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Abstract. Martin-Lof’s Logical Framework is extended by strong >-types and presented via judg-
mental equality with rules for extensionality and surjective pairing. Soundness of the framework
rules is proven via a generic PER model on untyped terms. An algorithmic version of the framework
is given through an untyped (3n-equality test and a bidirectional type checking algorithm. Complete-
ness is proven by instantiating the PER model with n-equality on S-normal forms, which is shown
equivalent to the algorithmic equality.

1. Introduction

Central to dependent type theories is the rule of conversion: The type of an expression can be converted to
an equal type, where in intensional type theories the notion of equality between types is decidable. In the
past, research has focused on [-equality, and since 3-reduction is confluent, two types are equal iff they
have a common [-reduct. This both suggest an implementation for equality—/3-normalize and compare
for syntactical identity—and provides a specification sufficient to reason about the meta-theoretic proper-
ties of the type theory: From confluence one gets injectivity of the dependent function space constructor
II, an important mile stone to prove subject reduction and, hence, soundness of the type theory. Be-
cause (3 is well behaved, one can consider 3-reduction on untyped terms, which simplifies the reasoning
significantly.

*Research supported by the coordination action TYPES (510996) and thematic network Applied Semantics II (IST-2001-38957)
of the European Union and the project Cover of the Swedish Foundation of Strategic Research (SSF).
CCorresponding author



2 A. Abel and T. Coquand/Algorithmic Equality with Surjective Pairing

If one adds n-laws to the notion of equality, this strategy does not work any more. Surjective pairing,
the strong n-law for Y-types, destroys confluence of reduction for untyped terms [[19]. In the presence
of a unit type, n-reduction is not even locally confluent on well-typed terms [20]. Furthermore, for
the type theory considered in this article, MLFy;, an extension of Martin-Lo6f’s logical framework with
(Bn-equality by dependent surjective pairs (strong . types), subject reduction fails.

On the specification side, the short comings of 7 are salvaged by judgmental equality. Equality of two
expressions is stated with reference to their type and a valid typing context. Soundness of type theories
with judgmental equality follows directly from a PER model which interprets types as extensional partial
equivalence relations. More problematic could be injectivity of II; in our case, however, it is trivial since
we follow Martin-L”of’s later approach and separate terms and types conceptually: Terms can appear in
types only inside the El constructor.

Another issue is decidability of judgmental equality: the rules do not suggest an algorithm imme-
diately. We take the incremental 3rn-convertibility test which has been given by the second author for
dependently typed A-terms [8], and extend it to pairs. The algorithm computes the weak head normal
forms of the conversion candidates, and then analyzes the shape of the normal forms. In case the head
symbols do not match, conversion fails early. Otherwise, the subterms are recursively weak head nor-
malized and compared. There are two flavors of this algorithm.

Type-directed conversion. In this style, the type of the two candidates dictates the next step in the
algorithm. If the candidates are of function type, both are applied to a fresh variable, if they are of
pair type, their left and right projections are recursively compared, and if they are of base type, they are
compared structurally, i.e., their head symbols and subterms are compared. Type-directed conversion
has been investigated by Harper and Pfenning [17]. The advantage of this approach is that it can handle
cases where the type provides extra information which is not present already in the shape of terms.
An example is the unit type: any two terms of unit type, e. g., two variables, can be considered equal.
Harper and Pfenning report difficulties in showing transitivity of the conversion algorithm, in case of
dependent types. To circumvent this problem, they erase the dependencies and obtain simple types to
direct the equality algorithm. In the theory they consider, the Edinburgh Logical Framework [16]], erasure
is sound, but in theories with types defined by cases (large eliminations), erasure is unsound and it is not
clear how to make their method work. In this article, we investigate an alternative approach.

Shape-directed (untyped) conversion. As the name suggests, the shape of the candidates directs the
next step. If one of the objects is a A-abstraction, both objects are applied to a fresh variable, if one object
is a pair, the algorithm continues with the left and right projections of the candidates, and otherwise, they
are compared structurally. Since the algorithm does not depend on types, it is in principle applicable to
many type theories with functions and pairs. In this article, we prove it complete for MLFy;, but since we
are not using erasure, we expect the proof to extend to theories with large eliminations.

Main technical contributions of this article.

1. We extend the untyped type-checking algorithm of the second author [8] to a type system with
Y-types and surjective pairing. Recall that reduction in the untyped A-calculus with surjective
pairing is not Church-Rosser [6] (see Appendix [A)). Therefore, one cannot specify this type system
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with conversion defined on raw terms® However, since surjective pairing does not destroy local
confluence, it is confluent on strongly normalizing terms. Thus, once the type theory is proven
sound which implies that all terms are normalizing, one can use reduction to check for equality.
One byproduct of the completeness proof of our equality algorithm is that we can decide equality
also by the following strategy: first J-normalize, then check n-equality of the F-normal forms
(which in our case can be done by n-reduction).

2. We take a modular approach for showing the completeness of the conversion algorithm. This result
is obtained using a special instance of a general PER model construction. Furthermore this special
instance can be described a priori without references to the typing rules.

Contents. Figure [Tl summarizes the technical developments of this article. We start with a syntactical
description of MLFy, in the style of equality-as-judgement (Section 2)). Then, we give an untyped al-
gorithm to check (3n-equality of two expressions, which alternates weak head reduction and comparison
phases, plus a bidirectional type checking algorithm for normal terms (Section[3). The goal of this article
is to show that the algorithmic presentation of MLFy; is equivalent to the declarative one. Soundness is
proven rather directly in Section 4] requiring inversion for the typing judgement in order to establish sub-
ject reduction for weak head evaluation. Completeness, which implies decidability of MLFsy, requires
construction of a model. Before giving a specific model, we describe a class of PER (partial equivalence
relation) models of MLFy; based on a generic model of the A-calculus with pairs (Section[3)). In Section[6]
we turn to the specific model of expressions modulo (-equality and show that n-equality of #-normal
forms is a partial equivalence, hence, gives rise to a PER model. In Section [7] we give a proof that 7-
equivalence is decided by the algorithmic equality which implies that the algorithmic equality serves as
basis for a PER model as well. This entails completeness of the algorithm. We could have done a more
direct proof, without the intermediate model involving n-equality, and this (rather technical) path is taken
in Section [8l Decidability of judgmental equality on well-typed terms in MLFy; ensues, which entails
that type checking of normal forms is decidable as well (Section ).
This article is an extended and revised version of a conference contribution with the same title [3]].

2. Declarative Presentation of MLFy;

This section presents the typing and equality rules for an extension of Martin-Lof’s logical framework
[21] by dependent pairs. We show some standard properties like weakening and substitution, as well
as injectivity of function and pair types and inversion of typing, which will be crucial for the further
development.

Expressions (terms and types). We do not distinguish between terms and types syntactically. Depen-
dent function types, usually written I1x: A. B, are written Fun A (AzB); similarly, dependent pair types
Yx: A. B are represented by Pair A (AzB). We write projections L and R postfix. The syntactic entities

'In the absence of confluence, one cannot show injectivity of type constructors, on which usually the proof of subject reduction
rests. Adams [5] has shown the equivalence of pure type systems with judgmental and untyped equality, but only for 3.
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Figure 1. Outline of Results.
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Wellformed contexts I F ok.

CXT-EMPTY CXT-EXT rrd :Type
o F ok I'z: A+ ok
Type formation I' - A : Type.
SETF I' ok SET-E I' t:Set
I' - Set : Type I' FEIt:Type
FUNF Iz: A B :Type PAIR-E Iz: A+ B :Type
I' F Fun A (AzB) : Type I' F Pair A (AzB) : Type

Typing ' +1¢: A.

I' F ok (x:A) el FFt: A I' - A= B :Type
P CONV

F'kFz:A I'H¢t:B
FUN-L Mez:AFt:B FUNEFl—r:FunA()\a:B) FkFs: A
I' - Azt : Fun A (AxB) I' Frs: Bls/x]
PAIRIF’l‘:A F B :Type FkFs: A I' Ht: B[s/z]
'k (s,t): Pair A(\zB)
' Fr:Pair A(AxB) ' Fr:PairA(A\xB)
PAIR-E-L PAIR-E-R

F'FrL:A ' FrR: BrL/z]

Figure 2. MLFy rules for contexts, types and typing.
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of MLFy, are given by the following grammar.

Var > x,9,2 variables

Const 3 ¢ == Fun | Pair | EI | Set constants

Proj > »p = L|R left and right projection
Exp > st n= cla|dat|rs| (&) | rp expressions

Ty > A/B,C == Set]|Elt|FunA(AxB)|Pair A(AxB) types

Cxt > T n= o Iz:A typing contexts

The only binder is abstraction Azt, which binds variable x in expression ¢t. Let FV/(t) denote the set of
free variables of expression . We identify terms and types up to a-conversion and write ¢ = t’ to express
syntactic equality between ¢ and ¢’ (modulo «), as opposed to 3-, -, or judgemental equality which will
be defined later. We adopt the convention that in contexts I', all variables must be distinct; hence, the
context extension I', z : A presupposes x ¢ dom(I"), where dom(I") denotes the domain of I" viewed
as a finite map from variables to types. This view also explains the notation I'(xz). Capture-avoiding
subsitution of expression s for variable = in expression ¢ is written as t[s/x].

