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Trailer

@ Setting
normalization-by-evaluation = completeness o soundness
soundness = interpretiation (into any model)
completeness = reification (from syntactic model)

@ Story
Reason semantics needs std. solution our solution
Reification = monotonicity presheaves comonad coalgebras
Reflection +  case distinction  sheaves monad algebra

@ Suspension: what’s call-by-push-value to do with this?
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Simply-Typed Lambda-Calculus

Simply-typed lambda-calculus VA

x:Ael
lEx:A

[t:A=B ~u: A
[—tu:B

N x:ArFt:B
NXx.t:A=B

NBE for CBPV TYPES 2018 3/40



Simply-Typed Lambda-Calculus

Simply-typed lambda-calculus Y

x:Ael
x:MT—A

t:Ir' mA=B u:F—A
tu: =B

t: I, xArLB
M.t: I HA=B
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Simply-Typed Lambda-Calculus

Simply-typed lambda-calculus X

t:(T=-A=B) u: (A
tu: (I +B)

t: (I x:A B)
x.t: (I -A= B)
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Simply-Typed Lambda-Calculus

Simply-typed lambda-calculus wW

x:(Ael)
var x : (I = A)

t:(T=-A=B) u: (A
apptu: (Il + B)

t: (A B)
abst: (I — A= B)
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Simply-Typed Lambda-Calculus

Simply-typed lambda-calculus Vv

x:Ael
varx: [ — A

t:IT''~A= B u:l A
apptu:l B

t:T/ AL B
abst: ' WA= B
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Simply-Typed Lambda-Calculus

Simply-typed lambda-calculus

Ael
var
r—A
I A= B r=A
a
PP T B
NAr-B
abs
r- A= B
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Simply-typed lambda-calculus

Var?
var
A
Tmr
TmF‘:”'3 TmF‘
app
Tm["—g
B
Tmp 4
abs  ——=F
Tmr
NbE for CBPV
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Simply-typed lambda-calculus

var VarF\ — Tm?
app Tmlf‘:>B X Tm? — TmrB
abs : Tmg, — Tmf=B
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Simply-Typed Lambda-Calculus

Simply-typed lambda-calculus R
var VarF\ — Tm?
app TmF‘:>B X Tm? — TmrB
. B A=B
abs : Tmfg, — Tmf™
zero : 1 — Var?_/_‘
suc VarF‘ — Var’,ﬂ_A/
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Simply-Typed Lambda-Calculus

Contexts [ < A: branching time

N YANZAN
NSNS
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Simply-Typed Lambda-Calculus

Context interpretation [[T]|

\XHAJJ/ O \HB JJ/ /
N

[An. ... Al = [An]] % - % [A1]
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Simply-Typed Lambda-Calculus

Context-indexed sets: temporal propositions!?

(A x B)r
(A= B)r

vIi. Ar — Br

ArXBr
Ar — Br

Br.a
VA DT. Ba
IAST. Ba

VADT. Apn — Ba

NbE for CBPV

morphism

pointwise constructions

next-time (dynamic logic)
forever (AG)
sometimes (EF)

Kripke function space
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Simply-Typed Lambda-Calculus

Laws for context extension
(A—-DB) — ([A]JA—[A]B)

[Al(A%B) = [AlA%[A]B
[A] (A= B) = [A]A=[A]B

NBE for CBPV

functor

distributes
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Laws forever

(A —B)
OB

OB

OA xOB

OB

ool

l .

Simply-Typed Lambda-Calculus

OA—-0OB

mmpe

functor

comonad

monoidality

instantiation
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Simply-Typed Lambda-Calculus

Simply-typed lambda-calculus R
var VarF\ — Tm?
app TmF‘:>B X Tm? — TmrB
. B A=B
abs : Tmfg, — Tmf™
zero : 1 — Var?_/_‘
suc VarF‘ — Var’,ﬂ_A/
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Simply-Typed Lambda-Calculus

Simply-typed lambda-calculus Q
var 1 Varf — Tmf
app @ Tmf=Bx Tmd - Tmf
abs : ([A] TmB)I_ — Tmf=B
zero @ 1 — ([A]VarA)r
suc : Varf - ([A’]VarA)r
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Simply-Typed Lambda-Calculus

Simply-typed lambda-calculus P
var : Var? - TmA
app : Tm™BxTm? & TmB
abs : [A]TmB - TmA=B
zero @ 1 = [A]Var?
suc : Var® = [A]Var?
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Simply-Typed Lambda-Calculus

Normal forms N
var : Var? < NeA
app : Ne”=B i NfAf 5 NeB
abs : [A]NfE - NfA=B
zero @ 1 = [A]Var?
suc : Var® - [A]Var?
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Simply-Typed Lambda-Calculus

Normal forms

var : Var?

app Ne”=B x NfA

abs : [A]NfE
ne . NeB
zero : 1

suc  : Var?

NfA:>B
— NfP
- [A]Var?

