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THE WAM CASESTUDY:
VERIFYING COMPILERCORRECTNESSFORPROLOGWITH

KIV

1. INTRODUCTION

This chapterdescribesthefirst half of theformal, machine-supportedverifi-
cationof a Prologcompiler with theKIV system.

Our work is basedon the mathematicalanalysisgiven in (Börger and
Rosenzweig,1995), wherean operationalsemantics(an “interpreter”) for
Prolog is definedas an AbstractStateMachine(ASM). This interpreteris
then transformedin 12 systematicrefinementsto an ASM which executes
machinecodeof theWarrenAbstractMachine(WAM).

The goal of our casestudywasto formalizeASMs and the proof tech-
niquesgivenin (BörgerandRosenzweig,1995),andto givemachine-checked
correctnessproofsfor thecorrectnessof therefinements.Sofar wehave ver-
ified thefirst 6 refinements,andwe will give a detailedaccounton theprob-
lemswefoundin verification.

Our motivationsfor beginning sucha large casestudy— basedon our
currentexperienceweestimatethenecessaryeffort to developaverifiedcom-
piler to bearounda personyear— arethefollowing

� Mathematicalanalysisis anindispensableprerequisitefor formalverifi-
cationto beapplicable.Neverthelessmathematicalanalysiswill always
omit detailsand have minor errors.Theseerrorsare due to the large
complexity of correctnessproofs,which is easilyunderestimatedatfirst
glance.Theerrorsusuallydo not invalidatetheanalysis,but wouldstill
resultin erroneouscompilers.We wantto demonstratethat theabsence
of errorscanbeguaranteedby formal correctnessproofs,makingthem
asuitablecounterpartto mathematicalanalysis.� We want to show that Dynamic Logic (DL) as it is usedin the KIV
systemcanserve asa suitablestartingpoint for the verificationof Ab-
stractStateMachinerefinements.In particular, the proof techniqueof
commutingdiagramsof Proof Maps, usedinformally in (Börger and
Rosenzweig,1995),canbeformalizedin DL.
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� Finally, therequirementsa systemfor the developmentof correctsoft-
waremustcopewith areonlydiscoveredin ambitiouscasestudies.Solv-
ing theserequirementsalwaysleadsto significantsystemimprovements.

This chapteris organizedasfollows: Sect.2 introducesthe formalismof
AbstractStateMachines(ASMs,(Gurevich, 1995)).

Sect.3 shortlydescribedtheKIV system,which wasusedto do theveri-
fication.DynamicLogic (DL), thelogic usedin KIV to expresspropertiesof
imperativeprograms,is given.

Sect.4 definesageneraltranslationof sequentialASMstoalgebraicspeci-
ficationsandimperativeprograms.Theproof taskof verifying therefinement
betweentwo ASMs is identifiedasaproblemof programequivalencein DL.
The deductionproblemis reducedto the developmentof correctcoupling
invariants, whichareformulascorrespondingto proofmapsin ASMs.

Sect.5 first introducesthe AbstractStateMachine(ASM) which is used
to defineanoperationalsemanticsof Prolog.We assumethereaderto befa-
miliar with thecoreof Prolog:clauseswith ! (cut) andfail (seee.g.(Sterling
and Shapiro,1986)).Then the 6 refinementstowardsthe WarrenAbstract
Machine(WAM) we verified so far are given. Eachrefinementintroduces
orthogonalconceptsof theWAM. Parallelto therefinements,thePrologpro-
gramandthe queryarecompiledto machineinstructions.On intermediate
levels the input of the ASM aremachineinstructionsinterspersedwith un-
compiledPrologsyntax.The compilationstepsarenot givenasa concrete
program,but specifiedby compilerassumptions. This still leavessomefree-
dom for the implementationof a compiler, in particularseveral variantsof
thefinal WAM arestill possible.Sect.5 closelyfollows (BörgerandRosen-
zweig,1995).It deviatesonly in someminornotationalissues,andwill givea
preciseformalizationof thechain-functionto beusedin oneof thecompiler
assumptions.

In Sect.6 we give anoverview over theverification.Problemsspecificto
theverificationof eachrefinementwill bediscussed.Thecouplinginvariant
for thefirst compilationstep(the4threfinement)will beshown.Thisformula
is verycomplex andwewill describehow it wasdevelopedby iteratedproof
attemptswith theKIV system.

Sect.7 givessomerelatedwork andSect.8 concludeswith anoutlookon
thecontinuingwork on thiscasestudy.

2. ABSTRACT STATE MACHINES

A (Gurevich) AbstractStateMachine(ASM, alsoknown as‘Evolving Alge-
bra’) basicallyconsistsof a numberof ruleswhich areappliedto transform
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aninitial stateto afinal one.Thepossiblestatesof anASM aredefinedto be
theclassof algebrasover a fixedfirst-ordersignatureSIG.

A ruleis givenby its applicabilitytestε (agroundbooleanexpressionover
SIG)anda setof functionupdates.A functionupdateis of theform

f (t1,.. . ,tn) := t,

where f is a functionsymbolfrom SIG, t1 +-,.,-,�+ tn andt aregroundterms.A
rule is applicablein analgebra/ , if theapplicabilitytestholds(/10 2 ε). Fir-
ingaruleexecutesall functionupdatesin parallelresultingin anew algebra(a
“successorstate”).Executionof afunctionupdatelike theoneabovechanges
thesemanticsof f at 3 t1 +-,-,-,(+ tn 4 to be t. The casen = 0 is admitted,andwe
will talk of updatinga “0-ary function” f then,sinceto call f a “constant”
would berathermisleading.Theupdatesof a rule arealwaysassumedto be
consistent,i.e.notwo updatesof a rulechangethesamefunctionat thesame
argument.

Repeatedexecutionof rulesresultsin tracesof ‘evolving’ algebras(/ 0,/ 1, . . . ), whereeach / i 5 1 is the result of firing an applicablerule in / i.
Computationsare definedto be tracesstarting in an algebrataken from
somepredefinedsetof initial algebras.A computationis eitherinfinite (non-
terminatingcomputation)or terminatesin a statein which no furtherrule is
applicable.Thesemanticsof anASM is definedto bethesetof all computa-
tions.

Thereareseveralextensionsof thebasicformalismandthesemanticse.g.
for parallelexecutionof rules(see(Gurevich, 1995)).For our casestudywe
will only needsortupdatesfor many-sortedsignatures,

extendsby c

This sortupdateextendsthedomainof sorts with a new element,which
is assignedto the0-aryfunctionc. Sortupdatescanbeusedjust like function
updatesin rules(in anunsortedsetting,wheresortsarebooleanvaluedfunc-
tions,a sortupdatecanbeviewedasa functionupdate,seeagain(Gurevich,
1995)).

In our application,the definition of a Prolog interpreter, an initial alge-
bra will containa Prologprogramanda queryas the valueof two prede-
finedconstants.Executionof therulesof thefirst ASM will build up Prolog
searchtrees,asthey canbefoundin many Prologtextbooks(e.g.(Sterlingand
Shapiro,1986)).If computationterminates,the answersubstitution(which
maybe failure) canbereadoff asthevalueof a 0-aryfunction.

SinceProloginterpretersaredeterministic,at mostonerule of theASM
shouldbeapplicablein every state,sotherewill beexactly onecomputation
of theASM for every initial state.
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3. KIV

TheKIV system((Reif, 1995),(Reif et al., 1995),(Reif andStenzel,1995),
(Reif et al., 1997))is anadvancedtool for engineeringhigh assurancesys-
tems.It supportstheentiredesignprocessfrom formal, algebraicspecifica-
tions to executableverifiedcode.KIV relieson first-orderalgebraicspecifi-
cationsto describehierarchicallystructuredsystems.Detailson syntaxand
semanticsaregivenin ChapterI.3.13.

Specificationcomponentscanbeimplementedusingmoduleswhich con-
tain imperative programs.The programscontainthe usualconstructsfound
in imperativelanguages:assignmentx := t (alsoparallelassignmentsx := t),
conditional,compound,localvariables,while-loopsandrecursiveprocedures
with bothvalue-andreferenceparameters.Althoughtheprogramsarewrit-
ten in a PASCAL-like notation,they areabstract programs.The operations
usedin themarethosegiven in an algebraicspecification,not the concrete
onesavailablein PASCAL.

To reasonaboutabstractprograms,KIV usesDynamicLogic (DL). DL
is anextensionof first-orderlogic by formulas 6 α 7 ϕ (read“diamondα ϕ”),
whereα isanimperativeprogram,andϕ is againaDL-formula.Theinformal
meaningof this formula: “α terminatesandϕ holdsafterwards”shouldbe
sufficient for the purposeof this chapter. A formal definition of DL canbe
foundin (Harel,1984),(Goldblatt,1982).