Types Ty C Exp are distinguished expressions; they are closed under substitution. The inhabitants
of Set are type codes; El maps type codes to types. For instance, Fun Set (Aa. Fun (Ela) (A-.Ela))
denotes the type of the polymorphic identity AaAxx.

Judgements are inductively defined relations. If D is a derivation of judgement .J, we write D :: J.
The height of derivation D is denoted by #D. The type theory MLFy is presented via five judgements:

I' Fok I' is a well-formed context

I' - A:Type A is a well-formed type

re¢: A t has type A
I'A=A":Type  Aand A’ are equal types
Ft=t:A t and t’ are equal terms of type A

A variable z is free in a judgement I' + J, written x € FV(.J), if it is free in one of the expressions in J.
Typing rules are given in Figure 2] together with the rules for well-formed contexts and types. The rules
for the equality judgements are given in Figures[3land 4l

Remark 2.1. (Subject reduction fails)

In the typing context z : Pair A (AxB), the n-redex (zL, zR) can be given the non-dependent type
Pair A (A_. B[z L/z]), but its reduct z not. A closer analysis of this problem leads us to rule PAIR-I: the
types of s and ¢ do not determine the type of (s, t). If the term s appears in B[s/x], then there are at least
two different expressions B; and By such that By[s/z] = Ba[s/z] = Bls/x], which lead to different
types of (s,1).

For the remainder of this section we present properties of MLFy, which have easy syntactical proofs.
In this, we follow roughly the path outlined by Harper and Pfenning [17]. However, there is a metho-
dological difference: In all judgements I' - .J, we presuppose I' F ok, which is not true for Harper and
Pfenning’s presentation of the logical framework.
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EO-SETF I’ ok EO-SET-E I Ht=1t:Set
Q I' - Set = Set : Type Q I' FEIt=EIt : Type
A=A :Type I'x:A+ B= B :Type
EQ-FUN-F
I' F Fun A(AzB) = Fun A’ (AxB') : Type
FrFA=A":T Iz:AFB=DB":T
EQ-PAIR-F ype & ype

I' F Pair A (AzB) = Pair A’ (AzB’) : Type

Figure 3. MLFy type equality rules.

Type equality (see Figure [3)) is reflexive, symmetric, and transitive, which can only be shown after
establishing context conversion (Lemma [2.9) and syntactic validity (Theorem 2.I). But injectivity and
non-confusion for type-constructors is completely trivial in our formulation of type equality, which lacks
computation on the type level and rules for symmetry and transitivity.

Lemma 2.1. (Injectivity)
1. If D :: T - Set = C : Type then C = Set.

2.UD =T FEIt=C :TypethenC =El ' and T -t =" : Set.

3. Letc € {Fun,Pair}. f D : T F cA(AxB) = C : Typethen C = c A’ (A\zB') with ' - A =
A" :TypeandT',z: A - B = B’ : Type.

Proof:
By cases on D. U

For Harper and Pfenning’s version of the Edinburgh LF which lacks type-level A-abstraction [17]],
injectivity is also not hard to prove. In the Edinburgh LF with type-level A it involves a normalization
argument and is proven using logical relations [26].

In the following, we prove a sequence of technical lemmata that bring us to the important theorem of
syntactic validity which states that all syntactic entities in a derived judgement are well-formed.

Lemma 2.2. (Scoping)
1. IfD T F Jthen FV(J) C dom(I).

2.6D T, 2: A,T” + J then FV(A) C dom(I").

Proof:
Simultaneously by induction on D. O
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Equivalence, hypotheses, conversion.

. SYMI‘!—t:t’:A . TRANSI‘I—T:S:A F'Fs=t:A

Q Tt =t: A Q 'kFr=t:A4
. HYPFl_Ok (x:A) el . CONVFI—t:t’:A I' M A= B:Type
Q Tre—z:4 Q Tri—¢:B

Dependent functions.

Iz:ArFt=t:B
' F Axt = \zt' : Fun A (A\zB)

EQ-FUN-I

I'tr=7":FunA(\zB) F'kFs=¢:A4

EQ-FUN-E
< I'trs=r's: Bls/x]

INz:Art:B 'kFs: A

EQ-FUN-§ - F (Azt) s = t[s/x] : Bls/z]

I' -t:Fun A(\zB)
(Ar.tz) =1t :Fun A(\zB)

EQ-FUN-1) 5 x & FV(t)

Dependent pairs.

Fs=s:A4 I' -t =1t Bls/x]
Ik (s, t)=(s,t):Pair A(A\zB)

r
EQ-PAIR-I

[ Fr=17":PairA(\zB) . PAIRERFI—T:T’:PairA()\xB)
TFrl=rL:A ? [ FrR=rR:B[rL/1]

EQ-PAIR-E-L

. PAIRﬁLFl_S:A I't: B . PAIRﬂRFFS:A I'¢: B
Q FF(s,t)L=s: A < 'k (s,t)R=t:B

' Fr:Pair A(AxB)
F(rL, rR) =r: Pair A(AzB)

EQ-PAIR-7) T

Figure 4. MLFy term equality rules.
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Lemma 2.3. (Weakening)
If Dy =T,V F Jand both Dy :: T' = A : Type and 2 & dom([', V), then € :: T, z:: A, TV + J.

Remark 2.2. The result derivation £ is at most as long as the input derivations together: #& < #D; +
#D5. Note that the special case I" = ¢ cannot be proven by itself; e.g., the case FUN-F fails since the
order of the hypotheses matters in the context.

Proof:
By induction on Dj. First, consider J = ok. I can be empty or not:

1. Case Dy :: I',TV F ok and IV = ¢. From Dy we get £ :: ', z: A I ok by rule CXT-EXT.
2. Case Dy :: I',T” F ok and I # ¢. The only matching rule is:

I,T" + B :Type
' y:B I ok

CXT-EXT

By induction hypothesis, I', z: A, + B : Type. We conclude by rule CXT-EXT.

Now we look at the other judgements. There are two principal cases for the last rule in D : First, the rule
discharges a hypothesis, and second, the context is left unchanged by the rule.

1. A hypothesis is discharged in the last rule of Dy, for instance:

I,TIV,y:B F C : Type
I',I" + Fun B (AyC) : Type

FUN-F

Extending I by the assumption y : B for the induction hypothesis, we obtain I, z: A, T, y: B +
C :Type. The goal follows by FUN-F.

2. The last rule application in D; leaves the context unchanged. Most rules fall into this pattern, for
instance:
T ok (y:B) € (I,TV)

HYP
T Fy:B

By induction hypothesis, I', z: A, T I ok, hence, ', z: A, TV  y : B by HYP.

Mixed forms, like EQ-FUN-F, can be treated analogously. O

The following lemma materializes the fact that in all judgements, the context is well-formed, which
implies that all types in the contexts must be well-formed.

Lemma 2.4. (Context well-formedness)
1. fD ::T,I" I Jthen & :: T' I ok and the derivation £ is at most as long as D.

2. IfD:T,x: ATV F J,then € :: T + A : Type and £ is shorter than D.
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Proof:

The first proposition holds since in the leaves of type formation, typing, and equality derivations (rules
SET-F, HYP, EQ-HYP, and EQ-SET-F) we require well-formed contexts. Formally, it is proven by induc-
tion on D. All cases are easy, for instance:

I,IV,y:B + C : Type

FUN-F
[,T"  Fun B (AyC) : Type

By induction hypothesis, I' - ok.
For the second proposition, use the first proposition to derive £ :: I,z : A  ok. The last rule in £
must be CXT-EXT with premise £’ :: T' - A : Type. We have #&' < #& < #D. O

Corollary 2.1. (Iterative weakening)
IfT - Jand I, TV + J' then T, TV + J.

Proof:

By induction on the length of . If I is empty, there is nothing to show, otherwise IV = (z: A,T"). By

the lemma, I' - A : Type, hence by weakening, I', z: A  J. By induction hypothesis, I', z: A, T + J.
O

Another consequence of context well-formedness is that we can decompose well-formed types:

Lemma 2.5. (Inversion for types)
1. IfD =T FElIt:TypethenD' :: T ¢ : Set.

2. Letc € {Fun,Pair}. fD ::T FcA(MxB) :TypethenD; : ' - A :Typeand Dy :: T',z: A F
B : Type.
In all cases, the derivations D’, Dy, and D, are shorter than D.

