lp2 ∈ ListPT) Set

<LPT ∈ (<N3(LPTtoN3(lp1), LPTtoN3(lp2))) <LPT(lp1, lp2)As the set N3 is well-founded by <N3, it is easy to prove that the set ListPT iswell-founded by <LPT. Then, we prove the following lemma in ALF:
allaccLPT ∈ (lp ∈ ListPT) Acc(ListPT, <LPT, lp)that given a list of pairs of terms returns a proof that the list is aessible by

<LPT.Below, we explain the neessary steps we perform in order to write thealgorithm Unifyacc, whih is the type theory version of the uni�ation algorithmthat uses the aessibility prediate to handle the reursive alls.Instead of the Maybe type of Haskell, we use here the logi onnetive ∨de�ned in setion 2.3.1 and a set Error de�ned in ALF as follows:
Error ∈ Set

error ∈ ErrorGiven a list of pairs of terms lp, the uni�ation algorithm Unifyacc returnseither a substitution that uni�es lp or the value error, if there does not existsuh substitution. As in the Haskell version, the algorithm Unifyacc alls thealgorithm unifyacc with the list lp and the empty substitution, but now it alsosupplies a proof that the list lp is aessible by <LPT. We have:
Unifyacc ∈ (lp ∈ ListPT) ∨(Subst, Error)

Unifyacc(lp) ≡ unifyacc(lp, [] , allaccLPT(lp))The algorithm unifyacc is de�ned by reursion on the proof that the inputlist is aessible by <LPT. By performing pattern mathing on the proof that thelist lp is aessible by <LPT, we obtain the following (inomplete) ALF ode:
unifyacc ∈ (lp ∈ ListPT; sb ∈ Subst; Acc(ListPT, <LPT, lp)) ∨(Subst, Error)

unifyacc(lp, sb, acc(_, h1)) ≡ ?unify_acc.0.0.Ewhere h1 is the funtion that takes a list lp0 and a proof that lp0 is smaller thanlp, and returns a proof that lp0 is aessible by <LPT.In order to obtain the ases we are interested in, we have to perform a fewpattern mathings on the list lp and a few ase analyses. For the ase analyses,we use the following deidability lemmas:
Vardec ∈ (x, y ∈ Var) Dec(=(x, y))
∈dec ∈ (x ∈ Var; l ∈ ListVar) Dec(∈L(x, l))
Fundec ∈ (f, g ∈ Fun) Dec(=(f, g))
Ndec ∈ (n, m ∈ N) Dec(=(n, m))



30 The Uni�ation AlgorithmAfter �lling in the basi results, we obtain the following inomplete algorithmin ALF:
unifyacc ∈ (lp ∈ ListPT; sb ∈ Subst; Acc(ListPT, <LPT, lp)) ∨(Subst, Error)

unifyacc([] , sb, acc(_, h1)) ≡ ∨L(sb)
unifyacc(:(lp1, .(var(x), var(x1))), sb, acc(_, h1)) ≡

case Vardec(x, x1) ∈ Dec(=(x, x1))  of
yes(refl(_)) ⇒ ?unify_acc.1.0.E

no(h) ⇒ ?unify_acc.1.1.E

end
unifyacc(:(lp1, .(var(x), fun(f, lt))), sb, acc(_, h1)) ≡

case ∈dec(x, varsT(fun(f, lt))) ∈ Dec(∈L(x, varsT(fun(f, lt))))  of
yes(h) ⇒ ∨R(error)
no(h) ⇒ ?unify_acc.2.1.E

end
unifyacc(:(lp1, .(fun(f, lt), var(x))), sb, acc(_, h1)) ≡ ?unify_acc.3.E

unifyacc(:(lp1, .(fun(f1, lt1), fun(f2, lt2))), sb, acc(_, h1)) ≡
case Fundec(f1, f2) ∈ Dec(=(f1, f2))  of

yes(refl(_)) ⇒ case Ndec(n1, n2) ∈ Dec(=(n1, n2))  of
yes(refl(_)) ⇒ ?unify_acc.4.1.0.E

no(h2) ⇒ ∨R(error)
end

no(h) ⇒ ∨R(error)
endNow, it only remains to �ll in the ases where the reursive alls are per-formed. In the reursive alls, the �elds that orrespond to the lists of pairsof terms and the substitutions are the same as in the Haskell version of thealgorithm. In addition, we have to supply proofs that the new lists to be uni�edare aessible. To obtain these proofs, we use the funtion h1. In eah of thereursive alls, to the funtion h1 we have to supply a proof that the new listto be uni�ed is smaller than the original list. We use the lemmas presented insetion 4.2 (see appendix A for the ALF proofs of the lemmas) for the proofs ofthe inequalities that we supply to the funtion h1.In �gure 4.2, we present the omplete formalisation of the uni�ation algo-rithm in Martin-L�of's type theory that uses the standard aessibility prediateto handle the reursive alls.4.4.2 Problems of this FormalisationIf we ompare the algorithms in �gures 4.1 and 4.2, it is easy to see that thelatter is almost three times longer than the former. The longer the algorithm,the more diÆult is to read and understand it and this, of ourse, reates animportant gap between programming in a Haskell-like programming languageand programming in Martin-L�of's type theory.While the Haskell version of the algorithm ontains only the neessary in-formation for performing the omputations, the type theory version of the al-gorithm needs extra information in order to handle the reursive alls. In thealgorithm of �gure 4.2, eah reursive all has the form unifyacc(lp0; sb0; h1(lp0; p))for a list of pairs of terms lp0, a substitution sb0 and a proof p that the list lp0
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Unifyacc ∈ (lp ∈ ListPT) ∨(Subst, Error)

Unifyacc(lp) ≡ unifyacc(lp, [] , allaccLPT(lp))

unifyacc ∈ (lp ∈ ListPT; sb ∈ Subst; Acc(ListPT, <LPT, lp)) ∨(Subst, Error)
unifyacc([] , sb, acc(_, h1)) ≡ ∨L(sb)
unifyacc(:(lp1, .(var(x), var(x1))), sb, acc(_, h1)) ≡

case Vardec(x, x1) ∈ Dec(=(x, x1))  of
yes(refl(_)) ⇒ unifyacc(lp1, sb, h1(lp1, <LPT(<LPTvar_var(x1, lp1))))
no(h) ⇒

unifyacc(:=LPT(x, var(x1), lp1),
:(:=S(x, var(x1), sb), .(x, var(x1))),
h1(:=LPT(x, var(x1), lp1), <LPT(<LPT:=var_term(lp1, ∉:(∉[](x), h)))))

end
unifyacc(:(lp1, .(var(x), fun(f, lt))), sb, acc(_, h1)) ≡

case ∈dec(x, varsT(fun(f, lt))) ∈ Dec(∈L(x, varsT(fun(f, lt))))  of
yes(h) ⇒ ∨R(error)
no(h) ⇒

unifyacc(
:=LPT(x, fun(f, lt), lp1),
:(:=S(x, fun(f, lt), sb), .(x, fun(f, lt))),
h1(:=LPT(x, fun(f, lt), lp1), <LPT(<LPT:=var_term(lp1, ¬∈to∉(varsT(fun(f, lt)), h)))))

end
unifyacc(:(lp1, .(fun(f, lt), var(x))), sb, acc(_, h1)) ≡

unifyacc(:(lp1, .(var(x), fun(f, lt))),
sb,
h1(:(lp1, .(var(x), fun(f, lt))), <LPT(<LPTvar_fun(f, x, lt, lp1))))

unifyacc(:(lp1, .(fun(f1, lt1), fun(f2, lt2))), sb, acc(_, h1)) ≡
case Fundec(f1, f2) ∈ Dec(=(f1, f2))  of

yes(refl(_)) ⇒
case Ndec(n1, n2) ∈ Dec(=(n1, n2))  of

yes(refl(_)) ⇒
unifyacc(++(zip(lt1, lt2), lp1),

sb,
h1(++(zip(lt1, lt2), lp1), <LPT(<LPTzip_fun_fun(f2, f2, lt1, lt2, lp1))))

no(h2) ⇒ ∨R(error)
end

no(h) ⇒ ∨R(error)
endFigure 4.2: Formalisation of the Uni�ation Algorithm by using the AessibilityPrediate



32 The Uni�ation Algorithmis smaller than the original list. Notie that the list lp0 appears twie in eahreursive all, whih implies having redundant information. In addition, theargument h1(lp0; p) is omputationally irrelevant; its only purpose is to serve asa struturally smaller argument on whih to perform the reursion. Moreover,the proof p is usually long, whih ontributes to make the reading of the typetheory version of the algorithm more diÆult.Most of these problems arise from the fat that the standard aessibilityprediate is a general prediate, and then it has no partiular information thatan be of use in our spei� ase study. In the next setion, we overome theproblems desribed above by presenting a speial-purpose aessibility prediatefor the uni�ation algorithm. Our speial-purpose prediate ontains usefulinformation for our spei� ase study, whih allows us to do the reursive allsin the de�nition of the uni�ation algorithm in a simple way. In this way, weobtain a formalisation of the algorithm that is short and elegant.4.5 The Uni�ation Algorithm in Type Theory:Seond AttemptIn this setion, we present the seond (and �nal) attempt to formalise the uni�-ation algorithm in Martin-L�of's type theory. This formalisation uses a speial-purpose aessibility prediate, whih we all UniAcc and it is speially de�nedfor this ase study, to handle the reursive alls.4.5.1 The UniAcc PrediateIntuitively, we an think of this prediate as de�ning the set of lists of pairs ofterms on whih our uni�ation algorithm terminates. In other words, a list ofpairs of terms lp satis�es the prediate UniAcc if our algorithm terminates onthe input list lp. Observe that, if for the input list lp the uni�ation algorithmperforms a reursive all on the list lp0, the uni�ation algorithm an only ter-minate on the input lp if it terminates on the input lp0. Then, a proof that thelist lp0 satis�es the speial-purpose aessibility prediate is a requirement forthe list lp to satisfy the prediate.To de�ne this prediate, we study the equations in the de�nition of theHaskell version of the algorithm unify h, putting the emphasis on the input list,the lists on whih we perform the reursion (if any) and any extra onditions(if any) that should be satis�ed in order to produe a result or to perform areursive all. We identify seven ases:� If the input list is empty, then the algorithm terminates with a substitu-tion.� If the input list is of the form (x; x) : lp, then the algorithm an onlyterminate on the input list if it terminates on the list lp.



4.5 The Uni�ation Algorithm in Type Theory: Seond Attempt 33� If the input list is of the form (x; t) : lp with x ∈ varsT(t) and x ≠ t, thenthe algorithm terminates sine there does not exist a uni�er for the inputlist.� If the input list is of the form (x; t) : lp with x∉L varsT(t), then the al-gorithm an only terminate on the input list if it terminates on the listlp [x:=t℄.� If the input list is of the form (f(lt); x) : lp, then the algorithm an onlyterminate on the input list if it terminates on the list (x; f(lt)) : lp.� If the input list is of the form (f(lt1); g(lt2)) : lp and it holds that f ≠ gor that length(lt1) ≠ length(lt2), then the algorithm terminates sine theredoes not exist a possible uni�er for the input list.� If the input list is of the form (f(lt1); g(lt2)) : lp and it holds that f = gand that length(lt1) = length(lt2), then the algorithm an only terminateon the input list if it terminates on the list (zip lt1 lt2) ++ lp.Notie that these seven ases are exhaustive and mutually disjoint. Observe alsothat the ondition x ≠ t that we added in the third ase is not neessary in theHaskell version of the algorithm due to the way Haskell proesses the equationsthat de�ne an algorithm.For eah of these seven ases, we de�ne an introdution rule for the prediate
UniAcc. Eah introdution rule ontains the information we detailed above forthe orresponding ase. Then, eah introdution rule has one of the followingtwo patterns: 1 � � � n

UniAcc(lp) 1 � � � n UniAcc(lp0)
UniAcc(lp)where i, for 1 6 i 6 n, are the extra onditions that should be satis�ed inorder to produe a result or to perform a reursive all, lp0 is the list on whihwe perform the reursion and lp is the input list. Thus, the introdution rulesfor the ases where we perform a reursive all follow the pattern of the rightrule above, while the introdution rules for the other ases follow the patternof the left rule above. Notie that we do not need to mention the substitutionsnor the basi results of the algorithm in the introdution rules.In �gure 4.3, we present the de�nition of the indutive prediate UniAccusingintrodution rules and its ALF formalisation. The premises of the form a ≠ bin the introdution rules were formalised as ¬(=(a; b)) in the ALF de�nition.Observe that in the last three onstrutors of the ALF formalisation, the lengthsof the lists of terms are given as part of their types, that is, the lists of terms aredelared as vetors of terms. In addition, as the delarations of the vetors ofterms do not play an important role we an often hide them and then, by makingthe (visible part of the) de�nition of the onstrutors shorter, we ontribute toa better understanding of the de�nition of the prediate. In the formalisationof the last introdution rule, the Haskell funtion zip is not exatly the same



34 The Uni�ation AlgorithmDe�nition of the UniAcc Prediate using IntrodutionRules
UniAcc([ ℄)
UniAcc(lp)

UniAcc((x; x) : lp)x ∈ varsT(t) x ≠ t
UniAcc((x; t) : lp)x∉L varsT(t) UniAcc(lp [x:=t℄)
UniAcc((x; t) : lp)

UniAcc((x; f(lt)) : lp)
UniAcc((f(lt); x) : lp)f ≠ g ∨ length(lt1) ≠ length(lt2)

UniAcc((f(lt1); g(lt2)) : lp)
length(lt1) = length(lt2) UniAcc((zip lt1 lt2) ++ lp)

UniAcc((f(lt1); f(lt2)) : lp)ALF De�nition of the UniAcc Prediate
UniAcc ∈ (lp ∈ ListPT) Set

uniacc[] ∈ UniAcc([] )
uniaccvar_var ∈ (x ∈ Var;

UniAcc(lp)
) UniAcc(:(lp, .(var(x), var(x))))

uniaccvar_term ∈ (lp ∈ ListPT;
∈L(x, varsT(t));
¬(=(var(x), t))

) UniAcc(:(lp, .(var(x), t)))
uniacc:=var_term ∈ (∉L(x, varsT(t));

UniAcc(:=LPT(x, t, lp))
) UniAcc(:(lp, .(var(x), t)))

uniaccvar_fun ∈ (UniAcc(:(lp, .(var(x), fun(f, lt))))
) UniAcc(:(lp, .(fun(f, lt), var(x))))

uniaccfun_fun ∈ (lt1 ∈ VTerm(n1);
lt2 ∈ VTerm(n2);
lp ∈ ListPT;
∨(¬(=(f, g)), ¬(=(n1, n2)))

) UniAcc(:(lp, .(fun(f, lt1), fun(g, lt2))))
uniacczip_fun_fun ∈ (f ∈ Fun;

UniAcc(++(zip(lt1, lt2), lp))
) UniAcc(:(lp, .(fun(f, lt1), fun(f, lt2))))Figure 4.3: The UniAcc Prediate



4.5 The Uni�ation Algorithm in Type Theory: Seond Attempt 35funtion as the ALF funtion zip (see setion C.4.3 for the ALF de�nition ofthe funtion zip) sine the former is de�ned for any two lists while the latter isonly de�ned for two lists of terms of the same length. For this reason, in thelast ALF onstrutor both vetors of terms should be delared with the samelength. Finally, notie that in the last introdution rule of the prediate and inits orresponding ALF onstrutor, we diretly use the funtion symbol f twieinstead of using both funtion symbols f and g and having f = g as a premiseof the rule. Similarly, in the seond rule we use the variable x twie instead ofusing the variables x and y and having x = y as a premise of the rule.Given the de�nition of the prediate UniAcc, it is possible to show that alllists of pairs of terms satisfy the prediate. We disuss suh a proof in appendixB. There, we present the funtion allUniAccLPT that, given a list of pairs ofterms, returns a proof that the list satis�es the prediate UniAcc.4.5.2 The Uni�ation Algorithm using the UniAccPrediateWe now desribe how we an write the algorithm Unify in Martin-L�of's typetheory. This algorithm is the formalisation of the uni�ation algorithm thatuses the UniAcc prediate to handle the reursive alls.As before, the algorithm Unify alls the algorithm unify, but now it has tosupply a proof that the input list satis�es the prediate UniAcc.
Unify ∈ (lp ∈ ListPT) ∨(Subst, Error)

Unify(lp) ≡ unify(lp, [] , allUniAccLPT(lp))The algorithm unify is de�ned by reursion on the proof that the input list ofpairs of terms satis�es the prediate UniAcc. One we have performed patternmathing over the proof that the input list satis�es the prediate UniAcc, weobtain the following inomplete ALF ode with seven equations, one equationfor eah of the onstrutors of the prediate UniAcc:
unify ∈ (lp ∈ ListPT; sb ∈ Subst; UniAcc(lp)) ∨(Subst, Error)

unify(_, sb, uniacc[]) ≡ ?unify.0.0.E

unify(_, sb, uniaccvar_var(x, h1)) ≡ ?unify.0.1.E

unify(_, sb, uniaccvar_term(lp1, h1, h2)) ≡ ?unify.0.2.E

unify(_, sb, uniacc:=var_term(h1, h2)) ≡ ?unify.0.3.E

unify(_, sb, uniaccvar_fun(h1)) ≡ ?unify.0.4.E

unify(_, sb, uniaccfun_fun(lt1, lt2, lp1, h1)) ≡ ?unify.0.5.E

unify(_, sb, uniacczip_fun_fun(f, h1)) ≡ ?unify.0.6.ENotie that eah of these onstrutors determines the form of the input list,whih is shown in ALF by replaing the variable that denotes the input list withthe symbol \ ". Then, the parameter that represents the input list does notontribute to the understanding of the algorithm and it an be hidden (whih isatually done in the presentation of this algorithm in setion C.5.3). The �rst,third and sixth equations orrespond to the ases where the algorithm returnsa basi result and it is easy to �ll them in. In the rest of the equations wehave to perform a reursive all, and then we have to supply the new list to



36 The Uni�ation Algorithm
Unify ∈ (lp ∈ ListPT) ∨(Subst, Error)

Unify(lp) ≡ unify(lp, [] , allUniAccLPT(lp))

unify ∈ (lp ∈ ListPT; sb ∈ Subst; UniAcc(lp)) ∨(Subst, Error)
unify(_, sb, uniacc[]) ≡ ∨L(sb)
unify(_, sb, uniaccvar_var(x, h1)) ≡ unify(lp1, sb, h1)
unify(_, sb, uniaccvar_term(lp1, h1, h2)) ≡ ∨R(error)
unify(_, sb, uniacc:=var_term(h1, h2)) ≡ unify(:=LPT(x, t, lp1), :(:=S(x, t, sb), .(x, t)), h2)
unify(_, sb, uniaccvar_fun(h1)) ≡ unify(:(lp1, .(var(x), fun(f, lt))), sb, h1)
unify(_, sb, uniaccfun_fun(lt1, lt2, lp1, h1)) ≡ ∨R(error)
unify(_, sb, uniacczip_fun_fun(f, h1)) ≡ unify(++(zip(lt1, lt2), lp1), sb, h1)Figure 4.4: Formalisation of the Uni�ation Algorithm by using the UniAccPrediatebe uni�ed, the aumulated substitution and a proof that the new list to beuni�ed satis�es the UniAcc prediate. Observe that in eah of the reursiveequations, this proof is one of the parameters of the onstrutor that buildsa proof that the original list satis�es the prediate UniAcc, that is, it is oneof the premises of the orresponding introdution rule. Then, we selet theparameter that orresponds to this proof (that is, that the new list to be uni�edsatis�es the prediate UniAcc) and we supply it to the reursive all. As thisproof determines the new list to be uni�ed, then it only remains to providethe orret substitution for eah of the ases. The following is the ALF odeobtained so far:
unify ∈ (lp ∈ ListPT; sb ∈ Subst; UniAcc(lp)) ∨(Subst, Error)

unify(_, sb, uniacc[]) ≡ ∨L(sb)
unify(_, sb, uniaccvar_var(x, h1)) ≡ unify(lp1, ?sb1, h1)
unify(_, sb, uniaccvar_term(lp1, h1, h2)) ≡ ∨R(error)
unify(_, sb, uniacc:=var_term(h1, h2)) ≡ unify(:=LPT(x, t, lp1), ?sb2, h2)
unify(_, sb, uniaccvar_fun(h1)) ≡ unify(:(lp1, .(var(x), fun(f, lt))), ?sb3, h1)
unify(_, sb, uniaccfun_fun(lt1, lt2, lp1, h1)) ≡ ∨R(error)
unify(_, sb, uniacczip_fun_fun(f, h1)) ≡ unify(++(zip(lt1, lt2), lp1), ?sb4, h1)In �gure 4.4, we present the omplete formalisation of the type theory ver-sion of the uni�ation algorithm that uses the prediate UniAcc to handle thereursive alls.Observe that the ALF ode of this version of the algorithm is short andonise. Notie also that we were able to eliminate all the proofs related to theinequalities of lists of pairs of terms from the ode of the formalisation of thealgorithm.



4.6 Towards Program Extration 374.6 Towards Program ExtrationIn this setion, we disuss a methodology that extrats a Haskell program fromthe type theory formalisation of the uni�ation algorithm that uses our speial-purpose aessibility prediate to handle the reursive alls.Although ALF does not support program extration, in this setion we as-sume that we know how to transform ALF expressions like :(lp; :(var(x); t)),
:=LPT(x; t; lp), a = b or ∈L(x; varsT(t)) into their orresponding Haskell expressions((Var x,t):lp), (substLPT x t lp), a == b or (x `elem` (varsT t)) re-spetively, where, Var, substLPT, elem and varsT are some of the Haskell on-strutors and funtions already introdued in setion 4.1.In setion 4.5.1, to make the de�nition of the prediate UniAcc shorter, in theseond introdution rule of the prediate we used the variable x twie insteadof using the variables x and y and adding x = y to the premises of the rule.Similarly, we have also simpli�ed the last introdution rule by using only onefuntion symbol and by de�ning both vetors with the same length. If we extrata program from the urrent version of the algorithm unify, we would obtain aHaskell program with expressions like ((Var x,Var x):lp) as part of the lefthand side of the equations of the Haskell program. As Haskell does not allow thiskind of expression, we should modify our speial-purpose aessibility prediatein order to avoid having the same variable ourring more than one in thetype of a introdution rule of the prediate UniAcc. One we have modi�ed thede�nition of our speial-purpose aessibility prediate, we write the type theoryformalisation of the uni�ation algorithm that uses this modi�ed prediate tohandle the reursive alls. For this, we follow the method desribed in theprevious setion. Observe that, sine the vetors in the last introdution rule ofthe prediate are not longer delared with the same length, we need to de�ne anew zip funtion in ALF. We present the funtion zip2, the prediate UniAcc2and the algorithm unify2 (whih are the new versions of zip, UniAcc and unifyrespetively) in �gure 4.5. Observe that the de�nition of the ALF funtion zip2is very similar to the de�nition of the Haskell funtion zip. The di�erene isthat the Haskell funtion zip is de�ned for any two lists and our ALF funtion
zip2 is de�ned just for two lists of terms. Notie that only the seond andlast onstrutor of the prediate have hanged and also notie that the hangesdo not a�et the de�nition of the uni�ation algorithm. Finally, observe that,one again, we have hidden the delarations of some of the parameters in thede�nition of the prediate.As before (see setion 4.5.1), eah of the introdution rules of the modi�edspeial-purpose aessibility prediate has one of the following two patterns:1 � � � n

UniAcc2(lp) 1 � � � n UniAcc2(lp0)
UniAcc2(lp)where i, for 1 6 i 6 n, are the extra onditions that should be satis�ed in orderto produe a result or to perform a reursive all in the algorithm, lp0 is the liston whih the algorithm performs the reursion and lp is the input list. Moreover,the introdution rules for the ases where the uni�ation algorithm produes a
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zip2 ∈ (lt1 ∈ VTerm(n1); lt2 ∈ VTerm(n2)) ListPT

zip2([]v, lt2) ≡ []
zip2(:v(lt’1, t1), []v) ≡ []
zip2(:v(lt’1, t1), :v(lt’2, t2)) ≡ :(zip2(lt’1, lt’2), .(t1, t2))

UniAcc2 ∈ (lp ∈ ListPT) Set
uniacc2[] ∈ UniAcc2([] )
uniacc2var_var ∈ (=(x, y);

UniAcc2(lp)
) UniAcc2(:(lp, .(var(x), var(y))))

uniacc2var_term ∈ (lp ∈ ListPT;
∈L(x, varsT(t));
¬(=(var(x), t))

) UniAcc2(:(lp, .(var(x), t)))
uniacc2:=var_term ∈ (∉L(x, varsT(t));

UniAcc2(:=LPT(x, t, lp))
) UniAcc2(:(lp, .(var(x), t)))

uniacc2var_fun ∈ (UniAcc2(:(lp, .(var(x), fun(f, lt))))
) UniAcc2(:(lp, .(fun(f, lt), var(x))))

uniacc2fun_fun ∈ (lt1 ∈ VTerm(n1);
lt2 ∈ VTerm(n2);
lp ∈ ListPT;
∨(¬(=(f, g)), ¬(=(n1, n2)))

) UniAcc2(:(lp, .(fun(f, lt1), fun(g, lt2))))
uniacc2zip_fun_fun ∈ (=(n1, n2);

=(f, g);
UniAcc2(++(zip2(lt1, lt2), lp))

) UniAcc2(:(lp, .(fun(f, lt1), fun(g, lt2))))

unify2 ∈ (lp ∈ ListPT; sb ∈ Subst; UniAcc2(lp)) ∨(Subst, Error)
unify2(_, sb, uniacc2[]) ≡ ∨L(sb)
unify2(_, sb, uniacc2var_var(c1, h)) ≡ unify2(lp1, sb, h)
unify2(_, sb, uniacc2var_term(lp1, c1, c2)) ≡ ∨R(error)
unify2(_, sb, uniacc2:=var_term(c1, h)) ≡ unify2(:=LPT(x, t, lp1), :(:=S(x, t, sb), .(x, t)), h)
unify2(_, sb, uniacc2var_fun(h)) ≡ unify2(:(lp1, .(var(x), fun(f, lt))), sb, h)
unify2(_, sb, uniacc2fun_fun(lt1, lt2, lp1, c1)) ≡ ∨R(error)
unify2(_, sb, uniacc2zip_fun_fun(c1, c2, h)) ≡ unify2(++(zip2(lt1, lt2), lp1), sb, h)Figure 4.5: De�nitions of the funtion zip2, the prediate UniAcc2 and thealgorithm unify2



4.6 Towards Program Extration 39basi result (either the value error or a substitution) follow the pattern of theleft rule above, while the introdution rules for the ases where the uni�ationalgorithm performs a reursive all follow the pattern of the right rule above.Then, we an also distinguish two kinds of equations in the ALF ode of thealgorithm unify2: the equations where the algorithm produes a basi result,whih have the form:
unify2( ; sb; uniacc2name(v1; : : : ; vm; 1; : : : ; n)) = basicresultand the equations where the algorithm performs a reursive all, whih have theform:

unify2( ; sb; uniacc2name(v1; : : : ; vm; 1; : : : ; n; h)) = unify2(lp0; sb0; h)where vi, for 1 6 i 6 m, are the delarations of the variables that are used in theorresponding introdution rule of the prediate (whih are usually hidden, soin many ases one annot see them), sb is the original aumulated substitution,sb0 is the new aumulated substitution, lp0 is the list on whih we perform thereursive all and h is a proof that lp0 satis�es the prediate UniAcc.Now, we desribe how to obtain the Haskell equation that orresponds toeah of the two type theory equations presented above.Given the type theory equation of the algorithm unify2 that produes aresult, we know there exists a list of pairs of terms lp suh that:
uniacc2name(v1; : : : ; vm; 1; : : : ; n) ∈ UniAcc2(lp)Notie that lp is the input list of the algorithm. Moreover, the variables usedto form the list lp are drawn from v1; : : : ; vm.Let sb, lp, basi result and i be the Haskell versions of sb, lp, basicresultand i respetively, for 1 6 i 6 n. Then, the Haskell equation orresponding tothe equation of the algorithm unify2 that produes a result is the following:unify2 lp sb| 1 && ... && n = basi_resultSimilarly, given the type theory equation of the algorithm unify2 that per-forms a reursive all, we know that there exist two lists of pairs of terms lp0and lp suh that: h ∈ UniAcc2(lp0)

uniacc2name(v1; : : : ; vm; 1; : : : ; n; h) ∈ UniAcc2(lp)Notie that lp is the input list and lp0 the list on whih we perform the reursion.As before, the variables used to form both the list lp0 and the list lp are drawnfrom v1; : : : ; vm. Moreover, the variables used to form lp0 are inluded in theones used to form lp.Let sb, sb', lp, lp' and i be the Haskell versions of sb, sb0, lp, lp0 and irespetively, for 1 6 i 6 n. Then, the Haskell equation orresponding to theequation of the algorithm unify2 that performs a reursive all is the following:



40 The Uni�ation Algorithmunify2 lp sb| 1 && ... && n = unify2 lp' sb'Following this explanation, the Haskell algorithm that would be extratedfrom the algorithm unify2 would be the following one:unify :: ListPT -> Subst -> Either Subst Errorunify2 [℄ sb = Right sbunify2 ((Var x,Var y):lp) sb| x == y = unify2 lp sbunify2 ((Var x,t):lp) sb| x `elem` (varsT t) && (Var x) /= t = Left Errorunify2 ((Var x,t):lp) sb| not(x `elem` (varsT t)) = unify2 (substLPT x t lp)((x,t):substS x t sb)unify2 ((Fun f lt,Var x):lp) sb= unify2 ((Var x, Fun f lt):lp) sbunify2 ((Fun f lt1,Fun g lt2):lp) sb| f /= g || length lt1 /= length lt2 = Left Errorunify2 ((Fun f lt1,Fun g lt2):lp) sb| f == g && length lt1 == length lt2= unify2 ((zip lt1 lt2)++lp) sbNotie that the algorithm that results from the program extration is verysimilar to the Haskell algorithm we presented in setion 4.1 and that we usedfor onstruting the prediate UniAcc (and the prediate UniAcc2). This is nota surprise to us, sine we an atually think of the proess that given a Haskellversion of the uni�ation algorithm onstruts its type theory version, and theproess that extrats a Haskell program from the type theory version of thealgorithm as being the inverse of eah other. The fat that the type of theresult of the algorithm given above is Either Subst Error instead of MaybeSubst (as in the Haskell program of setion 4.1) has to do with the deision toformalise the type Maybe Subst as ∨(Subst;Error) in type theory. In addition,notie that the equations in the algorithm we present above are exhaustive andmutually disjoint. This omes from the fat that the introdution rules of thespeial-purpose aessibility prediate are also exhaustive and mutually disjoint.In addition, as eah equation in the above algorithm onsiders one and only onepossible ase of the input list of pairs of terms, they an be given in any order.Finally, we want to add that the transformation that takes the prediate UniAccinto the prediate UniAcc2an be done ompletely automatially. Then, when avariable x ours more than one in the type of an introdution rule, we shouldgenerate new variables to replae the repeated ourrenes of the variable x andwe should add onditions stating that the new generated variables are equal tox. Moreover, we ould have performed the generation of new variables and theaddition of the new onstraints embedded in the program extration proess,and then we ould have just presented the program extration methodology from



4.6 Towards Program Extration 41the prediate UniAcc. However, this would have only made the real proess ofprogram extration more ompliated.To onlude, we believe that this methodology for program extration is easyto program, and then it an be added as part of a future program extrationmodule for ALF.