DL canbeusedto expresstotalcorrectnessof aprogramα with precondi-
tion ϕ andpostconditionψ asϕ 8 6 α 7 ψ. Partial correctnessis expressedby
ϕ 8:9;6 α 7�9 ψ. Programinclusion(andequivalence)with respectto some
programvariablesx canbeformalizedas 6 α 7 x = x0 8 6 β 7 x = x0. This will
beimportantfor ourcasestudy.

To deducepropertiesof specificationsand to verify programmodules,
KIV offers an advancedinteractive theoremprover. Details on this prover
canagainbefoundin ChapterI.3.13.Sincefrequentlytheproblemsfoundin
thedevelopmentof correctsoftwarearenot to verify proof obligationsaffir-
matively but ratherto interpretfailedproofattempts,KIV offersa numberof
proof engineeringfacilities to supportthe iterative processof (failed) proof
attempts,errordetection,errorcorrectionandre-proof,see(Reif andStenzel,
1995).

4. FROM ABSTRACT STATE MACHINES TO DYNAMIC LOGIC

In this sectionwe will give a translationof sequentialAbstractStateMa-
chinesto AlgebraicSpecificationsandDynamicLogic. Thetranslationis es-
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THE WAM CASESTUDY 5

sentiallyoneonone,becausebothASM andDL featureimperativeprograms.
Thereforeno encodingof programs(asfunctionsor relationsover a state)is
required.This makesDL a goodstartingpoint for verifying propertiesof se-
quentialASMs. The translationis donein threesteps.First, we will give a
translationof theabstractdatausedinto analgebraicspecification.Thesec-
ondsteptranslatesthesetof rulesof anASM into animperativeprogram.In
thethird stepwe will identify equivalenceof two ASMs asprogramequiva-
lencein DL, andgive a proof techniquecorrespondingto the useof “Proof
Maps”.Thethreestepsaredescribedin thefollowing threesubsections.

4.1. Translationof Specifications

To translatetheabstractdatatypesof anAbstractStateMachineinto analge-
braicspecification,wefirst have to separatethestaticandthedynamicpartof
thesignature.Thedynamicpartcontainsthosefunctionsandsorts,for which
thesetof rulescontainsupdates.Theother, staticparttypically containsdata
typeslike lists,numbersandsuitableoperationson them.Thesecanbespec-
ified algebraically.

Thecentralideafor translatingthedynamicpartis to encodethedomains
of dynamicsortsand the semanticsof dynamicfunctionsas the valuesof
(ordinaryfirst-order)variables.Updatesthenaretranslatedto assignmentsin
DL.

Sincethe domainsof dynamicsortsin anASM usuallyarefinite setsof
elements(in our case:finite setsof nodes)a (standard)specificationof finite
setsis used.A variablesstoresthecurrentdomain,anda sortupdate

extendswith c

correspondsto thetwo assignments

c := new(s); s := s = {c}

in DL, wherefor functionnew : set 8 nodetheaxiom: 9 new(s) > s is given.
0-aryfunctionsaresimply translatedto ordinaryfirst-ordervariables.For

otherdynamicfunctions,thecasewith n ? 1 argumentscanbereducedto the
casewith oneargumentby addinganappropriatetuplesort.For unaryfunc-
tionswe essentiallyhave to encodethe(second-order)datatypeof a function
into a first-orderdatatype,sothata functioncanbecomethevalueof a vari-
able.This canbeachievedwith thedatatypeshown in Fig. 1, which defines
functionsfrom domaindomto codomaincodom.
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6 GERHARDSCHELLHORNAND WOLFGANGAHRENDT

genericspecification
parameter sortsdom,codom;
target sortsdynfun;

functions cf : codom @ dynfun;

. A . : dynfun B dom @ codom;

f . + ( . / . ) : dynfun B dom B codom @ dynfun;
variables f : dynfun;x, y : dom;z : codom;
axiomscf(z) A x = z,

(f + (x / z)) A x = z,
x CD y @ (f + (x / z)) A y = f A y

endgenericspecification

Fig. 1: Algebraicspecificationof dynamicfunctions

The datatypecontainsa constantfunctioncf(z) for every codomainele-
mentz. Applicationof this functionto any domainelementx (with anapply-
operation,for conveniencewritten as an infix-circumflex) just gives z, as
statedby thefirst axiom.With a suitable“dummy” elementz, constantfunc-
tionsareusedasinitial values.

A functionupdatef(x) := t in theASM-formalismbecomesanassignment
f := f + (x / t) to variablef in DL. It setsthenew valueof f to theresultof
mixfix-operationf + (x / t), which is definedby thelasttwo axiomsto bethe
appropriatelymodifiedfunction.

Finally notethatwe did not addanextensionalityaxiom

f = g EGF x. f H x = g H x

to thespecification,in contrastto theusualmethodologyusedin KIV to spec-
ify non-freedatatypes.Suchan axiom would have allowed us to deduce
(higherorder)equalitiesbetweenfunctionslike f = f + (x / f H x), but such
equationsdid notshow up in verification.

Thespecificationcanbeviewedasanabstractversionof astorestructure.
It couldbeimplementede.g.by associationlists.In ourcasestudythedomain
will be pointers(addresses,locations),and the final implementationof the
dynamicfunctionsin theWAM will bea partof computermemory.

4.2. Translationof Programs

Giventhe translationof thestaticanddynamicpart of theASM, it remains
to translatethe setof rulesto an imperative program.For simplicity of the
following presentation,we will assumethat the test,whetherany ASM rule
is applicable,is stop= run (this canalwaysbeachievedby requiringstopto

���������
	����������������������������� �"!#�$%�&�'	I�



THE WAM CASESTUDY 7

beinitializedwith run, andby addinga suitablefinal rule,which setsstopto
halt, if theconjunctionof all otherrule testsis false).Thentheresultof the
translationis theprocedureASMshown in Fig. 2.

ASM(in; varout) BODY(varx)
begin begin
var x := t in if {test of rule1} then {updatesof rule1} else

while stop= run . . .
do BODY(x) if {test of rulen} then {updatesof rulen}

end end

Fig. 2: ASM asimperativeprogram

In ourcasestudy, theinputsin of thefirst ASM will bethePrologprogram
andthequery, theoutputvaluewill be theanswersubstitution. Thevariable
declarationsx = t initialize the variablesx the interpretercomputeson with
suitablevaluest. They correspondto thedefinitionof theinitial algebrain the
ASM. Applicationof rulesis donein a while loop.Thebodyhasbeenput in
a separateprocedureBODY to have a suitableabbreviation for the formulas
below. BODY is calledwith referenceparametersx, which areusedasinput
andoutput.It consistsof acaseanalysis,whichselectsanapplicableruleand
executesits updates.

4.3. FromProofMapsto CouplingInvariants

Correctnessand completenessof the refinementof one ASM to another
(ASM’) is formalizedin DL astheassertionof thefollowing programequiv-
alencebetweenthetwo correspondingproceduresASMandASM’.

CompAssum(in,in’)
8 ( 6 ASM(in;out)7 out=val E 6 ASM’(in’ ;out’) 7 out’=val) (1)

This formulastatesthat if thetwo interpretersaregiveninputsrelatedby
the compilerassumptionCompAssum, thenthe first interpreterASM termi-
nates,if andonly if the secondASM’ terminateswith thesameanswersub-
stitution.Variableval is usedto storethecommonresultof both interpreters
(thisvariableis not modifiedby ASMandASM’).

Thecompilerassumptionrelatesthetwo inputsof theinterpreter. For op-
timizationsteps,therelationis just identity (in = in’), for compilationsteps,
theassumptiongivessufficientcriteriafor thecorrectcompilationof thePro-
log program.Thenotionsof CorrectnessandCompletenessfrom (Börgerand
Rosenzweig,1995)directly correspondto the implication from right to left
andfrom left to right.
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8 GERHARDSCHELLHORNAND WOLFGANGAHRENDT

ProofmapsK aredefinedin (BörgerandRosenzweig,1995)to mapstatic
algebrasof a ‘concrete’ASM to algebrasof an ‘abstract’ASM. They are
usedto sketchcorrectnessproofsfor theequivalenceof two ASMs.Thebasic
argumentis asfollows:thethreeproofobligations

PO1:Theinitial states(algebras)of bothASMsarerelatedvia K
PO2:Fig. 3 commutesfor everycorrespondingpairof rulesR andR’ of
thetwo interpreters(with / 0 and L 0 beingtheresultsof ruleapplication
to / and L )
PO3:Two final stateswhich are relatedvia K storethe sameanswer
substitution

imply (by inductionon thenumberof rule applications)thatbothASMs are
equivalent.

M R NO M
0

P RQ NO
K
R S

P
0

K
R S x R NO x0

x T RQ NOUVINV

R S

x T 0
UVINV

R S

Fig. 3. Fig. 4.