Proof:
By cases on D, using Lemma 2.4 for part 2. For instance:

Iz: A+ B :Type

FUN-F
' F Fun A(A\zB) : Type

From the premise, Do, we get Dy :: ' - A : Type by context well-formedness. O

Similarly, context well-formedness is required to establish reflexivity.

Lemma 2.6. (Reflexivity)
1. DT Ft:Athenl Ft=1¢: A.

2.fD:=T + A:Typethen' H A = A : Type.

Proof:
Each by induction on D. Reflexivity for terms is proven mechanically, by replacing typing rules R in D
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with their counterpart EQ-R from the set of equality rules. Reflexivity for types requires some attention
in case of FUN-F and PAIR-F, for instance:

I'x:A F B :Type

FUN-F
I' - Fun A(A\xB) : Type

First, the induction hypothesis gives us I',x : A - B = B : Type. Secondly, by the Lemma 2.4l we
obtain a derivation I' - A : Type which is shorter than D, so we can apply the induction hypothesis
again to obtain I' - A = A : Type. The goal follows by EQ-FUN-F. O

The substitution lemma allows us to replace a variable by a term of the correct type in a derivation.
It relies on weakening and context well-formedness.

Lemma 2.7. (Substitution)
LetT' Fs: A IfD=T,z: AT + Jthen T, I"[s/x] F J[s/x].

Proof:
By induction on D.

e Case:
CXT-EXT I' HA:Type
Iz:AFok

Then I' - ok by context well-formedness.

e Case:
I,z:A,T" + B :Type

Iax:A T, y:B F ok
By induction hypothesis, I', I"[s/x] & B[s/z| : Type, hence I, T"[s/x], y: B[s/x] F ok.

CXT-EXT

e Cases HYP and EQ-HYP, e. g.:

T,z AT F ok
T+ AT Fz:4
First observe that by scoping (Lemma 2.2) we have FV(A) C dom(T"), so x ¢ FV(A) and
Als/x] = A. By induction hypothesis, I',T'[s/x] + ok. We apply iterative weakening on
I'+s: Atoconclude I',T'[s/z] - s: A.

HY

All other cases go through by induction hypothesis, using the properties of the substitution operation. O

In the following lemmata, which are all required to prove syntactic validity, there are some hypothe-
ses (underlined) which will turn out to be redundant after we have proven syntactic validity. But until
then, they are required for “boot-strapping”.

Lemma 2.8. (Functionality for typing and type formation)
Letl' Fs=s":Aandl Fs: A.

1. D :T,2: AT +t:CthenT,T[s/x] - t[s/z] = t[s'/z] : C[s/x].
2.UD =T, x: AT+ C :Typethen I',TV[s/x] + C[s/z] = C[s'/x] : Type.
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Proof:
Each by induction on D. We spell out some cases for the first proposition, for the second, there are no
surprises.

e In the case of an hypothesis rule, we have T,z : A,T” F ok, hence, by the substitution lemma,
I',T'[s/x] - ok. We consider the following subcases:

— The used hypothesis is « : A. Since all types in I”[s/x] are wellformed, we can iteratively
weaken (Cor.[2.]) the assumption of this lemma to obtain the desired I', I"[s/z] F s = s’ : A.
Note that A = A[s/x]| since = cannot be free in A (Lemma[2.2)).

— The used hypothesis is (y: B) € I'. Then z cannot be free in B and I',I"[s/z] Fy =1y : B
is an instance of rule EQ-HYP.

— The used hypothesis is (y : B) € I". Then (y : B[s/x]) € I'[s/z] and we can again use

EQ-HYP.
e Case:
CONV Nz:A T +t: B ILx: ATV F B =C :Type
x: ATV Ft:C
[,[V[s/z] Ft[s/x] = t[s'/z] : B[s/x] induction hypothesis
F'ks: A assumption
[,[[s/z] & B[s/x] = C|s/z] : Type substitution lemma
[, [V[s/z] b t[s/z] = t[s'/z] : C[s/x] rule EQ-CONV
e Case:
Dz: AT, y:BFt:C
FUN-I
[ z: AT F Ayt : Fun B A\yC
[,[V[s/z],y:Bls/z] & t[s/z] = t[s'/z] : C[s/x] induction hypothesis
[, T[s/x] F My.t[s/x] = \y.t[s' /=] : Fun (B[s/x]) \y.C|s/x] rule EQ-FUN-I
L, T[s/x] = (\yt)[s/z] = (\yt)[s'/x] : (Fun B AyC)[s/z] properties of substitution
e Case:
PAIR-ER [,z: AT Fr: Pair BA\yC
Ie: AT FrR:ClrL/y
[,[V[s/z] b r[s/x] = r[s'/x] : Pair (B[s/x]) \y.C|[s/x] induction hypothesis
[, V[s/z] F (rR)[s/x] = (rR)[s'/x] : (C[s/z])[(r[s/x]L)/y] rule EQ-PAIR-E-R

[, T[s/x] F (rR)[s/z] = (rR)[s'/z] : (ClrL/y])[s/z] properties of substitution
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Lemma 2.9. (Context conversion)
LetI' - B=A:TypeandI' - B :Type. f D : T, 2: A, TV + Jthen ', z: B, T + J.

Proof:
By induction on D.

e Case IV =¢and J = ok:
I' M A:Type

I'z:A ok
From the assumption I' - B : Type we getI', x: B F ok.

CXT-EXT

e Case:
I,z: AT F ok

YP

Nax:AlVkFxz: A
By induction hypothesis T', z: B,T" + ok, hence, I',z: B,I” I z : B. The goal follows by rule
CONV.

H

The other cases can be handled mechanically using the induction hypothesis. O

Next, we will establish that type equality is an equivalence relation. Symmetry is needed to use a
context conversion the other way round in the syntactic validity lemma.

Lemma 2.10. (Symmetry)
LetI' FC' :Type. If D :: T = C = C' : TypethenT' - C' = C : Type.

Proof:
By induction on D.

e Case:
' t=t:Set

I' FElt=Elt :Type
By EQ-SYM, I' - ¢/ =t : Set. The goal follows by EQ-SET-E.

EQ-SET-E

e Case:
A=A :Type Iz:A+ B= B :Type

I' FFun A(AzB) = Fun A’ (A\zB’) : Type

First, I' - A : Type by context well-formedness. By inversion on I' F Fun A’ (AxB’) : Type we
have I' = A’ : Type, hence by induction hypothesis, I' - A’ = A : Type. Again, by inversion,
I'xz: A" F B’ : Type, and we apply context conversion to obtain I, z: A = B’ : Type. We obtain
the second induction hypothesis, I, z: A = B’ = B : Type, from which we infer I', z: A’ + B’ =
B : Type by context conversion. We conclude I' - Fun A’ (AxB’) = Fun A (AzB) : Type.

EQ-FUN-F

O

Lemma 2.11. (Transitivity)
DT FCy,=Cy:Typeand ' - Cy = Cj5 : Typethen I' = C; = C5 : Type.
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Proof:
By induction on D. The case EQ-SET-E can be handled by EQ-TRANS, interesting is the following one:

I' H A = Ay : Type I'x:A; + By = By : Type
I' F Fun A; (AxB;) = Fun Ay (AzBs) : Type
FFAQ:Angype F,J):AQ FBngg:Type
I' F Fun Az (AzB3) = Fun A3 (AxBs) : Type

By context well-formedness, I' - A; : Type, hence, we can apply context conversion to obtain I', x :
Ay F Bs = Bj : Type. By induction hypothesis it follows that I', z: Ay F B; = Bjs : Type. The rest is
easy. O

Theorem 2.1. (Syntactic validity)
1. Typing: If D :: ' Ht: AthenI' - A : Type.

2. Equality: fD =T Ft=1t":AthenT' - A:Typeandboth' -¢: AandT ¢ : A.
3. Type equality: If D:: T+ A= A" : TypethenT' - A : Typeand ' - A" : Type.

Proof:
Simultaneously by induction on D. A few interesting cases are:

e Case:
FHt: A I' HA = B :Type

NV
co Tri.B

By induction hypothesis (31), I' - B : Type.

e Case:
I'z:A F B :Type 'ks: A I' Ft: B[s/z]

I' - (s,t) : Pair A(AzB)

By induction hypotheses, I' = A : Type, and I' - B[s/z] : Type. By assumption I, z: A + B :
Type, from which we conclude I' F Pair A (AzB) : Type by rule PAIR-F.

PAIR-I

e Case:
I' Fr:PairA(AzB)

I' FrR: B[rL/x]

By inversion on the induction hypothesis, I', z: A = B : Type. Also, by rule PAIR-E-L, " - rL:
A. Hence, I' F B[rL/x] : Type by substitution.

PAIR-E-R

e Case:
I A=A :Type I'x:A+ B= B :Type

I' F Fun A(AzB) = Fun A’ (AxB') : Type
By induction hypothesis, I' = A, A’ : Type and I',z : A + B,B’ : Type. We infer I' +
Fun A (AxB) : Type directly, by FUN-F, whereas I' + Fun A’ (AxB’) : Type follows only af-

ter we converted the type of z in the context to A’ (Lemma[2.9). This conversion is possible since
we obtain ' - A’ = A : Type by symmetry (Lemma 2.10).