Chapter 5More about SubstitutionsWe introdued the ALF formalisation of substitutions in setion 4.3. Here, weintrodue a few more de�nitions and some properties of substitutions whih willbe used in the following two hapters to prove the partial orretness of thealgorithm Unify and the integrated approah to the uni�ation algorithm.5.1 Appliation of SubstitutionsWe de�ne two ways of applying a substitution sb to a term t: by reursion onthe term and by reursion on the substitution. Both de�nitions are useful whenproving properties that involve the result of applying a substitution to a term.The de�nition that is more onvenient in eah ase depends on the property wewant to prove.The ALF de�nition of the appliation of a substitution to a term that isde�ned by reursion on the term is as follows:
appPT ∈ (sb ∈ Subst; t ∈ Term) Term

appPT([] , var(x)) ≡ var(x)
appPT(:(sb1, .(x1, t)), var(x)) ≡ VartoA(t, appPT(sb1, var(x)), Vardec(x1, x))
appPT(sb, fun(f, lt)) ≡ fun(f, appPVT(sb, lt))

appPVT ∈ (sb ∈ Subst; lt ∈ VTerm(n)) VTerm(n)
appPVT(sb, []v) ≡ []v

appPVT(sb, :v(lt’, t)) ≡ :v(appPVT(sb, lt’), appPT(sb, t))where the funtion VartoA was already introdued at the beginning of setion4.3.Notie that due to the way terms are de�ned, we need two mutually reursivefuntions to de�ne this appliation. Notie also that this de�nition orrespondsto what is usually referred as parallel appliation. In the parallel appliation,we substitute, at the same time, all the terms that our in the right hand sideof the pairs of a substitution sb for their assoiated variables in the term t.The ALF de�nition of the appliation of a substitution to a term that isde�ned by reursion on the substitution is as follows:43



44 More about Substitutions
appST ∈ (sb ∈ Subst; t ∈ Term) Term

appST([] , t) ≡ t
appST(:(sb1, .(x, t1)), t) ≡ appST(sb1, :=T(x, t1, t))Notie that this de�nition orresponds to what is usually referred as sequen-tial appliation. In the sequential appliation, we substitute, one at a time, allthe terms that our in the right hand side of the pairs of a substitution sb fortheir assoiated variables in the term t, until there are no more variables in thedomain of the substitution, that is, the substitution is empty.Even though the sequential appliation an be de�ned using just one fun-tion, it is useful to de�ne the orresponding sequential appliation for vetorsof terms. Then, we have that:

appSVT ∈ (sb ∈ Subst; lt ∈ VTerm(n)) VTerm(n)
appSVT(sb, []v) ≡ []v

appSVT(sb, :v(lt’, t)) ≡ :v(appSVT(sb, lt’), appST(sb, t))For a given substitution and a given term, the appliation of the substitutionto the term might result in di�erent terms, depending on whether one followsthe de�nition of the parallel appliation or the de�nition of the sequential appli-ation. As an example, given the substitution [(x; g(y)),(y; h(z))℄ and the termf(x), the result of the parallel appliation is the term f(g(y)), while the resultof the sequential appliation is the term f(g(h(z))). However, in setion 5.4 weshow that both appliations give the same result for idempotent substitutions.As we already mention, both the parallel and the sequential appliation areuseful when proving properties that involve the result of applying a substitutionto a term. Besides, the result of both appliation is the same for idempotentsubstitution. Sine this is atually our ase, as it will be shown in setion 6.3,it does not matter whih of the de�nitions we hoose when proving properties.In what follows, we use sb(t) or we refer to \the appliation of sb to t" todenote both the parallel and the sequential appliation of a substitution sb toa term t. Given a vetor of terms lt, an analogous explanation holds for sb(lt).5.2 Idempotent SubstitutionsFollowing the standard de�nition of idempotene, a substitution sb is idempo-tent if for every term t it holds that sb(sb(t)) = sb(t). The ALF de�nition ofidempotene is the following:
Idempotent∈ (sb ∈ Subst) Set

Idempotent≡ [sb]∀(Term, [t]=(appPT(sb, appPT(sb, t)), appPT(sb, t)))Sine this de�nition does not ontain any onrete information that helpsus in understanding when the equality holds, this de�nition is sometimes notvery useful if we intend to use the fat that a ertain substitution is idempotentto prove other properties of the substitution. Therefore, we want to have anindutive de�nition of idempotene.To understand the de�nition of idempotene we need to understand underwhih onditions the equality sb(sb(t)) = sb(t) holds. Applying a substitution



5.3 Most General Uni�er 45to a term results in the same term only when the domain of the substitutionand the set of variables in the term are disjoint. In our partiular ase, if thedomain and the range of the substitution sb are disjoint, then the domain ofsb and the set of variables in sb(t) are disjoint. Thus, we give the followingindutive de�nition of idempotene:
Idem ∈ (sb ∈ Subst) Set

[] idem ∈ Idem([] )
:idem ∈ (Idem(sb);

Disjoint(varsT(t), dom(:(sb, .(x, t))));
∉L(x, varsS(sb))

) Idem(:(sb, .(x, t)))Notie that this de�nition provides more information than just the fat thatthe domain and the range of a substitution are disjoint. It also states that allthe variables in the domain of a substitution that satis�es the prediate Idemare di�erent from eah other.In what follows, we usually refer to \an idempotent substitution" when weatually mean \a substitution that satis�es the prediate Idem".5.3 Most General Uni�erIn this setion, we present several de�nitions that involve the notion of uni�er,onluding with the de�nition of the notion of most general uni�er.We now de�ne when a substitution sb uni�es a list of pairs of terms lp. Asexplained before, sb uni�es the list lp if, for all pair (t1; t2) in lp, it holds thatsb(t1) = sb(t2). Hene, we give the following indutive de�nition in ALF:
unifiesLPT ∈ (sb ∈ Subst; lp ∈ ListPT) Set

unifiesLPT_[] ∈ (sb ∈ Subst) unifiesLPT(sb, [] )
unifiesLPT_: ∈ (unifiesLPT(sb, lp’);

=(appPT(sb, t1), appPT(sb, t2))
) unifiesLPT(sb, :(lp’, .(t1, t2)))In a similar way, we de�ne when a substitution sb1 uni�es a substitution sb2.

unifiesS ∈ (sb1, sb2 ∈ Subst) Set
unifiesS_[] ∈ (sb ∈ Subst) unifiesS(sb, [] )
unifiesS_: ∈ (unifiesS(sb, sb1);

=(appPT(sb, var(x)), appPT(sb, t))
) unifiesS(sb, :(sb1, .(x, t)))We want to prove that if the substitution sb is the result of unifying the listof pairs of terms lp, then lp and sb are equivalent in the sense that they havethe same set of uni�ers when we onsider both lp and sb as set of equations.Then, we need to have a notion of equivalene between lists of pairs of termsand substitutions. As the algorithm Unify is de�ned in terms of the algorithm

unify and the latter takes also an aumulated substitution as input, we needto give a more general notion of equivalene in order to be able to prove thedesired property. Given a list of pairs of terms lp and two substitutions sb and



46 More about Substitutionssb0, we de�ne that the pair (lp; sb) is equivalent to the substitution sb0 if everysubstitution sb1 that uni�es both lp and sb also uni�es sb0, and vie versa.
≡LpSbLpSb ∈ (lp ∈ ListPT; sb, sb’ ∈ Subst) Set

≡LpSbLpSb ≡
[lp, sb, sb’]

∀(Subst, [sb1]⇔(∧(unifiesLPT(sb1, lp), unifiesS(sb1, sb)), unifiesS(sb1, sb’)))We now de�ne the desired notion of equivalene between a list of pairs ofterms and a substitution as a speial ase of the previous notion.
≡LpSb ∈ (lp ∈ ListPT; sb ∈ Subst) Set

≡LpSb ≡ [lp, sb]≡LpSbLpSb(lp, [] , sb)Finally, we de�ne the notion of most general uni�er. We de�ned before,a substitution sb is a most general uni�er of a list of pairs of terms lp if sbis the most general substitution that uni�es lp. In other words, sb is a mostgeneral uni�er of lp if sb uni�es lp and, for any other substitution sb0 that alsouni�es lp, sb is at least as general as sb0. The relation \at least as general as"on substitutions is de�ned as follows: sb is at least as general as sb0 if thereexists a substitution sb1 suh that sb0(t) = sb1(sb(t)), for all terms t. The Alfformalisation of this relation is the following:
≤Sb ∈ (sb, sb’ ∈ Subst) Set

≤Sb ≡ [sb, sb’]∃(Subst, [sb1]∀(Term, [t]=(appPT(sb’, t), appPT(sb1, appPT(sb, t)))))With this de�nition, we write sb ≤Sb sb0 whenever sb is at least as general as sb0.We express the notion of most general uni�er in the following ALF de�nition:
mgu ∈ (sb ∈ Subst; lp ∈ ListPT) Set

mgu ≡
[sb, lp]∧(unifiesLPT(sb, lp), ∀(Subst, [sb’]⇒(unifiesLPT(sb’, lp), ≤Sb(sb, sb’))))5.4 Some Properties involving SubstitutionsIn this setion, we present some interesting properties involving substitutions.See setion C.4.6 for the omplete ALF proofs of these properties. Althoughthe results we show here are used in the following two hapters, the reader mayskip the tehnial details in the proofs of these results.The �rst property we present here states that, given a variable x, two termst and t0 and a substitution sb, if x and t have the same image under sb, thenthe terms t0 and t0 [x:=t℄ also have the same image under sb. Beause of the wayterms are de�ned, we also need the orresponding property for vetors of terms.

=:=appP_T ∈ (t’ ∈ Term;
=(appPT(sb, var(x)), appPT(sb, t))

) =(appPT(sb, t’), appPT(sb, :=T(x, t, t’)))
=:=appP_VT ∈ (lt ∈ VTerm(n);

=(appPT(sb, var(x)), appPT(sb, t))
) =(appPVT(sb, lt), appPVT(sb, :=VT(x, t, lt)))The proofs are made by reursion on the term t0 and the vetor lt respetively.



5.4 Some Properties involving Substitutions 47As expeted, if the set of variables in a term and the domain of a substitutionare disjoint, applying the substitution to the term has no e�et.
=Tdisj_vars ∈ (sb ∈ Subst; Disjoint(varsT(t), dom(sb))) =(t, appST(sb, t))This property is proven by reursion on the substitution sb.The next property establishes that if sb is an idempotent substitution, thenthe set of variables in the term sb(t) and the domain of sb are disjoint.
disjvars_appS∈ (t ∈ Term; Idem(sb)) Disjoint(varsT(appST(sb, t)), dom(sb))The proof is made by reursion on the proof that sb is idempotent.An important property already mentioned before is that, for idempotentsubstitutions, the parallel and sequential appliations produe the same result.One more, due to the way terms are de�ned, we need the orresponding prop-erty for vetors of terms.
=TappP_S ∈ (sb ∈ Subst; t ∈ Term; Idem(sb)) =(appPT(sb, t), appST(sb, t))
=VTappP_S ∈ (lt ∈ VTerm(n); Idem(sb)) =(appPVT(sb, lt), appSVT(sb, lt))The proofs are made by reursion on the term t and the vetor lt respetively.When the term is a variable term, we also onsider ases on the substitution sb.Now, we present the property that establishes that if a substitution satis-�es the prediate Idem, then the substitution is idempotent aording to thestandard de�nition.
idemtoidempotent∈ (Idem(sb)) Idempotent(sb)This proof uses the previous three properties presented here.Finally, we present the proof that states that if a variable (term) x is inludedin the set of variables in a term t with x ≠ t, then there exists no substitutionthat uni�es x and t.The usual way to prove this property onsists in de�ning an indutive rela-tion \is a proper subterm of", showing that x is a proper subterm of t, and thenproving that this relation is preserved under substitution appliation. Hene,for no substitution sb we have that sb(x) = sb(t) sine sb(x) is a proper subtermof sb(t).The approah we use to prove this property is a di�erent one. We prove anauxiliary lemma that establishes that, given a substitution sb, it is absurd tohave that x ∈ varsT(t) with x ≠ t and also that sb(x) = sb(t). Then, proving thatno substitution an unify x and t is trivial from this auxiliary lemma.In what follows, we make use of some lemmas about inequality of naturalnumbers1:
≤to<sL ∈ (≤(n, m)) <(n, s(m))
<∧=to⊥ ∈ (<(n, m); =(n, m)) ⊥
≤to≤+R ∈ (p ∈ N; ≤(n, m)) ≤(n, +(m, p))We now present the auxiliary lemma in ALF:1See setion C.3.4 for the omplete ALF proofs of these lemmas.



48 More about Substitutions
∈∧≠∧unifyto⊥ ∈ (t ∈ Term; ∈L(x, varsT(t)); ¬(=(var(x), t)); =(appPT(sb, var(x)), appPT(sb, t))) ⊥

∈∧≠∧unifyto⊥(var(x1), ∈hd(_, _), ⇒I(f1), h2) ≡ f1(refl(var(x1)))
∈∧≠∧unifyto⊥(var(x1), ∈tl(_, _, h3), h1, h2) ≡ case h3 ∈ ∈L(x, [] )  of

end
∈∧≠∧unifyto⊥(fun(f, lt), h, h1, h2) ≡ <∧=to⊥(≤to<sL(∈to≤#funsVT(sb, lt, h)), =cong1(#funsT, h2))The lemma is proven by �rst performing pattern mathing on the term t. Whent is a variable, we study ases on the proof that x ∈ varsT(t). Clearly, t annotbe the variable x beause x ≠ t (�rst equation) nor a variable di�erent fromx beause x ∈ varsT(t) (seond equation). Hene, t has to be a funtion ap-pliation of the form f(lt), and then we have that x ∈ varsVT(lt). Here, weknow that #funsT(f(lt)) = #funsVT(lt) + 1, by de�nition of the funtion #funsT.Now, the lemma ∈to≤ #funsVT (whih is explained below) gives us a proof that

#funsT(sb(x)) ≤ #funsVT(sb(lt)) whih, by lemma ≤to<sL, gives us a proof that
#funsT(sb(x)) < #funsT(sb(f(lt))). On the other hand, as sb(x) = sb(f(lt)), weobtain that #funsT(sb(x)) = #funsT(sb(f(lt))) whih learly ontradits the pre-vious result.The lemmas ∈to≤#funsTand ∈to≤#funsVT are de�ned in a mutually reursive wayas follows:

∈to≤#funsT ∈ (sb ∈ Subst;
t ∈ Term;
∈L(x, varsT(t))

) ≤(#funsT(appPT(sb, var(x))), #funsT(appPT(sb, t)))
∈to≤#funsT(sb, var(x1), ∈hd(_, _)) ≡ ∨R(refl(#funsT(appPT(sb, var(x1)))))
∈to≤#funsT(sb, var(x1), ∈tl(_, _, h1)) ≡ case h1 ∈ ∈L(x, [] )  of

end
∈to≤#funsT(sb, fun(f, lt), h) ≡ ≤to≤+R(s(0), ∈to≤#funsVT(sb, lt, h))

∈to≤#funsVT ∈ (sb ∈ Subst;
lt ∈ VTerm(n);
∈L(x, varsVT(lt))

) ≤(#funsT(appPT(sb, var(x))), #funsVT(appPVT(sb, lt)))
∈to≤#funsVT(sb, []v, h) ≡ case h ∈ ∈L(x, varsVT([]v))  of

end
∈to≤#funsVT(sb, :v(lt’, t’), h) ≡

case ∈++to∈∨(varsT(t’), h) ∈ ∨(∈L(x, varsVT(lt’)), ∈L(x, varsT(t’)))  of
∨L(h1) ⇒ ≤to≤+R(#funsT(appPT(sb, t’)), ∈to≤#funsVT(sb, lt’, h1))
∨R(h2) ⇒

=subst1(+comm(#funsT(appPT(sb, t’)), #funsVT(appPVT(sb, lt’))),
≤to≤+R(#funsVT(appPVT(sb, lt’)), ∈to≤#funsT(sb, t’, h2)))

endThe lemmas are proven by reursion on the term t and the vetor of terms ltrespetively.When t is a variable, we study ases on the proof that x ∈ varsT(t). If t is thevariable x, then the result is trivial (�rst equation of lemma ∈to≤ #funsT). On theother hand, t annot be a variable di�erent from x beause this ontradits thefat that x ∈ varsT(t) (seond equation of lemma ∈to≤#funsT). When t is a funtionappliation of the form f(lt), we know that x ∈ varsVT(lt). By de�nition of thefuntion #funsT, we have that #funsT(f(lt)) = #funsVT(lt) + 1. Here, by lemma
∈to≤#funsVT, we have a proof that #funsT(sb(x)) ≤ #funsVT(sb(lt)) whih, by lemma
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≤to≤+R, gives us a proof that #funsT(sb(x)) ≤ #funsT(sb(f(lt))).The vetor of terms lt annot be empty beause this ontradits the fat thatx ∈ varsVT(lt). Hene, it should be of the form (t0 : lt0). Here, by de�nition ofthe funtion #funsVT, we have that #funsVT(lt) = #funsVT(lt0) + #funsT(t0). Now,we use the lemma ∈++to∈∨, with the proof h that x ∈ varsVT(lt), to see whetherx ∈ varsVT(lt0) or x ∈ varsT(t0). If x ∈ varsVT(lt0) (�rst equation in the ase analy-sis), by reursion on the vetor lt0 we have that #funsT(sb(x)) ≤ #funsVT(sb(lt0)),and then we obtain #funsT(sb(x)) ≤ #funsVT(sb(lt0)) + #funsT(sb(t0)) by lemma
≤to≤+R. The ase where x ∈ varsT(t0) is similar to the previous one. Here, as theorder of the summands in the de�nition of #funsVT is relevant in ALF, we haveto use the fat that the addition of natural numbers is ommutative.





Chapter 6Partial Corretness of theUni�ation AlgorithmHere, we present the partial orretness of the uni�ation algorithm introduedin setion 4.5. Then, we prove the following properties:� The algorithm Unify results in the value erroronly if there exists no sub-stitution that uni�es the input list of pairs of terms.� If the uni�ation algorithm results in a substitution, then the variablesthat our in this substitution are inluded in the variables that our inthe input list of pairs of terms.� If the uni�ation algorithm results in a substitution, then this substitutionis idempotent.� If the uni�ation algorithm results in a substitution, then this substitutionis a most general uni�er of the input list of pairs of terms.Eah of the following four setions desribes how to prove one of the aboveproperties. See setions C.6 and C.5.4 for the ALF odes of the formalisationof these properties.We assume that, by now, the reader is already familiar with the ALF no-tation and with the way properties are proven in ALF. Therefore, we do notexplain the following ALF odes as muh as we have done it previously. Inaddition, as we prove eah of the properties in a similar way, only the �rst twoproperties are desribed in a more detailed way.6.1 About the Result of the Uni�ationAlgorithmIn this setion we show that if there exists a substitution that uni�es the inputlist of pairs of terms, then the result of the uni�ation algorithm is not the value51



52 Partial Corretness of the Uni�ation Algorithm
error, and if the result of the uni�ation algorithm is the value error, then thereexists no substitution that uni�es the input list of pairs of terms. The ALFde�nitions of these two funtions are the following:

unifiesto¬error ∈ (∃(Subst, [sb]unifiesLPT(sb, lp))) ¬(=(Unify(lp), ∨R(error)))
unifiesto¬error(h) ≡ ⇒I([h’]error∧unifiesto⊥(h’, h))

errorto¬unifies ∈ (=(Unify(lp), ∨R(error))) ¬(∃(Subst, [sb]unifiesLPT(sb, lp)))
errorto¬unifies(h) ≡ ⇒I(error∧unifiesto⊥(h))To prove these properties we use the following lemma:

error∧unifiesto⊥ ∈ (=(Unify(lp), ∨R(error)); ∃(Subst, [sb]unifiesLPT(sb, lp))) ⊥
error∧unifiesto⊥(h, h1) ≡ unifies∧errorto⊥(allUniAccLPT(lp), h1, h)whih, in turn, uses an auxiliary lemma over the algorithm unify. This auxiliarylemma takes, as an extra parameter, a proof that the input list satis�es theprediate UniAcc. We prove this auxiliary lemma by reursion on this extraparameter.

unifies∧errorto⊥ ∈ (p ∈ UniAcc(lp);
∃(Subst, [sb’]unifiesLPT(sb’, lp));
=(unify(sb, p), ∨R(error))

) ⊥
unifies∧errorto⊥(uniacc[], h, h1) ≡ case h1 ∈ =(unify(sb, uniacc[]), ∨R(error))  of

end
unifies∧errorto⊥(uniaccvar_var(x, h2), ∃I(sb1, h), h1) ≡

unifies∧errorto⊥(h2, ∃I(sb1, unifiesLPT_red(h)), h1)
unifies∧errorto⊥(uniaccvar_term(lp1, h2, h3), ∃I(sb1, h), h1) ≡ unifiesLPT∧∈to⊥(h, h2, h3)
unifies∧errorto⊥(uniacc:=var_term(h2, h3), ∃I(sb1, h), h1) ≡

unifies∧errorto⊥(h3, ∃I(sb1, unifiesLPT_:=R(h)), h1)
unifies∧errorto⊥(uniaccvar_fun(h2), ∃I(sb1, h), h1) ≡

unifies∧errorto⊥(h2, ∃I(sb1, unifiesLPT_fvtovf(h)), h1)
unifies∧errorto⊥(uniaccfun_fun(lt1, lt2, lp1, ∨L(⇒I(f1))), ∃I(sb1, h), h1) ≡ f1(unifiesLPTto=f(h))
unifies∧errorto⊥(uniaccfun_fun(lt1, lt2, lp1, ∨R(⇒I(f1))), ∃I(sb1, h), h1) ≡ f1(unifiesLPTto=arity(h))
unifies∧errorto⊥(uniacczip_fun_fun(f, h2), ∃I(sb1, h), h1) ≡

unifies∧errorto⊥(h2, ∃I(sb1, unifiesLPT_funtozip(h)), h1)In the �rst equation, h1 is a proof that the result of the algorithm unify isthe value errorwhih ontradits the fat that when the input list is empty theresult of unify is the aumulated substitution.In the seond equation, h is a proof that sb1 uni�es the input list, whihhas the form (x; x) : lp0. Now, the result of unifying the list (x; x) : lp0 is, byhypothesis, the value error and, by de�nition of the algorithm unify, equal tothe result of unifying the list lp0. Hene, we have that the result of unifyingthe list lp0 is equal to the value error. Then, by reursion on the proof that thelist lp0 satis�es the prediate UniAcc (that is, the parameter h2), we obtain aontradition. To the reursive all, we have to supply a proof that there existsa substitution that uni�es the list lp0. The lemma unifyLPT red takes the proofthat sb1 uni�es the input list (that is, it takes the argument h) and gives us aproof that sb1 also uni�es the list lp0 (see setion C.4.4 for the ALF proof ofthis lemma).The third equation onsiders the ase where the input list is of the form



6.2 Variables Property 53(x; t) : lp0, with x ∈ t and x ≠ t. As the substitution sb1 uni�es the input list,then we know that sb1(x) = sb1(t). The lemma unifiesLPT∧∈to⊥ (see setion C.4.4for its ALF proof) uses the lemma ∈∧≠∧unifiesto⊥ (presented in setion 5.4) toshow that this ase leads to a ontradition.The following two equations are similar to the seond one.The next equation onsiders the ase where the input list of pairs of termshas the form (f(lt1); g(lt2)) : lp0 and we have a proof that f ≠ g. Now, as thesubstitution sb1 uni�es the input list, we have that sb1(f(lt1)) = sb1(g(lt2)).Clearly, this an only hold if f = g whih ontradits the fat that f ≠ g. Thelemma unifiesLPTto=f takes the argument h (that is, the proof that sb1 uni�es theinput list), and returns a proof that the funtion symbols are equal (see setionC.4.4 for the ALF formalisation of the proof of this lemma).The following equation is similar to the previous one. The last equation issimilar to the seond one.
6.2 Variables PropertyTo prove that if the algorithm Unify results in a substitution, then the variablesthat our in this substitution are inluded in the variables that our in theinput list of pairs of terms, we use a similar tehnique as in the previous setion.That is, we prove an auxiliary lemma over the algorithm unify that takes, amongother parameters, a proof that the input list satis�es the prediate UniAcc.

varsprop ∈ (=(Unify(lp), ∨L(sb))) ⊆(varsS(sb), varsLPT(lp))
varsprop(h) ≡ varslemma(allUniAccLPT(lp), h, ⊆refl(varsLPT(lp)), ⊆[](varsLPT(lp)))The auxiliary lemma states that if the input list satis�es the prediate

UniAcc, if the algorithm unify results in a substitution sb0, and if both thevariables that our in the input list of pairs of terms and in the aumulatedsubstitution are inluded in a list of variables l, then the variables that ourin the substitution sb0 are also inluded in the list l. When we all this lemmafrom the proposition varsprop, we use the list varsLPT(lp) as the list of variablesl. Hene, we need proofs that varsLPT(lp)⊆ varsLPT(lp) and [ ℄ ⊆ varsLPT(lp), sine[ ℄ is the initial aumulated substitution.To prove the auxiliary lemma, we use several general lemmas about listinlusion whose proofs an be found in setion C.3.2. The proof of the auxiliarylemma also uses a few speial-purpose lemmas about list inlusion whose proofsan be found in setion C.4.4.Below we show the proof of the auxiliary lemma, whih is done by reursionon the proof that the input list satis�es the prediate UniAcc.



54 Partial Corretness of the Uni�ation Algorithm
varslemma ∈ (p ∈ UniAcc(lp);

=(unify(sb, p), ∨L(sb’));
⊆(varsLPT(lp), l);
⊆(varsS(sb), l)

) ⊆(varsS(sb’), l)
varslemma(uniacc[], refl(_), h1, h2) ≡ h2

varslemma(uniaccvar_var(x, h3), h, h1, h2) ≡ varslemma(h3, h, ⊆trans(⊆varsvar_var(x, lp1), h1), h2)
varslemma(uniaccvar_term(lp1, h3, h4), h, h1, h2) ≡

case h ∈ =(unify(sb, uniaccvar_term(lp1, h3, h4)), ∨L(sb’))  of
end

varslemma(uniacc:=var_term(h3, h4), h, h1, h2) ≡
varslemma(h4,

h,
⊆vars:=LPT(x, lp1, ⊆++redL(⊆++redL(h1)), ⊆++redR(++(varsT(var(x)), varsT(t)), h1)),
⊆:(⊆++L(⊆vars:=S(x, sb, ⊆++redL(⊆++redL(h1)), h2), ⊆++redL(⊆++redL(h1))),

⊆∈trans(⊆++redR(varsT(t), ⊆++redL(h1)), ∈hd(x, [] ))))
varslemma(uniaccvar_fun(h3), h, h1, h2) ≡

varslemma(h3, h, ⊆trans(fst(⊆varsvar_fun(f, x, lt, lp1)), h1), h2)
varslemma(uniaccfun_fun(lt1, lt2, lp1, h3), h, h1, h2) ≡

case h ∈ =(unify(sb, uniaccfun_fun(lt1, lt2, lp1, h3)), ∨L(sb’))  of
end

varslemma(uniacczip_fun_fun(f, h3), h, h1, h2) ≡
varslemma(h3, h, ⊆trans(fst(⊆varsfun_fun(f, f, lt1, lt2, lp1)), h1), h2)When the list of pairs of terms is empty (�rst equation in the proof), theresulting substitution is the aumulated substitution sb and the proof of thelemma is trivial.The seond equation onsiders the ase where the input list of pairs of termshas the form (x; x) : lp0. The result of unifying the list (x; x) : lp0 is, by hy-pothesis, the substitution sb0 and, by de�nition of the algorithm unify, equal tothe result of unifying the list lp0. Hene, we have that the result of unifyingthe list lp0 is equal to the substitution sb0. By reursion on the proof that thelist lp0 satis�es the prediate UniAcc (that is, the parameter h3), we obtain aproof that the variables in the resulting substitution sb0 are inluded in the listl. To the reursive all, we have to provide a proof that the variables in lp0are inluded in l, whih is obtained from the fat that the variables in the list(x; x) : lp0 are inluded in l. We also have to supply a proof that the variables inthe aumulated substitution are inluded in l, whih is given by the parameterh2. The next equation handles the ase where the input list is of the form(x; t) : lp0, with x ∈ varsT(t) and x ≠ t. Here, h is a proof that the algorithm

unify results in the substitution sb0 whih ontradits the fat that, by de�ni-tion of the algorithm unify, this ase results in the value error.The fourth, �fth and last equation are similar to the seond one. The sixthequation is similar to the third one. Notie that, as the aumulated substitutionhanges in the fourth equation, we have to onstrut a proof that the variablesin the new aumulated substitution are inluded in the list l from the fat thatboth the variables in the original aumulated substitution and in the input listare inluded in l.