This informal argumentcanbe formalizedin DL to prove (1)asfollows:
the(dynamicpartsof the)algebrasinvolvedin a computationhave beenre-
placedby thevaluesof thevectorof programvariables.If we namethepro-
gramvariables,ASMandASM’computeon,differently, sayx andx’ , thenthe
directtranslationof a proof mapis a function,which mapsa tupleof values
for x’ to a tupleof valuesfor x. Sincewe foundno needfor theconnection
betweenx andx’ to be a function, we allow it to be an arbitrary relation,
whichwedescribeby a(DL-)formula INV(x,x’) , with freevariablesx andx’ .
We call this formulaacouplinginvariant.

Inductionover thenumberof ruleapplicationsis replacedby inductionon
the numberof iterationsof the while loop (for detailsof the formalization,
see(SchellhornandAhrendt,1997)),andit canbeproved,thatthefollowing
threegoalsaresufficient to prove goal(1).

CompAssum(in,in’) 8 INV(t ,t’) (2)

INV(x,x’) 8 stop= stop’ W out = out’ (3)

INV(x,x’) W stop’= run W stop= run
8 6 BODY’(x ’) 7X6 BODY(x) 7 INV(x,x’)

(4)
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THE WAM CASESTUDY 9

Thefirst goalstatesthat thecouplinginvariantholdsbeforeexecutionof the
two while loops,correspondingto PO1.The secondgoalsaysthat the cou-
pling invariantimplies that both loopsstopat the sametime with the same
answersubstitution(PO2).Thesetwo goalsare usually rathertrivial. The
complexity of verificationis buriedin finding aninvariantINV suchthatthe
last goal (4)is provable.This last goal correspondsto PO3 and formalizes
commutativity of Fig. 4. Theproofof (4) splitsinto onecasefor eachcorre-
spondingpairof rules.

5. THE WAM ANALYSIS OF BÖRGER AND ROSENZWEIG

Tomakethischapterasself-containedaspossible,thefollowingsectionintro-
ducessomeof theAbstractStateMachinesof ourcasestudy. Wewill closely
follow [Sections1, 2] from (BörgerandRosenzweig,1995)anddeviateonly
in somenotations.This will setup theverificationtaskandenableusto dis-
cusstheproblemswe encounteredin solvingit (seeSect.6). We will usethe
abbreviation i/j to meantherefinementfrom ASMi to ASMj.

5.1. TheFirst Interpreter:Search Trees

The two most importantdatastructuresneededto representa Prolog com-
putationstatearethesequenceof Prologliteralsstill to beexecutedandthe
currentsubstitution. Thisstateis modifiedby

1. unifying the first literal of the sequence,calledact (activator),with the
headof aclause

2. replacingact by thebodyof thatclause
3. applyingtheunifying substitutionto theresultingsequenceand
4. composingtheunifying substitutionwith the‘old’ substitution.

If this leadsto failure,alternativeclauseshave to bechosenby backtracking.
Due to this the interpreterhasto keepa recordof the former computation
statesandthe correspondingclausechoicealternatives.This history is rep-
resentedby a treeof nodes, connectedfrom leavesto theroot by a function
father. Informationon alternativeclauses,which maybetriedat a noden, is
storedasa list cands(n)of candidatenodes.Eachnodein this list refersvia
a functioncll to a clauseline in thePrologprogram.The initial cands-list is
constructedwith thehelp of a functionprocdef, which is assumedto return
the programlines containingthe candidateclausesfor a given literal. The
currentcomputationstateis carriedby a distinguishednode,thecurrnode.

To handlethe cut, anextensionof thestaterepresentationis required.A
cut updatesthe father of the currentnodeto the father of that computation
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10 GERHARDSCHELLHORNAND WOLFGANGAHRENDT

statewhoseactcausedtheintroductionof theconsideredcut. For thiswehave
to ‘remember’whereacuthasbeenintroduced.An uniformsolutionis to at-
tachthefatherof the(old) currnodeto eachclausebodybeingintroducedto
theliteral sequence.Thisattachmentdividesthesequenceof literalsinto sub-
sequents,calledgoals,eachdecoratedby onenode.Theresulting(decorated
goal)sequencedecglseqlooksasfollows

decglseq2ZYI6[Y
act\]^_
g1 ` 1 + g1̀ 2 +-,.,-,#+ g1 ` k1a^ _\ ]

goal

+
cutpt\]^_
n1 7 +.,-,-,�+ 6bY gm̀ 1 +-,-,-,(+ gm̀ km a + nm 7 a

cont 2cY-6 Y g1̀ 2 +-,.,-,#+ g1 ` k1a + n1 7 +.,-,-,�+ 6bY gm̀ 1 +-,-,-,(+ gm̀ km a + nm 7 a
Thecontinuationcont, which is thedecglseqwithoutact, will lateronhelpto
describetheconstructionof anew decglseq.

To introducetherulesof theASM we will now considertheevaluationof
thequery d egfih on thefollowing Prologprogram.j flk-enm�oqp�r[h sutvhw flk-extby"z�h {|fih
whichis storedasthevalueof aconstantdb(database)in theinitial algebraof
theASM. Line numbersareshown explicitly in theprogramfor explanatory
purposes.

Thequery d e}f~h is storedasthedecglseqof nodeA in the initial search
tree depictedin Fig. 6. The two nodes(labeled � and A) form the initial
domainof a dynamicuniversenode, which is extendedby the rulesof the
ASM. Treestructureis storedin a function father : node 8 node, indicated
by thearrow in Fig.6,sowehavefather(A)= � (thefatherof � isundefined).
Root node � serves only as a markerwhen to finish searchand doesnot
carryinformation.Theinitial currnodeis A, asindicatedby thedoublecircle.
Computedsubstitutions(attachedto thenodeswith thesubfunction)arenot
shown in thefigures,sincethey donot matterin theexample.

�

[ � [p],
���

] A

R S �

[ � [p],
���

] A

R S

�� � � �
B( ,

��������
1

C ,

R S

2

D

�� � � � �
4

)

�

[ � [p],
���

] A

R S

UV ��
[ � [fail],

�i�
, � [], ���

] B

��������
C( ,

R S

2

D

�� � � � �
4

)

Fig. 6. Fig. 7. Fig. 8.
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THE WAM CASESTUDY 11

TheASM run is controlledby two programvariables(i.e. 0-arydynamic
functions)modeandstop. Thevalueof modeswitchesbetweencall andse-
lect, while thevalueof stopremainsrun until it finally changesto halt. This
stopstheevaluationby falsifying all ruleguards.

In call mode,which is theinitial mode,thecandidatenodesarecomputed
(for a guardwhich involvesact, we assumethatdecglseq�2 [] , goal �2 [] ).
call rule
IF stop= run�

is_user_defined(act)�
mode= call

THEN
LET [cll1, ����� ,clln] =procdef(act,db)
EXTEND node
BY tmp1, ����� ,tmpn
WITH father(tmpi ) := currnode

cll(tmpi ) := clli
cands:= [tmp1, ����� ,tmpn]

ENDEXTEND
mode:= select

where
backtrack �
IF father= �
THEN stop:= halt

subst:= failure
ELSE currnode:= father

mode:= select

selectrule
IF stop= run�

is_user_defined(act)�
mode= select

THEN
IF cands= []
THEN backtrack
ELSE
LET clau=

rename(clause(cll(first(cands))),vi)
LET mgu= unify(act,head(clau))
IF mgu= failure
THEN cands:= rest(cands)
ELSE
currnode:= first(cands)
decglseq(first(cands)):=

apply(mgu,[  body(clau),father¡�¢ cont])
sub(first(cands)):= sub £ mgu
cands:= rest(cands)
vi := vi +1
mode:= call

In this rule, thecomputedcandidatesfor currnode,cands(currnode), areab-
breviatedwith cands, andwe will usesimilarabbreviationsfor thefunctions
father, decglseqandsubin thefollowing rules.

The EXTEND construct,by expandingthe universenode, allocatesone
nodefor everyclausewhosehead‘may unify’ with theliteral act. This list of
clauselinesis computedby procdef(act,db)andis assumedto containat least
thoseclauses,whoseheadunify with the activator, andat most thosewith
thesameleadingpredicatesymbolasact. Theresultof theruleapplicationis
depictedin Fig. 7.

The candslist (of nodeA) is indicatedby a dashedarrow to its first el-
ementandbracketsaroundthe elements.The clauselinescorrespondingto
the candidatesareattachedto the new nodesvia the functioncll, asshown
by numbersbelow thenodes.Thechangeof themodevariableactivatesthe
selectrule. This rule causesbacktrackingif thereareno (more)alternatives
to select.Otherwise,by repeatedapplication,it removesall candidateswhose
headsdo not unify with act. Whenthe first candidateis reached,for which

����������	(���������������������������������!I��$%���X	(���



12 GERHARDSCHELLHORNAND WOLFGANGAHRENDT

a mostgeneralunifier mguexists (variableindex vi is usedto renamethe
implicitly universalquantifiedclausevariablesto new instances),this node
becomescurrnode. A new decglseqis computedby replacingthe activator
of theold decglseqwith thebodyof the ‘selectedclause’.As a cutpointthe
fatherof theold currnodeis attachedto thisnew goal.Themguis appliedto
theresultingdecglseqandcomposed(with ¤ ) with theold substitutionsub.