EQ-FUN-F
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o Case:
EQ-FUN-EP Fr=7":FunA(\zB) F'ks=4:4
' Frs=r's": Bls/x]
IF'ks,s:A induction hypothesis
' F Fun A (AzB) : Type induction hypothesis
Iz:A F B :Type inversion
I' - B[s/z] : Type substitution lemma
' 7" :Fun A(\xB) induction hypothesis
I' -rs: B[s/x] rule FUN-E
[ +r's:B[s'/1] rule FUN-E
's=s:4 rule EQ-SYM
I' - B[s'/x] = B[s/z] : Type functionality for typing
' -7 : Bls/x] rule CONV
e Case:
EQ—FUN—ﬁF’mzA Ft: B I'ks: A

'k (Axt) s = t[s/x] : B[s/x]

By induction hypothesis, ',z : A F B : Type, and we get the first goal I' + B[s/z] : Type
by the substitution lemma. Directly, we obtain I' = Azt : Fun A (AxB) and the second goal
' b (Azt) s : B[s/z]. Again by substitution, the last goal I' I t[s/x] : B[s/x] follows.

e Case:
I' F¢:FunA(\zB)

(Ax.tz)=1t:Fun A(\zB)

-FUN- FV(t

EQ-FUN-1) 5 x & FV(t)

W.1.0.g., z is not bound by context I'. By induction hypothesis, I' = Fun A (AzB) : Type. By

inversion for types, I' - A : Type, hence we can apply weakening to obtain I,z : A + ¢ :

Fun A (AzB). Thisentails ", x: A -tz : Bby FUN-Eand I" - Az.tz : Fun A (AzB) by FUN-L
g

After having established syntactical validity, we can drop all underlined hypotheses from the lem-
mata.

Figure Bl recapitulates the dependencies between the lemmata that lead up to syntactic validity.

The following lemma is more or less a consequence of substitution and functionality for typing, but
it will allow for a more concise reasoning in Section [l

Lemma 2.12. (Functionality for equality)
. T, 2: AT Ft=t:CandT Fs=s": Athen ', T"[s/x] & t[s/z] = t'[s'/x] : C[s/x].

2. IfT,2: ATV HC =C":TypeandT' +s=s": AthenI',T"[s/x] F C|[s/x] = C'[s' /] : Type.
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context well-formedness

’

substitution inversion for types

=2

syntactic validity

functionality for typing

Figure 5. Lemma dependencies.

Proof:
Direct (cf. Harper and Pfenning [[17]). We show the proof of the first proposition:

FkFs: A syntactic validity
[, 0V[s/z] & t[s/x] =t'[s/z] : C[s/x] substitution lemma
Iz AT Ht:C syntactic validity
[, [V[s/x] Ft[s/x] =t'[s'/z] : C[s/x] functionality for typing
[, [V[s/x] Ft[s/z] =t[s'/x] : C[s/x] rule EQ-TRANS

t

The next lemma will be central for the soundness proof of algorithmic equality in Sectiondl Other
names for the theorem are generation lemma or stripping lemma, and it is central for proving subject
reduction (which we will not do in this article).

Lemma 2.13. (Inversion of Typing)
. f1D=T Fx:CthenT FT'(x) =C :Type.

22D =T FXxt:CthenC =FunA(AzB)andT',z: A Ft: B.
3. DT Frs:Cthenl Fr:FunA(AxB) withT' Fs: AandT F B[s/x] = C : Type.
4. fD =T F (r,s): Cthen C = Pair A(A\aB) withT' Fr: Aand T + s: B[r/x].
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S.IfD:T FrL:AthenT +r: Pair A(AzB).

6. fD =T FrR:Cthenl Fr:PairA(AxB)andI' - BlrL/z] = C : Type.

Proof:

By induction on D. For each shape of term ¢ in I' - ¢ : C, there are two matching rules. One is the
introduction resp. elimination rule fitting ¢, which entails the inversion property trivially. The other one
is rule CONV:

e Case:
I -Mzt: C ' -C =C":Type
I'EXat:
By induction hypothesis C = Fun A(\xB) and I,z : A + t : B. By injectivity, C' =
Fun A’ (AzB’) withT' - A = A’ : Typeand ',z : A - B = B’ : Type. By conversion and
context conversion we conclude I', z: A" -t : B’.

CONV

e Case:
I'krs:C I -C=C":Type
I'krs:C

By induction hypothesis I' - r : Fun A (AzB) for some A, Bwith' Fs: Aand " - B[s/z] =
C :Type. We infer I' = B[s/z] = C' : Type by transitivity.

CONV

e Case:
trL:A I A=A :Type
F'krL: A
By induction hypothesis, I' - r : Pair A (AzB). Syntactic validity (Theorem 2.1)), inversion, and

reflexivity entail ', x: A = B = B : Type, hence, I + Pair A (AzB) = Pair A’ (A\xB) : Type by
rule EQ-PAIR-F. The desired I' I r : Pair A’ (AxB) follows by CONV.

CONV

d
Remark 2.3. (Weaker inversion property for left projection)

The statement “if ' - rL : C'thenT" F r : Pair A(AxB)andT" F A = C : Type” can be proven without
reference to syntactic validity.

3. Algorithmic Presentation

In this section, we present algorithms for deciding equality and for type-checking. The goal of this article
is to show these algorithms sound and complete.

Syntactic classes. The algorithms work on weak head normal forms WVal. For convenience, we intro-
duce separate categories for normal forms which can denote a function and for those which can denote a
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pair. In the intersection of these categories live the neutral expressions.

WElIim > e == s|p eliminations

WNe > n = c¢ |z |ne neutral expressions

WFun 3> wy == n|Axt weak head function values
WPair > w, == n|(t,t') weak head pair values
WVal > w == ws|w, weakhead values

Note that types A € Ty C WNe are always neutral weak head values.

Weak head evaluation. We define simultaneously two judgements:

N C  Exp x WVal
_@_N, - € WVal x WElIim x WVal
Weak head evaluation ¢ \, w.
EVAL-C EVAL-VAR
c\, C T\, T
@
EVAL-FUN-1 ———— EVAL-FUN-E ! \ wr wres \ v
Axt N\, Azt rs N\, w
@
EVAL-PAIR-] ————————— EVAL-PAIR-E Nwp  wGp N w
(t,t") "\, (t,t) rp N\, w
Active elimination w@Qe \, w’'.
tls/z] \, w
ELIM-NE ———— ELIM-FUN ——F— ———
nQe \, ne (Azt)@Qs \, w
N\, w '\, w
ELIM-PAIR-L ————— ELIM-PAIR-R —————
(t,t)QL \, w (t,t)QR \, w

Weak head evaluation ¢ \, w is equivalent to multi-step weak head reduction to weak head normal form.

Conversion. Two terms ¢,t' are algorithmically equal if t \, w, t' \, w’, and w ~ w’ for some
w,w’. We combine these three propositions to ¢| ~ ¢’|. Similarly, Qe ~ t'@e¢’ shall denote tQe \, w,
t'@Qe’ \, w', and w ~ w'. The algorithmic equality on weak head normal forms w ~ w’ is given
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inductively by the following rules:

AQ-C AQ-VAR
c~c T~z
n~n' s] ~§'| n~n'
AQ-NE-FUN = AQ-NE-PAIR ————
ns~mn's np~n'p

wrQz ~ w}@m

AQ-EXT-FUN x & FV(wy, wh)

wfww}

w,@L ~ wy,@L wp@R ~ w;,@R

wp ~ wy,
For two neutral values, the rules (AQ-NE-X) are preferred over AQ-EXT-FUN and AQ-EXT-PAIR. Thus,
conversion is deterministic. It is easy to see that it is symmetric as well.

In our presentation, untyped conversion resembles type-directed conversion. In the terminology
of Harper and Pfenning [17] and Sarnat [25], the first four rules AQ-C, AQ-VAR, AQ-NE-FUN and
AQ-NE-PAIR compute structural equality, whereas the remaining extensionality rules AQ-EXT-FUN and
AQ-EXT-PAIR compute type-directed equality. The difference is that in our formulation, the shape of a
value—function or pair— triggers application of the extensionality rules.

AQ-EXT-PAIR

Remark 3.1. In contrast to the corresponding equality for A-terms without pairs [[§]], which we obtain
by removing AQ-NE-PAIR and AQ-EXT-PAIR, this relation is not transitive. For instance, A\z.nx ~ n
and n ~ (nL, nR), but not Ax. nx ~ (nL, nR).