6.3 Idempotene Property 556.3 Idempotene PropertyTo prove that if the algorithm Unify results in a substitution, then the substitu-tion is idempotent, we �rst prove a lemma stating that the resulting substitutionsatis�es the prediate Idem, and then we use the fat that every substitutionthat satis�es this prediate is idempotent.
idempotentprop ∈ (=(Unify(lp), ∨L(sb))) Idempotent(sb)

idempotentprop(h) ≡ idemtoidempotent(idemprop(h))To prove that if the algorithm Unify results in a substitution then the substi-tution satis�es the prediate Idem, we use the same tehnique as before. That is,we de�ne an auxiliary lemma that takes, among other parameters, a proof thatthe input list satis�es the prediate UniAcc and returns a proof that the substi-tution that results from the algorithm unify satis�es the prediate Idem. Thislemma also takes two other extra parameters: a proof that the set of variablesthat our in the input list of pairs of terms and the domain of the aumulatedsubstitution are disjoint, and a proof that the aumulated substitution satis�esthe prediate Idem. When we use this lemma from the property idemprop theinitial aumulated substitution is empty, and then it is easy to onstrut theproofs of these two extra parameters.
idemprop ∈ (=(Unify(lp), ∨L(sb))) Idem(sb)

idemprop(h) ≡ idemlemma(allUniAccLPT(lp), h, disj[]R(varsLPT(lp)), [] idem)The proof of the auxiliary lemma uses several general lemmas about listinlusion and disjoint lists whose proofs an be found in setion C.3.2. It alsouses a few partiular lemmas about substitutions, idempotene and lists of pairsof terms. See setions C.4.6 and C.4.4 for the proofs of these partiular lemmas.We show the proof of the auxiliary lemma in �gure 6.1. This lemma is provenby reursion on the proof that the initial list satis�es the prediate UniAcc.6.4 Most General Uni�er PropertyBefore proving that if the uni�ation algorithm results in a substitution, thenthis substitution is a most general uni�er of the input list, we prove two auxiliarylemmas over the algorithm unify. Both lemmas take, among other parameters,a proof that the input list satis�es the prediate UniAcc. In the proofs of bothauxiliary lemmas we use a few lemmas about uni�ation of lists of pairs ofterms and about uni�ation of substitutions, the proofs of whih an be foundin setions C.4.4 and C.4.6, respetively. We show the proofs of both lemmasin �gure 6.2.The �rst auxiliary lemma establishes that if the input list of pairs of termssatis�es the prediate UniAcc, if a substitution sb0 uni�es both the input list andthe aumulated substitution, and if the algorithm unify results in a substitutionsb1, then the substitution sb0 also uni�es the resulting substitution sb1. Theproof is made by reursion on the proof that the input list satis�es UniAcc.The seond auxiliary lemma establishes that if the input list satis�es the
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idemlemma ∈ (p ∈ UniAcc(lp);

=(unify(sb, p), ∨L(sb’));
Disjoint(varsLPT(lp), dom(sb));
Idem(sb)

) Idem(sb’)
idemlemma(uniacc[], refl(_), h1, h2) ≡ h2

idemlemma(uniaccvar_var(x, h3), h, h1, h2) ≡
idemlemma(h3, h, ⊆∧disjtodisj(⊆varsvar_var(x, lp1), h1), h2)

idemlemma(uniaccvar_term(lp1, h3, h4), h, h1, h2) ≡
case h ∈ =(unify(sb, uniaccvar_term(lp1, h3, h4)), ∨L(sb’))  of
end

idemlemma(uniacc:=var_term(h3, h4), h, h1, h2) ≡
idemlemma(

h4,
h,
disj:R(=subst1(=dom(x, t, sb), ⊆∧disjtodisj(⊆varsvar_term(x, t, lp1), h1)), ∉:=LPT=var(lp1, h3)),
:idem(idem:=(h2, h3, ⊆∧disjtodisj(⊆++RR(varsLPT(lp1), varsT(var(x)), varsT(t)), h1)),

disj:R(
=subst1(=dom(x, t, sb), ⊆∧disjtodisj(⊆++RR(varsLPT(lp1), varsT(var(x)), varsT(t)), h1)),
h3),

∉:=S=var(
sb,
h3,
disjto∉(disjsymm(⊆∧disjtodisj(⊆++LR(varsLPT(lp1), varsT(var(x)), varsT(t)), h1))))))

idemlemma(uniaccvar_fun(h3), h, h1, h2) ≡
idemlemma(h3, h, ⊆∧disjtodisj(fst(⊆varsvar_fun(f, x, lt, lp1)), h1), h2)

idemlemma(uniaccfun_fun(lt1, lt2, lp1, h3), h, h1, h2) ≡
case h ∈ =(unify(sb, uniaccfun_fun(lt1, lt2, lp1, h3)), ∨L(sb’))  of
end

idemlemma(uniacczip_fun_fun(f, h3), h, h1, h2) ≡
idemlemma(h3, h, ⊆∧disjtodisj(fst(⊆varsfun_fun(f, f, lt1, lt2, lp1)), h1), h2)Figure 6.1: Proof of the Auxiliary Lemma for the Idempotene Propertyprediate UniAcc, if the algorithm unify results in a substitution sb1 and if asubstitution sb0 uni�es sb1, then sb0 also uni�es both the input list of pairs ofterms and the aumulated substitution. The proof is made by reursion on theproof that the input list satis�es UniAcc.We an use these two auxiliary lemmas to prove that if the uni�ation algo-rithm results in a substitution, then this substitution and the input list of pairsof terms are equivalent, in the sense that both have the same set of uni�ers (asde�ned in setion 5.3):

≡Lp_Unify ∈ (=(Unify(lp), ∨L(sb))) ≡LpSb(lp, sb)
≡Lp_Unify(h) ≡

∀I([sb1]
∧I(⇒I([h1]unifiesLpSbtounifiesSb(allUniAccLPT(lp), fst(h1), snd(h1), h)),

⇒I([h1]unifiesSbtounifiesLpSb(allUniAccLPT(lp), h1, h))))The parameter h1 in the �rst argument of the onjuntion is a proof that the
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unifiesLpSbtounifiesSb ∈ (p ∈ UniAcc(lp);

unifiesLPT(sb’, lp);
unifiesS(sb’, sb);
=(unify(sb, p), ∨L(sb1))

) unifiesS(sb’, sb1)
unifiesLpSbtounifiesSb(uniacc[], h, h1, refl(_)) ≡ h1

unifiesLpSbtounifiesSb(uniaccvar_var(x, h3), unifiesLPT_:(h4, h5), h1, h2) ≡
unifiesLpSbtounifiesSb(h3, h4, h1, h2)

unifiesLpSbtounifiesSb(uniaccvar_term(lp1, h3, h4), h, h1, h2) ≡
case h2 ∈ =(unify(sb, uniaccvar_term(lp1, h3, h4)), ∨L(sb1))  of
end

unifiesLpSbtounifiesSb(uniacc:=var_term(h3, h4), unifiesLPT_:(h5, h6), h1, h2) ≡
unifiesLpSbtounifiesSb(h4, unifiesLPT_:=R(unifiesLPT_:(h5, h6)), unifiesS_:_:=R(h6, h1), h2)

unifiesLpSbtounifiesSb(uniaccvar_fun(h3), h, h1, h2) ≡
unifiesLpSbtounifiesSb(h3, unifiesLPT_fvtovf(h), h1, h2)

unifiesLpSbtounifiesSb(uniaccfun_fun(lt1, lt2, lp1, ∨L(⇒I(f1))), h, h1, h2) ≡
case h2 ∈ =(unify(sb, uniaccfun_fun(lt1, lt2, lp1, ∨L(⇒I(f1)))), ∨L(sb1))  of
end

unifiesLpSbtounifiesSb(uniaccfun_fun(lt1, lt2, lp1, ∨R(⇒I(f1))), h, h1, h2) ≡
case h2 ∈ =(unify(sb, uniaccfun_fun(lt1, lt2, lp1, ∨R(⇒I(f1)))), ∨L(sb1))  of
end

unifiesLpSbtounifiesSb(uniacczip_fun_fun(f, h3), h, h1, h2) ≡
unifiesLpSbtounifiesSb(h3, unifiesLPT_funtozip(h), h1, h2)

unifiesSbtounifiesLpSb ∈ (p ∈ UniAcc(lp);
unifiesS(sb’, sb1);
=(unify(sb, p), ∨L(sb1))

) ∧(unifiesLPT(sb’, lp), unifiesS(sb’, sb))
unifiesSbtounifiesLpSb(uniacc[], h, refl(_)) ≡ ∧I(unifiesLPT_[](sb’), h)
unifiesSbtounifiesLpSb(uniaccvar_var(x, h2), h, h1) ≡

case unifiesSbtounifiesLpSb(h2, h, h1) ∈ ∧(unifiesLPT(sb’, lp1), unifiesS(sb’, sb))  of
∧I(h3, h4) ⇒ ∧I(unifiesLPT_:(h3, refl(appPT(sb’, var(x)))), h4)

end
unifiesSbtounifiesLpSb(uniaccvar_term(lp1, h2, h3), h, h1) ≡

case h1 ∈ =(unify(sb, uniaccvar_term(lp1, h2, h3)), ∨L(sb1))  of
end

unifiesSbtounifiesLpSb(uniacc:=var_term(h2, h3), h, h1) ≡
case unifiesSbtounifiesLpSb(h3, h, h1) ∈ ∧(unifiesLPT(sb’, :=LPT(x, t, lp1)),

unifiesS(sb’, :(:=S(x, t, sb), .(x, t))))
 of

∧I(h4, unifiesS_:(h6, h7)) ⇒
∧I(unifiesLPT_:(unifiesLPT_:=L(lp1, h7, h4), h7), unifiesS_:=L(sb, h7, h6))

end
unifiesSbtounifiesLpSb(uniaccvar_fun(h2), h, h1) ≡

case unifiesSbtounifiesLpSb(h2, h, h1) ∈ ∧(unifiesLPT(sb’, :(lp1, .(var(x), fun(f, lt)))),
unifiesS(sb’, sb))

 of

∧I(h3, h4) ⇒ ∧I(unifiesLPT_vftofv(h3), h4)
end

unifiesSbtounifiesLpSb(uniaccfun_fun(lt1, lt2, lp1, h2), h, h1) ≡
case h1 ∈ =(unify(sb, uniaccfun_fun(lt1, lt2, lp1, h2)), ∨L(sb1))  of
end

unifiesSbtounifiesLpSb(uniacczip_fun_fun(f, h2), h, h1) ≡
case unifiesSbtounifiesLpSb(h2, h, h1) ∈ ∧(unifiesLPT(sb’, ++(zip(lt1, lt2), lp1)),

unifiesS(sb’, sb))
 of

∧I(h3, h4) ⇒ ∧I(unifiesLPT_ziptofun(f, h3), h4)
endFigure 6.2: Auxiliary Lemmas for the Most General Uni�er Property



58 Partial Corretness of the Uni�ation Algorithmsubstitution sb1 uni�es both the list lp and the empty substitution, and theparameter h1 in the seond argument of the onjuntion is a proof that thesubstitution sb1 uni�es the substitution sb.To prove the most general uni�er property, we make use of the followingtwo lemmas. The �rst lemma states that if a substitution satis�es the prediate
Idem, then the substitution uni�es itself. The seond lemma says that if asubstitution sb0 satis�es the prediate Idemand if there is a substitution sb thatuni�es sb0, then the substitution sb0 is at least as general as the substitution sb(as de�ned in setion 5.3).

idemtounifies ∈ (Idem(sb)) unifiesS(sb, sb)
unifies∧idemtomguaux ∈ (Idem(sb’); unifiesS(sb, sb’)) ≤Sb(sb’, sb)Both lemmas are proven by reursion on the proofs that the substitutions sb andsb0, respetively, satisfy the prediate Idem. See setion C.4.6 for the ompleteproofs of these lemmas.These two auxiliary lemmas are used for proving the following two properties,whih are needed to prove the most general uni�er property.The �rst property states that if the uni�ation algorithm results in a sub-stitution, then this substitution uni�es the input list of pairs of terms.
unifiesprop ∈ (=(Unify(lp), ∨L(sb))) unifiesLPT(sb, lp)

unifiesprop(h) ≡ fst(unifiesSbtounifiesLpSb(allUniAccLPT(lp), idemtounifies(idemprop(h)), h))The seond property states that if the uni�ation algorithm results in asubstitution sb and if a substitution sb0 uni�es the input list, then sb is moregeneral than sb0.
mguprop_aux ∈ (=(Unify(lp), ∨L(sb)); unifiesLPT(sb’, lp)) ≤Sb(sb, sb’)

mguprop_aux(h, h1) ≡
unifies∧idemtomguaux(idemprop(h),

unifiesLpSbtounifiesSb(allUniAccLPT(lp), h1, unifiesS_[](sb’), h))Finally, we prove the most general uni�er property, in other words, we provethat if the uni�ation algorithm results in a substitution, then this substitutionis a most general uni�er of the input list of pairs of terms. For proving thisproposition, we use the properties unifiesprop and mguprop aux.
mguprop ∈ (=(Unify(lp), ∨L(sb))) mgu(sb, lp)

mguprop(h) ≡ ∧I(unifiesprop(h), ∀I([sb’]⇒I([h1]mguprop_aux(h, h1))))



Chapter 7The Integrated ApproahIn the last two hapters, we have introdued the formalisation of the uni�ationalgorithm in type theory and we have presented several proofs that show thepartial orretness of the algorithm. That is, we showed that the uni�ationalgorithm returns the value erroronly if there exists no substitution that uni�esthe input list of pairs of terms; otherwise it returns an idempotent substitutionthat is a most general uni�er of the input list of pairs of terms and whosevariables are inluded in the list of variables of the input list of pairs of terms.We have presented the algorithm and eah of the proofs in an separate way, thatis, we �rst presented the algorithm and then we proved the desired propertiesone by one. This methodology is known as the external approah.However, we an \integrate" all the desired properties into the ompletespei�ation for the uni�ation algorithm, and then given a proof that there isan objet that satis�es this spei�ation. Suh an objet will have a uni�ationalgorithm embedded. This methodology is known as the integrated approah orthe internal approah.In this hapter, we present the type theory formalisation of the integratedapproah to the uni�ation algorithm whih has the following spei�ation:Given a list of pairs of terms lp, either there does not exist anysubstitution that uni�es the list lp, or there exists a substitution sbsuh that the variables that our in sb are inluded in the variablesthat our in the list lp, sb is idempotent and it is a most generaluni�er of the input list lp.In order to formalise the spei�ation, we �rst introdue the de�nition of aonstrutor that de�nes the onjuntion of three propositions:
∧3 ∈ (A, B, C ∈ Set) Set

∧I3 ∈ (a ∈ A; b ∈ B; c ∈ C) ∧3(A, B, C)Using this onstrutor, the type of the main theorem we prove here is thefollowing: 59



60 The Integrated Approah
Theorem∈ (lp ∈ ListPT

) ∨(¬(∃(Subst, [sb]unifiesLPT(sb, lp))),
∃(Subst, [sb]∧3(⊆(varsS(sb), varsLPT(lp)), Idempotent(sb), mgu(sb, lp))))To prove this theorem we use an auxiliary theorem that takes a proof thatthe input list satis�es the prediate UniAcc as a parameter. This auxiliarytheorem has the following type:

Th ∈ (UniAcc(lp)
) ∨(¬(∃(Subst, [sb]unifiesLPT(sb, lp))),

∃(Subst, [sb]∧3(⊆(varsS(sb), varsLPT(lp)), Idem(sb), mgu(sb, lp))))Notie that the result of this auxiliary theorem is very similar to the resultof the main theorem. The only di�erene is that in the auxiliary theorem weask the substitution (when it exists) to satisfy the prediate Idemwhile in themain theorem we ask the substitution to be idempotent.The proof of the main theorem is immediate from the auxiliary theorem.When we obtain a proof that there exists a substitution that uni�es the inputlist of pairs of terms, we have to take the proof that this substitution satis�esthe prediate Idem into a proof that the substitution is idempotent.
Theorem∈ (lp ∈ ListPT

) ∨(¬(∃(Subst, [sb]unifiesLPT(sb, lp))),
∃(Subst, [sb]∧3(⊆(varsS(sb), varsLPT(lp)), Idempotent(sb), mgu(sb, lp))))

Theorem(lp) ≡
case Th(allUniAccLPT(lp)) ∈ ∨(¬(∃(Subst, [sb]unifiesLPT(sb, lp))),

∃(Subst,
[sb]∧3(⊆(varsS(sb), varsLPT(lp)), Idem(sb), mgu(sb, lp))))

∨L(h) ⇒ ∨L(h)
∨R(∃I(sb, ∧I3(h1, h2, h3))) ⇒ ∨R(∃I(sb, ∧I3(h1, idemtoidempotent(h2), h3)))

endThe auxiliary theorem is proven by reursion on the proof that the inputlist of pairs of terms satis�es the prediate UniAcc. As we prove all the desiredproperties in a single theorem, the proof of this theorem is two pages long. Seesetion C.7 for the omplete ALF proof of this auxiliary theorem.In the equations that orrespond to the ases where the algorithm unify isde�ned by reursion, we onsider ases on the result of the reursive alls.For the proofs that there exists no substitution that uni�es the input list,we use a few lemmas whose ALF proofs an be found in setion C.7. There aretwo kinds of these lemmas: those that take a proof that there does not exista substitution that uni�es the list on whih we perform the reursion into aproof that there does not exist a substitution that uni�es the input list (seond,fourth, �fth and last equations in the proof of the auxiliary theorem), and thosethat take the proofs that state ertain onditions on the input list into a proofthat there does not exist a substitution that uni�es suh a list of pairs of terms(third and sixth equations in the proof of the auxiliary theorem).In six of the seven equations of the proof of this theorem (one equationfor eah of the seven onstrutors of the prediate UniAcc), no surprises arise.These are the ases where the aumulated substitution does not hange in thede�nition of the algorithm unify and the ases where the algorithm unify gives a



61basi result (either a substitution that uni�es the input list of pairs of terms ora proof that suh a substitution does not exist). Moreover, most of the lemmaswe use to prove these ases were already used in the di�erent proofs we gave inthe previous hapter.However, it is interesting to study the ase where the input list has theform (x; t) : lp with x∉L varsT(t), whih is the only ase in the de�nition of thealgorithm unify where the aumulated substitution hanges. Below, we showthe part of the proof that orresponds to this ase:
Th(uniacc:=var_term(h1, h2)) ≡

case Th(h2) ∈ ∨(¬(∃(Subst, [sb]unifiesLPT(sb, :=LPT(x, t, lp1)))),
∃(Subst,

[sb]∧3(⊆(varsS(sb), varsLPT(:=LPT(x, t, lp1))),
Idem(sb),
mgu(sb, :=LPT(x, t, lp1)))))

 of

∨L(h) ⇒ ∨L(⇒I(unifiesLPT_var_term:=to⊥(h1, h)))
∨R(∃I(sb, ∧I3(h, h3, ∧I(h4, h5)))) ⇒

∨R(∃I(:(sb, .(x, appPT(sb, t))),
∧I3(⊆++L(⊆trans(h, ⊆varsvar_term(x, t, lp1)),

⊆:(⊆trans(⊆varsappP_T(sb, t),
⊆++L(⊆trans(h, ⊆varsvar_term(x, t, lp1)),

⊆++RR(varsLPT(lp1), varsT(var(x)), varsT(t)))),
∈++monL(varsLPT(lp1), ∈++monR(varsT(t), ∈hd(x, [] ))))),

idem:(h1, ⊆∧∉to∉(h, ∉:=LPT=var(lp1, h1)), h3),
∧I(unifiesLPT_:(

unifiesLPT:=tounifiesLPT(h1, ⊆∧∉to∉(h, ∉:=LPT=var(lp1, h1)), h3, h4),
=var_termappPT(h1, ⊆∧∉to∉(h, ∉:=LPT=var(lp1, h1)), h3)),

∀I([sb’]
⇒I([h6]∃I(witness(⇒E(∀E(h5, sb’), unifiesLPT_:=R(h6))),

∀I([t’]mguauxT(
t’,
idem:(h1,

⊆∧∉to∉(h, ∉:=LPT=var(lp1, h1)),
h3),

h6,
proof(⇒E(∀E(h5, sb’), unifiesLPT_:=R(h6))))))))))))

endThe parameter h2 is a proof that the list lp0 [x:=t℄ satis�es the prediate UniAcc.By reursion on this proof, we obtain that either there exists no substitu-tion that uni�es the list lp0 [x:=t℄, or there exists a substitution sb suh that
varsS(sb)⊆ varsLPT(lp0 [x:=t℄), it satis�es the prediate Idemand it is a most gen-eral uni�er of the list lp0 [x:=t℄.From the proof that there exists no substitution that uni�es the list lp0 [x:=t℄,it is easy to obtain a proof that there exists no substitution that uni�es the inputlist (x; t) : lp0.Otherwise, given sb that uni�es lp0 [x:=t℄, we have to give a substitutionthat uni�es (x; t) : lp0 and that also satis�es the desired properties. As wehave that varsS(sb)⊆ varsLPT(lp0 [x:=t℄) and sine x∉L varsLPT(lp0 [x:=t℄) beausex∉L varsT(t), we know that x∉L varsS(sb). Hene, there is no need to substitute t



62 The Integrated Approahfor x in sb sine (sb [x:=t℄) = sb. Thus, the uni�er we give here is the substitution(x; sb(t)) : sb and we have to supply proofs that this substitution satis�es therequired properties. As the way we onstrut this uni�er is di�erent from theway we onstrut the uni�er in the algorithm unify, we need a few new lemmasthat are just used in the part of the proof showed above. The proofs of thoselemmas an be found in setions C.4.4, C.4.6 and C.7.Finally, it is interesting to notie that even though the uni�er that resultsfrom the algorithm unify and the uni�er that results from the theorem we provein this hapter are onstruted in di�erent ways, atually both produe the samesubstitution. The di�erene in the onstrution arises from the fat that bothuni�ers are built in reverse sequenes. In the algorithm unify, given an inputlist of the form (x; t) : lp with x∉L varsT(t) and an aumulated substitution sb,we add the pair (x; t) to the substitution sb [x:=t℄ and we ontinue looking fora uni�er for the list lp [x:=t℄. However, if sb is the resulting uni�er for the listlp [x:=t℄ in the theorem we prove in this hapter, we add the pair (x; sb(t)) toit. In this way, both uni�ers are onstruted in reverse order, but the termsassoiated to eah of the variables in the domain of the substitution are thesame. However, the fat that both uni�ers are onstruted in a di�erent way isnot a onsequene of whether we deide to use the external or internal approahto formalise the uni�ation problem but of the hoies we made when de�ningboth the prediate UniAcc and the spei�ation of the internal approah.



Chapter 8ConlusionsHere, we present some onlusions, related work and future work.The omplete ALF formalisation of this work, that we present in appendixC, onsists of 30 �les with more than 330 funtions that require approximately180 Kbytes. After working out the details on paper, it took about three weeksto formalise the funtions in ALF. Approximately half of this time was used forde�ning the UniAcc prediate and the proof that all the lists of pairs of termssatisfy this prediate, and the other half for de�ning the proof that shows thepartial orretness of the uni�ation algorithm. Unfortunately, as there are nogood general libraries for ALF, we had to start our work from srath. For thisreason, most of the time spent in the proof that all the lists of pairs of termssatisfy the prediate UniAcc was used for de�ning lemmas about inequality ofnatural number, inlusion of lists and other general funtions.Our work is heavily based on indutive families, for whih ALF is verysuitable. Unfortunately, ALF is not maintained anymore, whih makes its usea bit risky sine no support is available if something goes wrong. Its suessorAgda [Coq98℄ does not allow the de�nition of prediates like our speial-purposeaessibility prediate UniAcc, and then it would not have been possible to useAgda to formalise the uni�ation algorithm following our approah. On theother hand, we believe that this formalisation of the uni�ation algorithm analso be performed in other proof assistants that allow the de�nition of indutiveprediates like our speial-purpose aessibility prediate, as for example theproof assistant Coq [DFH+91℄.The ode of the algorithm we obtain by using the UniAcc prediate to for-malise the uni�ation algorithm is short and elegant. The UniAcc prediateontains all the information needed in order to handle the reursive alls, andit is exatly this fat what makes the UniAcc prediate appropriate for the for-malisation of the uni�ation algorithm in type theory. On the other hand, thestandard aessibility prediate, even if useful in other ases, turned out not tobe a good solution for our partiular ase study. The uni�ation algorithm thatresults from using the standard aessibility prediate to handle the reursivealls is muh longer and more ompliated than the one obtained by using the63



64 Conlusionsprediate UniAcc. Besides, the formalisation that uses the standard aessibilityprediate ontains big parts of ode that are omputationally irrelevant whihwe, as programmers, are not interested in having together with the ode of thealgorithm. These parts inlude the proofs that the new lists to be uni�ed in thereursive alls are smaller than the original list of pairs of terms.Together with the UniAcc prediate and our type theory version of the uni�-ation algorithm, we present a proof that shows that our speial-purpose aes-sibility prediate holds for any possible input list of pairs of terms. This proof,whih is presented in appendix A, has a similar skeleton to the type theory ver-sion of the uni�ation algorithm that uses the standard aessibility prediateto handle the reursive alls. Observe that this proof is atually the only plaein our solution where we need to mention the proofs that the new lists to beuni�ed in the reursive alls are smaller than the original list of pairs of terms.The proof that shows the partial orretness of the uni�ation algorithmonsiders the same ases as the ones studied when formalising the algorithm.Hene, the di�erent proofs that we presented in setions 6 and 7 have alsobene�tted from the way we de�ned the prediate UniAcc and the uni�ationalgorithm. Most of these proofs are de�ned by reursion on the proof that theinput list satis�es the prediate UniAcc, and they are short and onise. Onthe other hand, if we would have de�ned the uni�ation algorithm by using thestandard aessibility prediate, eah of the proofs would have had the samebig skeleton as the algorithm, whih implies that they would have been muhlonger than the ones we presented in this work. Besides, in eah of these proofs,we would have had to mention the proofs that the new lists to be uni�ed in thereursive alls are smaller than the original list of pairs of terms.In addition, observe that there is atually not so muh di�erene betweenthe proofs we present in hapters 6 and 7 (see setions C.6 and C.7 respetively,for the ALF odes of the formalisations of the proofs). As eah of the di�erentproofs is onstruted by reursion on our speial-purpose aessibility prediate,eah proof onsiders seven ases, one for eah of the seven introdution rules ofthe prediate. In most of the ases, the proof of the theorem presented in hapter7 pratially onsists of gathering together the di�erent lemmas used for provingthe di�erent properties presented in hapter 6. The only ase where the proofspresented in hapters 6 and 7 di�er is in the ase where the resulting substitutionatually hanges. As already mentioned, even though the resulting uni�ers arethe same in both the external and internal approah, they are omputed inreverse order. As we also said before, this is not a onsequene of the approahused but of the hoies made when de�ning both the prediate UniAcc and thespei�ation of the internal approah.Finally, we disuss a methodology that would allow us to extrat Haskellprograms from the type theory programs that are de�ned by using a speial-purpose aessibility prediate to handle the reursive alls. We believe thatthis methodology for program extration is easy to program, and then it an beadded as part of a future program extration module for ALF.To summarise, we believe that the methodology we present here for formalis-ing the uni�ation algorithm in Martin-L�of's type theory is simple and therefore



8.1 Related Work 65easy to perform. Besides, it allows us to obtain short and elegant results whenwe use our speial-purpose aessibility prediate for de�ning both the algorithmand the proof of its partial orretness. In addition, the same methodology anbe used for writing other total and general reursive algorithms in type theory.In this way, we think that this methodology gives a step towards losing theexisting gap between programming in a Haskell-like programming language andprogramming in Martin-L�of's type theory. However, the generalisation of thismethodology to all total and general reursive algorithms remains to be studied.8.1 Related WorkUni�ation has beame widely known sine Robinson [Rob65℄ used it as theentral step of the inferene priniple alled resolution. Afterwards, uni�ationalgorithms have been the entre of several studies.In [MM82℄, Martelli and Montanari desribe the uni�ation problem in �rst-order prediate alulus as the solution of a set of equations, and give a non-deterministi uni�ation algorithm together with the proof of its orretness.From this non-deterministi algorithm, they derive a new and eÆient uni�a-tion algorithm. The uni�ation algorithm we presented in this work is a deter-ministi version of the �rst (non-deterministi) algorithm presented by Martelliand Montanari. Our mapping LPTtoN3, used for proving the termination of ouralgorithm, is a simpli�ation of the mapping F presented in [MM82℄ to show thetermination of their (non-deterministi) algorithm. In addition, the notion ofequivalene between lists of pairs of terms and substitutions, that we introduedin setion 5.3, is an adaptation to our algorithm of the notion of equivalene ofsets of equations presented in [MM82℄.The dedutive synthesis of the uni�ation algorithm byManna andWaldinger[MW81℄ is also a well known work on uni�ation. Given a high-level spei�a-tion of the uni�ation algorithm, Manna and Waldinger prove a theorem thatestablishes the existene of an objet satisfying the spei�ation. As the proofis onstrutively done, the desired program an be extrated from it. Althoughtheir work is very detailed and easy to follow, it has been done ompletely manu-ally and hene it has not been mahine-heked. As the reursion in the programthat would ultimately be extrated from their proof is not on struturally smallerelements, their work annot be diretly translated into Martin-L�of's type the-ory sine, as we already mention it, there is no diret way of formalising generalreursion in type theory.Eriksson [Eri84℄ synthesises a uni�ation algorithm from a formal spei�a-tion in �rst-order logi with equality. Eriksson developed the proofs by handand veri�ed them by mahine. The method guarantees partial orretness, thatis, if the program �nds a most general uni�er of two terms, then it an be provenfrom the spei�ation that the terms were uni�able. However, total orretnessis not proven, whih amounts to showing that if two terms are uni�able, thenthe program will �nd a most general uni�er for the terms. The derived algo-rithm, whih is expressed in a Prolog-like [CM81℄ style, does not report when



66 Conlusionstwo terms annot be uni�ed and its termination has not been studied. The spe-i�ation presented by Eriksson does not establish if the resulting substitution isidempotent nor if the variables that our in it are those already ourring inthe input terms.In [Pau85℄, Paulson losely follows the work in [MW81℄ to verify the uni�-ation algorithm in LCF [GMW79℄. However, although Manna and Waldingersynthesise a program, Paulson states the uni�ation algorithm and then provesit. We an distinguish several di�erenes between Paulson's approah and ours.While we represent terms of the form f(t1; : : : ; tn) as the appliation of the fun-tion f to the list of terms [t1; : : : ; tn℄, Paulson represents them as their urriedversion ((f(t1))(t2) : : :)(tn). Although this simpli�es the uni�ation algorithma bit, it ompliates the representation of terms where the funtion to be ap-plied has a large arity. Paulson states that he �rst reformulated the work in[MW81℄ to use lists of variables instead of the (mathematial) notion of set, butthat reasoning about lists of variables was awkward and he did not attempt to�nish the formalisation using them. Thus, Paulson introdues sets as quotienttypes by de�ning them as equivalene lasses of �nite lists where the order andmultipliity of elements is ignored. Sine it is not possible to do this in a simpleway in Martin-L�of's type theory, we used lists of variables for our formalisation.Although it was not very straightforward to work with lists, we managed to gothrough without big problems. In [MW81℄, Manna and Waldinger forbid trivialsubstitution like [(x; x)℄ or ambiguous ones like [(x; t1),(x; t2)℄. Hene, Paul-son identi�es [(x; x)℄ with the empty substitution [ ℄ and [(x; t1),(x; t2)℄ with[(x; t1)℄. As the substitutions that result from our uni�ation algorithm areidempotent, we know that eah variable appears at most one in the domain ofthese substitutions. In addition, given an idempotent substitution sb, we anprove that if the variable x belongs to the domain of sb, then sb(x) ≠ x. Hene,we know that the substitutions that result from our uni�ation algorithm areneither ambiguous nor ontain trivial pairs. Paulson de�nes the notion of propersubterm as a funtion returning a value in the boolean domain. Although thenormal way to de�ne it in Martin-L�of's type theory would be as an indutivelyde�ned relation, we did not need to de�ne this relation as we already explainedin setion 5.4. Sine types denote domains in LCF and not sets, Paulson hasto deal with numerous de�nedness assertions (as he alled them) of the formt 6�? in order to avoid left sides of the equations to overlap, whih would leadto ontraditions. We think that the presene of these assertions everywherein the theories makes its reading a bit heavy. Finally, the reursive alls inthe uni�ation algorithm de�ned by Paulson are not on struturally smallerelements. Hene, termination is not guaranteed and he proves it separately.This way of de�ning the algorithm is not possible in Martin-L�of's type theory,that is, de�ning an algorithm where the reursive alls are on non-struturallysmaller elements, and it is atually the main motivation for the methodologywe introdue in this work.Rouyer has presented a veri�ation of a �rst-order uni�ation algorithm inthe alulus of onstrution with indutive types [CP90, PM93℄ using the Coqproof assistant [DFH+91℄ (see [Rou92℄ for the omplete Frenh tehnial report



8.1 Related Work 67of the veri�ation and [RL℄ for the English summary of the Frenh report).Several di�erenes distinguish our work from the one presented in [Rou92℄. Asthe use of data types with dependent types does not allow program extrationin Coq, it is not possible for Rouyer to de�ne the set of terms in the way we havedone it in this work. Hene, Rouyer de�nes an extended notion alled quasi-terms and de�nes terms as spei� quasi-terms. Rouyer's main theorem statesthat any two quasi-terms either have a most general uni�er that is idempotentand whose variables are inluded in the variables that our in the two quasi-terms, or are not uni�able. Rouyer proves that if terms are uni�able as quasi-terms, their most general uni�er is a substitution that maps terms to terms. Inthis way, a uni�ation algorithm for quasi-terms yields a uni�ation algorithmfor terms. The uni�ation algorithm presented in [Rou92℄ is de�ned by indutionon the number of di�erent variables in the input quasi-terms, and then byindution on both quasi-terms. In our opinion, one needs deep knowledge ofthe Coq system to understand the algorithm that underlies the main theorempresented in [Rou92℄. We believe that this is due to the fat that in Coq lemmasare proven by giving a sequene of tatis instead of by diretly onstrutingthe proof objet. Fortunately, the explanations given in [Rou92℄ and [RL℄ guideus in understanding the underlying algorithm by showing the di�erent ases weneed to onsider in order to prove the main theorem. In Coq, assoiated witheah indutive relation one only has the elimination rules. Proving propertiesfrom an indutive relation is not always easy, while it is usually easier to proveproperties from the reursive version of the relation. Thus, for eah relation,Rouyer de�nes both the indutive and the reursive version of the relation, andthen proves that both de�nitions are equivalent. Due to the pattern mathingfaility, only the indutive de�nition of a relation is suÆient in ALF, whihmakes the whole proof a bit simpler. Another di�erene between our approahand Rouyer's is that to show that the terms x and t are not uni�able whenx ∈ varsT(t), Rouyer follows the standard proof that uses the notion of propersubterms while we skip the de�nition of this relation as we already disussed insetion 5.4. On the other hand, both Rouyer's formalisation and ours use listsof variables to formalise the set of variables in a (quasi-)term. It seems we bothhad to deal with similar problems due to this hoie.Jaume [Jau97℄ presents a formalisation of a uni�ation algorithm for �rst-order terms in the alulus of onstrution with indutive types built fromthe proof of the uni�ation algorithm for �rst-order quasi-terms presented in[Rou92℄. The tehnique used by Jaume is based on de�ning a bijetion betweenterms and the subset of quasi-terms that represents terms (whih is de�ned bya prediate) and proving the preservation of the uni�ation property. In thisway, the uni�ation algorithm is transposed from quasi-terms to terms. In otherwords, Jaume proves the uni�ation property without really dealing with uni-�ation theory. As no program has been extrated from this proof, it is notpossible to ompare Jaume's work with ours from a programming point of view,whih is atually one of our main interests.In [RRAHM99℄, Ruiz-Reina et al desribe a formalisation and mehanialveri�ation of a uni�ation algorithm using the Boyer-Moore logi [BM79℄ and