The resultof applyingtheselectrule in our exampleis shown in Fig. 8.
Now modeis call again,but sincetheactivatorfail is notuserdefined,instead
of thecall rule thefail rulefires.

fail rule
IF stop= run

�
act= fail THEN backtrack

It setscurrnodeto A again.NotethatnodeB is notformallydeallocated(i.e. it
remainsin thenodeuniverse).Again in selectmode,thenext candidatenode
of A, nodeC, is selectedandits decglseqis computedas[ 6 [q,!], �¥7 , 6 [], �¥7 ].
Thenthecall ruleallocatesonenew candidatenodeE for theonly appropriate
clauset . After selectionof nodeE the ASM arrivesat the stateshown in
Fig. 9. �
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���

] A

R S

¦§ ��
B

¨ ©ªªªªªªªªªªªªªªªªªªªªª
[ � [q,!],
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, � [], �~� ] C
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¦§ �� D(

�� � � � �
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)

[ � [],A
�
, � [!], ��� , � [], ���

] E
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«�¬

�

[ � [p],
���

] A

R S

¦§ ��
B

¨ ©ªªªªªªªªªªªªªªªªªªª
[ � [q,!],

�~�
, � [], ��� ] C

R S

¦§ ��
� D(

�� � � � �
4

)

[ � [], �~� , � [], ��
] E

®¯

()

Fig. 9. Fig. 10.

With anemptygoal thegoalsuccessrule fires,afterwhich theactivator is a
cut.
goal successrule
IF stop= run

�
decglseq°± []

�
goal= []

THEN decglseq:= rest(decglseq)

cut rule
IF stop= run

�
act= !

THEN father:= cutpt
decglseq:= cont

Thecut succeeds(is removed)andthe father functionis updatedto thecut-
point decoratingthegoalwherethecut appears(seeFig. 10). This actionis
theonly purposefor decoratinggoalswith nodes.

Finally,with anothertwoapplicationsof thegoalsuccessrule,decglseq(E)
becomesempty. Sincethis meansthat theinitial queryis completelysolved,
theASM setstheanswersubstitutionsubstto sub(currnode)(here,of course,
theemptysubstitution).
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final successrule
IF stop= run

�
decglseq(currnode)= [] THEN stop:= halt

subst:= sub

Sincestopis no longerrun, nomorerule is applicableandtheASM halts.

5.2. TheSecondInterpreter:Stacksof Choicepoints

Herewesummarizethefirst refinementof theASM describedabove towards
the WarrenAbstractMachine(WAM), following (Börger andRosenzweig,
1995),[Section1.2]. Therearethreemaindifferencesbetweenthe first and
thesecondASM.

First, function father is renamedto b. This changeindicatesthat b now
pointsbackwardsin a chainof nodes,which form astack.

Second,thenew ASM (ASM2) providestheregisterscllreg, decglseqreg,
breg andsubreg correspondingto cll, decglseq,fatherandsubappliedto the
currnode. Therebyit avoidsallocationof currnode.

Third, insteadof providing a list of candidatenodes,ASM2 attachesthe
first candidatedirectlyvia thecll-function.This is possibleif weassumethat
clauseswhoseheadstartswith the samepredicatearestoredin successive
clauselinesfollowedbyaspecialmarkernil. The(“compiled”) representation
of ourexamplePrologprogramfor ASM2 thushasto look like

j flk-enm�oqp�r[h sufih ²³tvhw flk-extby"z�h {x´�p�r µ}´�p�r
A new procdef’ functionis needed,suchthatprocdef’(act,db)now yieldsthe
first clauseline whoseheadmayunify with theactivatoract. For act = p we
getprocdef’(p,db) = 1, thefirst line of a clausewith headp. Theconnection
to the old procdef function is statedin the following compilerassumption
aboutfunctioncompile, which is usedasanaxiomin correctnessproofs.Let
db’ = compile(db)in

mapcl(procdef(act,db),db)
= mapcl(clls(procdef’(act,db’),db’),db’)

(5)

Hereclls collectssuccessive line numbers,until a nil is foundandmapcl
selectstheclauseat eachline number. Insteadof allocatinga candidatelist,
ASM2 simply assignsprocdef’(act,db) to cllreg. Incrementingcllreg then
correspondsto removing a candidatefrom cands. If the clauseat cllreg be-
comesnil, no more candidatesare available.Allocation of a new nodeis
now doneonly in selectmode,whena new candidateclauseis visited.The
changedrulesare
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14 GERHARDSCHELLHORNAND WOLFGANGAHRENDT

call rule
IF stop= run�

is_user_defined(act)�
mode= call

THEN cllreg := procdef’(act,db’)
mode:= select

where
backtrack �
IF breg = bottom
THEN stop:= halt

subst:= failure
ELSEdecglseqreg := decglseq(breg)

subreg := sub(breg)
breg := b(breg)
cllreg := cll(breg)
mode:= select

selectrule
IF stop= run�

is_user_defined(act)�
mode= select

THEN
IF clause(cllreg) = nil
THEN backtrack
ELSE
LET clau= rename(clause(cllreg),vi)
LET mgu= unify(act,head(clau))
IF mgu= failure
THEN cllreg := cllreg +1
ELSE
EXTEND nodeBY tmp
WITH breg := tmp

b(tmp):= breg
decglseq(tmp):= decglseqreg
sub(tmp):= subreg
cll(tmp) := cllreg +1

ENDEXTEND
decglseqreg :=

apply(mgu,[   body(clau),ctreg¡�¢ cont])
subreg := subreg £ mgu
vi := vi +1
mode:= call

In the other rules of the previous ASM, only function father is re-
namedto b, andtheabbreviationsdecglseq(currnode), father(currnode)and
sub(currnode)arereplacedby decglseqreg, breg andsubreg.

In our example,ASM2 goesthroughthestatesshown in Fig. 11 and12,
which correspondto thosefrom Fig. 8 and9 for the first ASM. Dashedar-
rows now point to thecll of a node.Sincethe formervaluesattachedto the
currnodearenow storedin registers,allocationof nodescorrespondingto B
andD is avoided.On theotherhand,whennodeA is visitedby backtracking
(by executingthefail instructionin thestateshown in Fig. 6), its choicepoint
is moved to registers,andthe following selectinstructionallocatesthe new,
similarchoicepointA’ .

In ASM2, thenodeswhich maybevisitedin thefuturearealwaysreach-
ablefrom breg via theb function.They form a stack,but notethattheremay
still beabandonednodesin thenodeuniverse,whichareno longerreachable
(hereA). Thiscausesoneof theproblemsin theverificationof therefinement
of ASM1 to ASM2. Thetupleof valuesdecglseq(n), sub(n), cll(n) andb(n)
attachedto a stacknoden is usuallycalledachoicepoint.
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�

[ � [p],
�~�
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R S
NO ¶¶

2

�

A

· ¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹
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���
] A’
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���

, � [], ��� ] C

R S
NO ¶¶
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�
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���

] A

R S
NO ¶¶ 3

decglseqreg = decglseqreg = decglseqreg =

[ � [fail],
�i�

, � [], ��� ] [ � [],A’
�
, � [!], ��� , � [], ���

] [ � [],A
�
, � [!], ��� , � [], �~� ]

breg = A breg = C breg = A

Fig. 11. Fig. 12. Fig. 13.

5.3. TheThird andFourthInterpreter:Optimizations

Althoughthesecondinterpreterallocatesfewer nodesthanthefirst, thereare
two possibilitiesfor improvements,which areexploitedin ASMs3 and4.

The first one is againvisible in our example.When the first clausefor
activator f is tried, selectrule allocatesa new nodeA, and set the values
decglseq(A), sub(A)andcll(A) of thenew choicepoint.

Sincethe first alternative doesnot leadto a solution,the interpreterex-
ecutesa backtrack instruction,which removes the nodeA from the stack.
Therebythewholechoicepointbecomesinaccessible.Thesubsequentselect
rule for the secondalternative then pushesthe new choicepointA’ on the
stack,whichis exactlythesameastheonefor thefirst alternative,exceptthat
cll(A’) hasbeenincremented.

The optimizationdonein ASM3 avoids deallocationandreallocationof
choicepoints.Insteadit reusesthe existing choicepoint.The optimizationis
achievedbyreplacingtheremoval of achoicepointin theelse-branchof back-
trackingwith theassignmentmode:= retry, whichactivatesanew rule,retry
rule.Thisrulecombinestheeffectsof theelse-branchof backtrack andselect.
It is executedinsteadof selectrulefor everyalternativeexceptthefirst. Its ac-
tion is to remove a choicepoint(i.e. to setbreg to b(breg)) only onexecution
of thelastalternative.Otherwiseit reusestheold choicepointasrequiredby
incrementingcll(breg).

Theold selectrule,which allocatesa new choicepointis now only called
for thefirst alternative clause,is renamedto try rule.To avoid codeduplica-
tion thecommonpartsof try andretry rulearemovedto anew enterrule.