— [A]Va A
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Normalization by Evaluation

Normalization by evaluation

. appl
(IT] = [8]) = [Fr —=—=B]r
reflect
(-) I reify®
TmrB norm - NfF

NBE for CBPV

[ATlr

reflect?

A
Varr
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Normalization by Evaluation

NbE type semantics

[o]] = Nf° if 0 is a base type

[1] 1
Al > [B]]

[AxB] =
A= B] = O([A] = [B]) monotonization
mon” - [A] = O[A] monotonicity

“presheaf”
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Normalization by Evaluation

Reification [[B]] = Tm®

([AT[A] = [AT[BI) x [A]l[A]

[A] reflect
[A] (ﬂAﬂf> 181 [A] Var”
O(IAl = [81) 1
H reifyA=E

[A= B

NBE for CBPV

[AL[B]]
[A] reifyB
[A]NfE

abs

. N{:A:>B

TYPES 2019

24 /40



Normalization by Evaluation

Reification (J[[B]] = Tm®

[AIO(IA] = [8]) * [AIDIA]—222 . [ajojs]
[A] reflect [A] reify®
OO(IA] = [B])  [A]Var? [AINFE
(1A = [18]) L b
O[A= B]] e - NFA=B
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Normalization by Evaluation

Monotone (positive) types

p—".MP comonad coalgebra
P
P o= ON|1|PxP |0|P+P

| Var? | Ne” | Nf4 | TmA
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Normalization by Evaluation

Sum types
0] = 0 ?
[A1+ A2f] = [A +[A] 7
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Normalization by Evaluation

Reflection Var® = [[A]]

Varitt42 < [A1] [A1 + Az]] x [A2] [[AL + Ao]] ==~

[A1]

[Ad]

VarAi+A2

(Al

[A1] reflect?

Var

TZEFO

1

[A2] [[A2]]

[Az] reflect#2

[As] Var?2

,TZGI’O

1

UAl —l— AQJJ

reflectA1+42

Varfi+4A2

NbE for CBPV
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Normalization by Evaluation

Case trees ¢.A

return return
A A
[A1] [A3]
case abort
Va rAl +A, Va rO
[:\;J\ /[AZ]
case
VarAttA2
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Normalization by Evaluation

Cover monad ¢ (~AF)

abort : Var® - ¢A
case  : VaritA2 5 ([A] #A) x ([A2] #A) > ¢A

return : A > ¢A
join N X WIS it

map : (A —>B)—> (A #5)
map = (A= B)x 64> 8

A -eA

NBE for CBPV

services

monad

functor

strong functor

commutative law
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Normalization by Evaluation

Reflection Var® — ¢[[A]

Var't42 5 [A] 8[[A1 + Ax]] % [Ax] #[A1 + Ao]l —=5 A + Aq]|

[A1] #[[A:]] [A2] #[[A2]]
[A1] reflect™ [Az] reflect?2 refloctA1+A2
[A1] Vart [As] Var?2
q\zero TZSTO
1 1
Varfi+A2 Var/i+42
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Sum types

10]] = 40
[A1+A]] = &([A] + [A2]])
sufficient?

NBE for CBPV
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Normalization by Evaluation

Monadic (runnable, negative) types

W N monad algebra

return
N

N = ®P|LINXN'|P=>N computation types
| NFfATmA

P o= ON|1|PXxP|0|P+P value types
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Normalization by Evaluation

NbE standard

0]
[[Al + Az]]

[1]
[[A x B]

[A= B

reflect”
reify®

interpretation (sheaves, mon & run)

= 40
= ®([Ad] + [A])

i
— [A] % 8]
— Ol = [8])

NeA = [A]
[B]] - NfB
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Normalization by Evaluation

Call-by-name interpretation (computation types)

o]~
[[Al + AZ]:I_

[0~
[[Bl X 82]]_

[A= B]~

reflectV
reify’V

= 40

= ¢@OfAd +O[0A207)
=1

= [Bd™ *[[B2]]™

= O[Al™ =B8]~

NeV 5 [[N]~

ON]~ — NfV
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Normalization by Evaluation

Call-by-value interpretation (value types)

fo]* =0

[AL+ Al = [TADT + A"
[i* = 1

[AL x ADT = A" % [Al"
[A=B]" = O(IAl" = ¢[B]")

reflect” : Ne” 5 @[P]"
reify” . [P]T - NfF
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Normalization by Evaluation

[o* =0
[AL + Aol = [A" + [AD"

[A= B]"* =0O[A= B]~

reflect? Nef - 0[[P]]Jr

reify” P+ = NfP

NbE for CBPV

Optimal interpretation (mixed, CBPV)

o]~ = of0]"
[AL + A2]l” = ®[JAL + A"

[A= B~ =[A]"=[B]"

reflecth : NeVN 5[N]

reify"V O[N]~ = NfV
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Cliffhanger?

Normalization by Evaluation for Call-by-Push-Value
and Polarized Lambda-Calculus

Andreas Abel, Christian Sattler
https://arxiv.org/abs/1902.06097
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Making Of

Agda code

https://github.com/andreasabel/ipl/
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