68 Conlusionsits theorem prover. The Boyer-Moore theorem prover is automati in the sensethat one the ommand to prove lemmas is invoked, the user an no longerinterat with the system. On the other hand, the user an give de�nitions andprove lemmas to be used in later proofs, and an give \hints" to the proverwhen invoking the ommand to prove lemmas. To guarantee termination whende�ning reursive funtions, an ordinal measure that dereases in eah reur-sive all should be provided. Sine Ruiz-Reina et al also follow the work byMartelli and Montanari, the uni�ation algorithm formalised in [RRAHM99℄ isvery similar to ours and most of the lemmas proven in [RRAHM99℄ are alsoproven in our work. However, the language used in their formalisation is verydi�erent from the Martin-L�of's type theory. Boyer-Moore logi is a quanti�er-free �rst-order logi with equality that uses a language very similar to pure Lisp.While Martin-L�of's type theory is a strongly typed language, the language inBoyer-Moore logi has a very poor notion of type. In [RRAHM99℄, terms (thesame applies for list of terms and substitution) are not de�ned by using anyspei� prediate or data type. Instead, any objet in the logi an representa term by following ertain onventions. Although the objets of the logi thatdo not follow the onventions do not represent well-formed terms, the results in[RRAHM99℄ are also proven for these non well-formed terms. As the notion oftype is very poor in their formalisation language, some trik is needed in orderto know whether an objet list in their logi represents a term or a list of terms,and then a boolean ag is used for this purpose. Many funtions in the formal-isation presented in [RRAHM99℄ return either the desired value (for example asubstitution that uni�es two terms), or the logial value F if it is not possible toobtain suh a value. Then, the result of those funtions an be used both for a-tual omputations or for boolean tests, as in if solved (seond solved) F.We believe that this untyped work methodology is not very lean and it is veryeasy to make small mistakes whih are very diÆult to �nd out. Finally, thetransformation rules to be applied to the pairs of terms in every reursive all ofthe uni�ation algorithm are de�ned using a seletion funtion (that selets thepair of terms to be onsidered in eah all) that is partially de�ned. Then, Ruiz-Reina et al say that the transformation rules are applied in a non-deterministiway. However, this is not the standard notion of non-determinism beause toatually have a uni�ation algorithm, a spei� seletion funtion that satis�esthe partial de�nition should be provided.Finally, MBride [MB99℄ has also formalised a uni�ation algorithm in Lego[LP92℄. In the formalisation, MBride exploits the use of dependent types inprogramming by indexing the set of terms by an upper bound on the numberof di�erent variables in the terms. In addition, the set of substitutions is alsoindexed by the number of di�erent variables both in the domain and in therange of a substitution. The way in whih terms and substitutions are de�nedpermits a reformulation of the uni�ation problem in a strutural way with alexiographi reursive struture, �rst over the number of di�erent variables andthen over one of the terms to be uni�ed. In this way, MBride does not needto impose either an external termination ordering or an aessibility argument.In [MB99℄, MBride proves that the resulting substitution is atually a most



8.2 Future Work 69general uni�er of the two input terms but he does not (expliitly) prove that theresulting substitution is idempotent and that it only uses variables that ourin the input terms. However, this last property an be easily inferred from thetype of the resulting substitution sine the types of both terms and substitutionsontain information about the variables in a term and in the domain and rangeof a substitution. Notie that, as the domain and range of a substitution maydi�er, it is not possible to de�ne the usual notion of idempotene sine weannot ompose substitutions in the traditional way. However, there is anotherproperty introdued in [MB99℄ that does the same job as idempotene andthat forms the basis of the proof of one of the orretness ases. Thus, theuni�ers that result from the algorithm in [MB99℄ are idempotent althoughMBride does not expliitly prove this fat. We think the result presented inMBride's work is very interesting sine it shows the importane of dependenttypes in programming (see [wor99℄ for more examples of dependent types inprogramming). Unfortunately, programming with dependent types is still not anormal pratie, and then the program assoiated with MBride's formalisationis not very pratiable yet, thought we hope it will be in a near future.8.2 Future WorkThere are two possible diretions that we would like to pursue.The �rst is related to the methodology that we used for de�ning the pred-iate UniAcc. We believe that this methodology an be used for formalisingother algorithms that are total and where the reursion is on non-struturallysmaller arguments, suh as the Quicksortalgorithm. Hene, following the samemethodology used for de�ning the prediate UniAcc, we an de�ne a prediate
QuickAcc that ontains the neessary information to handle the reursive allsfor this partiular sorting algorithm.However, this methodology annot be used when we have nested reursivealls. Consider, for example, the version of the uni�ation algorithm for thease where the terms are either variables or binary terms of the form t1 ! t2.The Haskell version for this uni�ation algorithm is:unify_h :: Term -> Term -> Maybe Substunify_h (Var x) (Var y) | x == y = [℄unify_h (Var x) t | x `elem` (varsT t) = Nothing| otherwise = Just [(x,t)℄unify_h t (Var x) = unify_h (Var x) tunify_h (t1 -> t2) (t3 -> t4) =ase unify_h t1 t3 ofNothing -> NothingJust sb1 -> ase unify_h (appP sb1 t2) (appP sb1 t4) ofNothing -> NothingJust sb2 -> Just (app_on sb2 sb1)where the funtion app on onatenates the �rst substitution with the result



70 Conlusionsof applying the �rst substitution to all the terms in the seond one.Now, when we know that the result of unifying the terms t1 and t2 is not anerror, the allunify_h (appP sb1 t2) (appP sb1 t4)is atually the same as the allunify_h (appP (unJust (unify_h t1 t3)) t2)(appP (unJust (unify_h t1 t3)) t4)where unJust (Just sb) = sb. If we follow the methodology desribed insetion 4.5.1 we obtain a speial-purpose prediate where the result of the uni-�ation algorithm appears in the premises of the rules. However, the purposeof de�ning the prediate is to be able to de�ne the uni�ation algorithm, whihmeans that the uni�ation algorithm is not de�ned yet, and hene it annotappear as part of the premises of the rules of the speial-purpose prediate. Wewould have the same problem, for example, if we try to use our method to de�nea prediate that allows us to formalise the Akermann funtion in type theory.Thus, we would like to generalise this method so that it an be used forformalising as many total and general reursive algorithms as possible.The seond researh diretion that we are interested in pursuing is relatedto the formalisation of the theory of programming languages in type theory, inpartiular the theory of funtional programming languages. In [Mil78℄, Milnerpresents the type inferene algorithm W whih is used for inferring the typeof expressions in the language ML [MTHM97℄. Given an expression e that hastype under a ontext �, the algorithm W gives the most general type shemefor e from whih all types that an be derived for the expression under � areinstanes. The algorithm W , whih was proven to be sound and omplete in[Dam85℄, is based on the existene of a uni�ation algorithm with the sameproperties as the algorithm we present in this work. Thus, we plan to useour formalisation of the uni�ation algorithm to formalise the type inferenealgorithm W and the proofs that the algorithm is sound and omplete.



Appendix AALF Formalisation of theInequalities over Lists ofPairs of TermsHere, we explain the ALF proofs of the inequalities over lists of pairs of termspresented in setion 4.2.The funtions #varsLPT, #funsLPT, #eqsLPT and LPTtoN3 are de�ned in ALF asfollows:
#varsLPT ∈ (lp ∈ ListPT) N

#varsLPT(lp) ≡ len(varsLPT(lp))
#funsLPT ∈ (lp ∈ ListPT) N

#funsLPT([] ) ≡ 0
#funsLPT(:(lp’, .(t1, t2))) ≡ +(#funsLPT(lp’), +(#funsT(t1), #funsT(t2)))

#eqsLPT ∈ (lp ∈ ListPT) N
#eqsLPT([] ) ≡ 0
#eqsLPT(:(lp’, .(var(x), var(x1)))) ≡ VartoA(+(#eqsLPT(lp’), 1), #eqsLPT(lp’), Vardec(x, x1))
#eqsLPT(:(lp’, .(var(x), fun(f, lt)))) ≡ #eqsLPT(lp’)
#eqsLPT(:(lp’, .(fun(f, lt), var(x)))) ≡ +(#eqsLPT(lp’), 1)
#eqsLPT(:(lp’, .(fun(f, lt), fun(f1, lt1)))) ≡ #eqsLPT(lp’)

LPTtoN3 ∈ (lp ∈ ListPT) N3
LPTtoN3(lp) ≡ .(#varsLPT(lp), #funsLPT(lp), #eqsLPT(lp))The funtion len is not the onventional funtion lengthover lists beause it doesnot ount the atual number of variables in a list but the number of di�erentvariables in the list. This umbersome solution is due to the fat that we annotdiretly formalise the notion of (mathematial) sets in ALF. The funtion #funsTounts the number of funtion appliations that our in a term. The orre-sponding funtion for vetors of terms is alled #funsVT . The ALF de�nitions ofthese two mutually reursive funtions are given in setion C.4.1.The ALF lemmas orresponding to the four inequalities over lists of pairs ofterms presented in setion 4.2 are the following:71



72 ALF Formalisation of the Inequalities over Lists of Pairs of Terms
<LPTvar_var ∈ (x ∈ Var; lp ∈ ListPT) <N3(LPTtoN3(lp), LPTtoN3(:(lp, .(var(x), var(x)))))
<LPT:=var_term ∈ (lp ∈ ListPT;

∉L(x, varsT(t))
) <N3(LPTtoN3(:=LPT(x, t, lp)), LPTtoN3(:(lp, .(var(x), t))))

<LPTvar_fun ∈ (f ∈ Fun;
x ∈ Var;
lt ∈ VTerm(n);
lp ∈ ListPT

) <N3(LPTtoN3(:(lp, .(var(x), fun(f, lt)))), LPTtoN3(:(lp, .(fun(f, lt), var(x)))))
<LPTzip_fun_fun ∈ (f, g ∈ Fun;

lt1, lt2 ∈ VTerm(n);
lp ∈ ListPT

) <N3(LPTtoN3(++(zip(lt1, lt2), lp)), LPTtoN3(:(lp, .(fun(f, lt1), fun(g, lt2)))))To prove these lemmas we need three kinds of auxiliary lemmas: lemmasabout the number of variables in the lists of pairs of terms, about the numberof funtion appliations in the lists and about the number of pairs ounted bythe funtion #eqsLPT. Below, we desribe the main auxiliary lemmas needed inorder to prove these four inequalities over lists of pairs of terms. See setionC.4.4 for the omplete ALF proofs of these inequalities.Lemmas about the Number of Variables: We prove the following fourlemmas about the number of variables in a list of pairs of terms:
≤#varsvar_var ∈ (x ∈ Var; lp ∈ ListPT) ≤(#varsLPT(lp), #varsLPT(:(lp, .(var(x), var(x)))))
<#vars:=LPT ∈ (lp ∈ ListPT;

∉L(x, varsT(t))
) <(#varsLPT(:=LPT(x, t, lp)), #varsLPT(:(lp, .(var(x), t))))

=#varsvar_fun ∈ (f ∈ Fun;
x ∈ Var;
lt ∈ VTerm(n);
lp ∈ ListPT

) =(#varsLPT(:(lp, .(var(x), fun(f, lt)))), #varsLPT(:(lp, .(fun(f, lt), var(x)))))
=#varsfun_fun ∈ (f, g ∈ Fun;

lt1, lt2 ∈ VTerm(n);
lp ∈ ListPT

) =(#varsLPT(++(zip(lt1, lt2), lp)), #varsLPT(:(lp, .(fun(f, lt1), fun(g, lt2)))))To prove the above lemmas, we use the following auxiliary lemmas1:
⊂to< ∈ (l1 ∈ ListVar; ¬(∈L(x, l1)); ∈L(x, l2); ⊆(l1, l2)) <(len(l1), len(l2))
⊆to≤ ∈ (⊆(l1, l2)) ≤(len(l1), len(l2))Given the lists of variables l1 and l2, to prove that len(l1) < len(l2) we haveto prove that l1 is inluded in l2 and we have to �nd a variable x in l2 that doesnot belong to the list l1, and to prove that len(l1) ≤ len(l2) it is suÆient toprove that l1 is inluded in l2. Finally, to prove that len(l1) = len(l2) we provethat l1 is inluded in l2 and that l2 is inluded in l1. This, in turn, gives usproofs that len(l1) ≤ len(l2) and that len(l2) ≤ len(l1), whih learly gives us aproof that len(l1) = len(l2).1See setion C.3.3 for the omplete proof of these two lemmas.



73In [Rou92℄, a similar tehnique is used to prove inequalities about the num-bers of variables in a list of variables.Lemmas about the Number of Funtions Appliations: We prove thefollowing three lemmas about the number of funtions appliations in a list ofpairs of terms:
=#funsvar_var ∈ (x ∈ Var; lp ∈ ListPT) =(#funsLPT(lp), #funsLPT(:(lp, .(var(x), var(x)))))
=#funsvar_fun ∈ (f ∈ Fun;

x ∈ Var;
lt ∈ VTerm(n);
lp ∈ ListPT

) =(#funsLPT(:(lp, .(var(x), fun(f, lt)))), #funsLPT(:(lp, .(fun(f, lt), var(x)))))
<#funsfun_fun ∈ (f, g ∈ Fun;

lt1, lt2 ∈ VTerm(n);
lp ∈ ListPT

) <(#funsLPT(++(zip(lt1, lt2), lp)), #funsLPT(:(lp, .(fun(f, lt1), fun(g, lt2)))))To prove the last lemma, we use the following two extra auxiliary lemmas:
=#funszip ∈ (lt1, lt2 ∈ VTerm(n)) =(#funsLPT(zip(lt1, lt2)), +(#funsVT(lt1), #funsVT(lt2)))
=#funs++ ∈ (lp1, lp2 ∈ ListPT) =(#funsLPT(++(lp1, lp2)), +(#funsLPT(lp1), #funsLPT(lp2)))The proofs of these �ve lemmas are straightforward. In them, we mainlyuse the de�nition of the funtion #funsLPT and the assoiative and ommutativeproperties of the addition of natural numbers.Lemmas about the Number of Pairs Counted by the Funtion #eqsLPT:We prove the following two lemmas about the number of pairs in a list of pairsof terms ounted by the funtion #eqsLPT:
<#eqsvar_var ∈ (x ∈ Var; lp ∈ ListPT) <(#eqsLPT(lp), #eqsLPT(:(lp, .(var(x), var(x)))))
<#eqsvar_fun ∈ (f ∈ Fun;

x ∈ Var;
lt ∈ VTerm(n);
lp ∈ ListPT

) <(#eqsLPT(:(lp, .(var(x), fun(f, lt)))), #eqsLPT(:(lp, .(fun(f, lt), var(x)))))The proofs of these lemmas are straightforward and they mainly use thede�nition of the funtion #eqsLPT.





Appendix BAll Lists of Pairs of TermsSatisfy UniAccIn this appendix we disuss the proof that shows that all lists of pairs of termssatisfy the prediate UniAcc.For this purpose, we de�ne a funtion Pn over triples of natural numbers.Given n3 ∈ N3, we de�ne Pn as follows:
Pn(n3) ∈ ∀ lp0 ∈ ListPT. (LPTtoN3(lp0) = n3)⇒ UniAcc(lp0)Given a list lp ∈ ListPT, we have that LPTtoN3(lp) ∈ N3 and then we obtain that

Pn(LPTtoN3(lp)) ∈ ∀ lp0 ∈ ListPT. (LPTtoN3(lp0) = LPTtoN3(lp))⇒ UniAcc(lp0)So, if we perform one ∀ elimination and one ⇒ elimination, the former withthe list lp and the latter with a proof that LPTtoN3(lp) = LPTtoN3(lp), we obtaina proof that UniAcc(lp). Then, we have the following ALF lemma:
allUniAccLPT ∈ (lp ∈ ListPT) UniAcc(lp)

allUniAccLPT(lp) ≡ ⇒E(∀E(Pn(LPTtoN3(lp)), lp), refl(LPTtoN3(lp)))To prove the prediate Pn we use the fat that N3 is well-founded. Given alemma uniaccaux of type:
uniaccaux ∈ (Acc(N3, <N3, n3);

f ∈ (m3 ∈ N3; <N3(m3, n3)) ∀(ListPT, [lp]⇒(=(LPTtoN3(lp), m3), UniAcc(lp)))
) ∀(ListPT, [lp]⇒(=(LPTtoN3(lp), n3), UniAcc(lp)))we an use the rule of well-founded reursion to onstrut a proof of Pn. Hene,we have that:

Pn ∈ (n3 ∈ N3) ∀(ListPT, [lp]⇒(=(LPTtoN3(lp), n3), UniAcc(lp)))
Pn(n3) ≡ wfrec(n3, allaccN3(n3), uniaccaux)The lemma uniaccaux is de�ned in ALF as follows:75
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uniaccaux ∈ (Acc(N3, <N3, n3);
f ∈ (m3 ∈ N3; <N3(m3, n3)) ∀(ListPT, [lp]⇒(=(LPTtoN3(lp), m3), UniAcc(lp)))

) ∀(ListPT, [lp]⇒(=(LPTtoN3(lp), n3), UniAcc(lp)))
uniaccaux(h, f) ≡ ∀I([lp]⇒I([h’]uniaccaux2(h, f, lp, h’)))where the lemma uniaccaux2 has the following type:

uniaccaux2 ∈ (Acc(N3, <N3, n3);
f ∈ (m3 ∈ N3; <N3(m3, n3)) ∀(ListPT, [lp’]⇒(=(LPTtoN3(lp’), m3), UniAcc(lp’)));
lp ∈ ListPT;
=(LPTtoN3(lp), n3)

) UniAcc(lp)To prove this last lemma, we proeed in a similar way as the one presentedin setion 4.4.1 to de�ne the algorithm Unifyacc: we perform a few patternmathings on the list lp and a few ase analyses using the same deidabilitylemmas as the ones used when de�ning Unifyacc. In this way, we obtain aninomplete ALF proof onsisting of nine ases where, for eah ase, we have tosupply a proof that the orresponding list satis�es UniAcc. To build eah ofthese proofs we use the UniAcc onstrutor that orresponds to the list in turn.We present the omplete ALF proof of lemma uniaccaux2 in �gure B.1. Notiethat in the proof of this lemma we again make use of the inequality lemmaspresented in appendix A. Finally, notie that the ALF ode of the formalisationof this proof and the ALF ode of the algorithm Unifyacc have similar skeletons.
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uniaccaux2 ∈ (Acc(N3, <N3, n3);

f ∈ (m3 ∈ N3; <N3(m3, n3)) ∀(ListPT, [lp’]⇒(=(LPTtoN3(lp’), m3), UniAcc(lp’)));
lp ∈ ListPT;
=(LPTtoN3(lp), n3)

) UniAcc(lp)
uniaccaux2(p, f, [] , h) ≡ uniacc[]
uniaccaux2(p, f, :(lp1, .(var(x), var(x1))), refl(_)) ≡

case Vardec(x, x1) ∈ Dec(=(x, x1))  of
yes(refl(_)) ⇒

uniaccvar_var(x1, ⇒E(∀E(f(LPTtoN3(lp1), <LPTvar_var(x1, lp1)), lp1), refl(LPTtoN3(lp1))))
no(h) ⇒

uniacc:=var_term(∉:(∉[](x), h),
⇒E(∀E(f(LPTtoN3(:=LPT(x, var(x1), lp1)), <LPT:=var_term(lp1, ∉:(∉[](x) ,h))),

:=LPT(x, var(x1), lp1)),
refl(LPTtoN3(:=LPT(x, var(x1), lp1)))))

end
uniaccaux2(p, f, :(lp1, .(var(x), fun(f1, lt1))), refl(_)) ≡

case ∈dec(x, varsVT(lt1)) ∈ Dec(∈L(x, varsVT(lt1)))  of
yes(h) ⇒ uniaccvar_term(lp1, h, ≠T(f1, x, lt1))
no(h) ⇒

uniacc:=var_term(¬∈to∉(varsT(fun(f1, lt1)), h),
⇒E(∀E(f(LPTtoN3(:=LPT(x, fun(f1, lt1), lp1)),

<LPT:=var_term(lp1, ¬∈to∉(varsT(fun(f1, lt1)), h))),
:=LPT(x, fun(f1, lt1), lp1)),

refl(LPTtoN3(:=LPT(x, fun(f1, lt1), lp1)))))
end

uniaccaux2(p, f, :(lp1, .(fun(f1, lt1), var(x))), refl(_)) ≡
uniaccvar_fun(⇒E(∀E(f(LPTtoN3(:(lp1, .(var(x), fun(f1, lt1)))), <LPTvar_fun(f1, x, lt1, lp1)),

:(lp1, .(var(x), fun(f1, lt1)))),
refl(LPTtoN3(:(lp1, .(var(x), fun(f1, lt1)))))))

uniaccaux2(p, f, :(lp1, .(fun(f1, lt1), fun(f2, lt2))), refl(_)) ≡
case Fundec(f1, f2) ∈ Dec(=(f1, f2))  of

yes(refl(_)) ⇒
case Ndec(n1, n2) ∈ Dec(=(n1, n2))  of

yes(refl(_)) ⇒
uniacczip_fun_fun(

f2,
⇒E(∀E(f(LPTtoN3(++(zip(lt1, lt2), lp1)), <LPTzip_fun_fun(f2, f2, lt1, lt2, lp1)),

++(zip(lt1, lt2), lp1)),
refl(LPTtoN3(++(zip(lt1, lt2), lp1)))))

no(h1) ⇒ uniaccfun_fun(lt1, lt2, lp1, ∨R(h1))
end

no(h) ⇒ uniaccfun_fun(lt1, lt2, lp1, ∨L(h))
end Figure B.1: ALF Proof of lemma uniaccaux2





Appendix CALF CodesThis appendix ontains the omplete ALF ode of the formalisation of the uni-�ation algorithm in Martin-L�of's type theory.C.1 Logial ConstantsC.1.1 Absurdity
⊥ ∈ SetC.1.2 Conjuntion
∧ ∈ (A, B ∈ Set) Set

∧I ∈ (a ∈ A; b ∈ B) ∧(A, B)
∧3 ∈ (A, B, C ∈ Set) Set

∧I3 ∈ (a ∈ A; b ∈ B; c ∈ C) ∧3(A, B, C)
fst ∈ (∧(A, B)) A

fst(∧I(a, b)) ≡ a
snd ∈ (∧(A, B)) B

snd(∧I(a, b)) ≡ bC.1.3 Disjuntion
∨ ∈ (A, B ∈ Set) Set

∨L ∈ (a ∈ A) ∨(A, B)
∨R ∈ (b ∈ B) ∨(A, B)C.1.4 Equivalene

⇔ ∈ (A, B ∈ Set) Set
⇔ ≡ [A, B]∧(⇒(A, B), ⇒(B, A)) 79



80 ALF CodesC.1.5 Existential Quanti�er
∃ ∈ (A ∈ Set; B ∈ (A) Set) Set

∃I ∈ (a ∈ A; b ∈ B(a)) ∃(A, B)
witness ∈ (∃(A, B)) A

witness(∃I(a, b)) ≡ a
proof ∈ (h ∈ ∃(A, B)) B(witness(h))

proof(∃I(a, b)) ≡ bC.1.6 Impliation
⇒ ∈ (A, B ∈ Set) Set

⇒I ∈ (f ∈ (A) B) ⇒(A, B)
⇒E ∈ (f ∈ ⇒(A, B); a ∈ A) B

⇒E(⇒I(f1), a) ≡ f1(a)
⇒trans ∈ (⇒(A, B); ⇒(B, C)) ⇒(A, C)

⇒trans(⇒I(f), ⇒I(f1)) ≡ ⇒I([a]f1(f(a)))C.1.7 Negation
¬ ∈ (A ∈ Set) Set

¬ ≡ [A]⇒(A, ⊥)C.1.8 Universal Quanti�er
∀ ∈ (A ∈ Set; B ∈ (A) Set) Set

∀I ∈ (f ∈ (a ∈ A) B(a)) ∀(A, B)
∀E ∈ (∀(A, B); a ∈ A) B(a)

∀E(∀I(f), a) ≡ f(a)C.2 Some Useful General PrediatesC.2.1 Aessibility
Acc ∈ (A ∈ Set; less ∈ (A; A) Set; a ∈ A) Set

acc ∈ (a ∈ A; (x ∈ A; less(x, a)) Acc(A, less, x)) Acc(A, less, a)
WF ∈ (A ∈ Set; less ∈ (A; A) Set) Set

WF ≡ [A, less]∀(A, [a]Acc(A, less, a))
wfrec ∈ (a ∈ A;

Acc(A, less, a);
e ∈ (x ∈ A; Acc(A, less, x); (y∈A;less(y, x))P(y)) P(x)

) P(a)
wfrec(a, acc(_, p), e) ≡ e(a, acc(a, p), [y, h]wfrec(y, p(y, h), e))C.2.2 Deidability

Dec ∈ (Set) Set
yes ∈ (h ∈ P) Dec(P)
no ∈ (h ∈ ¬(P)) Dec(P)



C.3 Some Useful General Data Types 81C.2.3 Propositional Equality
= ∈ (a, b ∈ A) Set

refl ∈ (a ∈ A) =(a, a)
=symm ∈ (=(a, b)) =(b, a)

=symm(refl(_)) ≡ refl(b)
=trans ∈ (=(a, b); =(b, c)) =(a, c)

=trans(refl(_), refl(_)) ≡ refl(c)
=cong1 ∈ (f ∈ (A) B; =(a1, a2)) =(f(a1), f(a2))

=cong1(f, refl(_)) ≡ refl(f(a2))
=cong2 ∈ (f ∈ (A; B) C; =(a1, a2); =(b1, b2)) =(f(a1, b1), f(a2, b2))

=cong2(f, refl(_), refl(_)) ≡ refl(f(a2, b2))
=subst1 ∈ (=(a, b); P(a)) P(b)

=subst1(refl(_), h1) ≡ h1

=subst2 ∈ (=(a, b); =(c, d); R(b, c)) R(a, d)
=subst2(refl(_), refl(_), h2) ≡ h2C.3 Some Useful General Data TypesC.3.1 Error

Error ∈ Set
error ∈ ErrorC.3.2 Lists

List ∈ (A ∈ Set) Set
[] ∈ List(A)
: ∈ (l ∈ List(A); a ∈ A) List(A)

++ ∈ (l1, l2 ∈ List(A)) List(A)
++(l1, [] ) ≡ l1
++(l1, :(l, a)) ≡ :(++(l1, l), a)

∈L ∈ (a ∈ A; l ∈ List(A)) Set
∈hd ∈ (a ∈ A; l ∈ List(A)) ∈L(a, :(l, a))
∈tl ∈ (b ∈ A; l ∈ List(A); ∈L(a, l)) ∈L(a, :(l, b))

∉L ∈ (a ∈ A; l ∈ List(A)) Set
∉[] ∈ (a ∈ A) ∉L(a, [] )
∉: ∈ (∉L(a, l); ¬(=(a, b))) ∉L(a, :(l, b))

Disjoint ∈ (l, l1 ∈ List(A)) Set
disj[] ∈ (l1 ∈ List(A)) Disjoint([] , l1)
disj: ∈ (Disjoint(l, l1); ∉L(a, l1)) Disjoint(:(l, a), l1)

⊆ ∈ (l1, l2 ∈ List(A)) Set
⊆[] ∈ (l ∈ List(A)) ⊆([] , l)
⊆: ∈ (⊆(l1, l2); ∈L(a, l2)) ⊆(:(l1, a), l2)

=listto=head ∈ (=(:(l1, a), :(l2, b))) =(a, b)
=listto=head(refl(_)) ≡ refl(b)

=listto=tail ∈ (=(:(l1, a), :(l2, b))) =(l1, l2)
=listto=tail(refl(_)) ≡ refl(l2)



82 ALF Codes
∈:red ∈ (¬(=(a, b)); ∈L(a, :(l, b))) ∈L(a, l)

∈:red(⇒I(f), ∈hd(_, _)) ≡ case f(refl(b)) ∈ ⊥  of
end

∈:red(h, ∈tl(_, _, h2)) ≡ h2

∈[]to⊥ ∈ (∈L(a, [] )) ⊥
∈[]to⊥(h) ≡ case h ∈ ∈L(a, [] )  of

end
∈:to⊥ ∈ (¬(=(a, b)); ¬(∈L(a, l)); ∈L(a, :(l, b))) ⊥

∈:to⊥(⇒I(f), h1, ∈hd(_, _)) ≡ f(refl(b))
∈:to⊥(h, ⇒I(f), ∈tl(_, _, h3)) ≡ f(h3)

∈++monR ∈ (l2 ∈ List(A); ∈L(a, l1)) ∈L(a, ++(l1, l2))
∈++monR([] , h) ≡ h
∈++monR(:(l, a1), h) ≡ ∈tl(a1, ++(l1, l), ∈++monR(l, h))

∈++monL ∈ (l1 ∈ List(A); ∈L(a, l2)) ∈L(a, ++(l1, l2))
∈++monL(l1, ∈hd(_, l)) ≡ ∈hd(a, ++(l1, l))
∈++monL(l1, ∈tl(b, l, h1)) ≡ ∈tl(b, ++(l1, l), ∈++monL(l1, h1))

∈++to∈∨ ∈ (l2 ∈ List(A); ∈L(a, ++(l1, l2))) ∨(∈L(a, l1), ∈L(a, l2))
∈++to∈∨([] , h) ≡ ∨L(h)
∈++to∈∨(:(l, a1), ∈hd(_, _)) ≡ ∨R(∈hd(a1, l))
∈++to∈∨(:(l, a1), ∈tl(_, _, h1)) ≡ case ∈++to∈∨(l, h1) ∈ ∨(∈L(a, l1), ∈L(a, l))  of

∨L(h) ⇒ ∨L(h)
∨R(h) ⇒ ∨R(∈tl(a1, l, h))

end
∈∧disjto∉ ∈ (∈L(a, l1); Disjoint(l1, l2)) ∉L(a, l2)

∈∧disjto∉(∈hd(_, l), disj:(h, h2)) ≡ h2

∈∧disjto∉(∈tl(b, l, h2), disj:(h, h3)) ≡ ∈∧disjto∉(h2, h)
∉to≠ ∈ (∉L(a, :([] , b))) ¬(=(a, b))

∉to≠(∉:(h1, h2)) ≡ h2

∉++ ∈ (∉L(a, l1); ∉L(a, l2)) ∉L(a, ++(l1, l2))
∉++(h, ∉[](_)) ≡ h
∉++(h, ∉:(h2, h3)) ≡ ∉:(∉++(h, h2), h3)

∉++redL ∈ (l2 ∈ List(A); ∉L(a, ++(l1, l2))) ∉L(a, l2)
∉++redL([] , h) ≡ ∉[](a)
∉++redL(:(l, a1), ∉:(h1, h2)) ≡ ∉:(∉++redL(l, h1), h2)

∉++redR ∈ (l2 ∈ List(A); ∉L(a, ++(l1, l2))) ∉L(a, l1)
∉++redR([] , h) ≡ h
∉++redR(:(l, a1), ∉:(h1, h2)) ≡ ∉++redR(l, h1)

∉to¬∈ ∈ (∉L(a, l)) ¬(∈L(a, l))
∉to¬∈(∉[](_)) ≡ ⇒I(∈[]to⊥)
∉to¬∈(∉:(h1, h2)) ≡ ⇒I(∈:to⊥(h2, ∉to¬∈(h1)))

¬∈∧=varto⊥ ∈ (¬(∈L(a, :(l, b))); =(a, b)) ⊥
¬∈∧=varto⊥(⇒I(f), refl(_)) ≡ f(∈hd(b, l))

¬∈:to∧ ∈ (¬(∈L(a, :(l, b)))) ∧(¬(=(a, b)), ¬(∈L(a, l)))
¬∈:to∧(⇒I(f)) ≡ ∧I(⇒I([h]¬∈∧=varto⊥(⇒I(f), h)), ⇒I([h]f(∈tl(b, l, h))))

¬∈to∉ ∈ (l ∈ List(A); ¬(∈L(a, l))) ∉L(a, l)
¬∈to∉([] , h) ≡ ∉[](a)
¬∈to∉(:(l1, a1), h) ≡ case ¬∈:to∧(h) ∈ ∧(¬(=(a, a1)), ¬(∈L(a, l1)))  of

∧I(h1, h2) ⇒ ∉:(¬∈to∉(l1, h2), h1)
end
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∈∧∉to≠ ∈ (∈L(a, l); ∉L(b, l)) ¬(=(b, a))

∈∧∉to≠(∈hd(_, l1), ∉:(h, h2)) ≡ h2

∈∧∉to≠(∈tl(b1, l1, h2), ∉:(h, h3)) ≡ ∈∧∉to≠(h2, h)
disjredR ∈ (Disjoint(l, :(l1, a))) Disjoint(l, l1)

disjredR(disj[](_)) ≡ disj[](l1)
disjredR(disj:(h1, ∉:(h, h3))) ≡ disj:(disjredR(h1), h)

disj[]R ∈ (l ∈ List(A)) Disjoint(l, [] )
disj[]R([] ) ≡ disj[]([] )
disj[]R(:(l1, a)) ≡ disj:(disj[]R(l1), ∉[](a))

disj:R ∈ (Disjoint(l1, l2); ∉L(a, l1)) Disjoint(l1, :(l2, a))
disj:R(disj[](_), h1) ≡ disj[](:(l2, a))
disj:R(disj:(h2, h3), ∉:(h, ⇒I(f))) ≡ disj:(disj:R(h2, h), ∉:(h3, ⇒I([h1]f(=symm(h1)))))

disjsymm ∈ (Disjoint(l1, l2)) Disjoint(l2, l1)
disjsymm(disj[](_)) ≡ disj[]R(l2)
disjsymm(disj:(h1, h2)) ≡ disj:R(disjsymm(h1), h2)

disjto∉ ∈ (Disjoint(l1, :(l2, a))) ∉L(a, l1)
disjto∉(h) ≡ case disjsymm(h) ∈ Disjoint(:(l2, a), l1)  of

disj:(h1, h2) ⇒ h2
end

∉todisj ∈ (∉L(a, l)) Disjoint(:([] , a), l)
∉todisj(∉[](_)) ≡ disj[]R(:([] , a))
∉todisj(∉:(h1, h2)) ≡ disj:(disj[](:(l1, b)), ∉:(h1, h2))