Type checking. In the following, we give a bidirectional type checking algorithm [9] 22| [17] for (-
normal terms. The judgement I' - ¢ || A infers type A from neutral terms ¢ and the simultaneously
defined judgement I' F ¢ {} C checks whether the S-normal term ¢ has type C. A third judgement
I' - A | Type identifies wellformed types A € Ty and depends on the type-checking judgement.
Although the algorithm works only for well-formed contexts, well-formed types, and 3-normal terms,
we do not presuppose these properties in the definition of the judgements. However, these conditions
will appear in the soundness (1)) and completeness (9.2) theorems.

Type inference I' F ¢ || A. (Input: I" well-formed, ¢ neutral and 3-normal. Output: A withT' F¢: A.)
I' =r | FunA(A\zB) s A

INF-VAR m INF-FUN-E T Ers U B[S/:L’]
INFPAIR-E.L ' Frl Pair A(AzB) INF-PAIR-E-R ' Fr | Pair A(\zB)
PFrLy A I' FrR | B[rL/z]
Type checking I' ¢ 1} A. (Input: I', C' with I - C' : Type, t S-normal. Output: none.)
CHKAINF rrri A A~B CHK_FUN.I z:ARt( B
F'Fr{B I' F Azt ff Fun A (\xB)

Tt A T+t 4 Bt/a]
T+ (t,¢) {f Pair A (\zB)

CHK-PAIR-I
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Type well-formedness I' = A |} Type. (Input: I' well-formed, A type. Output: none.)

CHK-SET-F ————— CHK-SET-E m
I' - Set | Type I' FElIt | Type

I' = A|Type I', x:A F Bl Type )
CHK-DEP- Fun, P
HK-DEP-F TF cA(wB) FType ¢ € {Fun, Pair}

When starting type-checking I' + ¢ 4 C of term ¢, we suppose that C' has been checked for well-
formedness before. Also, we suppose one starts the type-checker with an empty context in the beginning
and adds only checked types to the context. Under these assumptions, one can see that all rules maintain a
checked context—the only rules that extend the context by a type A are CHK-FUN-I and CHK-DEP-F, and
in both cases A has been checked before. Another observation is that only checked terms are substituted
into types (rules INF-FUN-E, INF-PAIR-E-R, and CHK-PAIR-T). This implies that inference I' - ¢ || A
always returns a well-formed type: in case INF-VAR, since it comes from the checked context, and in the
other cases, since it results from a substitution of a checked term into a well-formed type. Finally, we can
conclude that equality test A ~ B is only invoked on well-formed types A, B. All these observations
will be proven formally in the next section and in Section [0l

The algorithms in this section have been prototypically implemented in Haskell using explicit sub-
stitutions [1]].

4. Soundness

The soundness proofs for conversion and type-checking in this section are entirely syntactical and rely
crucially on injectivity of El, Fun and Pair (Lemma[2.1]) and inversion of typing (Lemma [2.13)). First, we
show soundness of weak head evaluation, which subsumes subject reduction.

Lemma 4.1. (Soundness of weak head evaluation)
I.IUD=tNwand' F¢t:Cthen' Ft=w:C.

2. D w@e N\, wandI' Fwe:Cthenl Fwe=w":C.

Note that we do not need a corresponding lemma for weak head evaluation of types, since they are neutral
and therefore always weak head normal.

Proof:
Simultaneously by induction on D, making essential use of inversion laws.

e Case:
N Wy wr@s ™\, w
rs\, W

r
EVAL-FUN-E
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F'kFrs:C hypothesis
I' -r:FunA(\zB) &
FFs: A &
I' - B[s/z] = C : Type inversion
I' -r=wys:Fun A(A\zB) first ind. hyp.
I' -rs=wyss: Bls/x] EQ-FUN-E
F'crs=wps: C CONV
' wsps:C syntactic validity
F'rwrs=w:C second ind. hyp.
F'kFrs=w:C EQ-TRANS
o Case: WEN
s/z] \, w
ELIM-FUN —()\xt)@s \ w

I'(\zt)s: C hypothesis
' Azt : Fun A(AxB) &
F'kFs: A &
I' - B[s/z] = C : Type inversion
x:ArFt:B inversion
I' b (Azt) s = t[s/x] : Bls/x] EQ-FUN-(3
I'F(A\zt)s =t[s/x]: C EQ-CONV
' Ftls/x]: C syntactic validity
I'Htls/z]=w:C ind. hyp.
F'FAzt)s=w:C EQ-TRANS

g

Two algorithmically convertible well-typed expressions must also be equal in the declarative sense.
In case of neutral terms, we also obtain that their types are equal. This is due to the fact that we can read
off the type of the common head variable and break it down through the sequence of eliminations.

Lemma 4.2. (Soundness of conversion)
1. Neutral terms: If D = n ~n'and T Fn : CandT Fn' : C'thenl Fn =n': C and
' -C =C":Type.

2. Weak head values: If D :: w ~w' and " - w,w’ : C'thenT Fw =w': C.

3. All terms: If t| ~t'| andT" - ¢,¢': Cthen Ft=1t":C.
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Proof:
The third proposition is a consequence of the second, using soundness of evaluation (Lemma 4.T)) and
transitivity. We prove the first two propositions simultaneously by induction on D.

e Case:

n
AQ-NE-FUN

I'kFns:C

' Fn:FunA(A\xB)
F'kFs: A

I' F B[s/z] = C : Type
rkn's:C’

[ Fn':Fun A (\xB')
r-s:A

' - B'[s'/z] = C" : Type

' =n=mn":Fun A(\zB)

I' - Fun A(AzB) = Fun A’ (A\zB’) : Type
I' A=A :Type
r-s:A

FFs=s":A4

I'z:AF B=DB:Type

I + B[s/z] = B'[s'/z] : Type
I' =C=C":Type
Ftns=n's:C

Axt)@
AQ-EXT-FUN (Art) @z w

~n sl ~§'|

ns~n's

w~nx

e Case (instance of AQ-EXT-FUN with wy = Azt and w} =n):

nQzr \, nx

Axt ~n

hypothesis

&

&

inversion

hypothesis

&

&

inversion

&

first ind. hyp.
injectivity

symmetry, rule CONV
second ind. hyp. (3.)
injectivity
functionality
transitivity, symmetry

rules EQ-FUN-E,CONV

x & FV(n)
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FkFXat:C hypothesis
C = Fun A (\xB) &
I'z:A+t:B inversion
t\ w assumption
'e:A+-t=w:B eval. sound (Lemma [4.]]
' En:FunA(A\xB) hypothesis, def. C
I'FXx.nz=n:FunA(\xB) EQ-FUN-7, & FV(n)
Ixz:A+Fn:FunA(A\zB) weakening
Nz:AkFnz:B FUN-E, HYP
Nz:Arw=nxz:B ind. hyp.
Nz:ArFt=nx:B transitivity (EQ-TRANS)
' EXaxt=Az.nx:Fun A(\zB) EQ-FUN-I
F'EXXxt=n:C EQ-TRANS, CONV

O

Lemma 4.3. (Soundness of type conversion)
LetC~C'.IfD:T FC :TypeandT' F C’ : Type,thenT" - C = C’ : Type.

Proof:

By induction on D. For instance, if C' = Fun A (AzB), we obtain by inversion for types the two
derivations I' - A : Typeand I';x : A + B : Type which are shorter than D. By inversion on the
derivation of Fun A (AzB) ~ C’ using the fact that C" is a type, we can determine C’ = Fun A’ (AzB’)
and both A ~ A" and A\xB ~ Az B’. The last proposition can only be derived from B ~ B’. Inverting
the well-formedness derivation of C’ and using context conversion givesus I' = A’ : Typeand ', z: A
B’ : Type. Now we can assemble the induction hypothesesI' = A = A’ : TypeandI',z: A - B = B’ :
Typeto conclude I' = C' = C” : Type. O

It follows that also type checking is correct, if started in a correct context and with a well-formed
type.

Theorem 4.1. (Soundness of bidirectional type checking)
1. DT+t AandI' FokthenT F¢: A.

2. DTt CandT - C :Type, thenT F ¢ : C.

3. DT FC |y TypeandI' ok then " - C' : Type.

Proof:
All three propositions by induction on D, the first two simultaneously, then the third. O
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5. Models

To show completeness of algorithmic equality, we leave the syntactic discipline. Although a syntactical
proof should be possible along the lines of Goguen [[13| [14]], we prefer a model construction since it is
more apt to extensions of the type theory.

The contribution of this section is that any PER model over a A-model with full S-equality is a model
of MLFy. Only in the next section will we decide on a particular model which enables the completeness
proof.

5.1. ) Models

We assume a set D with the four operations

. € bxD—D application,

L € D—D left projection,

_R € D—-D right projection, and
. € ExpxEnv—D denotation.