Thesecondplacefor improvementisaddressedin interpreter4. It is theal-
locationof choicepointswith emptylists of alternatives.Suchauselesschoi-
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16 GERHARDSCHELLHORNAND WOLFGANGAHRENDT

cepointis createde.g.for querieswith just onealternative in the try rule of
the third interpreter(resp.in selectrule of thesecond).An examplenodeis
C in Fig. 7. Sucha choicepointis useless,sinceit will immediatelybedis-
cardedby backtrackingwhenvisited.Its creationcanbeavoidedaltogether
by suitablelookaheadguardsin thecall- andretry ruleof ASM4.

With bothoptimizations,thesetof rulesfor ASM4 looksasfollows

call rule
IF stop= run

�
mode= call�

is_user_defined(act)
THEN

IF clause(procdef’(act,db’))= nil
THEN backtrack
ELSE
cllreg := procdef’(act,db’)
ctreg := breg

/* look aheadguard*/
IF clause(procdef’(act,db’)+1,db’)°± nil
THEN mode:= try
ELSEmode:= enter

enter rule
IF stop= run

�
mode= Enter

THEN
LET clau= rename(clause(cllreg),vi)
LET mgu= unify(act,hd(clau))
IF mgu= nil
THEN backtrack
ELSE
decglseqreg :=

apply(mgu,
[ º bdy(clau),ctreg »¼¢ cont])

subreg := subreg £ mgu
vi := vi +1
mode:= Call

goal successrule
IF stop= run

�
goal= []

THEN decglseqreg :=
rest(decglseqreg)

final successrule
IF stop= run

�
decglseqreg= []

THEN stop:= halt
subst:= subreg

try rule
IF stop= run

�
mode= try

THEN
mode:= enter
EXTEND nodeBY tmp
WITH breg := tmp

b(tmp):= breg
decglseq(tmp):= decglseqreg
sub(tmp):= subreg
cll(tmp) := cllreg +1

ENDEXTEND

retry rule
IF stop= run

�
mode= retry

THEN
decglseqreg := decglseq(breg)
subreg := sub(breg)
cllreg := cll(breg)
ctreg := b(breg)
mode:= Enter

/* look aheadguard*/
IF clause(cll(breg) +1) °± nil
THEN cll(breg) := cll(breg) +1
ELSEbreg := b(breg)

cut rule
IF stop= run

�
act= !

THEN father:= cutpt
decglseqreg := cont

fail rule
IF stop= run

�
act= fail

THEN backtrack

where
backtrack �
IF breg = �
THEN stop:= halt

subst:= failure
ELSEmode:= retry
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THE WAM CASESTUDY 17

An additionalregisterctreg is now setin call andretry rule, to have the
rightcutptavailablein enterrule.By thetwooptimizations,thestateof ASM4
correspondingto theoneof ASM2 from Fig. 12 is now givenby Fig. 13.

5.4. TheFifth Interpreter:Compilationof BacktrackingStructure

Thefirst threerefinementstepscanbeviewedasanoptimizationof thefirst
ASM, whichdonotchangetherepresentationof thePrologprogram.In con-
trast,the refinementfrom ASM4 to ASM5 compilesthe predicatestructure
of Prolog.For the first time instructionsare introduced,which will alsobe
presentin thefinal WAM.

Thebasicideabehindthisrefinementstepis to movecontrolof ruleselec-
tion from themodevariableto thecompiledcode.In additionto theclauses,
ASM5 codecontainsinstructions,which control the stackmanipulationas
themodedid before.

Theformerregisterfor thecurrentclauseline,cllreg, is thereforerenamed
to a programcounterpcreg. Consequently, the continuationaddressesfor
backtracking,attachedtoeachchoicepointn bycll(n), arenow representedby
pc(n). Selectionof a clauseat a clauseline (functionclause) becomesselec-
tion of thecode(clauseor instruction)at anaddress(functioncode). Checks
for the valueof modearereplacedby checkson the typeof thecodestored
at pcreg. As anexample,the following clausesfor a predicatef in a Prolog
program

f¾½�¿bÀ k-eÂÁqÃ�Ä Å j h f¾½ÇÆi½�¿[À�ÀÈk-eÂÁqÃ�Ä Å�sXh
f¾½#m'½�¿bÀ�ÀÈk-eÂÁqÃ�Ä Å w h f¾½ÇÆi½�¿[À�ÀÈk-eÂÁqÃ�Ä Å�{Xh

aretranslatedto thecodefragment(labelsL1 – L4 aresymbolicaddresses)

É j kËÊ Ì�Å�Í�ÎÐÏ�Í�Ï%r�Ñ�ÏÒ½ É w À
f¾½�¿[À k-eÂÁqÃ�ÄÓÅ j hÉ w k�Ì�Ï�ÊÓÌ�Å�Í�ÎÐÏ�Í�Ï�r�Ñ�ÏÔ½ É sÐÀ
f¾½#mX½�¿bÀ�ÀÈk-eÂÁqÃ�ÄÓÅ w hÉ s'k�Ì�Ï�ÊÓÌ�Å�Í�ÎÐÏ�Í�Ï�r�Ñ�ÏÔ½ É {ÐÀ
f¾½ÇÆ~½�¿bÀ�ÀÈk-eÂÁqÃ�ÄÓÅ�s'hÉ {'kËÊ Ì Õ�Ñ�Ê�Í�ÎÐÏ
f¾½ÇÆ~½�¿bÀ�ÀÈk-eÂÁqÃ�ÄÓÅ�{'h

On a query d eÂf¾½�¿bÀ , call rule of ASM5 (now calledwhenpcreg is at a
specialstart address)setspcreg to addressL1.
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18 GERHARDSCHELLHORNAND WOLFGANGAHRENDT

call rule
IF stop= run�

is_user_defined(act)�
pcreg = start

THEN
ctreg := breg
IF code(procdef5(act,db5)) = nil
THEN backtrack
ELSEpcreg := procdef5(act,db5)

where
backtrack �
IF breg = �
THEN stop:= halt;

subst:= failure
ELSEpcreg := pc(breg)

Executionof the ÊÓÌ�Å�Í�ÎÐÏ�Í�Ï�r�Ñ�ÏÔ½ É w À instructionataddress
É j

hasasimilar
effect asthe try rule of ASM4 had.The continuationaddressfor alternative
clausesstoredin pc(n) now is

É w
. By incrementingpcreg the next clause

consideredis theoneat
É j×Ö%j

. Similarly, executionof a clauseat
É wnÖ�j

orÉ { Ö�j
executesarulewith thesameeffect asenterruleof ASM4.

try_me rule
IF stop= run�

code(pcreg,db5)
= try_me_else(N)

THEN
EXTEND nodeBY tmp
WITH breg := tmp

b(tmp):= breg
decglseq(tmp):=

decglseqreg
sub(tmp):= subreg
pc(tmp):= N

ENDEXTEND
pcreg := pcreg +1

enter rule
IF stop= run�

is_clause(code(pcreg,db5))
THEN

LET clau= rename(code(pcreg),vi)
LET mgu= unify(act,hd(clau))
IF mgu= nil
THEN backtrack
ELSE
decglseqreg :=

apply(mgu,[º bdy(clau),ctreg »�¢ cont])
subreg := subreg £ mgu
vi := vi +1
pcreg := start

Whenpcreg =
É s or pcreg =

É ² rulesareexecutedthatcorrespondto the
then-andtheelse-branchof retry ruleof ASM4.

retry_merule
IF stop= run�

code(pcreg,db5) = retry_me_else(N)
THEN

decglseqreg := decglseq(breg)
subreg := sub(breg)
ctreg := b(breg)
pc(breg) := N
pcreg := pcreg +1

trust_me rule
IF stop= run�

code(pcreg,db5) = trust_me
THEN

decglseqreg := decglseq(breg)
subreg := sub(breg)
breg := b(breg)
pcreg := pcreg +1

In general,the list of clausesfor onepredicategiven in theoriginal pro-
gramis compiledto a codefragmentstoredin the memoryof ASM5. The
fragmentstartswith a Ê Ì�Å�Í�Î�Ï�Í�Ï�r�Ñ�Ï instructionand consistof the list of
clausesseparatedby Ì�Ï�ÊÓÌ�Å�Í�ÎÐÏ�Í�Ï�r�Ñ�Ï instructions,except the last,which is
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separatedby a Ê Ì Õ�Ñ�Ê�Í�ÎÐÏ . Sucha codefragmentis calleda linear chain. The
requirement,thatall codefragmentsmustbe linearchainsis reflectedin the
compilerassumptionfor 4/5.Formally wehave

mapcl(clls(procdef’(act,db’),db’),db’)
= chain(procdef5(act,db5),db5)