⊆:monR ∈ (a ∈ A; ⊆(l1, l2)) ⊆(l1, :(l2, a))
⊆:monR(a, ⊆[](_)) ≡ ⊆[](:(l2, a))
⊆:monR(a, ⊆:(h1, h2)) ≡ ⊆:(⊆:monR(a, h1), ∈tl(a, l2, h2))

⊆refl ∈ (l ∈ List(A)) ⊆(l, l)
⊆refl([] ) ≡ ⊆[]([] )
⊆refl(:(l1, a)) ≡ ⊆:(⊆:monR(a, ⊆refl(l1)), ∈hd(a, l1))

⊆∈trans ∈ (⊆(l1, l2); ∈L(a, l1)) ∈L(a, l2)
⊆∈trans(⊆:(h1, h2), ∈hd(_, l)) ≡ h2

⊆∈trans(⊆:(h1, h3), ∈tl(b, l, h2)) ≡ ⊆∈trans(h1, h2)
⊆trans ∈ (⊆(l1, l2); ⊆(l2, l3)) ⊆(l1, l3)

⊆trans(⊆[](_), h1) ≡ ⊆[](l3)
⊆trans(⊆:(h2, h3), h1) ≡ ⊆:(⊆trans(h2, h1), ⊆∈trans(h1, h3))

⊆++L ∈ (⊆(l1, l); ⊆(l2, l)) ⊆(++(l1, l2), l)
⊆++L(h, ⊆[](_)) ≡ h
⊆++L(h, ⊆:(h2, h3)) ≡ ⊆:(⊆++L(h, h2), h3)

⊆++refl ∈ (l ∈ List(A)) ⊆(++(l, l), l)
⊆++refl(l) ≡ ⊆++L(⊆refl(l), ⊆refl(l))

⊆++monR ∈ (l ∈ List(A); ⊆(l1, l2)) ⊆(l1, ++(l2, l))
⊆++monR(l, ⊆[](_)) ≡ ⊆[](++(l2, l))
⊆++monR(l, ⊆:(h1, h2)) ≡ ⊆:(⊆++monR(l, h1), ∈++monR(l, h2))

⊆++monL ∈ (l ∈ List(A); ⊆(l1, l2)) ⊆(l1, ++(l, l2))
⊆++monL(l, ⊆[](_)) ≡ ⊆[](++(l, l2))
⊆++monL(l, ⊆:(h1, h2)) ≡ ⊆:(⊆++monL(l, h1), ∈++monL(l, h2))

⊆++C ∈ (l1, l2, l3 ∈ List(A)) ⊆(++(l1, l2), ++(++(l1, l3), l2))
⊆++C(l1, l2, l3) ≡ ⊆++L(⊆++monR(l2, ⊆++monR(l3, ⊆refl(l1))), ⊆++monL(++(l1, l3), ⊆refl(l2)))
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⊆++RR ∈ (l1, l2, l3 ∈ List(A)) ⊆(l3, ++(l1, ++(l2, l3)))

⊆++RR(l1, l2, l3) ≡ ⊆++monL(l1, ⊆++monL(l2, ⊆refl(l3)))
⊆++LR ∈ (l1, l2, l3 ∈ List(A)) ⊆(l2, ++(l1, ++(l2, l3)))

⊆++LR(l1, l2, l3) ≡ ⊆++monL(l1, ⊆++monR(l3, ⊆refl(l2)))
⊆move ∈ (⊆(l, :(++(l1, l2), a))) ⊆(l, ++(:(l1, a), l2))

⊆move(⊆[](_)) ≡ ⊆[](++(:(l1, a), l2))
⊆move(⊆:(h1, ∈hd(_, _))) ≡ ⊆:(⊆move(h1), ∈++monR(l2, ∈hd(a, l1)))
⊆move(⊆:(h1, ∈tl(_, _, h))) ≡ case ∈++to∈∨(l2, h) ∈ ∨(∈L(a1, l1), ∈L(a1, l2))  of

∨L(h2) ⇒ ⊆:(⊆move(h1), ∈++monR(l2, ∈tl(a, l1, h2)))
∨R(h2) ⇒ ⊆:(⊆move(h1), ∈++monL(:(l1, a), h2))

end
⊆comm ∈ (l1, l2 ∈ List(A)) ⊆(++(l1, l2), ++(l2, l1))

⊆comm(l1, [] ) ≡ ⊆++monL([] , ⊆refl(l1))
⊆comm(l1, :(l, a)) ≡

⊆trans(⊆:(⊆trans(⊆comm(l1, l), ⊆:monR(a, ⊆refl(++(l, l1)))), ∈hd(a, ++(l, l1))),
⊆move(⊆refl(:(++(l, l1), a))))

⊆commR ∈ (⊆(l, ++(l1, l2))) ⊆(l, ++(l2, l1))
⊆commR(h) ≡ ⊆trans(h, ⊆comm(l1, l2))

⊆++mon2R ∈ (l ∈ List(A); ⊆(l1, l2)) ⊆(++(l1, l), ++(l2, l))
⊆++mon2R([] , h) ≡ h
⊆++mon2R(:(l3, a), h) ≡ ⊆:(⊆:monR(a, ⊆++mon2R(l3, h)), ∈hd(a, ++(l2, l3)))

⊆++mon2L ∈ (l ∈ List(A); ⊆(l1, l2)) ⊆(++(l, l1), ++(l, l2))
⊆++mon2L(l, h) ≡ ⊆trans(⊆comm(l, l1), ⊆trans(⊆++mon2R(l, h), ⊆comm(l2, l)))

⊆++redR ∈ (l2 ∈ List(A); ⊆(++(l1, l2), l)) ⊆(l1, l)
⊆++redR([] , h) ≡ h
⊆++redR(:(l3, a), ⊆:(h1, h2)) ≡ ⊆++redR(l3, h1)

⊆++redL ∈ (⊆(++(l1, l2), l)) ⊆(l2, l)
⊆++redL(h) ≡ ⊆++redR(l1, ⊆trans(⊆comm(l2, l1), h))

⊆assoc1 ∈ (l1, l2, l3 ∈ List(A)) ⊆(++(++(l1, l2), l3), ++(l1, ++(l2, l3)))
⊆assoc1(l1, l2, [] ) ≡ ⊆refl(++(l1, l2))
⊆assoc1(l1, l2, :(l, a)) ≡ ⊆:(⊆:monR(a, ⊆assoc1(l1, l2, l)), ∈hd(a, ++(l1, ++(l2, l))))

⊆assoc2 ∈ (l1, l2, l3 ∈ List(A)) ⊆(++(l1, ++(l2, l3)), ++(++(l1, l2), l3))
⊆assoc2(l1, l2, [] ) ≡ ⊆refl(++(l1, l2))
⊆assoc2(l1, l2, :(l, a)) ≡ ⊆:(⊆:monR(a, ⊆assoc2(l1, l2, l)), ∈hd(a, ++(++(l1, l2), l)))

⊆assoc_comm∈ (l1, l2, l3, l4 ∈ List(A)
) ⊆(++(++(l1, l2), ++(l3, l4)), ++(++(l1, l3), ++(l2, l4)))

⊆assoc_comm(l1, l2, l3, l4) ≡
⊆trans(⊆assoc1(l1, l2, ++(l3, l4)),

⊆trans(⊆++mon2L(l1,
⊆trans(⊆assoc2(l2, l3, l4),

⊆trans(⊆++mon2R(l4, ⊆comm(l2, l3)), ⊆assoc1(l3, l2, l4)))),
⊆assoc2(l1, l3, ++(l2, l4))))

⊆∧∉to∉ ∈ (⊆(l1, l2); ∉L(a, l2)) ∉L(a, l1)
⊆∧∉to∉(⊆[](_), h1) ≡ ∉[](a)
⊆∧∉to∉(⊆:(h2, h3), h1) ≡ ∉:(⊆∧∉to∉(h2, h1), ∈∧∉to≠(h3, h1))

⊆∧disjtodisj ∈ (⊆(l1, l2); Disjoint(l2, l3)) Disjoint(l1, l3)
⊆∧disjtodisj(⊆[](_), h1) ≡ disj[](l3)
⊆∧disjtodisj(⊆:(h2, h3), h1) ≡ disj:(⊆∧disjtodisj(h2, h1), ∈∧disjto∉(h3, h1))
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Var ∈ Set

Var ≡ N
ListVar ∈ Set

ListVar ≡ List(Var)
Vardec ∈ (x, y ∈ Var) Dec(=(x, y))

Vardec ≡ Ndec

VartoA ∈ (a, b ∈ A; Dec(=(x, y))) A
VartoA(a, b, yes(h1)) ≡ a
VartoA(a, b, no(h1)) ≡ b

=vartoA ∈ (a, b ∈ A; p ∈ Dec(=(x, x))) =(a, VartoA(a, b, p))
=vartoA(a, b, yes(h)) ≡ refl(a)
=vartoA(a, b, no(⇒I(f))) ≡ case f(refl(x)) ∈ ⊥  of

end
≠vartoA ∈ (a, b ∈ A; ¬(=(x, y)); p ∈ Dec(=(x, y))) =(b, VartoA(a, b, p))

≠vartoA(a, b, ⇒I(f), yes(h1)) ≡ case f(h1) ∈ ⊥  of
end

≠vartoA(a, b, h, no(h1)) ≡ refl(b)
∈dec ∈ (x ∈ Var; l ∈ ListVar) Dec(∈L(x, l))

∈dec(x, [] ) ≡ no(⇒I(∈[]to⊥))
∈dec(x, :(l1, y)) ≡ case Vardec(x, y) ∈ Dec(=(x, y))  of

yes(refl(_)) ⇒ yes(∈hd(y, l1))
no(h) ⇒ case ∈dec(x, l1) ∈ Dec(∈L(x, l1))  of

yes(h1) ⇒ yes(∈tl(y, l1, h1))
no(h1) ⇒ no(⇒I(∈:to⊥(h, h1)))

end
end

∈toN ∈ (n, m ∈ N; Dec(∈L(x, l))) N
∈toN(n, m, yes(h1)) ≡ n
∈toN(n, m, no(h1)) ≡ m

len ∈ (l ∈ ListVar) N
len([] ) ≡ 0
len(:(l1, x)) ≡ ∈toN(len(l1), +(len(l1), 1), ∈dec(x, l1))

∈tolen ∈ (n, m ∈ N; ∈L(x, l); p ∈ Dec(∈L(x, l))) =(n, ∈toN(n, m, p))
∈tolen(n, m, h, yes(h1)) ≡ refl(n)
∈tolen(n, m, h, no(⇒I(f))) ≡ case f(h) ∈ ⊥  of

end
¬∈tolen ∈ (n, m ∈ N; ¬(∈L(x, l)); p ∈ Dec(∈L(x, l))) =(m, ∈toN(n, m, p))

¬∈tolen(n, m, ⇒I(f), yes(h1)) ≡ case f(h1) ∈ ⊥  of
end

¬∈tolen(n, m, h, no(h1)) ≡ refl(m)
=len ∈ (∈L(x, l)) =(len(l), len(:(l, x)))

=len(h) ≡ ∈tolen(len(l), +(len(l), 1), h, ∈dec(x, l))
=len+1 ∈ (¬(∈L(x, l))) =(+(len(l), 1), len(:(l, x)))

=len+1(h) ≡ ¬∈tolen(len(l), +(len(l), 1), h, ∈dec(x, l))
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0<len ∈ (l ∈ ListVar; ∈L(x, l)) <(0, len(l))

0<len([] , h) ≡ case h ∈ ∈L(x, [] )  of
end

0<len(:(l1, y), h) ≡ case ∈dec(y, l1) ∈ Dec(∈L(y, l1))  of
yes(h1) ⇒ =subst1(=len(h1), 0<len(l1, h1))
no(h1) ⇒ =subst1(=len+1(h1), <0(len(l1)))

end
/ ∈ (l ∈ ListVar; x ∈ Var) ListVar

/([] , x) ≡ []
/(:(l1, y), x) ≡ VartoA(/(l1, x), :(/(l1, x), y), Vardec(y, x))

/=var ∈ (x ∈ Var; l ∈ ListVar) =(/(l, x), /(:(l, x), x))
/=var(x, l) ≡ =vartoA(/(l, x), :(/(l, x), x), Vardec(x, x))

/≠var ∈ (l ∈ ListVar; ¬(=(x, y))) =(:(/(l, y), x), /(:(l, x), y))
/≠var(l, h) ≡ ≠vartoA(/(l, y), :(/(l, y), x), h, Vardec(x, y))

∈/ ∈ (¬(=(x, y)); ∈L(x, l)) ∈L(x, /(l, y))
∈/(h, ∈hd(_, l1)) ≡ =subst1(/≠var(l1, h), ∈hd(x, /(l1, y)))
∈/(h, ∈tl(z, l1, h2)) ≡ case Vardec(z, y) ∈ Dec(=(z, y))  of

yes(refl(_)) ⇒ =subst1(/=var(y, l1), ∈/(h, h2))
no(h1) ⇒ =subst1(/≠var(l1, h1), ∈tl(z, /(l1, y), ∈/(h, h2)))

end
⊆/ ∈ (∉L(x, l1); ⊆(l1, l2)) ⊆(l1, /(l2, x))

⊆/(h, ⊆[](_)) ≡ ⊆[](/(l2, x))
⊆/(∉:(h1, ⇒I(f)), ⊆:(h2, h3)) ≡ ⊆:(⊆/(h1, h2), ∈/(⇒I([h]f(=symm(h))), h3))

∉/ ∈ (y ∈ Var; ∉L(x, l)) ∉L(x, /(l, y))
∉/(y, ∉[](_)) ≡ ∉[](x)
∉/(y, ∉:(h1, h2)) ≡ case Vardec(z, y) ∈ Dec(=(z, y))  of

yes(refl(_)) ⇒ =subst1(/=var(y, l1), ∉/(y, h1))
no(h) ⇒ =subst1(/≠var(l1, h), ∉:(∉/(y, h1), h2))

end
∉to=len ∈ (∉L(x, l)) =(len(l), len(/(l, x)))

∉to=len(∉[](_)) ≡ refl(len([] ))
∉to=len(∉:(h1, ⇒I(f))) ≡

case ∈dec(y, l1) ∈ Dec(∈L(y, l1))  of
yes(h) ⇒

=subst2(=symm(=len(h)),
=trans(=len(∈/(⇒I([h2]f(=symm(h2))), h)),

=cong1(len, /≠var(l1, ⇒I([h2]f(=symm(h2)))))),
∉to=len(h1))

no(h) ⇒
=subst2(=symm(=len+1(h)),

=trans(=len+1(∉to¬∈(∉/(x, ¬∈to∉(l1, h)))),
=cong1(len, /≠var(l1, ⇒I([h2]f(=symm(h2)))))),

scong(∉to=len(h1)))
end
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∈to=len+1 ∈ (l ∈ ListVar; ∈L(x, l)) =(len(l), +(len(/(l, x)), 1))

∈to=len+1([] , h) ≡ case h ∈ ∈L(x, [] )  of
end

∈to=len+1(:(l1, y), h) ≡
case Vardec(x, y) ∈ Dec(=(x, y))  of

yes(refl(_)) ⇒
case ∈dec(y, l1) ∈ Dec(∈L(y, l1))  of

yes(h2) ⇒
=subst2(=symm(=len(h2)),

=cong1([n]+(n, 1), =cong1(len, /=var(y, l1))),
∈to=len+1(l1, h2))

no(h2) ⇒
=subst2(=symm(=len+1(h2)),

=cong1([n]+(n, 1), =cong1(len, /=var(y, l1))),
=cong1([n]+(n, 1), ∉to=len(¬∈to∉(l1, h2))))

end
no(⇒I(f)) ⇒

case ∈dec(y, l1) ∈ Dec(∈L(y, l1))  of
yes(h1) ⇒

=subst2(=symm(=len(h1)),
=cong1([n]+(n, 1),

=subst1(/≠var(l1, ⇒I([h2]f(=symm(h2)))),
=len(∈/(⇒I([h2]f(=symm(h2))), h1)))),

∈to=len+1(l1, ∈:red(⇒I(f), h)))
no(h1) ⇒

=subst2(=symm(=len+1(h1)),
=cong1([n]+(n, 1),

=subst1(/≠var(l1, ⇒I([h2]f(=symm(h2)))),
=len+1(∉to¬∈(∉/(x, ¬∈to∉(l1, h1)))))),

=cong1([n]+(n, 1), ∈to=len+1(l1, ∈:red(⇒I(f), h))))
end

end
⊂to< ∈ (l1 ∈ ListVar; ¬(∈L(x, l1)); ∈L(x, l2); ⊆(l1, l2)) <(len(l1), len(l2))

⊂to<([] , h, h1, h2) ≡ 0<len(l2, h1)
⊂to<(:(l3, y), h, h1, ⊆:(h3, h4)) ≡

case ¬∈:to∧(h) ∈ ∧(¬(=(x, y)), ¬(∈L(x, l3)))  of
∧I(h2, h5) ⇒

case ∈dec(y, l3) ∈ Dec(∈L(y, l3))  of
yes(h6) ⇒ =subst1(=len(h6), ⊂to<(l3, h5, h1, h3))
no(h6) ⇒

=subst2(=symm(=len+1(h6)),
=symm(∈to=len+1(l2, h4)),
<s(⊂to<(l3, h5, ∈/(h2, h1), ⊆/(¬∈to∉(l3, h6), h3))))

end
end

⊆to≤ ∈ (⊆(l1, l2)) ≤(len(l1), len(l2))
⊆to≤(⊆[](_)) ≡ 0≤(len(l2))
⊆to≤(⊆:(h1, h2)) ≡ case ∈dec(x, l3) ∈ Dec(∈L(x, l3))  of

yes(h) ⇒ =subst1(=len(h), ⊆to≤(h1))
no(h) ⇒ =subst1(=len+1(h), <to≤sR(⊂to<(l3, h, h2, h1)))

end
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N ∈ Set

0 ∈ N
s ∈ (n ∈ N) N

+ ∈ (n, m ∈ N) N
+(n, 0) ≡ n
+(n, s(m1)) ≡ s(+(n, m1))

< ∈ (n, m ∈ N) Set
<0 ∈ (m ∈ N) <(0, s(m))
<s ∈ (<(n, m)) <(s(n), s(m))

≤ ∈ (n, m ∈ N) Set
≤ ≡ [n, m]∨(<(n, m), =(n, m))

1 ∈ N
1 ≡ s(0)

scong ∈ (=(n, m)) =(s(n), s(m))
scong(h) ≡ =cong1(s, h)

sinj ∈ (=(s(n), s(m))) =(n, m)
sinj(refl(_)) ≡ refl(m)

0=sto⊥ ∈ (=(0, s(n))) ⊥
0=sto⊥(h) ≡ case h ∈ =(0, s(n))  of

end
s=0to⊥ ∈ (=(s(n), 0)) ⊥

s=0to⊥(h) ≡ case h ∈ =(s(n), 0)  of
end

sn=smto⊥ ∈ (¬(=(n, m)); =(s(n), s(m))) ⊥
sn=smto⊥(⇒I(f), h1) ≡ f(sinj(h1))

¬0=s ∈ ¬(=(0, s(n)))
¬0=s ≡ ⇒I(0=sto⊥)

¬s=0 ∈ ¬(=(s(n), 0))
¬s=0 ≡ ⇒I(s=0to⊥)

¬sn=sm ∈ (¬(=(n, m))) ¬(=(s(n), s(m)))
¬sn=sm(h) ≡ ⇒I(sn=smto⊥(h))

Ndec ∈ (n, m ∈ N) Dec(=(n, m))
Ndec(0, 0) ≡ yes(refl(0))
Ndec(0, s(m1)) ≡ no(¬0=s)
Ndec(s(n1), 0) ≡ no(¬s=0)
Ndec(s(n1), s(m1)) ≡ case Ndec(n1, m1) ∈ Dec(=(n1, m1))  of

yes(h) ⇒ yes(scong(h))
no(h) ⇒ no(¬sn=sm(h))

end
0+ ∈ (n ∈ N) =(+(0, n), n)

0+(0) ≡ refl(0)
0+(s(n1)) ≡ =cong1(s, 0+(n1))

s+ ∈ (n, m ∈ N) =(+(s(n), m), s(+(n, m)))
s+(n, 0) ≡ refl(s(n))
s+(n, s(m1)) ≡ =cong1(s, s+(n, m1))
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+comm ∈ (n, m ∈ N) =(+(n, m), +(m, n))

+comm(0, m) ≡ 0+(m)
+comm(s(n1), m) ≡ =trans(s+(n1, m), =cong1(s, +comm(n1, m)))

+assoc ∈ (n, m, p ∈ N) =(+(+(n, m), p), +(n, +(m, p)))
+assoc(n, m, 0) ≡ refl(+(n, m))
+assoc(n, m, s(p1)) ≡ =cong1(s, +assoc(n, m, p1))

+assoc_comm∈ (n, m, p, q ∈ N) =(+(+(n, m), +(p, q)), +(+(n, p), +(m, q)))
+assoc_comm(n, m, p, q) ≡

=subst2(+assoc(n, m, +(p, q)),
=symm(+assoc(n, p, +(m, q))),
=cong1(+(n),

=subst2(=symm(+assoc(m, p, q)),
+assoc(p, m, q),
=cong1([r]+(r, q), +comm(m, p)))))

0≤ ∈ (n ∈ N) ≤(0, n)
0≤(0) ≡ ∨R(refl(0))
0≤(s(n)) ≡ ∨L(<0(n))

≤s_mon ∈ (≤(n, m)) ≤(s(n), s(m))
≤s_mon(∨L(h1)) ≡ ∨L(<s(h1))
≤s_mon(∨R(h1)) ≡ ∨R(scong(h1))

<to≤sR ∈ (<(n, m)) ≤(s(n), m)
<to≤sR(<0(m1)) ≡ ≤s_mon(0≤(m1))
<to≤sR(<s(h1)) ≡ case <to≤sR(h1) ∈ ≤(s(n1), m1)  of

∨L(h) ⇒ ∨L(<s(h))
∨R(h) ⇒ ∨R(scong(h))

end
<to≤sL ∈ (<(n, s(m))) ≤(n, m)

<to≤sL(<0(_)) ≡ 0≤(m)
<to≤sL(<s(h1)) ≡ <to≤sR(h1)

accN_aux1 ∈ (<(n, 0)) Acc(N, <, n)
accN_aux1(h) ≡ case h ∈ <(n, 0)  of

end
accN_aux2 ∈ (Acc(N, <, m); ≤(n, m)) Acc(N, <, n)

accN_aux2(acc(_, p), ∨L(h2)) ≡ p(n, h2)
accN_aux2(h, ∨R(refl(_))) ≡ h

allaccN ∈ (n ∈ N) Acc(N, <, n)
allaccN(0) ≡ acc(0, accN_aux1)
allaccN(s(n1)) ≡ acc(s(n1), [m, h]accN_aux2(allaccN(n1), <to≤sL(h)))

WFN ∈ WF(N, <)
WFN ≡ ∀I(allaccN)

<trans ∈ (<(n, m); <(m, p)) <(n, p)
<trans(h, <0(p1)) ≡ case h ∈ <(n, 0)  of

end
<trans(<0(_), <s(h2)) ≡ <0(p1)
<trans(<s(h1), <s(h2)) ≡ <s(<trans(h1, h2))

<sR ∈ (n ∈ N) <(n, s(n))
<sR(0) ≡ <0(0)
<sR(s(n1)) ≡ <s(<sR(n1))
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<ssR ∈ (n ∈ N) <(n, s(s(n)))

<ssR(n) ≡ <trans(<sR(n), <sR(s(n)))
≤to<sL ∈ (≤(n, m)) <(n, s(m))

≤to<sL(∨L(h)) ≡ <trans(h, <sR(m))
≤to<sL(∨R(refl(_))) ≡ <sR(m)

<∧=to⊥ ∈ (<(n, m); =(n, m)) ⊥
<∧=to⊥(<0(m1), h1) ≡ case h1 ∈ =(0, s(m1))  of

end
<∧=to⊥(<s(h2), h1) ≡ <∧=to⊥(h2, sinj(h1))

≤∧≤to= ∈ (≤(n, m); ≤(m, n)) =(n, m)
≤∧≤to=(∨L(<0(m1)), ∨L(h)) ≡ case h ∈ <(s(m1), 0)  of

end
≤∧≤to=(∨L(<s(h1)), ∨L(<s(h2))) ≡ scong(≤∧≤to=(∨L(h1), ∨L(h2)))
≤∧≤to=(∨L(h2), ∨R(h)) ≡ case <∧=to⊥(h2, =symm(h)) ∈ ⊥  of

end
≤∧≤to=(∨R(h2), h1) ≡ h2

<∧≤trans ∈ (<(n, m); ≤(m, p)) <(n, p)
<∧≤trans(h, ∨L(h1)) ≡ <trans(h, h1)
<∧≤trans(h, ∨R(refl(_))) ≡ h

≤∧<trans ∈ (≤(n, m); <(m, p)) <(n, p)
≤∧<trans(∨L(h), h1) ≡ <trans(h, h1)
≤∧<trans(∨R(refl(_)), h1) ≡ h1

<monR ∈ (p ∈ N; <(n, m)) <(+(n, p), +(m, p))
<monR(0, h) ≡ h
<monR(s(p1), h) ≡ <s(<monR(p1, h))

≤to≤+R ∈ (p ∈ N; ≤(n, m)) ≤(n, +(m, p))
≤to≤+R(0, h) ≡ h
≤to≤+R(s(p1), h) ≡ ∨L(≤∧<trans(≤to≤+R(p1, h), <sR(+(m, p1))))

≤+L ∈ (n, m ∈ N) ≤(n, +(m, n))
≤+L(n, 0) ≡ ∨R(=symm(0+(n)))
≤+L(n, s(m1)) ≡ =subst1(=symm(s+(m1, n)), ∨L(≤∧<trans(≤+L(n, m1), <sR(+(m1, n)))))C.3.5 Triplets of Natural Numbers

N3 ∈ Set
N3 ≡ Triple(N, N, N)

<N3 ∈ (n, m ∈ N3) Set
<fst ∈ (n2, m2, n3, m3 ∈ N; <(n1, m1)) <N3(.(n1, n2, n3), .(m1, m2, m3))
<snd ∈ (n1, n3, m3 ∈ N; <(n2, m2)) <N3(.(n1, n2, n3), .(n1, m2, m3))
<rd ∈ (n1, n2 ∈ N; <(n3, m3)) <N3(.(n1, n2, n3), .(n1, n2, m3))

<snd’ ∈ (n3, m3 ∈ N; =(n1, m1); <(n2, m2)) <N3(.(n1, n2, n3), .(m1, m2, m3))
<snd’(n3, m3, refl(_), h1) ≡ <snd(m1, n3, m3, h1)

<rd’ ∈ (=(n1, m1); =(n2, m2); <(n3, m3)) <N3(.(n1, n2, n3), .(m1, m2, m3))
<rd’(refl(_), refl(_), h2) ≡ <rd(m1, m2, h2)

<fst_rd’ ∈ (≤(n1, m1); =(n2, m2); <(n3, m3)) <N3(.(n1, n2, n3), .(m1, m2, m3))
<fst_rd’(∨L(h3), h1, h2) ≡ <fst(n2, m2, n3, m3, h3)
<fst_rd’(∨R(h3), h1, h2) ≡ <rd’(h3, h1, h2)
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accN3_aux ∈ (m1, m2, m3 ∈ N;

h1 ∈ (x ∈ N; <(x, m1)) ∀(N, [p]∀(N, [q]Acc(N3, <N3, .(x, p, q))));
h2 ∈ (y ∈ N; <(y, m2)) ∀(N, [q]Acc(N3, <N3, .(m1, y, q)));
h3 ∈ (z ∈ N; <(z, m3)) Acc(N3, <N3, .(m1, m2, z));
n ∈ N3;
<N3(n, .(m1, m2, m3))

) Acc(N3, <N3, n)
accN3_aux(m1, m2, m3, h1, h2, h3, _, <fst(n2, _, n3, _, h4)) ≡ ∀E(∀E(h1(n1, h4), n2), n3)
accN3_aux(m1, m2, m3, h1, h2, h3, _, <snd(_, n3, _, h4)) ≡ ∀E(h2(n2, h4), n3)
accN3_aux(m1, m2, m3, h1, h2, h3, _, <rd(_, _, h4)) ≡ h3(n3, h4)

accN3_xyz ∈ (x, y, z ∈ N;
h1 ∈ (x’ ∈ N; <(x’, x)) ∀(N, [p]∀(N, [q]Acc(N3, <N3, .(x’, p, q))));
h2 ∈ (y’ ∈ N; <(y’, y)) ∀(N, [q]Acc(N3, <N3, .(x, y’, q)));
h3 ∈ (z’ ∈ N; <(z’, z)) Acc(N3, <N3, .(x, y, z’))

) Acc(N3, <N3, .(x, y, z))
accN3_xyz(x, y, z, h1, h2, h3) ≡ acc(.(x, y, z), accN3_aux(x, y, z, h1, h2, h3))

accN3_xy ∈ (x, y ∈ N;
h1 ∈ (x’ ∈ N; <(x’, x)) ∀(N, [p]∀(N, [q]Acc(N3, <N3, .(x’, p, q))));
h2 ∈ (y’ ∈ N; <(y’, y)) ∀(N, [q]Acc(N3, <N3, .(x, y’, q)))

) ∀(N, [q]Acc(N3, <N3, .(x, y, q)))
accN3_xy(x, y, h1, h2) ≡

∀I([q]wfrec(q, allaccN(q), [z, h, h3]accN3_xyz(x, y, z, h1, h2, h3)))
accN3_x ∈ (x ∈ N;

h1 ∈ (x’ ∈ N; <(x’, x)) ∀(N, [p]∀(N, [q]Acc(N3, <N3, .(x’, p, q))))
) ∀(N, [p]∀(N, [q]Acc(N3, <N3, .(x, p, q))))

accN3_x(x, h1) ≡ ∀I([p]wfrec(p, allaccN(p), [y, h, h2]accN3_xy(x, y, h1, h2)))
accN3 ∈ (n1 ∈ N) ∀(N, [p]∀(N, [q]Acc(N3, <N3, .(n1, p, q))))

accN3(n1) ≡ wfrec(n1, allaccN(n1), [x, h, h1]accN3_x(x, h1))
allaccN3 ∈ (n ∈ N3) Acc(N3, <N3, n)

allaccN3(.(n1, n2, n3)) ≡ ∀E(∀E(accN3(n1), n2), n3)
WFN3 ∈ WF(N3, <N3)

WFN3 ≡ ∀I(allaccN3)C.3.6 Tuples
Pair ∈ (A, B ∈ Set) Set

. ∈ (a ∈ A; b ∈ B) Pair(A, B)
Triple ∈ (A, B, C ∈ Set) Set

. ∈ (a ∈ A; b ∈ B; c ∈ C) Triple(A, B, C)C.3.7 Vetor
Vector ∈ (n ∈ N; A ∈ Set) Set

[]v ∈ Vector(0, A)
:v ∈ (v ∈ Vector(n, A); a ∈ A) Vector(s(n), A)

=vectorto=head ∈ (=(:v(v1, a), :v(v2, b))) =(a, b)
=vectorto=head(refl(_)) ≡ refl(b)

=vectorto=tail ∈ (=(:v(v1, a), :v(v2, b))) =(v1, v2)
=vectorto=tail(refl(_)) ≡ refl(v2)
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Fun ∈ Set

Fun ≡ N
Fundec ∈ (f, g ∈ Fun) Dec(=(f, g))

Fundec ≡ Ndec

Term ∈ Set
var ∈ (x ∈ Var) Term
fun ∈ (f ∈ Fun; lt ∈ Vector(n, Term)) Term

VTerm ∈ (n ∈ N) Set
VTerm(n) ≡ Vector(n, Term)