Herein, we use the following entities:

c € Const := {Set,El Fun,Pair} constants
u,v, f,V,F € D O  Const domain of the model
P € Env = Var—D environments

Let p range over the projection functions L and R. To simplify the notation, we write also f v for f - v.
Update of environment p by the binding = v is written p, x =v. The operations f - v, v p and tp must
satisfy the following laws:

DEN-CONST cp = ¢ if ¢ € Const

DEN-VAR xp = p(x)

DEN-FUN-E (rs)p = rp(sp)

DEN-PAIR-E  (rp)p = rpp

DEN-(3 tp = tp ift =5t

DEN-IRR tp = tp if p(z) = p/(x) forall z € FV(¢t)

These laws axiomatize a syntactical A-algebra (6, 5.3.2.(ii)] extended by projections. In an earlier ver-
sion of this work [3]] we required D to be a syntactical A\-model, with weak extensionality. However, this
is an unnecessary requirement and excludes closed term models.

The following laws for 3 are admissible:

DEN-FUN-(3 Axt)pv = t(p,z=0)

DEN-PAIR-G-L  (r,s)pL = rp
DEN-PAIR-O-R (r,s)pR = sp
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Proof:
We show soundness of DEN-FUN-/3.
(Axt)pv

= (Axt)pz(p,z=0) DEN-VAR

= (Azt)(p,z=v) z(p,z=0) DEN-IRR

= ((\xt)z)(p,z=0) DEN-FUN-E

= t(p,x=v) DEN-(3.

O
The substitution property is a consequence of 3-equality:

Lemma 5.1. (Soundness of substitution)
(tls/2))p = t(p,x=sp).
Proof:
(ts/a])p = ((Aat) s)p = (Aat)p sp = t(p,z=sp). 0

Injectivity laws. We require the type constructors in the model to be injective. This is necessary since
we want to interpret distinguished elements of D, the fypes, as semantical types later. In the following,
let ¢, € {Fun, Pair}.

DEN-SET-NOT-EL Set # Elv

DEN-SET-NOT-DEP Set # cV F

DEN-EL-NOT-DEP Elv # ¢V F

DEN-EL-INJ Elv = EIv implies v = v’

DEN-DEP-INJ cVF = JdV'F' impliesc=candV =V'and F = F’

5.2. PER Models

In the definition of PER models, we follow a paper of the second author with Pollack and Takeyama [10]
and Vaux [27]. The only difference is, since we have codes for types in D, we can define the semantical
property of being a type directly on elements of D, whereas the first cited work defines a new syntactic
class of type expressions on top of D, there being the untyped A-calculus, and the second cited work
introduces an intensional type equality on closures tp.

Relations on D. Let Rel denote the set of relations over D. If 4 € Rel, we say v € A if v is in the
carrier of A, i.e., (v,w) € Aor (w,v) € A for some w € D.

Partial equivalence relations (PERs) and families. A PER is a symmetric and transitive relation. Let
Per C Rel denote the set of PERs over D. If A € Per, we write v = v' € Aif (v,v") € A. For A a PER,
v € Ameans v = v € A. Each set A C D can be understood as the discrete PER where v = v’ € A
holds iff v = v" and v € A. Let Fam(.A) be the set of functions F € A — Per such that F(v) = F(v')
if (v,0) € A.
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Constructions on PERs. Let A € Rel and 7 € A — Rel . We define Fun (A, F), Pair(A, F) € Rel:

(f, f) € Fun(A,F) iff  (fov, f'v) e Fv)forall (v,0') € A
(v,0") € Pair(A,F) iff (vL, v'L) € Aand (vR, v'R) € F(vl)

Lemma 5.2. (Fun and Pair operate on PERs)
If A € Per and F € Fam(A) then Fun(A, F), Pair(A, F) € Per.

In the following, assume some Set € Per and some £/ € Fam(Set).

Semantical types. We define inductively a new relation 7ype € Per and a function [_] € Fam(7ype):

Set = Set € Type and [Set] is Set.

Elv =Elv € Type if v =o' € Set. Then [El v] is E((v).

FunV F=Fun V' F' € Typeif V. =V’ € Type and v = o' € [V] implies F v = F' v' € Type.
We define then [Fun V' F] to be Fun([V],v — [F v]).

Pair V.F = Pair V! F' € Type if V. = V' € Type and v = v' € [V] implies F'v = F' v’ € Type.
We define then [Pair V' F] to be Pair([V],v — [F v]).

This definition is possible by the injectivity laws. Notice that in the last two clauses, we have

Fun([V],v — [F v]) = Fun([V'],v — [F' v]), and
Pair([V],v — [F v]) = Pair([V'],v — [F' v]).

Remark 5.1. 7ype and [_] are an instance of an inductive-recursive definition [12]. Appendix [Blpresents
an alternative formulation, via a relation which is not a priori a PER, and a partial function.

5.3. Validity

If T is a context, we define a corresponding PER on Env, written [I']. We define p = p’ € [I'] to mean
that, for all :A in T', we have Ap = Ap' € Type and p(x) = p/(z) € [Ap].
Semantical contexts I' € Cxt are defined inductively by the following rules:

SEM-CXT-EMPTY

o e Cxt

I e Cat Ap = Ap' € Type forall p = p' € [I]

SEM-CXT-EXT
(T,x:A) € Cat

Theorem 5.1. (Soundness of the rules of MLFs.)
1. If D ::T F okthenI' € Cxt.

2.IfD::T F A:Typethen T’ € Crt, and if p = p' € [['] then Ap = Ap’ € Type.
3. DT Ft:AthenT € Cut,and if p = p' € [I'] then Ap = Ap’ € Type and tp = tp’ € [Ap].

4. DT + A=A :TypethenT € Czt, and if p = p' € [I'| then Ap = A’p’ € Type.
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5D =T Ft=1t:AthenT € Cxt, and if p = p/ € [['] then Ap = Ap’ € Type and

tp=1'p" € [Ap].
Proof:
Simultaneously by induction on D, using lemma[5.1]
o Case:
FUN-I 'z:A+-t:B
' F Azt : Fun A (A\zB)
(T,xz:A) € Cat ind. hyp. (*)
I'e Cxt inversion
p=rp €[l assumption
Ap = Ap’ € Type from (*)
v="1" € [Ap] assumption (v, v’ arbitrary)
(p,x=v) = (p/,x=1") € [[,2: A] def. [T, x: A]
B(p,z=v) = B(p/,x=1v") € Type ind. hyp.
(AzB)pv = (A\xB)p'v' € Type DEN-FUN-(3
(Fun AXxB)p = (Fun A\zB)p' € Type def. Type, DEN-FUN-E, DEN-CONST
t(p,z=v) =t(p',z=2") € [B(p,z=0)] ind. hyp.
(Azt)pv = (Axt)p' v € [(AzB)pv] DEN-FUN-(3
(Azt)p = (Azt)p’ € [(Fun AXzB)p] def. Fun, DEN-FUN-E, DEN-CONST
o Case:
FUNEI‘I—r:FunA()\a;B) 'kFs: A
I'Frs: Bls/x]

I' € Cat ind. hyp.
p=rp €l assumption
Fun (Ap) ((\z.B)p) = Fun (Ap') ((A\x.B)p") € Type ind. hyp.
sp=sp € [Ap] ind. hyp.
B(p,z=sp) = B(p',z=sp") € Type def. Type
(B[s/z])p = (B[s/z])p’ € Type subst. (Lemma[5.1)
rp=rp € Fun([Ap],v — [B(p,x=0)]) ind. hyp.
rp(sp) =rp' (sp') € [B(p,x=35p)] def. Fun

(rs)p=(rs)p €[(Bls/z])p] DEN-FUN-E, Lemma[5.1]
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e Case:

. FUNﬁF,m:AI—t:B I'kFs: A

Q 'k (\xt) s = t[s/x] : B[s/x]
I'eCrt ind. hyp.
p=p €l assumption
Ap = Ap' € Type ind. hyp.
sp=sp € [Ap] ind. hyp.
(p,x=sp) = (p,x=sp") € [T, 2: A] def. [[", z: A]
B(p,z=sp) = B(p/,z=sp’) € Type ind. hyp.

(Bls/x])p = (B[s/])p" € Type

tp,x=sp) =t w=5p) € [B(p,2=sp)]
(Aat)p (sp) = (tls/a])pl € [(Bls/a])pl

e Case:
EO-FUN I' t:Fun A(A\xB)
< T F(Az.tx) =t:Fun A(AxB)
I' e Cxt
p=p €l

(Fun AXxB)p = (Fun A\zB)p' € Type

Ap = Ap’ € Type

v="1"€[Ap]

tp =tp' € [(Fun A zB)p]

tpv =tp v € [(AzB)p v
t(p,z=v)v=1tp v € [(A\zB)p]
(t2)(p,2=0) = to/ o' € [\ B)p ]
Az.tz)pv=tp' v € [(AxB)pv]
(Az.tz)p =tp € [(Fun AXxB)p]

e Case:
I' - r: Pair A(A\zB)

subst. (Lemma[5.1)

ind. hyp.
DEN-FUN-(3, subst.