(6)

whereprocdef’ anddb’ aretheprocdef-functionandthePrologprogramfrom
ASMs 2, 3 and4. procdef5 is the new procdef-functionfor ASM5 anddb5

is thecompiledPrologprogram.Thepartialfunctionchain terminates,if the
codefragmentstoredat procdef5(act,db5) is a linear chain,anddeliversthe
clausescontainedin it. A look at (Börger andRosenzweig,1995)shows a
problemwith theformaldefinition1. It doesnotguaranteethat ÊÓÌ�Å�Í�ÎÐÏ�Í�Ï�r�Ñ�Ï ,
Ì�Ï%Ê Ì�Å�Í�Î�Ï�Í�Ï�r�Ñ�Ï , Ê Ì Õ"Ñ�Ê�Í�ÎÐÏ instructionsin thecompiledPrologprogramare
only usedin that order, as is statedin the text. A correctformalizationof
linearchainsasarecursiveprogramis (consaddsanelementto thefront of a
list, instr Ø code(Ptr,db5) andnext_instr Ø code(Ptr+1,db5))

chain(Ptr,db5) =
if instr= try_me_else(N)thenchain-try-me(Ptr,db5)
if is_clause(instr)then[instr] else
if instr= nil then[] elseundef

chain-try-me(Ptr,db5) =
if instr= try_me_else(N)Ù is_clause(next_instr)
thencons(next_instr,chain-retry-me(N,db5)) elseundef

chain-retry-me(Ptr,db5) =
if instr= retry_me_else(N)Ù is_clause(next_instr)
thencons(next_instr,chain-retry-me(N,db5)) else
if instr= trust_meÙ is_clause(next_instr)
then[next_instr]elseundef

Non-terminationof this programcanbecausedeitherby a cyclic pointer
structureor by anattemptto computeundef. Thereforeterminationof chain
is requiredin compilerassumption(6) above.

5.5. TheSixthandSeventhInterpreter:Switching

Until ASM5, theproblemhow to selectclauseswhosehead‘may unify’ with
anactivatorhasbeendelayedby usinganabstract(underspecified)procdef-
function.The problemis addressedin the two refinementstepsfrom inter-
preter5 to 7. ASM6 groupsclausestogetherby introducingnestedchains(at

1 Thedefinition is givenfor nestedchains(our ASM6), while we consideronly
linearchainsin ASM5, but theproblemis thesame.
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20 GERHARDSCHELLHORNAND WOLFGANGAHRENDT

positions,wherelinear chainscontainclauses,a nestedchainmay contain
anotherchain),andASM7 introducesswitchinginstructions.Theserestrict
the possibleimplementationsof the procdef-function.E.g. for an activator
act = f¾½�¿'y-Æ~½�ÚbÀ�À , switchinginstructionsmayselecttheclauseswith leading
predicatesymbol f , whosesecondargumentis eitheravariableor startswith
functionsymbol Æ . A detaileddescriptionof switchinginstructionsis beyond
the scopeof this chapter, we refer the readerto (Börger and Rosenzweig,
1995)and(Aït-Kaci, 1991).

6. VERIFICATION

This sectiondescribesour work on the verificationof the refinementsteps
from ASM1 to ASM7, whichwe haveprovencorrectsofar.

Thefollowing subsectionswill discusstheproblemswe foundin thever-
ification of eachof the individual refinements.Before,let usgive someim-
pressionon the verificationprocessin general.As wasdiscussedin Sect.4,
the critical point for a successfulformal proof alwaysis to find a coupling
invariantINV(x,x’), suchthatthediagramof Fig. 4 from Sect.4.3commutes
for every correspondingpairof rules.

Verificationof therefinementsrevealed,that it is impossibleto stateINV
in a first proof attemptor to find all propertieslistedin INV in a pencil-and-
paperproof.Dependingon thecomplexity of therefinementstep,between6
and17 iterationswereneededto find aninvariant,for which theproof goes
through.

Our generalexperiencewasthat every time onefinds INV to be insuffi-
cientandthereforeaddsnew properties,this againcausesunprovablegoals.
To discharge thesenew goalsINV hasto be improved again,leadingto an
evolutionaryprocessof improving INV by verificationattempts.The good
supportKIV offers for this process(correctnessmanagement,the possibil-
ities to inspectand modify proof treesand the reuseof proofs)werevery
importantfor minimizing theoverheadof theiterations.

Sect.6.1 givessomeimpressionof the verificationproblemsof the first
refinement.Verificationof theoptimizations2/3 and3/4 is shortlydiscussed
in Sect.6.2.

Sect.6.3 is concernedwith theverificationof thefirst propercompilation
step4/5. We will try to give an impressionof theevolutionarydevelopment
of thecouplinginvariantfor thisrefinement,by statingtheinitial couplingin-
variant,andby indicating,whatchangeswerenecessaryduringiteratedproof
attempts.We will alsoshow, how anerror wasuncovered,which is present
in therulesof all ASMsfrom ASM3 on.Theerrorwasfoundduringthever-
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ification of 4/5, since4/5 wasdonebefore2/3 and3/4. Thereasonwasthat
we wantedto find out if the different type of refinement(compilation,not
optimization)wouldposedifferentnew problems.

The equivalenceproofs for the refinementsfrom ASM5 to ASM7 were
the mostcomplex verificationproblemswe have tackledso far in this case
study. Verificationuncoveredsomeproblemsin thecompilerassumptionsas
well asamissingbacktracking-clausein theswitchinginstructions.For more
detailson thisverificationtheinterestedreaderis referredto (Schellhornand
Ahrendt,1997).

Thefinal subsection6.4givessomestatistics.

6.1. FromTreesto Stacks:Verifying theFirst Refinement

Verificationof the first refinementstartedfrom the 9 propertiesasgiven in
(BörgerandRosenzweig,1995),andaproofsketchgivenin (Schmitt,1994),
whichadded3 moreandmadesomeminorcorrections.Thesepropertiesjust
formalizeour description(see5.2)of thechangesthatweremadein thefirst
refinement.SinceASM1 andASM2 allocatedifferentsetsof nodes,a map-
pingF from nodesof ASM2 to correspondingnodesof ASM1 is used(which
e.g.mapsbreg to currnode), just asin (BörgerandRosenzweig,1995).

As already(Schmitt,1994)pointedout, F cannotbegivenstatically, but
hasto bedefinedby inductionon thenumberof rule applications.Therefore
we usean existentially quantifieddynamicfunction for this purpose(note,
that without our representationof dynamicfunctionsasdatastructures,the
quantificationwouldnotbefirst-order).

Duringverificationwehadto learnthattheinitially givenpropertieswere
far from beingsufficient for a formalproof.Another20 propertieshadto be
addedin 12 iteratedproof attempts.Somemajoroneswerethecharacteriza-
tion of thestack nodesof ASM2 (thosenodes,whicharereachablefrom breg
via the b-function), the injectivity of the mappingF for thosestacknodes,
andaprecisecharacterizationof thesearchtreestructure(all candidatenodes
mustbe differentanddisjoint from the stacknodes,all cutpointsstoredin
decoratedgoalsequencesmustbestacknodesetc.).

A detaileddiscussiononhow wefoundthesenew propertiesduringproof
attemptsin two monthsof work is givenin (SchellhornandAhrendt,1997).

6.2. VerifyingtheOptimizations

Verification of the refinementsfrom ASM2 to ASM4 is easier(done in 3
weeks)thantheverificationof 1/2and4/5donebefore,sincecouplinginvari-
antssufficient for acorrectnessproofaremucheasierto find. Althoughsome
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additionalpropertiesto theonesgivenin (BörgerandRosenzweig,1995)are
necessary, (e.g.thenodesmentionedin themmustbestacknodes),they pro-
videa goodstartingpoint.

Themainproblemin theequivalenceproofof 2/3 is how to generalizethe
proof techniqueasdescribedin sect.4.3 to cases,wherem rule applications
of ASM2 correspondto n rule applicationsof ASM3 (therearecaseswith
m:n = 2:3, 1:2). A generalsolution,which guaranteesthat correctnessand
completenesscanbe shown in oneproof, will be describedin (Schellhorn,
1998).

In theverificationof therefinementfrom 3/4we(like (BörgerandRosen-
zweig,1995)too) usea couplinginvariant,which relatescomputationstates
thathave thesame“useful” choicepointswith non-emptyclauselist.

Unfortunately,with thiscouplinginvariantproofobligationPO3fromsec-
tion 4.3 (goal (3)), which statesthat both interpretersmustterminateat the
sametime, is notprovable.ASM4 mayalreadyhave stoppedwith resultfail-
ure, while ASM3 still hasto backtrackfrom uselesschoicepoints.This situ-
ationof non-simultaneousterminationhasto beconsideredcarefully in the
coupling invariant.An additionalargumentis neededto guaranteethat for
two statesof ASM3 andASM4 relatedby thecouplinginvariant,removing
uselesschoicepointsby executingrulesof ASM3 will keeptheinvariantand
eventuallyleadto a statewherestop= stop’ holdsagain.A generalizedver-
sionof PO3thenbecomesprovablewith thisargument.