=Tto⊥ ∈ (=(var(x), fun(f, lt))) ⊥
=Tto⊥(h) ≡ case h ∈ =(var(x), fun(f, lt))  of

end
≠T ∈ (f ∈ Fun; x ∈ Var; lt ∈ VTerm(n)) ¬(=(var(x), fun(f, lt)))

≠T(f, x, lt) ≡ ⇒I(=Tto⊥)
=funto=f ∈ (=(fun(f, lt1), fun(g, lt2))) =(f, g)

=funto=f(refl(_)) ≡ refl(g)
=funto=arity ∈ (=(fun(f, lt1), fun(g, lt2))) =(n1, n2)

=funto=arity(refl(_)) ≡ refl(n2)
=funto=vector ∈ (=(fun(f, lt1), fun(g, lt2))) =(lt1, lt2)

=funto=vector(refl(_)) ≡ refl(lt2)
=Tto=Var ∈ (=(var(x1), var(x2))) =(x1, x2)

=Tto=Var(refl(_)) ≡ refl(x2)
varsT ∈ (t ∈ Term) ListVar

varsT(var(x)) ≡ :([] , x)
varsT(fun(f, lt)) ≡ varsVT(lt)

varsVT ∈ (lt ∈ VTerm(n)) ListVar
varsVT([]v) ≡ []
varsVT(:v(lt’, t)) ≡ ++(varsVT(lt’), varsT(t))

#funsT ∈ (t ∈ Term) N
#funsT(var(x)) ≡ 0
#funsT(fun(f, lt)) ≡ +(#funsVT(lt), 1)

#funsVT ∈ (lt ∈ VTerm(n)) N
#funsVT([]v) ≡ 0
#funsVT(:v(lt’, t)) ≡ +(#funsVT(lt’), #funsT(t))

:=T ∈ (x ∈ Var; t, t1 ∈ Term) Term
:=T(x, t, var(x1)) ≡ VartoA(t, var(x1), Vardec(x, x1))
:=T(x, t, fun(f, lt)) ≡ fun(f, :=VT(x, t, lt))

:=VT ∈ (x ∈ Var; t ∈ Term; lt ∈ VTerm(n)) VTerm(n)
:=VT(x, t, []v) ≡ []v

:=VT(x, t, :v(lt1, t1)) ≡ :v(:=VT(x, t, lt1), :=T(x, t, t1))
:==var ∈ (x ∈ Var; t ∈ Term) =(t, :=T(x, t, var(x)))

:==var(x, t) ≡ =vartoA(t, var(x), Vardec(x, x))
:=≠var ∈ (t ∈ Term; ¬(=(x, y))) =(var(y), :=T(x, t, var(y)))

:=≠var(t, h) ≡ ≠vartoA(t, var(y), h, Vardec(x, y))
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=:=T ∈ (t, t1 ∈ Term; ∉L(x, varsT(t1))) =(t1, :=T(x, t, t1))

=:=T(t, var(x1), h) ≡ :=≠var(t, ∉to≠(h))
=:=T(t, fun(f, lt), h) ≡ =cong1(fun(f), =:=VT(t, lt, h))

=:=VT ∈ (t ∈ Term; lt ∈ VTerm(n); ∉L(x, varsVT(lt))) =(lt, :=VT(x, t, lt))
=:=VT(t, []v, h) ≡ refl([]v)
=:=VT(t, :v(lt’, t’), h) ≡

=cong2(:v, =:=VT(t, lt’, ∉++redR(varsT(t’), h)), =:=T(t, t’, ∉++redL(varsT(t’), h)))
∉:=T=var ∈ (t’ ∈ Term; ∉L(x, varsT(t))) ∉L(x, varsT(:=T(x, t, t’)))

∉:=T=var(var(x1), h) ≡ case Vardec(x, x1) ∈ Dec(=(x, x1))  of
yes(refl(_)) ⇒ =subst1(=cong1(varsT, :==var(x1, t)), h)
no(h1) ⇒ =subst1(=cong1(varsT, :=≠var(t, h1)), ∉:(∉[](x), h1))

end
∉:=T=var(fun(f, lt), h) ≡ ∉:=VT=var(lt, h)

∉:=VT=var ∈ (lt ∈ VTerm(n); ∉L(x, varsT(t))) ∉L(x, varsVT(:=VT(x, t, lt)))
∉:=VT=var([]v, h) ≡ ∉[](x)
∉:=VT=var(:v(lt’, t’), h) ≡ ∉++(∉:=VT=var(lt’, h), ∉:=T=var(t’, h))

∉:=T≠var ∈ (y ∈ Var; t’ ∈ Term; ∉L(x, varsT(t)); ∉L(x, varsT(t’))) ∉L(x, varsT(:=T(y, t, t’)))
∉:=T≠var(y, var(x1), h, h1) ≡ case Vardec(y, x1) ∈ Dec(=(y, x1))  of

yes(refl(_)) ⇒ =subst1(=cong1(varsT, :==var(x1, t)), h)
no(h2) ⇒ =subst1(=cong1(varsT, :=≠var(t, h2)), h1)

end
∉:=T≠var(y, fun(f, lt), h, h1) ≡ ∉:=VT≠var(y, lt, h, h1)

∉:=VT≠var ∈ (y ∈ Var;
lt ∈ VTerm(n);
∉L(x, varsT(t));
∉L(x, varsVT(lt))

) ∉L(x, varsVT(:=VT(y, t, lt)))
∉:=VT≠var(y, []v, h, h1) ≡ ∉[](x)
∉:=VT≠var(y, :v(lt’, t’), h, h1) ≡

∉++(∉:=VT≠var(y, lt’, h, ∉++redR(varsT(t’), h1)), ∉:=T≠var(y, t’, h, ∉++redL(varsT(t’), h1)))
⊆vars:=T ∈ (x ∈ Var; t’ ∈ Term; ⊆(varsT(t), l); ⊆(varsT(t’), l)) ⊆(varsT(:=T(x, t, t’)), l)

⊆vars:=T(x, var(x1), h, h1) ≡ case Vardec(x, x1) ∈ Dec(=(x, x1))  of
yes(refl(_)) ⇒ =subst1(:==var(x1, t), h)
no(h2) ⇒ =subst1(:=≠var(t, h2), h1)

end
⊆vars:=T(x, fun(f, lt), h, h1) ≡ ⊆vars:=VT(x, lt, h, h1)

⊆vars:=VT ∈ (x ∈ Var; lt ∈ VTerm(n); ⊆(varsT(t), l); ⊆(varsVT(lt), l)) ⊆(varsVT(:=VT(x, t, lt)), l)
⊆vars:=VT(x, []v, h, h1) ≡ ⊆[](l)
⊆vars:=VT(x, :v(lt1, t1), h, h1) ≡

⊆++L(⊆vars:=VT(x, lt1, h, ⊆++redR(varsT(t1), h1)), ⊆vars:=T(x, t1, h, ⊆++redL(h1)))
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PairT ∈ Set

PairT ≡ Pair(Term, Term)
ListPT ∈ Set

ListPT ≡ List(PairT)
varsLPT ∈ (lp ∈ ListPT) ListVar

varsLPT([] ) ≡ []
varsLPT(:(lp’, .(t1, t2))) ≡ ++(varsLPT(lp’), ++(varsT(t1), varsT(t2)))

#varsLPT ∈ (lp ∈ ListPT) N
#varsLPT(lp) ≡ len(varsLPT(lp))

#funsLPT ∈ (lp ∈ ListPT) N
#funsLPT([] ) ≡ 0
#funsLPT(:(lp’, .(t1, t2))) ≡ +(#funsLPT(lp’), +(#funsT(t1), #funsT(t2)))

#eqsLPT ∈ (lp ∈ ListPT) N
#eqsLPT([] ) ≡ 0
#eqsLPT(:(lp’, .(var(x), var(x1)))) ≡ VartoA(+(#eqsLPT(lp’), 1), #eqsLPT(lp’), Vardec(x, x1))
#eqsLPT(:(lp’, .(var(x), fun(f, lt)))) ≡ #eqsLPT(lp’)
#eqsLPT(:(lp’, .(fun(f, lt), var(x)))) ≡ +(#eqsLPT(lp’), 1)
#eqsLPT(:(lp’, .(fun(f, lt), fun(f1, lt1)))) ≡ #eqsLPT(lp’)

LPTtoN3 ∈ (lp ∈ ListPT) N3
LPTtoN3(lp) ≡ .(#varsLPT(lp), #funsLPT(lp), #eqsLPT(lp))

:=LPT ∈ (x ∈ Var; t ∈ Term; lp ∈ ListPT) ListPT
:=LPT(x, t, [] ) ≡ []
:=LPT(x, t, :(lp’, .(t1, t2))) ≡ :(:=LPT(x, t, lp’), .(:=T(x, t, t1), :=T(x, t, t2)))

zip ∈ (lt1, lt2 ∈ VTerm(n)) ListPT
zip([]v, []v) ≡ []
zip(:v(lt’1, t1), :v(lt’2, t2)) ≡ :(zip(lt’1, lt’2), .(t1, t2))

unifiesLPT ∈ (sb ∈ Subst; lp ∈ ListPT) Set
unifiesLPT_[] ∈ (sb ∈ Subst) unifiesLPT(sb, [] )
unifiesLPT_: ∈ (unifiesLPT(sb, lp’);

=(appPT(sb, t1), appPT(sb, t2))
) unifiesLPT(sb, :(lp’, .(t1, t2)))

≡LpSbLpSb ∈ (lp ∈ ListPT; sb, sb’ ∈ Subst) Set
≡LpSbLpSb ≡

[lp, sb, sb’]∀(Subst, [sb1]⇔(∧(unifiesLPT(sb1, lp), unifiesS(sb1, sb)), unifiesS(sb1, sb’)))
≡LpSb ∈ (lp ∈ ListPT; sb ∈ Subst) Set

≡LpSb ≡ [lp, sb]≡LpSbLpSb(lp, [] , sb)
mgu ∈ (sb ∈ Subst; lp ∈ ListPT) Set

mgu ≡ [sb, lp]∧(unifiesLPT(sb, lp), ∀(Subst, [sb’]⇒(unifiesLPT(sb’, lp), ≤Sb(sb, sb’))))
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∈var_term ∈ (x ∈ Var; t ∈ Term; lp ∈ ListPT) ∈L(x, varsLPT(:(lp, .(var(x), t))))

∈var_term(x, t, lp) ≡ ∈++monL(varsLPT(lp), ∈++monR(varsT(t), ∈hd(x, [] )))
∉:=LPT=var ∈ (lp ∈ ListPT; ∉L(x, varsT(t))) ∉L(x, varsLPT(:=LPT(x, t, lp)))

∉:=LPT=var([] , h) ≡ ∉[](x)
∉:=LPT=var(:(lp1, .(t1, t2)), h) ≡ ∉++(∉:=LPT=var(lp1, h), ∉++(∉:=T=var(t1, h), ∉:=T=var(t2, h)))

⊆varsvar_var ∈ (x ∈ Var; lp ∈ ListPT) ⊆(varsLPT(lp), varsLPT(:(lp, .(var(x), var(x)))))
⊆varsvar_var(x, lp) ≡ ⊆++monR(++(varsT(var(x)), varsT(var(x))), ⊆refl(varsLPT(lp)))

⊆vars:=LPT ∈ (x ∈ Var;
lp ∈ ListPT;
⊆(varsT(t), l);
⊆(varsLPT(lp), l)

) ⊆(varsLPT(:=LPT(x, t, lp)), l)
⊆vars:=LPT(x, [] , h, h1) ≡ ⊆[](l)
⊆vars:=LPT(x, :(lp1, .(t1, t2)), h, h1) ≡

⊆++L(⊆vars:=LPT(x, lp1, h, ⊆++redR(++(varsT(t1), varsT(t2)), h1)),
⊆++L(⊆vars:=T(x, t1, h, ⊆++redR(varsT(t2), ⊆++redL(h1))),

⊆vars:=T(x, t2, h, ⊆++redL(⊆++redL(h1)))))
⊆varsvar_term ∈ (x ∈ Var;

t ∈ Term;
lp ∈ ListPT

) ⊆(varsLPT(:=LPT(x, t, lp)), varsLPT(:(lp, .(var(x), t))))
⊆varsvar_term(x, t, lp) ≡

⊆vars:=LPT(x,
lp,
⊆++monL(varsLPT(lp), ⊆++monL(varsT(var(x)), ⊆refl(varsT(t)))),
⊆++monR(++(varsT(var(x)), varsT(t)), ⊆refl(varsLPT(lp))))

⊆varscomm ∈ (t1, t2 ∈ Term; lp ∈ ListPT) ⊆(varsLPT(:(lp, .(t1, t2))), varsLPT(:(lp, .(t2, t1))))
⊆varscomm(t1, t2, lp) ≡ ⊆++mon2L(varsLPT(lp), ⊆comm(varsT(t1), varsT(t2)))

⊆varsvar_fun ∈ (f ∈ Fun;
x ∈ Var;
lt ∈ VTerm(n);
lp ∈ ListPT

) ∧(⊆(varsLPT(:(lp, .(var(x), fun(f, lt)))), varsLPT(:(lp, .(fun(f, lt), var(x))))),
⊆(varsLPT(:(lp, .(fun(f, lt), var(x)))), varsLPT(:(lp, .(var(x), fun(f, lt))))))

⊆varsvar_fun(f, x, lt, lp) ≡ ∧I(⊆varscomm(var(x), fun(f, lt), lp), ⊆varscomm(fun(f, lt), var(x), lp))
⊆varszip_++ ∈ (lt1, lt2 ∈ VTerm(n)) ⊆(varsLPT(zip(lt1, lt2)), ++(varsVT(lt1), varsVT(lt2)))

⊆varszip_++([]v, []v) ≡ ⊆[](++(varsVT([]v), varsVT([]v)))
⊆varszip_++(:v(lt’1, t1), :v(lt’2, t2)) ≡

⊆trans(⊆++mon2R(++(varsT(t1), varsT(t2)), ⊆varszip_++(lt’1, lt’2)),
⊆assoc_comm(varsVT(lt’1), varsVT(lt’2), varsT(t1), varsT(t2)))

⊆vars++_zip ∈ (lt1, lt2 ∈ VTerm(n)) ⊆(++(varsVT(lt1), varsVT(lt2)), varsLPT(zip(lt1, lt2)))
⊆vars++_zip([]v, []v) ≡ ⊆[](varsLPT(zip([]v, []v)))
⊆vars++_zip(:v(lt’1, t1), :v(lt’2, t2)) ≡

⊆trans(⊆assoc_comm(varsVT(lt’1), varsT(t1), varsVT(lt’2), varsT(t2)),
⊆++mon2R(++(varsT(t1), varsT(t2)), ⊆vars++_zip(lt’1, lt’2)))
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⊆vars++1 ∈ (lp1, lp2 ∈ ListPT) ⊆(varsLPT(++(lp1, lp2)), ++(varsLPT(lp1), varsLPT(lp2)))

⊆vars++1(lp1, [] ) ≡ ⊆refl(varsLPT(lp1))
⊆vars++1(lp1, :(lp’2, .(t1, t2))) ≡

⊆trans(⊆++mon2R(++(varsT(t1), varsT(t2)), ⊆vars++1(lp1, lp’2)),
⊆assoc1(varsLPT(lp1), varsLPT(lp’2), ++(varsT(t1), varsT(t2))))

⊆vars++2 ∈ (lp1, lp2 ∈ ListPT) ⊆(++(varsLPT(lp1), varsLPT(lp2)), varsLPT(++(lp1, lp2)))
⊆vars++2(lp1, [] ) ≡ ⊆refl(varsLPT(lp1))
⊆vars++2(lp1, :(lp’2, .(t1, t2))) ≡

⊆trans(⊆assoc2(varsLPT(lp1), varsLPT(lp’2), ++(varsT(t1), varsT(t2))),
⊆++mon2R(++(varsT(t1), varsT(t2)), ⊆vars++2(lp1, lp’2)))

⊆varsfun_fun ∈ (f, g ∈ Fun;
lt1, lt2 ∈ VTerm(n);
lp ∈ ListPT

) ∧(⊆(varsLPT(++(zip(lt1, lt2), lp)), varsLPT(:(lp, .(fun(f, lt1), fun(g, lt2))))),
⊆(varsLPT(:(lp, .(fun(f, lt1), fun(g, lt2)))), varsLPT(++(zip(lt1, lt2), lp))))

⊆varsfun_fun(f, g, lt1, lt2, lp) ≡
∧I(⊆trans(⊆trans(⊆vars++1(zip(lt1, lt2), lp), ⊆++mon2R(varsLPT(lp), ⊆varszip_++(lt1, lt2))),

⊆comm(++(varsVT(lt1), varsVT(lt2)), varsLPT(lp))),
⊆trans(⊆trans(⊆comm(varsLPT(lp), ++(varsVT(lt1), varsVT(lt2))),

⊆++mon2R(varsLPT(lp), ⊆vars++_zip(lt1, lt2))),
⊆vars++2(zip(lt1, lt2), lp)))

≤#varsvar_var ∈ (x ∈ Var; lp ∈ ListPT) ≤(#varsLPT(lp), #varsLPT(:(lp, .(var(x), var(x)))))
≤#varsvar_var(x, lp) ≡ ⊆to≤(⊆varsvar_var(x, lp))

<#vars:=LPT ∈ (lp ∈ ListPT;
∉L(x, varsT(t))

) <(#varsLPT(:=LPT(x, t, lp)), #varsLPT(:(lp, .(var(x), t))))
<#vars:=LPT(lp, h) ≡

⊂to<(varsLPT(:=LPT(x, t, lp)),
∉to¬∈(∉:=LPT=var(lp, h)),
∈var_term(x, t, lp),
⊆varsvar_term(x, t, lp))

=#varsvar_fun ∈ (f ∈ Fun;
x ∈ Var;
lt ∈ VTerm(n);
lp ∈ ListPT

) =(#varsLPT(:(lp, .(var(x), fun(f, lt)))), #varsLPT(:(lp, .(fun(f, lt), var(x)))))
=#varsvar_fun(f, x, lt, lp) ≡

≤∧≤to=(⊆to≤(fst(⊆varsvar_fun(f, x, lt, lp))), ⊆to≤(snd(⊆varsvar_fun(f, x, lt, lp))))
=#varsfun_fun ∈ (f, g ∈ Fun;

lt1, lt2 ∈ VTerm(n);
lp ∈ ListPT

) =(#varsLPT(++(zip(lt1, lt2), lp)), #varsLPT(:(lp, .(fun(f, lt1), fun(g, lt2)))))
=#varsfun_fun(f, g, lt1, lt2, lp) ≡

≤∧≤to=(⊆to≤(fst(⊆varsfun_fun(f, g, lt1, lt2, lp))), ⊆to≤(snd(⊆varsfun_fun(f, g, lt1, lt2, lp))))
=#funsvar_var ∈ (x ∈ Var; lp ∈ ListPT) =(#funsLPT(lp), #funsLPT(:(lp, .(var(x), var(x)))))

=#funsvar_var(x, lp) ≡ refl(#funsLPT(lp))
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=#funsvar_fun ∈ (f ∈ Fun;

x ∈ Var;
lt ∈ VTerm(n);
lp ∈ ListPT

) =(#funsLPT(:(lp, .(var(x), fun(f, lt)))), #funsLPT(:(lp, .(fun(f, lt), var(x)))))
=#funsvar_fun(f, x, lt, lp) ≡ =cong1(+(#funsLPT(lp)), +comm(#funsT(var(x)), #funsT(fun(f, lt))))

=#funszip ∈ (lt1, lt2 ∈ VTerm(n)) =(#funsLPT(zip(lt1, lt2)), +(#funsVT(lt1), #funsVT(lt2)))
=#funszip([]v, []v) ≡ refl(#funsLPT([] ))
=#funszip(:v(lt’1, t1), :v(lt’2, t2)) ≡

=trans(=cong1([n]+(n, +(#funsT(t1), #funsT(t2))), =#funszip(lt’1, lt’2)),
+assoc_comm(#funsVT(lt’1), #funsVT(lt’2), #funsT(t1), #funsT(t2)))

=#funs++ ∈ (lp1, lp2 ∈ ListPT) =(#funsLPT(++(lp1, lp2)), +(#funsLPT(lp1), #funsLPT(lp2)))
=#funs++(lp1, [] ) ≡ refl(#funsLPT(lp1))
=#funs++(lp1, :(lp’2, .(t1, t2))) ≡

=trans(=cong1([n]+(n, +(#funsT(t1), #funsT(t2))), =#funs++(lp1, lp’2)),
+assoc(#funsLPT(lp1), #funsLPT(lp’2), +(#funsT(t1), #funsT(t2))))

<#funsfun_fun ∈ (f, g ∈ Fun;
lt1, lt2 ∈ VTerm(n);
lp ∈ ListPT

) <(#funsLPT(++(zip(lt1, lt2), lp)), #funsLPT(:(lp, .(fun(f, lt1), fun(g, lt2)))))
<#funsfun_fun(f, g, lt1, lt2, lp) ≡

=subst2(=#funs++(zip(lt1, lt2), lp),
+comm(+(#funsT(fun(f, lt1)), #funsT(fun(g, lt2))), #funsLPT(lp)),
<monR(#funsLPT(lp),

=subst2(=#funszip(lt1, lt2),
=cong1(s, =symm(s+(#funsVT(lt1), #funsVT(lt2)))),
<ssR(+(#funsVT(lt1), #funsVT(lt2))))))

<#eqsvar_var ∈ (x ∈ Var; lp ∈ ListPT) <(#eqsLPT(lp), #eqsLPT(:(lp, .(var(x), var(x)))))
<#eqsvar_var(x, lp) ≡

=subst1(=vartoA(+(#eqsLPT(lp), 1), #eqsLPT(lp), Vardec(x, x)), <sR(#eqsLPT(lp)))
<#eqsvar_fun ∈ (f ∈ Fun;

x ∈ Var;
lt ∈ VTerm(n);
lp ∈ ListPT

) <(#eqsLPT(:(lp, .(var(x), fun(f, lt)))), #eqsLPT(:(lp, .(fun(f, lt), var(x)))))
<#eqsvar_fun(f, x, lt, lp) ≡ <sR(#eqsLPT(lp))

<LPTvar_var ∈ (x ∈ Var; lp ∈ ListPT) <N3(LPTtoN3(lp), LPTtoN3(:(lp, .(var(x), var(x)))))
<LPTvar_var(x, lp) ≡ <fst_rd’(≤#varsvar_var(x, lp), =#funsvar_var(x, lp), <#eqsvar_var(x, lp))

<LPT:=var_term ∈ (lp ∈ ListPT;
∉L(x, varsT(t))

) <N3(LPTtoN3(:=LPT(x, t, lp)), LPTtoN3(:(lp, .(var(x), t))))
<LPT:=var_term(lp, h) ≡

<fst(#funsLPT(:=LPT(x, t, lp)),
#funsLPT(:(lp, .(var(x), t))),
#eqsLPT(:=LPT(x, t, lp)),
#eqsLPT(:(lp, .(var(x), t))),
<#vars:=LPT(lp, h))
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<LPTvar_fun ∈ (f ∈ Fun;

x ∈ Var;
lt ∈ VTerm(n);
lp ∈ ListPT

) <N3(LPTtoN3(:(lp, .(var(x), fun(f, lt)))), LPTtoN3(:(lp, .(fun(f, lt), var(x)))))
<LPTvar_fun(f, x, lt, lp) ≡

<rd’(=#varsvar_fun(f, x, lt, lp), =#funsvar_fun(f, x, lt, lp), <#eqsvar_fun(f, x, lt, lp))
<LPTzip_fun_fun ∈ (f, g ∈ Fun;

lt1, lt2 ∈ VTerm(n);
lp ∈ ListPT

) <N3(LPTtoN3(++(zip(lt1, lt2), lp)), LPTtoN3(:(lp, .(fun(f, lt1), fun(g, lt2)))))
<LPTzip_fun_fun(f, g, lt1, lt2, lp) ≡

<snd’(#eqsLPT(++(zip(lt1, lt2), lp)),
#eqsLPT(:(lp, .(fun(f, lt1), fun(g, lt2)))),
=#varsfun_fun(f, g, lt1, lt2, lp),
<#funsfun_fun(f, g, lt1, lt2, lp))

unifiesLPTto=f ∈ (unifiesLPT(sb, :(lp, .(fun(f, lt1), fun(g, lt2))))) =(f, g)
unifiesLPTto=f(unifiesLPT_:(h1, h2)) ≡ =funto=f(h2)

unifiesLPTto=arity ∈ (unifiesLPT(sb, :(lp, .(fun(f, lt1), fun(g, lt2))))) =(n1, n2)
unifiesLPTto=arity(unifiesLPT_:(h1, h2)) ≡ =funto=arity(h2)

unifiesLPT_red ∈ (unifiesLPT(sb, :(lp, .(var(x), var(x))))) unifiesLPT(sb, lp)
unifiesLPT_red(unifiesLPT_:(h1, h2)) ≡ h1

unifiesLPT∧∈to⊥ ∈ (unifiesLPT(sb, :(lp, .(var(x), t))); ∈L(x, varsT(t)); ¬(=(var(x), t))) ⊥
unifiesLPT∧∈to⊥(unifiesLPT_:(h3, h4), h1, h2) ≡ ∈∧≠∧unifyto⊥(t, h1, h2, h4)

unifiesLPT_:=L ∈ (lp ∈ ListPT;
=(appPT(sb, var(x)), appPT(sb, t));
unifiesLPT(sb, :=LPT(x, t, lp))

) unifiesLPT(sb, lp)
unifiesLPT_:=L([] , h, h1) ≡ unifiesLPT_[](sb)
unifiesLPT_:=L(:(lp’, .(t1, t2)), h, unifiesLPT_:(h2, h3)) ≡

unifiesLPT_:(unifiesLPT_:=L(lp’, h, h2), =subst2(=:=appP_T(t1, h), =symm(=:=appP_T(t2, h)), h3))
unifiesLPT_:=R_aux ∈ (lp ∈ ListPT;

=(appPT(sb, var(x)), appPT(sb, t));
unifiesLPT(sb, lp)

) unifiesLPT(sb, :=LPT(x, t, lp))
unifiesLPT_:=R_aux([] , h, h1) ≡ unifiesLPT_[](sb)
unifiesLPT_:=R_aux(:(lp’, .(t1, t2)), h, unifiesLPT_:(h2, h3)) ≡

unifiesLPT_:(unifiesLPT_:=R_aux(lp’, h, h2),
=subst2(=symm(=:=appP_T(t1, h)), =:=appP_T(t2, h), h3))

unifiesLPT_:=R ∈ (unifiesLPT(sb, :(lp, .(var(x), t)))) unifiesLPT(sb, :=LPT(x, t, lp))
unifiesLPT_:=R(unifiesLPT_:(h1, h2)) ≡ unifiesLPT_:=R_aux(lp, h2, h1)

unifiesLPT_vftofv ∈ (unifiesLPT(sb, :(lp, .(var(x), fun(f, lt))))
) unifiesLPT(sb, :(lp, .(fun(f, lt), var(x))))

unifiesLPT_vftofv(unifiesLPT_:(h1, h2)) ≡ unifiesLPT_:(h1, =symm(h2))
unifiesLPT_fvtovf ∈ (unifiesLPT(sb, :(lp, .(fun(f, lt), var(x))))

) unifiesLPT(sb, :(lp, .(var(x), fun(f, lt))))
unifiesLPT_fvtovf(unifiesLPT_:(h1, h2)) ≡ unifiesLPT_:(h1, =symm(h2))
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unifiesLPT_++L ∈ (lp2 ∈ ListPT;

unifiesLPT(sb, ++(lp1, lp2))
) ∧(unifiesLPT(sb, lp1), unifiesLPT(sb, lp2))

unifiesLPT_++L([] , h) ≡ ∧I(h, unifiesLPT_[](sb))
unifiesLPT_++L(:(lp, _), unifiesLPT_:(h1, h2)) ≡

case unifiesLPT_++L(lp, h1) ∈ ∧(unifiesLPT(sb, lp1), unifiesLPT(sb, lp))  of
∧I(h, h3) ⇒ ∧I(h, unifiesLPT_:(h3, h2))

end
unifiesLPT_++R ∈ (lp2 ∈ ListPT;

unifiesLPT(sb, lp1);
unifiesLPT(sb, lp2)

) unifiesLPT(sb, ++(lp1, lp2))
unifiesLPT_++R([] , h, h1) ≡ h
unifiesLPT_++R(:(lp, .(t1, t2)), h, unifiesLPT_:(h2, h3)) ≡

unifiesLPT_:(unifiesLPT_++R(lp, h, h2), h3)
unifiesLPT_zipL ∈ (lt1, lt2 ∈ VTerm(n);

unifiesLPT(sb, zip(lt1, lt2))
) =(appPVT(sb, lt1), appPVT(sb, lt2))

unifiesLPT_zipL([]v, []v, h) ≡ refl(appPVT(sb, []v))
unifiesLPT_zipL(:v(lt’1, t1), :v(lt’2, t2), unifiesLPT_:(h1, h2)) ≡

=cong2(:v, unifiesLPT_zipL(lt’1, lt’2, h1), h2)
unifiesLPT_zipR ∈ (lt1, lt2 ∈ VTerm(n);

=(appPVT(sb, lt1), appPVT(sb, lt2))
) unifiesLPT(sb, zip(lt1, lt2))

unifiesLPT_zipR([]v, []v, h) ≡ unifiesLPT_[](sb)
unifiesLPT_zipR(:v(lt’1, t1), :v(lt’2, t2), h) ≡

unifiesLPT_:(unifiesLPT_zipR(lt’1, lt’2, =vectorto=tail(h)), =vectorto=head(h))
unifiesLPT_funtozip ∈ (unifiesLPT(sb, :(lp, .(fun(f, lt1), fun(f, lt2))))

) unifiesLPT(sb, ++(zip(lt1, lt2), lp))
unifiesLPT_funtozip(unifiesLPT_:(h1, h2)) ≡

unifiesLPT_++R(lp, unifiesLPT_zipR(lt1, lt2, =funto=vector(h2)), h1)
unifiesLPT_ziptofun ∈ (f ∈ Fun;

unifiesLPT(sb, ++(zip(lt1, lt2), lp))
) unifiesLPT(sb, :(lp, .(fun(f, lt1), fun(f, lt2))))

unifiesLPT_ziptofun(f, h) ≡
case unifiesLPT_++L(lp, h) ∈ ∧(unifiesLPT(sb, zip(lt1, lt2)), unifiesLPT(sb, lp))  of

∧I(h1, h2) ⇒ unifiesLPT_:(h2, =cong1(fun(f), unifiesLPT_zipL(lt1, lt2, h1)))
end

unifiesLPTfromsbtosb: ∈ (lp ∈ ListPT;
∉L(x, varsLPT(lp));
unifiesLPT(sb, lp);
Idem(:(sb, .(x, t)))

) unifiesLPT(:(sb, .(x, t)), lp)
unifiesLPTfromsbtosb:([] , h, h1, h2) ≡ unifiesLPT_[](:(sb, .(x, t)))
unifiesLPTfromsbtosb:(:(lp’, .(t1, t2)), h, unifiesLPT_:(h3, h4), h2) ≡

unifiesLPT_:(
unifiesLPTfromsbtosb:(lp’, ∉++redR(++(varsT(t1), varsT(t2)), h), h3, h2),
=subst2(∉to=T_appP(∉++redR(varsT(t2), ∉++redL(++(varsT(t1), varsT(t2)), h)), h2),

=symm(∉to=T_appP(∉++redL(varsT(t2), ∉++redL(++(varsT(t1), varsT(t2)), h)), h2)),
h4))
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unifiesLPT:=tounifiesLPT ∈ (∉L(x, varsT(t));

∉L(x, varsS(sb));
Idem(sb);
unifiesLPT(sb, :=LPT(x, t, lp))

) unifiesLPT(:(sb, .(x, appPT(sb, t))), lp)
unifiesLPT:=tounifiesLPT(h, h1, h2, h3) ≡

unifiesLPT_:=L(lp,
=var_termappPT(h, h1, h2),
unifiesLPTfromsbtosb:(:=LPT(x, t, lp), ∉:=LPT=var(lp, h), h3, idem:(h, h1, h2)))C.4.5 Substitutions

PairS ∈ Set
PairS ≡ Pair(Var, Term)

Subst ∈ Set
Subst ≡ List(PairS)

dom ∈ (sb ∈ Subst) ListVar
dom([] ) ≡ []
dom(:(sb’, .(x, t))) ≡ :(dom(sb’), x)

varsS ∈ (sb ∈ Subst) ListVar
varsS([] ) ≡ []
varsS(:(sb’, .(x, t))) ≡ ++(varsS(sb’), :(varsT(t), x))