¢ FV(1)

ind. hyp.

assumption

ind. hyp.

inversion on 7ype
assumption (v, v’ arbitrary)
ind. hyp.

def. Fun

irrelevance DEN-IRR
DEN-FUN-E, DEN-VAR
DEN-FUN-(

since v, v’ arb.

EQ-PAIR-1) -

(rL, rR) =r: Pair A(\xzB)
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' eCat ind. hyp.
p=p €l assumption
(Pair AXzB)p = (Pair AXzB)p’ € Type ind. hyp.
rp=rp € [(Pair AXzB)p] ind. hyp.
(rL)p=rp L e [Ap] def. Pair, DEN-PAIR-E
(rL, rR)pL=1rp" L € [Ap] DEN-PAIR-[3-L
(rR)p=rp' Re[(AxzB)p (rL)p def. Pair, DEN-PAIR-E
(rL, rR)pR=1rp' Re [(AxB)p ((rL, rR)pL)] DEN-PAIR-[3-R
(rL, 7R)p =rp’ € [(Pair A\xB)p] def. Pair

O

5.4. Safe Types

We define an abstract notion of safety, similar to what Vaux calls “saturation” [27]. A PER is safe if it
lies between a PER N on neutral expressions and a PER S on safe expressions [28]. In the following,
we use set notation C and U also for PERs.

Safety. N, Spun, Spair € Per form a safety range if the following conditions are met:

SAFE-INT N C 8 = Spun U Spair
SAFE-NE-FUN vv=uv eN ifu=uv eNandv=v €S8
SAFE-NE-PAIR up=upeN ifu=ueN

SAFE-EXT-FUN v="1"¢€ Spy ifvu=v"v e€Sforallu=u €N
SAFE-EXT-PAIR v =70 € Spgir ifvl=0v'LeSandvR=v"ReS

A relation A € Per is called safe w.r.t. to a safety range (N, Spun, Spair) if NV C A C S. Usually there
is just one safety range in scope and then all uses of “safe” refer to this one.

Lemma 5.3. (Fun and Pair preserve safety)
Let R = (N, Sfun, Spair) be a safety range. If A € Per is safe (w.r.t. R) and F € Fam(.A) is such that
F(v) is safe (w.r.t. R) for all v € A then Fun(A, F) and Pair(A, F) are safe (w.r.t. R).

Proof:
By monotonicity of Fun and Pair, if one considers the following reformulation of the conditions:

SAFE-NE-FUN N C Fun(S, -— N)
SAFE-NE-PAIR N C Pair(N, _+— N)
SAFE-EXT-FUN  Fun(N, _+— S) C Spy,
SAFE-EXT-PAIR  Puair(S, _+— S) C Spair
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Lemma 5.4. (Type interpretations are safe)
Let (N, Spun, Spair) be a safety range. Let Set be safe and E¢(v) be safe for all v € Set. If V' € Type
then [V] is safe.

Proof:
By induction on the proof that V' € Type, using Lemma[3.3l O

6. Term Model

In this section, we instantiate the model of the previous section to the set of expressions modulo (-
equality. Application is interpreted as expression application and the projections of the model are mapped
to projections for expressions.

We define 3-reduction — g as the closure of the axioms (\xt) s — g t[s/z], (t,t') L —p t, and
(t,t')R —3 t’' under all term constructors. Its reflexive-transitive closure — is confluent, which
enables us to define F-equality ¢ =g t’ as there exists some to such that t — 5 to g t'.

Let 7 € D denote the equivalence class of r € Exp with regard to =g. Similarly, let p € Var — D
denote the equivalence class of p € Var — Exp, meaning that p(z) = {t | t =3 p(z)}.

D = Exp/=p
r-s = T8
rL = rL
PR = IR
to =t

Herein, t[p] denotes the substitution of p(x) for x in ¢, carried out in parallel for all x € FV/(¢).
Lemma 6.1. Exp/=g is a A model in the sense of the last section.

Proof:

We have to show that all operations are well-defined. For application, consider pairs of equivalent mem-
bers r =5 " and s =g s'. Since s =g 1’ ¢/, application is well-defined. The projections are similarly
easy. For the denotation operation, let ¢ a term with F'V (t) = Z. We assume two equivalent valuations p
and p/, meaning that p(z) =g p/(z) for all variables z. Now 2

tll =s (A2 D)p] =5 AP Tlp] =5 (AT) T[]
=5 MBI Zlp) =5 @) T[] =5 (A Z)[P] =5 ).

If we weaken the assumption such that p and p’ coincide only on the free variables of ¢, the calculation
18 still sound and validates DEN-IRR. The laws DEN-CONST, DEN-VAR, DEN-FUN-E and DEN-PAIR-E
follow directly by the definition of parallel substitution, with a little work also DEN-/3. The injectivity
requirements follow from confluence and the fact that El, Fun, and Pair are unanimated constants. O

2 Benzmiiller, Brown, and Kohlhase [[7] prove a similar result by converting ¢ into an S K -combinatorial term.
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n-reduction and -equality. Let one-step n-reduction be the least congruence generated by the axioms
Ax.rx —, rifx & FV(r)and (rL, rR) —,, 7. Itis locally confluent and preserves free variables.
Its reflexive-transitive closure — is strongly normalizing (each step removes an abstraction or a pair)
and confluent (Newman’s Lemma). Because of confluence, we can define n-equality ¢ =, ¢’ as ¢ —
to pe— t’. In this article, we are only interested in 7 for 3-normal forms.

Value classes. The (-normal forms v € Val can be described by the following grammar. As it will
become clear at the end of this section, they completely represent the 3-equivalence classes ¢ € Exp/=3
of well-typed terms ¢.

VNe > w == c|z|uv|up  neutral values
VFun > vy u= u|Azw function values
VPair 3 v, == ul(v,?) pair values

Val > v u= wvply values

Note that n-reduction on 5-normal forms does not create 3-redexes, hence it is well-defined on Val.
Neutral values reduce to neutral values, so it is even well-defined on VNe. Even on values, it does not
preserve typing, see Remark 2,11

Lemma 6.2. (Inversion properties of —7)

1. IfD:::U—>;“]tthentE:n. IfD::c—ﬁ‘,tthentEC.

*r'and s —* 5.

2. IfD::7'3—>j‘7tthenzﬁzr’g’withr—>77 77

3. fD:irp — tthent = 7' pwithr — ',
4. If D :: Azv — ¢ then either

e t = uneutral value, z ¢ FV(u), and v — ux, or

o t =)\zv and v — v,

5. If D :: (v1,v9) — t then either

e { = v neutral and both v —>,"; u L and vy —>;§ u R, or

e t = (v}, v5) and both v; —7 v} and va — vy.
Proof:
Each by induction on D. Proposition 4] relies on the fact that if \z.r 2 is S-normal, then r must be
neutral. O

As a consequence of these inversion properties, we can decompose 7-equations between values
as follows. Some of these decompositions, e.g. Bl, do not carry over to arbitrary terms: We have
Ax. (Arz) x =, Axz,but not (\rz) x =, 2.

Corollary 6.1. (Inversion on =,)
L. If z =) ug then ug = z. If ¢ =, ug then ug = c.
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2. fuv =, up then up = v’ v’ with uw =, v/ and v = v'.
3. If up =, ug then ug = v’ p with u =, /.

4. If Axv =, uthen v =, vz and z & FV(u).

5. If Axv =, Azv’ then v =, v

6. If (v1,v2) =y wthen vy =, ulL and vo =, uR.

7. If (v1,v2) =, (v],v5) then v1 =, v] and vy =,; V5.

8. If (v1,v2) =, Azv then vy —ul,vg —7 uR, and uz j«— v for some u.

An n-equality on (-equivalence classes. Since 7-equality is an equivalence on Val, the relation

t~t <= t=gvandt =g for some v,v’ withv =, v/

is a partial equivalence on Exp. Note that if ¢ ~ ¢/, then ¢ and ¢’ are S-normalizable. If ¢, ¢’ are 3-normal
forms, then t ~ ¢’ if t =, t'. We lift ~ to S-equivalence classes: ¢ ~ ¢’ iff ¢ ~ ¢'. Two classes can only
be related if both contain a 3-normal form. Choosing these normal forms as representatives, we have

TV = v = v
Safety range. We define the following sub-relations ', Sy, Spair € S 1= 2.

(t, t)eN = t=pgu =, u =gt forsomeu,u’ €VNe
(¢, z) € Spun = t=pguvg=yv;=pt forsomeuvs v} € VFun
(t, V') € Spair = t=pvy, = v, =gt forsomev,,v, € VPair

Lemma 6.3. N, Spyn, Spair € Per.

Lemma 6.4. (Extensionality for functions)
Ifve ~ vz withz ¢ FV(v,v'), then v,v" € VFun and v =, v'.