6.3. VerifyingCompilationof BacktrackingStructure

At afirst glance,therefinement4/5seemsto beeasyto verify, sincethemap-
ping betweenrulesis 1:1 (onerule of ASM4 correspondsto oneof ASM5),
andbothinterpretersallocatethesamesetof nodes,sono functionF (like in
1/2) is required.

Nevertheless,proving the refinementof 4/5 posessomenew problems,
sincethis refinementis the first, in which a compilerassumptionplays an
importantrole. To demonstratethe complexity (we needed9 iterations),we
will try to give an impressionof the developmentprocessnecessaryto find
a correctcoupling invariant (seealso (Ahrendt,1995)).Unfortunately, we
cannotavoid to confrontthereaderwith a lot of details,which wereuncov-
eredduring theverification.Only the considerationof thesedetailsleadsto
the detectionof all hiddenassumptions,which arenecessaryto ultimately
guaranteetheabsenceof errorsin therefinement.And indeed,theattemptto
verify therefinementrevealedanerrorin oneof rulesshown in Sect.5.4.

Let usstartwith ourfirst attemptto defineacouplinginvariant.According
to thedescriptionin Sect.5.4,mostof thecorrespondingregistersfromASM4
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andASM5 shouldbeidentical.Thisgivesthefollowingproperties(usingthe
convention,thatvariablesof ASM5 arewrittenwith aprime).

1. vi = vi’
2. stop= stop’
3. subreg = subreg’
4. breg = breg’
5. decglseqreg = decglseqreg’

6. ctreg = ctreg’
7. sub H n = sub’ H n
8. b H n = b’ H n
9. decglseqH n = decglseq’H n

Applicationof dynamicfunctionsis writtenwith infix H , thenotationusedin
KIV (seeSect.4.1).Thenoden in Properties7–9mustbeuniversallyquanti-
fied over thesetnsof currentlyallocatednodes,excepttheroot node � , and
we adoptthis conventionwhenever a noden is mentionedin the following.
Theuniversalquantificationcausesa first problem.All relevantnodesmust
beguaranteedto be in this set(which is thesamefor both interpreters).We
additionallyneed

10. breg > ns
11. ctreg > ns
12. decglseqreg > ctp ns

13. decglseqH n > ctp ns
14. b H n > ns
15. ns= ns’

wheredg > ctp nsis definedto mean“all cutpointscontainedin dg(adecorated
goalsequence)arecontainedin ns(a setof nodes)”.

Now it remainsto definethe relationbetweenthe clauselines storedin
cllreg andcll H n in ASM4 andthosestoredin pcreg andpc H n in ASM5.

Startingwith cllreg andpcreg, acomparisonof theruleguardsshows,that
the typeof the code,pcreg pointsto in ASM5, correspondsto the valueof
modein ASM4. Thereforethe definition will be by casedistinctionon the
mode. Moreover, the invariantmustguaranteethat thecontentof thecode(-
sequent),pcreg points to, must alwaysbe equalto the clause(-list),cllreg
pointsto.
mode= call: In this case,the contentof cllreg is irrelevant (it will beover-
writtenby thecall rule),andthevalueof pcreg is start.

16. mode= call 8 pcreg = start

mode= enter: Here,pcreg mustpointto aclause,in particularto thesameas
cllreg does.

17. mode= enter8 clause(cllreg,db’) = code(pcreg,db5)

mode = try : Two propertiesmustbe guaranteed.First, pcreg mustpoint to
a try_me_elseinstruction,andsecondtheclausescontainedin thefollowing
instructionsmustbethesameasthosefollowing cllreg. Thesecondproperty
is formalizedby

18. mode= try 8 mapcl(clls(cllreg,db’)) = chain-try-me(pcreg,db5)
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But notethatthefirst propertyalsofollowsfrom 18,sincethedefinednessof
chain-try-meimpliesthatpcreg pointsto a try_me_elseinstruction.Actually,
thecheckfor theinstructionat pcreg to bea try_me_elseinstructionwasin-
troducedjustfor thisreason.It wouldnothavebeennecessary, if chain-try-me
wereonly usedasanauxiliaryfunctionfor chainin thecompilerassumption,
sincechaincontainsthesamecheckalready. This is a generalresultfor the
definitionof compilerassumptions.Designauxiliaryprocedures(or assump-
tions)in sucha way thatthey aresuitableto describeintermediateexecution
statesof theASM.

mode= retry: In thismode,pcreg hasbeensetto pc H breg’:

19. mode= retry 8 pcreg = pc H breg’

This property is sufficient to ensurethat pcreg points to a retry_me_else
or trust_me-instruction, provided that we specifythis propertyfor all stack
nodespc H n:

20. mapcl(clls(cll H n,db’)) = chain-retry-me(pcH n,db5)

Again,definednessof chain-retry-meguaranteesthatpc H n indeedpoints
to a retry_me_elseinstruction.

This completesthe descriptionof the initial invariant. What we have
shownsofar is theprocessof lookingfor afirst versionof aninvariant,before
startingthefirst proof attemptwith thesystem.We demonstratedthatdoing
this is nota trivial taskatall. But, in ourexperienceof verifying refinements,
eachhourinvestedin agoodstartingpointcansavedaysof verificationtime.

Now we like to describethe processof completingthe invariantby iter-
atedproofattemptswith KIV until it sufficesfor theinductiveproof.Wegive
a roughoverview of this search ratherthendescribingthelogical deduction,
explaininghow hiddenassumptionsweredetected(if theproof neededthem
explicitly) andhow proving thesenew formulasleadsto new gapsansoon.
We takethisproof-historicalpointof view to emphasizetheevolutionaryna-
tureof solvingthegivenproblem.

With the currentinvariantwe tried to prove that the diagramshown in
Fig. 4 (Sect.4.3) commutesfor eachcorrespondingpair of rules.The first
casewe tried wasthe onewith the two cut rules(sincethis wasoneof the
mostproblematicproofs in the verificationof 1/2). After someminutesof
proving, we arrivedat thesubgoal,in which property19hadto beprovedto
hold afterrule application.Thepropertyholdstrivially, sincethecut rule of
ASM4 is alwayscalledin call mode,anddoesnotchangeit. But ourinvariant
wastoo weakto allow a proof of this property. Takinginto account,thatfail
rule is similar, we added(note againthe convention, that guardsof rules,
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which mentionact, implicitly containthe conjunctdecglseqreg �2 [] W goal
�2 [])

21. decglseqreg=[] Û goal=[] Û�9 is_used_defined(act)8 mode= call

to the coupling invariant.With the new invariant the casefor the cut rules
succeeds.Thecasefor theretry rulesrevealedanotherproblemcausedby the
formulawe just introduced.In retry ruledecglseqreg is loadedwith decglseq
H breg from thestack.If thisdecoratedgoalsequencewereempty, wewould
havemode= retry, violatingproperty21.To resolve thisproblem,wehave to
ensure,thattheactivatorof everydecoratedgoalsequencestoredonthestack
alwaysis userdefined(weabbreviatethegoalandtheactivatorof decglseqH
n with goal H n andact H n).

22. decglseqH n �2 [] W goal H n �2 [] W is_user_defined(actH n)

A furtherattemptto prove thecaseof retry rulesuncoversanew problem.
We cannotguarantee,that retry rule of ASM4 is executedwith breg �2c�
(which would load theregisterswith theundefinedvaluesat theroot node).
Thereforewe strengthenproperty19 to

19a. mode= retry 8 pcreg = pc H breg’ W breg �2Ü�
With this invariant,theproof for mostof thecasesgoesthrough.Oneof

thelast ruleswe consideredwasthefail rule (assumingthis proof shouldbe
oneof theeasyones. . . ). But a proofattemptfinally givesthegoal

9 (decglseqreg = [] Û goal= [] ÛÝ9 is_user_defined(act))

whichisobviouslynotprovable.Analysisof theproofbranchshows,thatthis
goalarosefrom trying to prove

decglseqreg=[] Û goal=[] ÛÝ9 is_user_defined(act)
8 retry=call

which is itself aninstanceof property20 afterfail rule.This means,thatour
assumption,thatfail rulewouldbecalledonly in call mode(like cutrule)was
wrong.But if it is wrong, thenthereis somethingwrong not only with our
invariant,but alsowith fail rule!

To seetheproblem,look againatthefail rulefrom ASM4,asit wasshown
in Sect.5.3. The obvious intention of the rule is that retry rule shouldbe
executedafterwards.

Now it seemsto beobvious that the only rule applicableafterexecution
of thefail rule is indeedretry rule.But ourcorrectnessproofsrevealsthatfail
rule doesnot invalidateits own guard,so it maybeexecutedagain,leading
to aninfinite loop.Therulesystemis thereforeindeterministic(or following
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thenewerterminologyof (Gurevich,1995),inconsistent),anddoesnolonger
correctlyimplementa Prologinterpreter.