Idem ∈ (sb ∈ Subst) Set
[] idem ∈ Idem([] )
:idem ∈ (Idem(sb);

Disjoint(varsT(t), dom(:(sb, .(x, t))));
∉L(x, varsS(sb))

) Idem(:(sb, .(x, t)))
:=S ∈ (x ∈ Var; t ∈ Term; sb ∈ Subst) Subst

:=S(x, t, [] ) ≡ []
:=S(x, t, :(sb1, .(y, t1))) ≡ :(:=S(x, t, sb1), .(y, :=T(x, t, t1)))

appPT ∈ (sb ∈ Subst; t ∈ Term) Term
appPT([] , var(x)) ≡ var(x)
appPT(:(sb1, .(x1, t)), var(x)) ≡ VartoA(t, appPT(sb1, var(x)), Vardec(x1, x))
appPT(sb, fun(f, lt)) ≡ fun(f, appPVT(sb, lt))

appPVT ∈ (sb ∈ Subst; lt ∈ VTerm(n)) VTerm(n)
appPVT(sb, []v) ≡ []v

appPVT(sb, :v(lt’, t)) ≡ :v(appPVT(sb, lt’), appPT(sb, t))
appST ∈ (sb ∈ Subst; t ∈ Term) Term

appST([] , t) ≡ t
appST(:(sb1, .(x, t1)), t) ≡ appST(sb1, :=T(x, t1, t))

appSVT ∈ (sb ∈ Subst; lt ∈ VTerm(n)) VTerm(n)
appSVT(sb, []v) ≡ []v

appSVT(sb, :v(lt’, t)) ≡ :v(appSVT(sb, lt’), appST(sb, t))
≤Sb ∈ (sb, sb’ ∈ Subst) Set

≤Sb ≡ [sb, sb’]∃(Subst, [sb1]∀(Term, [t]=(appPT(sb’, t), appPT(sb1, appPT(sb, t)))))
Idempotent∈ (sb ∈ Subst) Set

Idempotent≡ [sb]∀(Term, [t]=(appPT(sb, appPT(sb, t)), appPT(sb, t)))
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=varappP ∈ (x ∈ Var; t ∈ Term; sb ∈ Subst) =(t, appPT(:(sb, .(x, t)), var(x)))

=varappP(x, t, sb) ≡ =vartoA(t, appPT(sb, var(x)), Vardec(x, x))
≠varappP ∈ (t ∈ Term;

sb ∈ Subst;
¬(=(y, x))

) =(appPT(sb, var(x)), appPT(:(sb, .(y, t)), var(x)))
≠varappP(t, sb, h) ≡ ≠vartoA(t, appPT(sb, var(x)), h, Vardec(y, x))

unifiesS ∈ (sb1, sb2 ∈ Subst) Set
unifiesS_[] ∈ (sb ∈ Subst) unifiesS(sb, [] )
unifiesS_: ∈ (unifiesS(sb, sb1);

=(appPT(sb, var(x)), appPT(sb, t))
) unifiesS(sb, :(sb1, .(x, t)))

C.4.6 Properties of Substitutions
=dom ∈ (x ∈ Var; t ∈ Term; sb ∈ Subst) =(dom(sb), dom(:=S(x, t, sb)))

=dom(x, t, [] ) ≡ refl(dom([] ))
=dom(x, t, :(sb1, .(y, t1))) ≡ =cong2(:, =dom(x, t, sb1), refl(y))

∈to≤#funsT ∈ (sb ∈ Subst;
t ∈ Term;
∈L(x, varsT(t))

) ≤(#funsT(appPT(sb, var(x))), #funsT(appPT(sb, t)))
∈to≤#funsT(sb, var(x1), ∈hd(_, _)) ≡ ∨R(refl(#funsT(appPT(sb, var(x1)))))
∈to≤#funsT(sb, var(x1), ∈tl(_, _, h1)) ≡ case h1 ∈ ∈L(x, [] )  of

end
∈to≤#funsT(sb, fun(f, lt), h) ≡ ≤to≤+R(s(0), ∈to≤#funsVT(sb, lt, h))

∈to≤#funsVT ∈ (sb ∈ Subst;
lt ∈ VTerm(n);
∈L(x, varsVT(lt))

) ≤(#funsT(appPT(sb, var(x))), #funsVT(appPVT(sb, lt)))
∈to≤#funsVT(sb, []v, h) ≡ case h ∈ ∈L(x, varsVT([]v))  of

end
∈to≤#funsVT(sb, :v(lt’, t’), h) ≡

case ∈++to∈∨(varsT(t’), h) ∈ ∨(∈L(x, varsVT(lt’)), ∈L(x, varsT(t’)))  of
∨L(h1) ⇒ ≤to≤+R(#funsT(appPT(sb, t’)), ∈to≤#funsVT(sb, lt’, h1))
∨R(h2) ⇒

=subst1(+comm(#funsT(appPT(sb, t’)), #funsVT(appPVT(sb, lt’))),
≤to≤+R(#funsVT(appPVT(sb, lt’)), ∈to≤#funsT(sb, t’, h2)))

end
∉varsto∉dom ∈ (sb ∈ Subst; ∉L(x, varsS(sb))) ∉L(x, dom(sb))

∉varsto∉dom([] , h) ≡ ∉[](x)
∉varsto∉dom(:(sb1, .(y, t)), ∉:(h1, h2)) ≡ ∉:(∉varsto∉dom(sb1, ∉++redR(varsT(t), h1)), h2)

∉vars_appS∈ (sb ∈ Subst; ∉L(x, varsT(t)); ∉L(x, varsS(sb))) ∉L(x, varsT(appST(sb, t)))
∉vars_appS([] , h, h1) ≡ h
∉vars_appS(:(sb1, .(x1, t1)), h, ∉:(h2, h3)) ≡

∉vars_appS(sb1, ∉:=T≠var(x1, t, ∉++redL(varsT(t1), h2), h), ∉++redR(varsT(t1), h2))
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∉:=S=var ∈ (sb ∈ Subst; ∉L(x, varsT(t)); ∉L(x, dom(sb))) ∉L(x, varsS(:=S(x, t, sb)))

∉:=S=var([] , h, h1) ≡ ∉[](x)
∉:=S=var(:(sb1, .(y, t1)), h, ∉:(h2, h3)) ≡ ∉++(∉:=S=var(sb1, h, h2), ∉:(∉:=T=var(t1, h), h3))

∉:=S≠var ∈ (y ∈ Var; sb ∈ Subst; ∉L(x, varsT(t)); ∉L(x, varsS(sb))) ∉L(x, varsS(:=S(y, t, sb)))
∉:=S≠var(y, [] , h, h1) ≡ ∉[](x)
∉:=S≠var(y, :(sb1, .(z, t1)), h, ∉:(h2, h3)) ≡

∉++(∉:=S≠var(y, sb1, h, ∉++redR(varsT(t1), h2)),
∉:(∉:=T≠var(y, t1, h, ∉++redL(varsT(t1), h2)), h3))

:=Tdisj:=S ∈ (x ∈ Var;
sb ∈ Subst;
Disjoint(varsT(t), dom(sb));
Disjoint(varsT(t1), dom(sb))

) Disjoint(varsT(:=T(x, t, t1)), dom(:=S(x, t, sb)))
:=Tdisj:=S(x, [] , h, h1) ≡ disj[]R(varsT(:=T(x, t, t1)))
:=Tdisj:=S(x, :(sb1, .(y, t’)), h, h1) ≡

disj:R(:=Tdisj:=S(x, sb1, disjredR(h), disjredR(h1)), ∉:=T≠var(x, t1, disjto∉(h), disjto∉(h1)))
⊆vars:=S ∈ (x ∈ Var; sb ∈ Subst; ⊆(varsT(t), l); ⊆(varsS(sb), l)) ⊆(varsS(:=S(x, t, sb)), l)

⊆vars:=S(x, [] , h, h1) ≡ ⊆[](l)
⊆vars:=S(x, :(sb1, .(y, t1)), h, ⊆:(h2, h3)) ≡

⊆:(⊆++L(⊆vars:=S(x, sb1, h, ⊆++redR(varsT(t1), h2)), ⊆vars:=T(x, t1, h, ⊆++redL(h2))), h3)
⊆varsappP_T ∈ (sb ∈ Subst; t ∈ Term) ⊆(varsT(appPT(sb, t)), ++(varsS(sb), varsT(t)))

⊆varsappP_T([] , var(x)) ≡ ⊆comm(varsS([] ), varsT(var(x)))
⊆varsappP_T(:(sb1, .(y, t1)), var(x)) ≡

case Vardec(y, x) ∈ Dec(=(y, x))  of
yes(refl(_)) ⇒

⊆++monR(varsT(var(x)),
=subst1(=varappP(x, t1, sb1),

⊆++monL(varsS(sb1), ⊆:monR(x, ⊆refl(varsT(t1))))))
no(h) ⇒

⊆trans(=subst1(≠varappP(t1, sb1, h), ⊆varsappP_T(sb1, var(x))),
⊆++C(varsS(sb1), varsT(var(x)), :(varsT(t1), y)))

end
⊆varsappP_T(sb, fun(f, lt)) ≡ ⊆varsappP_VT(sb, lt)

⊆varsappP_VT ∈ (sb ∈ Subst;
lt ∈ VTerm(n)

) ⊆(varsVT(appPVT(sb, lt)), ++(varsS(sb), varsVT(lt)))
⊆varsappP_VT(sb, []v) ≡ ⊆[](varsS(sb))
⊆varsappP_VT(sb, :v(lt’, t)) ≡

⊆trans(⊆++L(⊆++monR(++(varsS(sb), varsT(t)), ⊆varsappP_VT(sb, lt’)),
⊆++monL(++(varsS(sb), varsVT(lt’)), ⊆varsappP_T(sb, t))),

⊆trans(⊆assoc_comm(varsS(sb), varsVT(lt’), varsS(sb), varsT(t)),
⊆++mon2R(varsVT(:v(lt’, t)), ⊆++refl(varsS(sb)))))
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=:=appP_T ∈ (t’ ∈ Term;

=(appPT(sb, var(x)), appPT(sb, t))
) =(appPT(sb, t’), appPT(sb, :=T(x, t, t’)))

=:=appP_T(var(x1), h) ≡ case Vardec(x, x1) ∈ Dec(=(x, x1))  of
yes(refl(_)) ⇒ =trans(h, =cong1(appPT(sb), :==var(x1, t)))
no(h1) ⇒ =cong1(appPT(sb), :=≠var(t, h1))

end
=:=appP_T(fun(f, lt), h) ≡ =cong1(fun(f), =:=appP_VT(lt, h))

=:=appP_VT ∈ (lt ∈ VTerm(n);
=(appPT(sb, var(x)), appPT(sb, t))

) =(appPVT(sb, lt), appPVT(sb, :=VT(x, t, lt)))
=:=appP_VT([]v, h) ≡ refl(appPVT(sb, []v))
=:=appP_VT(:v(lt’, t’), h) ≡ =cong2(:v, =:=appP_VT(lt’, h), =:=appP_T(t’, h))

=Tdisj_vars ∈ (sb ∈ Subst; Disjoint(varsT(t), dom(sb))) =(t, appST(sb, t))
=Tdisj_vars([] , h) ≡ refl(t)
=Tdisj_vars(:(sb’, .(x, t1)), h) ≡

=trans(=Tdisj_vars(sb’, disjredR(h)), =cong1(appST(sb’), =:=T(t1, t, disjto∉(h))))
disjvars_appS∈ (t ∈ Term; Idem(sb)) Disjoint(varsT(appST(sb, t)), dom(sb))

disjvars_appS(t, [] idem) ≡ disj[]R(varsT(t))
disjvars_appS(t, :idem(h1, h2, h3)) ≡

disj:R(disjvars_appS(:=T(x, t1, t), h1), ∉vars_appS(sb1, ∉:=T=var(t, disjto∉(h2)), h3))
=VTappS[]s ∈ (lt ∈ VTerm(n)) =(appSVT([] , lt), lt)

=VTappS[]s([]v) ≡ refl([]v)
=VTappS[]s(:v(lt’, t)) ≡ =cong1([lt1]:v(lt1, t), =VTappS[]s(lt’))

=VTappS.s ∈ (x ∈ Var;
t ∈ Term;
sb ∈ Subst;
lt ∈ VTerm(n)

) =(appSVT(:(sb, .(x, t)), lt), appSVT(sb, :=VT(x, t, lt)))
=VTappS.s(x, t, sb, []v) ≡ refl([]v)
=VTappS.s(x, t, sb, :v(lt’, t’)) ≡

=cong1([lt1]:v(lt1, appST(:(sb, .(x, t)), t’)), =VTappS.s(x, t, sb, lt’))
=VTappS ∈ (f ∈ Fun;

sb ∈ Subst;
lt ∈ VTerm(n)

) =(fun(f, appSVT(sb, lt)), appST(sb, fun(f, lt)))
=VTappS(f, [] , lt) ≡ =cong1(fun(f), =VTappS[]s(lt))
=VTappS(f, :(sb1, .(x, t)), lt) ≡

=trans(=cong1(fun(f), =VTappS.s(x, t, sb1, lt)), =VTappS(f, sb1, :=VT(x, t, lt)))
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=TappP_S ∈ (sb ∈ Subst; t ∈ Term; Idem(sb)) =(appPT(sb, t), appST(sb, t))

=TappP_S([] , var(x), h) ≡ refl(var(x))
=TappP_S(:(sb1, .(x1, t)), var(x), :idem(h1, h2, h3)) ≡

case Vardec(x1, x) ∈ Dec(=(x1, x))  of
yes(refl(_)) ⇒

=trans(=symm(=varappP(x, t, sb1)),
=trans(=Tdisj_vars(sb1, disjredR(h2)), =cong1(appST(sb1), :==var(x, t))))

no(h) ⇒
=trans(=symm(≠varappP(t, sb1, h)),

=trans(=TappP_S(sb1, var(x), h1), =cong1(appST(sb1), :=≠var(t, h))))
end

=TappP_S(sb, fun(f, lt), h) ≡ =trans(=cong1(fun(f), =VTappP_S(lt, h)), =VTappS(f, sb, lt))
=VTappP_S ∈ (lt ∈ VTerm(n); Idem(sb)) =(appPVT(sb, lt), appSVT(sb, lt))

=VTappP_S([]v, h) ≡ refl([]v)
=VTappP_S(:v(lt’, t), h) ≡ =cong2(:v, =VTappP_S(lt’, h), =TappP_S(sb, t, h))

idem∧disjto= ∈ (sb’ ∈ Subst;
Idem(sb);
Disjoint(varsT(t), dom(sb))

) =(appPT(sb’, t), appPT(sb’, appPT(sb, t)))
idem∧disjto=(sb’, h, h1) ≡

=cong1(appPT(sb’), =trans(=Tdisj_vars(sb, h1), =symm(=TappP_S(sb, t, h))))
idemtoidempotent∈ (Idem(sb)) Idempotent(sb)

idemtoidempotent(h) ≡
∀I([t]=subst2(=trans(=cong1(appPT(sb), =TappP_S(sb, t, h)), =TappP_S(sb, appST(sb, t), h)),

=symm(=TappP_S(sb, t, h)),
=symm(=Tdisj_vars(sb, disjvars_appS(t, h)))))

∉to=T_appP ∈ (∉L(x, varsT(t)); Idem(:(sb, .(x, t’)))) =(appPT(:(sb, .(x, t’)), t), appPT(sb, t))
∉to=T_appP(h, :idem(h2, h3, h4)) ≡

=subst2(=TappP_S(:(sb, .(x, t’)), t, :idem(h2, h3, h4)),
=symm(=TappP_S(sb, t, h2)),
=cong1(appST(sb), =symm(=:=T(t’, t, h))))
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=∧idemto=T ∈ (t’ ∈ Term;

Idem(:(sb’, .(x, t)));
=(appPT(sb, var(x)), appPT(sb, t))

) =(appPT(sb, appPT(sb’, t’)), appPT(sb, appPT(:(sb’, .(x, t)), t’)))
=∧idemto=T(var(x1), :idem(h2, h3, h4), h1) ≡

case Vardec(x, x1) ∈ Dec(=(x, x1))  of
yes(refl(_)) ⇒

=subst2(
=cong1(

appPT(sb),
=symm(=trans(=Tdisj_vars(sb’, disj:(disj[](dom(sb’)), ∉varsto∉dom(sb’, h4))),

=symm(=TappP_S(sb’, var(x1), h2))))),
=cong1(appPT(sb), =varappP(x1, t, sb’)),
h1)

no(h) ⇒ =cong1(appPT(sb), ≠varappP(t, sb’, h))
end

=∧idemto=T(fun(f, lt), h, h1) ≡ =cong1(fun(f), =∧idemto=VT(lt, h, h1))
=∧idemto=VT ∈ (lt ∈ VTerm(n);

Idem(:(sb’, .(x, t)));
=(appPT(sb, var(x)), appPT(sb, t))

) =(appPVT(sb, appPVT(sb’, lt)), appPVT(sb, appPVT(:(sb’, .(x, t)), lt)))
=∧idemto=VT([]v, h, h1) ≡ refl(appPVT(sb, appPVT(sb’, []v)))
=∧idemto=VT(:v(lt’, t’), h, h1) ≡ =cong2(:v, =∧idemto=VT(lt’, h, h1), =∧idemto=T(t’, h, h1))

idem:= ∈ (Idem(sb); ∉L(x, varsT(t)); Disjoint(varsT(t), dom(sb))) Idem(:=S(x, t, sb))
idem:=([] idem, h1, h2) ≡ [] idem

idem:=(:idem(h3, h4, h5), h1, h2) ≡
:idem(idem:=(h3, h1, disjredR(h2)),

disj:R(:=Tdisj:=S(x, sb1, disjredR(h2), disjredR(h4)),
∉:=T≠var(x, t1, disjto∉(h2), disjto∉(h4))),

∉:=S≠var(x, sb1, disjto∉(h2), h5))
idem: ∈ (∉L(x, varsT(t)); ∉L(x, varsS(sb)); Idem(sb)) Idem(:(sb, .(x, appPT(sb, t))))

idem:(h, h1, h2) ≡
:idem(h2,

disj:R(=subst1(=symm(=TappP_S(sb, t, h2)), disjvars_appS(t, h2)),
=subst1(=symm(=TappP_S(sb, t, h2)), ∉vars_appS(sb, h, h1))),

h1)
=var_termappPT ∈ (∉L(x, varsT(t));

∉L(x, varsS(sb));
Idem(sb)

) =(appPT(:(sb, .(x, appPT(sb, t))), var(x)),
appPT(:(sb, .(x, appPT(sb, t))), t))

=var_termappPT(h, h1, h2) ≡
=subst2(=trans(=symm(=varappP(x, appPT(sb, t), sb)), =TappP_S(sb, t, h2)),

=symm(=TappP_S(:(sb, .(x, appPT(sb, t))), t, idem:(h, h1, h2))),
=cong1(appST(sb), =:=T(appPT(sb, t), t, h)))
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∈∧≠∧unifyto⊥ ∈ (t ∈ Term;

∈L(x, varsT(t));
¬(=(var(x), t));
=(appPT(sb, var(x)), appPT(sb, t))

) ⊥
∈∧≠∧unifyto⊥(var(x1), ∈hd(_, _), ⇒I(f1), h2) ≡ f1(refl(var(x1)))
∈∧≠∧unifyto⊥(var(x1), ∈tl(_, _, h3), h1, h2) ≡ case h3 ∈ ∈L(x, [] )  of

end
∈∧≠∧unifyto⊥(fun(f, lt), h, h1, h2) ≡

<∧=to⊥(≤to<sL(∈to≤#funsVT(sb, lt, h)), =cong1(#funsT, h2))
unifiesS_:=L ∈ (sb’ ∈ Subst;

=(appPT(sb, var(x)), appPT(sb, t));
unifiesS(sb, :=S(x, t, sb’))

) unifiesS(sb, sb’)
unifiesS_:=L([] , h, h1) ≡ unifiesS_[](sb)
unifiesS_:=L(:(sb1, .(y, t1)), h, unifiesS_:(h2, h3)) ≡

unifiesS_:(unifiesS_:=L(sb1, h, h2), =trans(h3, =symm(=:=appP_T(t1, h))))
unifiesS_:=R ∈ (sb’ ∈ Subst;

=(appPT(sb, var(x)), appPT(sb, t));
unifiesS(sb, sb’)

) unifiesS(sb, :=S(x, t, sb’))
unifiesS_:=R([] , h, h1) ≡ unifiesS_[](sb)
unifiesS_:=R(:(sb1, .(y, t1)), h, unifiesS_:(h2, h3)) ≡

unifiesS_:(unifiesS_:=R(sb1, h, h2), =trans(h3, =:=appP_T(t1, h)))
unifiesS_:_:=R ∈ (=(appPT(sb, var(x)), appPT(sb, t));

unifiesS(sb, sb’)
) unifiesS(sb, :(:=S(x, t, sb’), .(x, t)))

unifiesS_:_:=R(h, h1) ≡ unifiesS_:(unifiesS_:=R(sb’, h, h1), h)
unifiestounifies ∈ (unifiesS(sb, sb’);

Idem(:(sb, .(x, t)));
∉L(x, varsS(sb’))

) unifiesS(:(sb, .(x, t)), sb’)
unifiestounifies(unifiesS_[](_), h1, h2) ≡ unifiesS_[](:(sb, .(x, t)))
unifiestounifies(unifiesS_:(h3, h4), :idem(h, h5, h6), ∉:(h1, h7)) ≡

unifiesS_:(unifiestounifies(h3, :idem(h, h5, h6), ∉++redR(varsT(t1), h1)),
=subst2(=symm(≠varappP(t, sb, h7)),

=subst2(=TappP_S(sb, t1, h),
=symm(=TappP_S(:(sb, .(x, t)), t1, :idem(h, h5, h6))),
=cong1(appST(sb), =:=T(t, t1, ∉++redL(varsT(t1), h1)))),

h4))
idemtounifies ∈ (Idem(sb)) unifiesS(sb, sb)

idemtounifies([] idem) ≡ unifiesS_[]([] )
idemtounifies(:idem(h1, h2, h3)) ≡

unifiesS_:(unifiestounifies(idemtounifies(h1), :idem(h1, h2, h3), h3),
=subst2(=symm(=varappP(x, t, sb1)),

=symm(=TappP_S(:(sb1, .(x, t)), t, :idem(h1, h2, h3))),
=Tdisj_vars(:(sb1, .(x, t)), h2)))
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unifies∧idemtomguaux ∈ (Idem(sb’); unifiesS(sb, sb’)) ≤Sb(sb’, sb)

unifies∧idemtomguaux([] idem, h1) ≡
∃I(sb, ∀I([t]=cong1(appPT(sb), =symm(=TappP_S([] , t, [] idem)))))

unifies∧idemtomguaux(:idem(h2, h3, h4), unifiesS_:(h, h5)) ≡
case unifies∧idemtomguaux(h2, h) ∈ ∃(Subst,

[sb1’]
∀(Term,

[t’]=(appPT(sb, t’),
appPT(sb1’, appPT(sb1, t’)))))

 of

∃I(sb2, ∀I(h1)) ⇒
∃I(sb2,

∀I([t’]=trans(
h1(t’),
=∧idemto=T(

t’,
:idem(h2, h3, h4),
=subst2(

=trans(
idem∧disjto=(sb2, h2, ∉todisj(∉varsto∉dom(sb1, h4))),
=symm(h1(var(x)))),

=trans(h1(t), =symm(idem∧disjto=(sb2, h2, disjredR(h3)))),
h5)))))

endC.5 Uni�ation AlgorithmC.5.1 Uni�ation Algorithm using the AessibilityPrediate
<LPT ∈ (lp1, lp2 ∈ ListPT) Set

<LPT ∈ (<N3(LPTtoN3(lp1), LPTtoN3(lp2))) <LPT(lp1, lp2)
<LPTtoN3 ∈ (<LPT(lp1, lp2)) <N3(LPTtoN3(lp1), LPTtoN3(lp2))

<LPTtoN3(<LPT(h1)) ≡ h1

accLPT_aux ∈ (Acc(N3, <N3, LPTtoN3(lp))) Acc(ListPT, <LPT, lp)
accLPT_aux(acc(_, h1)) ≡ acc(lp, [lp’, h]accLPT_aux(h1(LPTtoN3(lp’), <LPTtoN3(h))))

allaccLPT ∈ (lp ∈ ListPT) Acc(ListPT, <LPT, lp)
allaccLPT(lp) ≡ accLPT_aux(allaccN3(LPTtoN3(lp)))

WFLPT ∈ WF(ListPT, <LPT)
WFLPT ≡ ∀I(allaccLPT)
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unifyacc ∈ (lp ∈ ListPT; sb ∈ Subst; Acc(ListPT, <LPT, lp)) ∨(Subst, Error)

unifyacc([] , sb, acc(_, h1)) ≡ ∨L(sb)
unifyacc(:(lp1, .(var(x), var(x1))), sb, acc(_, h1)) ≡

case Vardec(x, x1) ∈ Dec(=(x, x1))  of
yes(refl(_)) ⇒ unifyacc(lp1, sb, h1(lp1, <LPT(<LPTvar_var(x1, lp1))))
no(h) ⇒

unifyacc(:=LPT(x, var(x1), lp1),
:(:=S(x, var(x1), sb), .(x, var(x1))),
h1(:=LPT(x, var(x1), lp1), <LPT(<LPT:=var_term(lp1, ∉:(∉[](x), h)))))

end
unifyacc(:(lp1, .(var(x), fun(f, lt))), sb, acc(_, h1)) ≡

case ∈dec(x, varsT(fun(f, lt))) ∈ Dec(∈L(x, varsT(fun(f, lt))))  of
yes(h) ⇒ ∨R(error)
no(h) ⇒

unifyacc(
:=LPT(x, fun(f, lt), lp1),
:(:=S(x, fun(f, lt), sb), .(x, fun(f, lt))),
h1(:=LPT(x, fun(f, lt), lp1), <LPT(<LPT:=var_term(lp1, ¬∈to∉(varsT(fun(f, lt)), h)))))

end
unifyacc(:(lp1, .(fun(f, lt), var(x))), sb, acc(_, h1)) ≡

unifyacc(:(lp1, .(var(x), fun(f, lt))),
sb,
h1(:(lp1, .(var(x), fun(f, lt))), <LPT(<LPTvar_fun(f, x, lt, lp1))))

unifyacc(:(lp1, .(fun(f1, lt1), fun(f2, lt2))), sb, acc(_, h1)) ≡
case Fundec(f1, f2) ∈ Dec(=(f1, f2))  of

yes(refl(_)) ⇒
case Ndec(n1, n2) ∈ Dec(=(n1, n2))  of

yes(refl(_)) ⇒
unifyacc(++(zip(lt1, lt2), lp1),

sb,
h1(++(zip(lt1, lt2), lp1), <LPT(<LPTzip_fun_fun(f2, f2, lt1, lt2, lp1))))

no(h2) ⇒ ∨R(error)
end

no(h) ⇒ ∨R(error)
end

Unifyacc ∈ (lp ∈ ListPT) ∨(Subst, Error)
Unifyacc(lp) ≡ unifyacc(lp, [] , allaccLPT(lp))
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UniAcc ∈ (lp ∈ ListPT) Set

uniacc[] ∈ UniAcc([] )
uniaccvar_var ∈ (x ∈ Var; UniAcc(lp)) UniAcc(:(lp, .(var(x), var(x))))
uniaccvar_term ∈ (lp ∈ ListPT; ∈L(x, varsT(t)); ¬(=(var(x), t))) UniAcc(:(lp, .(var(x), t)))
uniacc:=var_term ∈ (∉L(x, varsT(t)); UniAcc(:=LPT(x, t, lp))) UniAcc(:(lp, .(var(x), t)))
uniaccvar_fun ∈ (UniAcc(:(lp, .(var(x), fun(f, lt))))) UniAcc(:(lp, .(fun(f, lt), var(x))))
uniaccfun_fun ∈ (lt1 ∈ VTerm(n1);

lt2 ∈ VTerm(n2);
lp ∈ ListPT;
∨(¬(=(f, g)), ¬(=(n1, n2)))

) UniAcc(:(lp, .(fun(f, lt1), fun(g, lt2))))
uniacczip_fun_fun ∈ (f ∈ Fun;

UniAcc(++(zip(lt1, lt2), lp))
) UniAcc(:(lp, .(fun(f, lt1), fun(f, lt2))))

uniaccaux ∈ (Acc(N3, <N3, n3);
f ∈ (m3 ∈ N3; <N3(m3, n3)) ∀(ListPT, [lp]⇒(=(LPTtoN3(lp), m3), UniAcc(lp)))

) ∀(ListPT, [lp]⇒(=(LPTtoN3(lp), n3), UniAcc(lp)))
uniaccaux(h, f) ≡ ∀I([lp]⇒I([h’]uniaccaux2(h, f, lp, h’)))

Pn ∈ (n3 ∈ N3) ∀(ListPT, [lp]⇒(=(LPTtoN3(lp), n3), UniAcc(lp)))
Pn(n3) ≡ wfrec(n3, allaccN3(n3), uniaccaux)

allUniAccLPT ∈ (lp ∈ ListPT) UniAcc(lp)
allUniAccLPT(lp) ≡ ⇒E(∀E(Pn(LPTtoN3(lp)), lp), refl(LPTtoN3(lp)))
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uniaccaux2 ∈ (Acc(N3, <N3, n3);

f ∈ (m3 ∈ N3; <N3(m3, n3)) ∀(ListPT, [lp’]⇒(=(LPTtoN3(lp’), m3), UniAcc(lp’)));
lp ∈ ListPT;
=(LPTtoN3(lp), n3)

) UniAcc(lp)
uniaccaux2(p, f, [] , h) ≡ uniacc[]
uniaccaux2(p, f, :(lp1, .(var(x), var(x1))), refl(_)) ≡

case Vardec(x, x1) ∈ Dec(=(x, x1))  of
yes(refl(_)) ⇒

uniaccvar_var(x1, ⇒E(∀E(f(LPTtoN3(lp1), <LPTvar_var(x1, lp1)), lp1), refl(LPTtoN3(lp1))))
no(h) ⇒

uniacc:=var_term(∉:(∉[](x), h),
⇒E(∀E(f(LPTtoN3(:=LPT(x, var(x1), lp1)), <LPT:=var_term(lp1, ∉:(∉[](x) ,h))),

:=LPT(x, var(x1), lp1)),
refl(LPTtoN3(:=LPT(x, var(x1), lp1)))))

end
uniaccaux2(p, f, :(lp1, .(var(x), fun(f1, lt1))), refl(_)) ≡

case ∈dec(x, varsVT(lt1)) ∈ Dec(∈L(x, varsVT(lt1)))  of
yes(h) ⇒ uniaccvar_term(lp1, h, ≠T(f1, x, lt1))
no(h) ⇒

uniacc:=var_term(¬∈to∉(varsT(fun(f1, lt1)), h),
⇒E(∀E(f(LPTtoN3(:=LPT(x, fun(f1, lt1), lp1)),

<LPT:=var_term(lp1, ¬∈to∉(varsT(fun(f1, lt1)), h))),
:=LPT(x, fun(f1, lt1), lp1)),

refl(LPTtoN3(:=LPT(x, fun(f1, lt1), lp1)))))
end

uniaccaux2(p, f, :(lp1, .(fun(f1, lt1), var(x))), refl(_)) ≡
uniaccvar_fun(⇒E(∀E(f(LPTtoN3(:(lp1, .(var(x), fun(f1, lt1)))), <LPTvar_fun(f1, x, lt1, lp1)),

:(lp1, .(var(x), fun(f1, lt1)))),
refl(LPTtoN3(:(lp1, .(var(x), fun(f1, lt1)))))))

uniaccaux2(p, f, :(lp1, .(fun(f1, lt1), fun(f2, lt2))), refl(_)) ≡
case Fundec(f1, f2) ∈ Dec(=(f1, f2))  of

yes(refl(_)) ⇒
case Ndec(n1, n2) ∈ Dec(=(n1, n2))  of

yes(refl(_)) ⇒
uniacczip_fun_fun(

f2,
⇒E(∀E(f(LPTtoN3(++(zip(lt1, lt2), lp1)), <LPTzip_fun_fun(f2, f2, lt1, lt2, lp1)),

++(zip(lt1, lt2), lp1)),
refl(LPTtoN3(++(zip(lt1, lt2), lp1)))))

no(h1) ⇒ uniaccfun_fun(lt1, lt2, lp1, ∨R(h1))
end

no(h) ⇒ uniaccfun_fun(lt1, lt2, lp1, ∨L(h))
end
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unify ∈ (sb ∈ Subst; UniAcc(lp)) ∨(Subst, Error)

unify(sb, uniacc[]) ≡ ∨L(sb)
unify(sb, uniaccvar_var(x, h1)) ≡ unify(sb, h1)
unify(sb, uniaccvar_term(lp1, h1, h2)) ≡ ∨R(error)
unify(sb, uniacc:=var_term(h1, h2)) ≡ unify(:(:=S(x, t, sb), .(x, t)), h2)
unify(sb, uniaccvar_fun(h1)) ≡ unify(sb, h1)
unify(sb, uniaccfun_fun(lt1, lt2, lp1, h1)) ≡ ∨R(error)
unify(sb, uniacczip_fun_fun(f, h1)) ≡ unify(sb, h1)

Unify ∈ (lp ∈ ListPT) ∨(Subst, Error)
Unify(lp) ≡ unify([] , allUniAccLPT(lp))C.5.4 Properties of the Uni�ation Algorithm

unifies∧errorto⊥ ∈ (p ∈ UniAcc(lp);
∃(Subst, [sb’]unifiesLPT(sb’, lp));
=(unify(sb, p), ∨R(error))

) ⊥
unifies∧errorto⊥(uniacc[], h, h1) ≡ case h1 ∈ =(unify(sb, uniacc[]), ∨R(error))  of

end
unifies∧errorto⊥(uniaccvar_var(x, h2), ∃I(sb1, h), h1) ≡

unifies∧errorto⊥(h2, ∃I(sb1, unifiesLPT_red(h)), h1)
unifies∧errorto⊥(uniaccvar_term(lp1, h2, h3), ∃I(sb1, h), h1) ≡ unifiesLPT∧∈to⊥(h, h2, h3)
unifies∧errorto⊥(uniacc:=var_term(h2, h3), ∃I(sb1, h), h1) ≡

unifies∧errorto⊥(h3, ∃I(sb1, unifiesLPT_:=R(h)), h1)
unifies∧errorto⊥(uniaccvar_fun(h2), ∃I(sb1, h), h1) ≡

unifies∧errorto⊥(h2, ∃I(sb1, unifiesLPT_fvtovf(h)), h1)
unifies∧errorto⊥(uniaccfun_fun(lt1, lt2, lp1, ∨L(⇒I(f1))), ∃I(sb1, h), h1) ≡ f1(unifiesLPTto=f(h))
unifies∧errorto⊥(uniaccfun_fun(lt1, lt2, lp1, ∨R(⇒I(f1))), ∃I(sb1, h), h1) ≡ f1(unifiesLPTto=arity(h))
unifies∧errorto⊥(uniacczip_fun_fun(f, h2), ∃I(sb1, h), h1) ≡

unifies∧errorto⊥(h2, ∃I(sb1, unifiesLPT_funtozip(h)), h1)
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varslemma ∈ (p ∈ UniAcc(lp);

=(unify(sb, p), ∨L(sb’));
⊆(varsLPT(lp), l);
⊆(varsS(sb), l)

) ⊆(varsS(sb’), l)
varslemma(uniacc[], refl(_), h1, h2) ≡ h2

varslemma(uniaccvar_var(x, h3), h, h1, h2) ≡ varslemma(h3, h, ⊆trans(⊆varsvar_var(x, lp1), h1), h2)
varslemma(uniaccvar_term(lp1, h3, h4), h, h1, h2) ≡

case h ∈ =(unify(sb, uniaccvar_term(lp1, h3, h4)), ∨L(sb’))  of
end

varslemma(uniacc:=var_term(h3, h4), h, h1, h2) ≡
varslemma(h4,

h,
⊆vars:=LPT(x, lp1, ⊆++redL(⊆++redL(h1)), ⊆++redR(++(varsT(var(x)), varsT(t)), h1)),
⊆:(⊆++L(⊆vars:=S(x, sb, ⊆++redL(⊆++redL(h1)), h2), ⊆++redL(⊆++redL(h1))),

⊆∈trans(⊆++redR(varsT(t), ⊆++redL(h1)), ∈hd(x, [] ))))
varslemma(uniaccvar_fun(h3), h, h1, h2) ≡

varslemma(h3, h, ⊆trans(fst(⊆varsvar_fun(f, x, lt, lp1)), h1), h2)
varslemma(uniaccfun_fun(lt1, lt2, lp1, h3), h, h1, h2) ≡

case h ∈ =(unify(sb, uniaccfun_fun(lt1, lt2, lp1, h3)), ∨L(sb’))  of
end

varslemma(uniacczip_fun_fun(f, h3), h, h1, h2) ≡
varslemma(h3, h, ⊆trans(fst(⊆varsfun_fun(f, f, lt1, lt2, lp1)), h1), h2)
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idemlemma ∈ (p ∈ UniAcc(lp);

=(unify(sb, p), ∨L(sb’));
Disjoint(varsLPT(lp), dom(sb));
Idem(sb)

) Idem(sb’)
idemlemma(uniacc[], refl(_), h1, h2) ≡ h2

idemlemma(uniaccvar_var(x, h3), h, h1, h2) ≡
idemlemma(h3, h, ⊆∧disjtodisj(⊆varsvar_var(x, lp1), h1), h2)

idemlemma(uniaccvar_term(lp1, h3, h4), h, h1, h2) ≡
case h ∈ =(unify(sb, uniaccvar_term(lp1, h3, h4)), ∨L(sb’))  of
end

idemlemma(uniacc:=var_term(h3, h4), h, h1, h2) ≡
idemlemma(

h4,
h,
disj:R(=subst1(=dom(x, t, sb), ⊆∧disjtodisj(⊆varsvar_term(x, t, lp1), h1)), ∉:=LPT=var(lp1, h3)),
:idem(idem:=(h2, h3, ⊆∧disjtodisj(⊆++RR(varsLPT(lp1), varsT(var(x)), varsT(t)), h1)),

disj:R(=subst1(=dom(x, t, sb),
⊆∧disjtodisj(⊆++RR(varsLPT(lp1), varsT(var(x)), varsT(t)), h1)),

h3),
∉:=S=var(

sb,
h3,
disjto∉(disjsymm(⊆∧disjtodisj(⊆++LR(varsLPT(lp1), varsT(var(x)), varsT(t)), h1))))))

idemlemma(uniaccvar_fun(h3), h, h1, h2) ≡
idemlemma(h3, h, ⊆∧disjtodisj(fst(⊆varsvar_fun(f, x, lt, lp1)), h1), h2)

idemlemma(uniaccfun_fun(lt1, lt2, lp1, h3), h, h1, h2) ≡
case h ∈ =(unify(sb, uniaccfun_fun(lt1, lt2, lp1, h3)), ∨L(sb’))  of
end

idemlemma(uniacczip_fun_fun(f, h3), h, h1, h2) ≡
idemlemma(h3, h, ⊆∧disjtodisj(fst(⊆varsfun_fun(f, f, lt1, lt2, lp1)), h1), h2)
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unifiesLpSbtounifiesSb ∈ (p ∈ UniAcc(lp);

unifiesLPT(sb’, lp);
unifiesS(sb’, sb);
=(unify(sb, p), ∨L(sb1))

) unifiesS(sb’, sb1)
unifiesLpSbtounifiesSb(uniacc[], h, h1, refl(_)) ≡ h1

unifiesLpSbtounifiesSb(uniaccvar_var(x, h3), unifiesLPT_:(h4, h5), h1, h2) ≡
unifiesLpSbtounifiesSb(h3, h4, h1, h2)

unifiesLpSbtounifiesSb(uniaccvar_term(lp1, h3, h4), h, h1, h2) ≡
case h2 ∈ =(unify(sb, uniaccvar_term(lp1, h3, h4)), ∨L(sb1))  of
end

unifiesLpSbtounifiesSb(uniacc:=var_term(h3, h4), unifiesLPT_:(h5, h6), h1, h2) ≡
unifiesLpSbtounifiesSb(h4, unifiesLPT_:=R(unifiesLPT_:(h5, h6)), unifiesS_:_:=R(h6, h1), h2)

unifiesLpSbtounifiesSb(uniaccvar_fun(h3), h, h1, h2) ≡
unifiesLpSbtounifiesSb(h3, unifiesLPT_fvtovf(h), h1, h2)

unifiesLpSbtounifiesSb(uniaccfun_fun(lt1, lt2, lp1, ∨L(⇒I(f1))), h, h1, h2) ≡
case h2 ∈ =(unify(sb, uniaccfun_fun(lt1, lt2, lp1, ∨L(⇒I(f1)))), ∨L(sb1))  of
end

unifiesLpSbtounifiesSb(uniaccfun_fun(lt1, lt2, lp1, ∨R(⇒I(f1))), h, h1, h2) ≡
case h2 ∈ =(unify(sb, uniaccfun_fun(lt1, lt2, lp1, ∨R(⇒I(f1)))), ∨L(sb1))  of
end

unifiesLpSbtounifiesSb(uniacczip_fun_fun(f, h3), h, h1, h2) ≡
unifiesLpSbtounifiesSb(h3, unifiesLPT_funtozip(h), h1, h2)
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unifiesSbtounifiesLpSb ∈ (p ∈ UniAcc(lp);

unifiesS(sb’, sb1);
=(unify(sb, p), ∨L(sb1))

) ∧(unifiesLPT(sb’, lp), unifiesS(sb’, sb))
unifiesSbtounifiesLpSb(uniacc[], h, refl(_)) ≡ ∧I(unifiesLPT_[](sb’), h)
unifiesSbtounifiesLpSb(uniaccvar_var(x, h2), h, h1) ≡

case unifiesSbtounifiesLpSb(h2, h, h1) ∈ ∧(unifiesLPT(sb’, lp1), unifiesS(sb’, sb))  of
∧I(h3, h4) ⇒ ∧I(unifiesLPT_:(h3, refl(appPT(sb’, var(x)))), h4)

end
unifiesSbtounifiesLpSb(uniaccvar_term(lp1, h2, h3), h, h1) ≡

case h1 ∈ =(unify(sb, uniaccvar_term(lp1, h2, h3)), ∨L(sb1))  of
end

unifiesSbtounifiesLpSb(uniacc:=var_term(h2, h3), h, h1) ≡
case unifiesSbtounifiesLpSb(h3, h, h1) ∈ ∧(unifiesLPT(sb’, :=LPT(x, t, lp1)),

unifiesS(sb’, :(:=S(x, t, sb), .(x, t))))
 of

∧I(h4, unifiesS_:(h6, h7)) ⇒
∧I(unifiesLPT_:(unifiesLPT_:=L(lp1, h7, h4), h7), unifiesS_:=L(sb, h7, h6))

end
unifiesSbtounifiesLpSb(uniaccvar_fun(h2), h, h1) ≡

case unifiesSbtounifiesLpSb(h2, h, h1) ∈ ∧(unifiesLPT(sb’, :(lp1, .(var(x), fun(f, lt)))),
unifiesS(sb’, sb))

 of

∧I(h3, h4) ⇒ ∧I(unifiesLPT_vftofv(h3), h4)
end

unifiesSbtounifiesLpSb(uniaccfun_fun(lt1, lt2, lp1, h2), h, h1) ≡
case h1 ∈ =(unify(sb, uniaccfun_fun(lt1, lt2, lp1, h2)), ∨L(sb1))  of
end

unifiesSbtounifiesLpSb(uniacczip_fun_fun(f, h2), h, h1) ≡
case unifiesSbtounifiesLpSb(h2, h, h1) ∈ ∧(unifiesLPT(sb’, ++(zip(lt1, lt2), lp1)),

unifiesS(sb’, sb))
 of

∧I(h3, h4) ⇒ ∧I(unifiesLPT_ziptofun(f, h3), h4)
endC.6 External Approah

error∧unifiesto⊥ ∈ (=(Unify(lp), ∨R(error)); ∃(Subst, [sb]unifiesLPT(sb, lp))) ⊥
error∧unifiesto⊥(h, h1) ≡ unifies∧errorto⊥(allUniAccLPT(lp), h1, h)

unifiesto¬error ∈ (∃(Subst, [sb]unifiesLPT(sb, lp))) ¬(=(Unify(lp), ∨R(error)))
unifiesto¬error(h) ≡ ⇒I([h’]error∧unifiesto⊥(h’, h))

errorto¬unifies ∈ (=(Unify(lp), ∨R(error))) ¬(∃(Subst, [sb]unifiesLPT(sb, lp)))
errorto¬unifies(h) ≡ ⇒I(error∧unifiesto⊥(h))

idemprop ∈ (=(Unify(lp), ∨L(sb))) Idem(sb)
idemprop(h) ≡ idemlemma(allUniAccLPT(lp), h, disj[]R(varsLPT(lp)), [] idem)

≡Lp_Unify ∈ (=(Unify(lp), ∨L(sb))) ≡LpSb(lp, sb)
≡Lp_Unify(h) ≡

∀I([sb1]
∧I(⇒I([h1]unifiesLpSbtounifiesSb(allUniAccLPT(lp), fst(h1), snd(h1), h)),

⇒I([h1]unifiesSbtounifiesLpSb(allUniAccLPT(lp), h1, h))))
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mguprop_aux ∈ (=(Unify(lp), ∨L(sb)); unifiesLPT(sb’, lp)) ≤Sb(sb, sb’)

mguprop_aux(h, h1) ≡
unifies∧idemtomguaux(idemprop(h),

unifiesLpSbtounifiesSb(allUniAccLPT(lp), h1, unifiesS_[](sb’), h))
unifiesprop ∈ (=(Unify(lp), ∨L(sb))) unifiesLPT(sb, lp)

unifiesprop(h) ≡
fst(unifiesSbtounifiesLpSb(allUniAccLPT(lp), idemtounifies(idemprop(h)), h))

varsprop ∈ (=(Unify(lp), ∨L(sb))) ⊆(varsS(sb), varsLPT(lp))
varsprop(h) ≡ varslemma(allUniAccLPT(lp), h, ⊆refl(varsLPT(lp)), ⊆[](varsLPT(lp)))

idempotentprop ∈ (=(Unify(lp), ∨L(sb))) Idempotent(sb)
idempotentprop(h) ≡ idemtoidempotent(idemprop(h))

mguprop ∈ (=(Unify(lp), ∨L(sb))) mgu(sb, lp)
mguprop(h) ≡ ∧I(unifiesprop(h), ∀I([sb’]⇒I([h1]mguprop_aux(h, h1))))

C.7 Integrated Approah
unifiesLPT_var_varto⊥ ∈ (¬(∃(Subst, [sb]unifiesLPT(sb, lp)));

∃(Subst, [sb’]unifiesLPT(sb’, :(lp, .(var(x), var(x)))))
) ⊥

unifiesLPT_var_varto⊥(⇒I(f), ∃I(sb1, unifiesLPT_:(h, h1))) ≡ f(∃I(sb1, h))
unifiesLPT_var_term∈to⊥ ∈ (∈L(x, varsT(t));

¬(=(var(x), t));
∃(Subst, [sb]unifiesLPT(sb, :(lp, .(var(x), t))))

) ⊥
unifiesLPT_var_term∈to⊥(h, h1, ∃I(sb1, h2)) ≡ unifiesLPT∧∈to⊥(h2, h, h1)

unifiesLPT_var_term:=to⊥ ∈ (∉L(x, varsT(t));
¬(∃(Subst, [sb]unifiesLPT(sb, :=LPT(x, t, lp))));
∃(Subst, [sb’]unifiesLPT(sb’, :(lp, .(var(x), t))))

) ⊥
unifiesLPT_var_term:=to⊥(h, ⇒I(f), ∃I(sb1, h1)) ≡ f(∃I(sb1, unifiesLPT_:=R(h1)))

unifiesLPT_var_funto⊥ ∈ (¬(∃(Subst, [sb]unifiesLPT(sb, :(lp, .(var(x), fun(f, lt))))));
∃(Subst, [sb’]unifiesLPT(sb’, :(lp, .(fun(f, lt), var(x)))))

) ⊥
unifiesLPT_var_funto⊥(⇒I(f1), ∃I(sb1, h)) ≡ f1(∃I(sb1, unifiesLPT_fvtovf(h)))

unifiesLPT_fun_funto⊥ ∈ (∨(¬(=(f, g)), ¬(=(n1, n2)));
∃(Subst, [sb]unifiesLPT(sb, :(lp, .(fun(f, lt1), fun(g, lt2)))))

) ⊥
unifiesLPT_fun_funto⊥(∨L(⇒I(f1)), ∃I(sb1, h)) ≡ f1(unifiesLPTto=f(h))
unifiesLPT_fun_funto⊥(∨R(⇒I(f1)), ∃I(sb1, h)) ≡ f1(unifiesLPTto=arity(h))

unifiesLPT_zip_fun_funto⊥ ∈ (¬(∃(Subst, [sb]unifiesLPT(sb, ++(zip(lt1, lt2), lp))));
∃(Subst, [sb’]unifiesLPT(sb’, :(lp, .(fun(f, lt1), fun(f, lt2)))))

) ⊥
unifiesLPT_zip_fun_funto⊥(⇒I(f1), ∃I(sb1, h)) ≡ f1(∃I(sb1, unifiesLPT_funtozip(h)))
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mguauxT ∈ (t’ ∈ Term;

Idem(:(sb, .(x, appPT(sb, t))));
unifiesLPT(sb’, :(lp, .(var(x), t)));
∀(Term, [t1]=(appPT(sb’, t1), appPT(sb1, appPT(sb, t1))))

) =(appPT(sb’, t’), appPT(sb1, appPT(:(sb, .(x, appPT(sb, t))), t’)))
mguauxT(var(x1), h3, unifiesLPT_:(h, h6), h2) ≡

case Vardec(x, x1) ∈ Dec(=(x, x1))  of
yes(refl(_)) ⇒

=subst2(h6, =cong1(appPT(sb1), =varappP(x1, appPT(sb, t), sb)), ∀E(h2, t))
no(h1) ⇒

=trans(∀E(h2, var(x1)), =cong1(appPT(sb1), =symm(∉to=T_appP(∉:(∉[](x), h1), h3))))
end

mguauxT(fun(f, lt), h, h1, h2) ≡ =cong1(fun(f), mguauxVT(lt, h, h1, h2))
mguauxVT ∈ (lt ∈ VTerm(n);

Idem(:(sb, .(x, appPT(sb, t))));
unifiesLPT(sb’, :(lp, .(var(x), t)));
∀(Term, [t1]=(appPT(sb’, t1), appPT(sb1, appPT(sb, t1))))

) =(appPVT(sb’, lt), appPVT(sb1, appPVT(:(sb, .(x, appPT(sb, t))), lt)))
mguauxVT([]v, h, h1, h2) ≡ refl(appPVT(sb’, []v))
mguauxVT(:v(lt’, t’), h, h1, h2) ≡ =cong2(:v, mguauxVT(lt’, h, h1, h2), mguauxT(t’, h, h1, h2))

Th ∈ (UniAcc(lp)
) ∨(¬(∃(Subst, [sb]unifiesLPT(sb, lp))),

∃(Subst, [sb]∧3(⊆(varsS(sb), varsLPT(lp)), Idem(sb), mgu(sb, lp))))
Th(uniacc[]) ≡

∨R(∃I([] ,
∧I3(⊆[](varsLPT([] )),

[] idem,
∧I(unifiesLPT_[]([] ),

∀I([sb’]
⇒I([h]∃I(sb’,

∀I([t]=cong1(appPT(sb’), =symm(=TappP_S([] , t, [] idem)))))))))))
Th(uniaccvar_var(x, h1)) ≡

case Th(h1) ∈ ∨(¬(∃(Subst, [sb]unifiesLPT(sb, lp1))),
∃(Subst, [sb]∧3(⊆(varsS(sb), varsLPT(lp1)), Idem(sb), mgu(sb, lp1))))

 of

∨L(h) ⇒ ∨L(⇒I(unifiesLPT_var_varto⊥(h)))
∨R(∃I(sb, ∧I3(h, h2, ∧I(h3, h4)))) ⇒

∨R(∃I(sb,
∧I3(⊆trans(h, ⊆varsvar_var(x, lp1)),

h2,
∧I(unifiesLPT_:(h3, refl(appPT(sb, var(x)))),

∀I([sb’]⇒I([h5]⇒E(∀E(h4, sb’), unifiesLPT_red(h5))))))))
end

Th(uniaccvar_term(lp1, h1, h2)) ≡ ∨L(⇒I(unifiesLPT_var_term∈to⊥(h1, h2)))
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Th(uniacc:=var_term(h1, h2)) ≡

case Th(h2) ∈ ∨(¬(∃(Subst, [sb]unifiesLPT(sb, :=LPT(x, t, lp1)))),
∃(Subst,

[sb]∧3(⊆(varsS(sb), varsLPT(:=LPT(x, t, lp1))),
Idem(sb),
mgu(sb, :=LPT(x, t, lp1)))))

 of

∨L(h) ⇒ ∨L(⇒I(unifiesLPT_var_term:=to⊥(h1, h)))
∨R(∃I(sb, ∧I3(h, h3, ∧I(h4, h5)))) ⇒

∨R(∃I(:(sb, .(x, appPT(sb, t))),
∧I3(⊆++L(⊆trans(h, ⊆varsvar_term(x, t, lp1)),

⊆:(⊆trans(⊆varsappP_T(sb, t),
⊆++L(⊆trans(h, ⊆varsvar_term(x, t, lp1)),

⊆++RR(varsLPT(lp1), varsT(var(x)), varsT(t)))),
∈++monL(varsLPT(lp1), ∈++monR(varsT(t), ∈hd(x, [] ))))),

idem:(h1, ⊆∧∉to∉(h, ∉:=LPT=var(lp1, h1)), h3),
∧I(unifiesLPT_:(

unifiesLPT:=tounifiesLPT(h1, ⊆∧∉to∉(h, ∉:=LPT=var(lp1, h1)), h3, h4),
=var_termappPT(h1, ⊆∧∉to∉(h, ∉:=LPT=var(lp1, h1)), h3)),

∀I([sb’]
⇒I([h6]∃I(witness(⇒E(∀E(h5, sb’), unifiesLPT_:=R(h6))),

∀I([t’]mguauxT(
t’,
idem:(h1,

⊆∧∉to∉(h, ∉:=LPT=var(lp1, h1)),
h3),

h6,
proof(⇒E(∀E(h5, sb’), unifiesLPT_:=R(h6))))))))))))

end
Th(uniaccvar_fun(h1)) ≡

case Th(h1) ∈ ∨(¬(∃(Subst, [sb]unifiesLPT(sb, :(lp1, .(var(x), fun(f, lt)))))),
∃(Subst,

[sb]∧3(⊆(varsS(sb), varsLPT(:(lp1, .(var(x), fun(f, lt))))),
Idem(sb),
mgu(sb, :(lp1, .(var(x), fun(f, lt)))))))

 of

∨L(h) ⇒ ∨L(⇒I(unifiesLPT_var_funto⊥(h)))
∨R(∃I(sb, ∧I3(h, h2, ∧I(h3, h4)))) ⇒

∨R(∃I(sb,
∧I3(⊆trans(h, fst(⊆varsvar_fun(f, x, lt, lp1))),

h2,
∧I(unifiesLPT_vftofv(h3),

∀I([sb’]⇒I([h7]⇒E(∀E(h4, sb’), unifiesLPT_fvtovf(h7))))))))
end
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Th(uniaccfun_fun(lt1, lt2, lp1, h1)) ≡ ∨L(⇒I(unifiesLPT_fun_funto⊥(h1)))
Th(uniacczip_fun_fun(f, h1)) ≡

case Th(h1) ∈ ∨(¬(∃(Subst, [sb]unifiesLPT(sb, ++(zip(lt1, lt2), lp1)))),
∃(Subst,

[sb]∧3(⊆(varsS(sb), varsLPT(++(zip(lt1, lt2), lp1))),
Idem(sb),
mgu(sb, ++(zip(lt1, lt2), lp1)))))

 of

∨L(h) ⇒ ∨L(⇒I(unifiesLPT_zip_fun_funto⊥(h)))
∨R(∃I(sb, ∧I3(h, h2, ∧I(h3, h4)))) ⇒

∨R(∃I(sb,
∧I3(⊆trans(h, fst(⊆varsfun_fun(f, f, lt1, lt2, lp1))),

h2,
∧I(unifiesLPT_ziptofun(f, h3),

∀I([sb’]⇒I([h7]⇒E(∀E(h4, sb’), unifiesLPT_funtozip(h7))))))))
end

Theorem∈ (lp ∈ ListPT
) ∨(¬(∃(Subst, [sb]unifiesLPT(sb, lp))),

∃(Subst, [sb]∧3(⊆(varsS(sb), varsLPT(lp)), Idempotent(sb), mgu(sb, lp))))
Theorem(lp) ≡

case Th(allUniAccLPT(lp)) ∈ ∨(¬(∃(Subst, [sb]unifiesLPT(sb, lp))),
∃(Subst,

[sb]∧3(⊆(varsS(sb), varsLPT(lp)), Idem(sb), mgu(sb, lp))))
∨L(h) ⇒ ∨L(h)
∨R(∃I(sb, ∧I3(h1, h2, h3))) ⇒ ∨R(∃I(sb, ∧I3(h1, idemtoidempotent(h2), h3)))

end





Bibliography[Az77℄ P. Azel. An Introdution to Indutive De�nitions. In J. Barwise,editor, Handbook of Mathematial Logi, pages 739{782. North-Holland Publishing Company, 1977.[AGNvS94℄ T. Altenkirh, V. Gaspes, B. Nordstr�om, and B. von Sydow.A User's Guide to ALF. Chalmers University of Teh-nology, Sweden, May 1994. Available on the WWWftp://ftp.s.halmers.se/pub/users/alti/alf.ps.Z.[BM79℄ R. Boyer and J. S. Moore. A Computational Logi. AademiPress, New York, 1979.[CM81℄ W. F. Cloksin and C. S. Mellish. Programming in Prolog.Springer-Verlag, 1981.[CNSvS94℄ T. Coquand, B. Nordstr�om, J. M. Smith, and B. von Sydow. Typetheory and programming. EATCS, 52, February 1994.[Coq92℄ T. Coquand. Pattern mathing with dependent types. In Proeed-ing from the logial framework workshop at B�astad, June 1992.[Coq98℄ C. Coquand. The homepage of the Agda type heker. Homepage:http://www.s.halmers.se/�atarina/Agda/, 1998.[CP90℄ T. Coquand and C. Paulin. Indutively de�ned types. In Proeed-ings of COLOG-88, number 417 in Leture Notes in ComputerSiene, pages 50{66. Springer-Verlag, 1990.[Dam85℄ L. Damas. Type Assignment in Programming Languages. PhDthesis, Department of Cimputer Siene, University of Edinburgh,April 1985.[DFH+91℄ G. Dowek, A. Felty, H. Herbelin, H. Huet, G. P. Murthy, C. Par-ent, C. Paulin-Mohring, and B. Werner. The oq proof assistantuser's guide version 5.6. Tehnial report, Rapport Tehnique 134,INRIA, Deember 1991. i



ii Bibliography[Eri84℄ L-H. Eriksson. Synthesis of a uni�ation algorithm in a logiprogramming alulus. Journal of Logi Programming, 1(1):3{18,1984.[GMW79℄ M. Gordon, R. Milner, and C. Wadsworth. Edinburgh LCF, vol-ume 78 of Leture Notes in Computer Siene. Springer-Verlag,1979.[How80℄ W. A. Howard. The formulae-as-types notion of onstrution. InJ. P. Seldin and J. R. Hindley, editors, To H.B. Curry: Essayson Combinatory Logi, Lambda Calulus and Formalism, pages479{490. Aademi Press, London, 1980.[Jau97℄ M. Jaume. Uni�ation : a Case Study in Transposition of For-mal Properties. In E.L. Gunter and A. Felty, editors, Supplemen-tary Proeedings of the 10th International Conferene on Theo-rem Proving in Higher Order Logis: Poster session TPHOLs'97,pages 79{93, Murray Hill, N.J., 1997.[JHe+99℄ Simon Peyton Jones, John Hughes, (editors), Lennart Augusts-son, Dave Barton, Brian Boutel, Warren Burton, Joseph Fasel,Kevin Hammond, Ralf Hinze, Paul Hudak, Thomas Johnsson,Mark Jones, John Launhbury, Erik Meijer, John Peterson, Alas-tair Reid, Colin Runiman, and Philip Wadler. Report on theProgramming Language Haskell 98, a Non-strit, Purely Fun-tional Language. Available from http://haskell.org, February1999.[LP92℄ Z. Luo and R. Pollak. LEGO Proof Development System: User'sManual. Tehnial report, LFCS Tehnial Report ECS-LFCS-92-211, 1992.[Mag92℄ L. Magnusson. The new Implementation of ALF. In The informalproeeding from the logial framework workshop at B�astad, June1992, 1992.[MB99℄ C. MBride. Dependently Typed Funtional Programs and theirProofs. PhD thesis, Department of Computer Siene, Universityof Edinburgh, Otober 1999.[Mil78℄ R. Milner. A Theory of Type Polymorphism in Programming.Journal of Computer and Systems Sienes, 17:348{375, 1978.[ML82℄ P. Martin-L�of. Construtive Mathematis and Computer Pro-gramming. In Logi, Methodology and Philosophy of Siene, VI,1979, pages 153{175. North-Holland, 1982.[ML84℄ P. Martin-L�of. Intuitionisti Type Theory. Bibliopolis, Napoli,1984.



Bibliography iii[MM82℄ A. Martelli and U. Montanari. An eÆient uni�ation algo-rithm. ACM Transations on Programming Languages and Sys-tems, 4(2):258{282, April 1982.[MN94℄ L. Magnusson and B. Nordstr�om. The ALF proof editor and itsproof engine. In Types for Proofs and Programs, volume 806 ofLNCS, pages 213{237, Nijmegen, 1994. Springer-Verlag.[MTHM97℄ R. Milner, M. Tofte, R. Harper, and D. MaQueen. The De�nitionof Standard ML (Revised). MIT Press, 1997.[MW81℄ Z. Manna and R. Waldinger. Dedutive synthesis of the uni�a-tion algorithm. Siene of Computer Programming, 1:5{48, 1981.North-Holland Publishing Company.[Nor88℄ B. Nordstr�om. Terminating General Reursion. BIT, 28(3):605{619, Otober 1988.[NPS90℄ B. Nordstr�om, K. Petersson, and J. M. Smith. Programming inMartin-L�of 's Type Theory. An Introdution. Oxford UniversityPress, 1990.[Pau85℄ L. Paulson. Verifying the uni�ation algorithmn in LCF. Sieneof Computer Programming, 5:143{169, 1985. North-Holland.[PJ87℄ S. L. Peyton Jones. The Implementation of Funtional Program-ming Languages. Prentie Hall, 1987.[PM93℄ C. Paulin-Mohring. Indutive De�nitions in the system Coq; rulesand properties. In M. Bezem and J. F. Groote, editors, Proeedingof the International Conferene on Typed Lambda Caluli and Ap-pliations, TLCA'93, pages 328{345. Springer-Verlag, LNCS 664,Marh 1993.[RL℄ J. Rouyer and P. Lesanne. Veri�ation and programming of �rst-order uni�ation in the alulus of onstrutions with indutivetypes. English summary of [Rou92℄.[Rob65℄ J. A. Robinson. A Mahine-oriented Logi Based on the ResolutionPriniple. ACM, 12:23{41, 1965.[Rou92℄ J. Rouyer. D�eveloppement de l'algorithme d'uni�ation dans lealul des onstrutions ave types indutifs. Tehnial Report1795, INRIA-Lorraine, November 1992. See also [RL℄.[RRAHM99℄ J. L. Ruiz-Reina, J. A. Alonso, M. J. Hidalgo, and F. J. Mart��n.Mehanial veri�ation of a rule-based uni�ation algorithm in theBoyer-Moore theorem prover. In Proeeding of the Conferene onDelarative Programming - AGP99, to appear, September 1999.



iv Bibliography[Sza97℄ N. Szasz. A Theory of Spei�ations, Programs and Proofs. PhDthesis, Department of Computing Siene, Chalmers University ofTehnology, S-412 96 G�oteborg, Sweden, June 1997.[wor99℄ Workshop on dependent types in programming. Available on theWWW http://www.md.halmers.se/Cs/Researh/Semantis/APPSEM/dtp99.html, 27 - 28 Marh 1999. G�oteborg, Sweden.