Although the error is easyto correct(the conjunctmode= call mustbe
addedto the guardof fail rule), we think this is a typical error that is very
difficult to find evenby intensiveinspection(and,of course,wehadto inspect
the codethoroughlybeforewe could makean attemptto definea coupling
invariant).A readerwill alwaysunconsciouslyresolve the indeterminismin
theintendedway. Nevertheless,animplementationis blind for intentions,and
will possiblyresolve theconflict in thewrongway(andoursdid!).

Correctionof the fail rule still givesact = fail, andmode= retry after its
application.Thereforeproperty21mustbechangedto

21a. (decglseqreg=[] Û goal=[] Û act= ! ) 8 mode= call

Unfortunately, still onedetail is incorrectin ourcouplinginvariant.In the
caseof theproof, which considersthe two try rules,we find thatwe cannot
provethatthechoicepointpushedonthestackis userdefined.Wehaveto add

23. mode= try 8 is_user_defined(act)

Finally, theequivalenceproofof 4/5 succeedswith theinvariant

vi = vi’
�

stop= stop’
�

subreg = subreg’
�

breg = breg’
�

ctreg = ctreg’�
decglseqreg= decglseqreg’

�
breg Þ ns

�
ctreg Þ ns

�
decglseqreg Þ ctp ns�

ns= ns’
�

(mode= call ß pcreg = start)�
(mode= enter ß clause(cllreg,db’)= clause(pcreg))�
( mode= tryß is_user_defined(act)

�
mapcl(clls(cllreg,db’)) = chain-try-me(pcreg,db5))�

(mode= retry ß pcreg = pc à breg’
�

breg °± � )�
((decglseqreg = [] á goal= [] á act= !) ß mode= call)�
(â n. n Þ ns

�
n °± �ß sub à n = sub’ à n �

b à n = b’ à n�
decglseqà n = decglseq’à n � b à n Þ ns�
decglseqà n °± []

�
goal à n °± []�

is_used_defined(act à n)
�

decglseqà n Þ ctp ns�
mapcl(clls(cll à n,db’)) = chain-retry-me(pcà n,db5))

6.4. Statistics

Thefollowing tablegivesthenumberof KIV proof steps,thenumberof in-
teractively givenproofstepsandthenumberof theoremsfor thefinal version
of eachrefinementproof.Also thetime it took to specifyandverify eachre-
finement,the numberof iterationsneededto find the final invariantandits
size(in lines)aregiven.

The sizeof the interpretersstartswith 120 lines of (PASCAL-)codeand
reaches240lines for ASM7. The algebraicspecificationsof all datatypesis
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composedof about90 subspecificationswith altogether454axioms.A first
versionof the specificationsand the interpreterswaswritten within a day.
Only minorcorrectionswerenecessary. 580first-orderlemmasareused,249
of themwere from the library. The remaining331 wereaddedon demand
duringtheproofsof themainequivalencetheorems.Theirproofsneeded441
interactionsand1462proofsteps.

1/2 2/3 3/4 4/5 5/6 5/7

ProofSteps 1475 4425 3988 2936 6190 20085

Interactions 246 450 580 237 666 1970

Theorems 16 32 31 32 53 72

Iterations 12 8 5 9 8 17

Verif. time 2 months2 weeks1 week1 month2 weeks2 months

Sizeof INV 20 25 25 14 53 97

As thestatisticshows,theproofsfor 5/7 wereextraordinarycomplex. All
of the problemswe encounteredin the refinementsof ASM1 to ASM5 are
presentin theequivalenceproof of ASM5 andASM7: stacknodesmustbe
characterized(like in 1/2), rulesdo not correspond1:1 (like in 2/3), the in-
terpretersmay terminatenon-simultaneously(like in 3/4), andthe compiler
assumptionmustbecarefullytranslatedto assumptionsaboutintermediatein-
terpreterstates(like in 4/5).Also theverificationof 5/6 showedthatsplitting
verificationof 5/7 into two partscomplicatesthe work insteadof simplify-
ing it. Thereforewe constructedthe equivalenceproof betweenASM5 and
ASM7 directly.

Thestatisticalsoshows a drasticincreaseof productivity. Themain rea-
son(besidesincreasingfamiliarity with the topic) are improvementsin the
KIV system,which weredonefrom theexperiencewe hadgainedfrom ver-
ifying refinements1/2 and4/5.A lot of heuristics(mostnotablytheonesfor
quantifierinstantiation,unfolding recursive proceduresandfor loops)were
improved,aswell astheefficiency of thesimplifier (seeChapterI.3.13).

7. RELATED WORK

Work on compilerverificationin general(or evenmoregeneral:datarefine-
mentandotherrefinementrelations)is so numerousthat we will not even
attemptto giveanoverview.
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Fromthe work on formal system-supportedverificationof compilerswe
exemplarily want to mention the work with NQTHM on the formal veri-
fication of a compiler for an imperative language((Moore, 1988),(Young,
1988)).This work is basedon thenotionof “interpreterequivalence”which
is quitesimilar to ournotionof equivalenceof ASMs.It alsocontainsa lot of
referencesto relatedwork.

Of specificwork on the formal verificationof a Prologcompilerwe are
aware only of the parallelwork of C. Puschin Munich. Shealsoverified
somerefinementstepswith theIsabellesystem(Pusch,1996).

The formalismusedin Isabelleare inductively definedrelationson the
tupleof variables,which correspondto thesemanticsof our imperative pro-
gramsasrelationsover their values.Patternmatchingnotationandpolymor-
phismasusedin functionallanguagesallow to write therulesof anASM in
amoreconcisenotationthanournotationasPASCAL programs.

In contrastto our approach,which startsfrom a Prologsemanticsbased
onsearchtreesandtriesto modeltheASM approachasfaithfully aspossible,
verificationin Isabellestartedfrom anoperationalPrologsemanticswhich is
alreadybasedon stacks.Stacksweremodeledassimplelists, which allows
to avoid thecharacterizationof stacknodes.

Insteadof ourrefinementfrom ASM1to ASM2twootherrefinementsteps
wereverified.Refinements3 and4 asverifiedin Isabellearethesameasour
refinementsfrom ASM2 to ASM4. In Isabelle,theProlog-constructfail was
not considered,thereforethe errorwe found in the interpreters3 and4 was
notpresentin thecasestudy.

The verificationeffort for the four refinementstepsas given in (Pusch,
1996)was7 personmonthsand3500interactions.Thesenumbersareabout
two timesthe numberswe got for the verificationof the threerefinements
to reachASM4. We suspectthat this is largely dueto the useof an asym-
metricproof techniqueusingproof maps,which requirestwo separatelarge
proofsfor correctnessandcompletenessfor eachrefinementstepinsteadof
onesymmetricproof.

8. CONCLUSION

We have presenteda framework for the formal verificationof the Prologto
WAM compilationasgiven in (Börger andRosenzweig,1995).The frame-
work is basedonthetranslationof sequentialAbstractStateMachinesto im-
perativeprogramsover algebraicspecifications.With this translationcorrect-
nessandcompletenessof therefinementbetweentwo ASMsis expressibleas
programequivalencein DynamicLogic.

����������	(���������������������������������!I��$%���X	*�Ó�



THE WAM CASESTUDY 29

Weintroducedaproof techniquebasedoncouplinginvariants,whichcor-
respondsto theuseof proofmapsoverASMs.Wehavefoundthatthecorrect
couplinginvariants,which areneededto show correctnessandcompleteness
of refinementsteps,arefar too complex to be statedcorrectly in a first at-
tempt.The incrementaldevelopmentof a correctversiontakesmuchmore
time thantheverificationof thecorrectsolution.Therefore,besidesthepure
power of the theoremprover, the ‘proof engineering’supportofferedby the
verificationsystem(explicit proof trees,correctnessmanagement,reuseof
proofsetc.)is crucialfor thefeasibilityof thecasestudy.

Verificationshowedthat(BörgerandRosenzweig,1995)is indeedanex-
cellentanalysisof thecompilationproblemfrom Prologto WAM. Neverthe-
lessan unintendedindeterminismin one of the ASMs had to be removed
(6.3),andminorcorrectionswerenecessaryon theformalizationof thecom-
piler assumptions.Theseresultsshow that, to guaranteecompilercorrect-
ness,mathematicalanalysisshouldbefollowedby formal verification.

Let usconcludewith anoutlookonthecontinuingwork onthiscasestudy.
Thenext twoof theremaining6 refinementstepsareconcernedwith thecom-
pilation of singleclauses([Section3] in (Börger andRosenzweig,1995)).
Their correctnessshouldbe easyto show and requireno new proof tech-
niques.New problemswill have to beovercometo verify thatProlog-Terms
canberepresentedby pointerstructures(thefinal [Section4] in (Börgerand
Rosenzweig,1995)).Finally it wouldremainto verify acompilerbuilt on the
basisof thecompilerassumptions.

Although we are currently only abouthalf the way from Prolog to the
WAM, verificationof thefirst levelshasconfirmedourbelief thatverification
of theWAM is a feasible,but challengingtask.
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