Proof:
Consider the cases:

e Case v, v neutral. Then vz =, v’ z, and v =, v’ follows by Cor. item 2

e Case v = Azvg and v' = w neutral. By assumption, * ¢ FV(u) and vz ~ wz, and since
(Azvg)  — g vo, we have vg =, v x. Hence, Axvg =, A\z. ux =, u.

e Case v = Azvg and v/ = Azv). From the assumption we get v9 =, v{, by B-reduction. Hence,
ATy =y Az,

e Case v = (v1, v2). Then (v1, v2) x does not reduce to S-normal form, which is a contradiction to
the assumption.
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Corollary 6.2. (SAFE—EXT—FUE) B
Ifru=vu e€Sforallu=u €N, thenv = v' € Spyp.

Proof:
By the previous lemma with v = v’ = z € FV(v,v’). O

Lemma 6.5. (SAFE-EXT-PAIR)
IfvL ~v Land vR ~ v R thenv,v" € VPair and v =, v'.

Proof:
By cases, similar to last lemma. O

Corollary 6.3. (Safety range)
N, Sfun, Spair form a safety range.

Proof:

SAFE-INT holds by definition of N, Sfun, Spair. Requirements SAFE-NE-FUN and SAFE-NE-PAIR are
simple closure properties of n-equality. SAFE-EXT-FUN is satisfied by Cor. and SAFE-EXT-PAIR by
Lemmal6.31 O

Now we can instantiate our generic PER model of MLFy. We let Set := S and £/((f) := S. From
this we get a decision procedure for judgmental equality.

Lemma 6.6. (Context satisfiable)
Let po(z) := x for all x € Var. If T" I ok, then pg € [I].

Theorem 6.1. (Equal terms are related)
L +t=¢:Cthent ~7.

Proof:
Note that tpg = t. By soundness of MLFy, (Thm. 51, tpg = t'pg € [Cpo). The claim follows since
[Cpo] C S by Lemmal[5.4l 0

Corollary 6.4. (Equal types are related)
IfD:T A=A :Typethen A~ A’

Proof:
By induction on D, using the theorem in case A = El ¢. O

We have shown that each well-typed term is $-normalizable and two judgmentally equal terms (37)-
reduce to the same normal form. This gives us a decision procedure for equality of well-typed terms:
By Theorem 3.1} instantiated to the term model of this section, well-typed terms I'  ¢,¢' : C are 3-
normalizable, hence, the test + ~ ¢ terminates. If the test succeeds, then I' F ¢ = ¢/ : C holds; this
is a consequence of Cor. [7Z.2] Lemma 7.1l and Lemma[4.2] and will be formally established in the next
section. If the test fails, then by Theorem[6.I} I F ¢t = ¢’ : C cannot be true.

It remains to show that our algorithmic equality is also a decision procedure. In the next section, we
demonstrate that £ ~ 7 implies t| ~ t'|, which means that both ¢ and ¢’ weak head normalize and these
normal forms are algorithmically equal. Then we have proven completeness of the algorithmic equality.
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7. Completeness

In this section, we show completeness of the algorithmic presentation of MLFy, by relating it to the term
model of the last section.

7.1. A Transitive Extension of Algorithmic Equality

To relate the n-equality on -normal forms ~ to the algorithmic equality ~, we first present a transitive
extension ~ of the algorithmic equality which is conservative for terms of the same type. We then show

that this extension ~ is equivalent to ~. Since ~ has been shown complete through the PER model, the
algorithmic equality is also complete for terms of the same type.

Algorithmic equality, restated. We recapitulate the rules of algorithmic equality, this time without
use of active elimination Q.
Rules for neutral terms:

AQ-C —— AQ-VAR
cC~C

r~T

n~n' s| ~ s n~n'
AQ-NE-FUN AQ-NE-PAIR ———
ns~n's np~n'p

The following three rules are a synonym for AQ-EXT-FUN.

AQ-EXT-FUN-FUN L
Axt ~ Azt
tl ~nx nxr~t|
AQ-EXT-FUN-NE — = € FV(n) AQ-EXT-NE-FUN —— = ¢ FV(n)
Axt ~n n ~ Axt

And these three rules are a synonym for AQ-EXT-PAIR.

rl~r'l  sl~d

(rys) ~ (r,5)

rl n s n AQ-EXT-NE-PAIR n rl n s

AQ-EXT-PAIR-PAIR

AQ-EXT-PAIR-NE

(rys) ~n n e~ (r,s)

A transitive extension. Let w ~ w' be given by the rules for algorithmic equality plus the following
two:
tlrtnx nLrtrl nthsl

AQT-FUN-PAIR —
Axt ~ (r,s)

x & FV(n)

rlftnL slftnR nx Lt

(r,s) < At

| x & FV(n)

AQT-PAIR-FUN
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These rules destroy the algorithmic character, since the neutral term n has to be guessed if one reads the
rules from bottom to top as in logic programming.

Lemma 7.1. (The extension < is conservative for same-typed terms)
. IfDunAn/andT Fn:Candl Fn/:C' thenn ~n'and + C = C’ : Type.

2. D wAwandT Fw,w : Cthenw ~ w'.
3.0ft] £ ¢ andT F¢,¢ : Cthent] ~t'].

Proof:

The third proposition is a direct consequence of the second, using subject reduction for weak head eval-
uation which is implied by its soundness (Lemma [4.1)) together with syntactic validity (Theorem 2.1)).
The first two propositions are proven simultaneously by induction on D. The requirement of being of
the same type in (2.) prevents D from applying rules AQT-FUN-PAIR and AQ"-PAIR-FUN. Hence D
contains only the counterparts of the rules for the algorithmic equality. The most interesting case is the
following one:

AQT-NE-FUN - i - sl sl
ns~n's
I'kns:C hypothesis
I' Fn:FunA(AxB) &
I'ks: A &
I' F B[s/z] = C : Type inversion
r=n's:C’ hypothesis
I'=n':FunA’ (\xB') &
ks :A &
I+ B'[s/z] = C" : Type inversion
n~n' &
' - Fun A(AzB) = Fun A’ (A\zB’) : Type first ind. hyp.
I' A=A :Type injectivity
FFs:A symmetry, rule CONV
s] ~ 5| second ind. hyp. (3.)
ns~n's rule AQ-NE-FUN
FFs=s:4 soundness of algorithmic equality
I'z:A B =B :Type injectivity
I' - B[s/z] = B'[s'/x] : Type functionality
' -C =0 :Type transitivity, symmetry
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As a consequence, the algorithmic equality is transitive for terms of the same type, provided < is indeed
transitive. This claim will be validated through equivalence with the transitive ~.

7.2. Soundness of the Extended Algorithmic Equality

In this section, we show that the extended algorithmic equality < is sound w.t.t. the model equality
~. Together with the dual result of the next section we establish equivalence of these two notions of
equality. As a byproduct, we obtain transitivity of i, which we will later also obtain directly (see
Section [8). However, for the completeness of the algorithmic equality, which is the main theme of this
article, the soundness result of this section is not relevant.

Lemma 7.2. (Soundness of weak head evaluation w. r.t. G-equality)
If t \, wthent =5 w.

Lemma 7.3. (Soundness of L wrt. ~)
IfD :: w L w then w ~ w'.

Proof:
By induction on D, using the previous lemma. All cases are easy, for example:

e Case
n<n' sl L s

AQT-NE-FUN
ns~n's

By induction hypothesis, n =3 u =, v’ =g n’ and s =g v =, v/ =3 §'. Thus, ns =g uv =,

t] na
— = Z FV(n)

Axt ~n

AQT-EXT-FUN-NE

By assumption ¢ \, w and by induction hypothesis w ~ n x. Together with the previous lemma,
t =g w =g v =y, uxr =g nx, hence, \et =g \zv =, \v.ux =, u =g n.

e Case
tlinx nLrtrl nRLs

Azt & (r,s)

AQT-FUN-PAIR ! x € FV(n)
By the previous lemma and induction hypothesis, t =3 v =, ux =g nx, hence, \zv =,
Ar.uxr =, u. Further, nL =g ul =, vi =g rand nR =5 uR =, vy =g s, thus,
u =y (ul, uR) =, (v1,v2). Together, \xt =3 A\xv =, (vi,v2) =g (1, 5).

g

Corollary 7.1. If t] < t] then t is S-normalizable.
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7.3. Completeness of the Extended Algorithmic Equality

In the following, we demonstrate that two terms ¢ ~ ¢’ that are related in the term-PER model are also
related by the extended algorithmic equality.

Lemma 7.4. (Completeness of < on (G-normal forms)
If v =, v thenv Lo

For the proof we need an induction measure | - | on terms which is compatible with the subterm ordering
and gives extra weight to introductions, such that |Azr| + |t| > |r| + |[tz| and |(r,s)| + |t| > || +
|t L|. These conditions are also met by Goguen’s [14] measure for proving termination of Coquand’s [§]]
algorithmic equality restricted to pure A-terms. But we need the extra conditions |Azt| > 2|¢| and both
|(r,s)| > 2|r| and |(r, s)| > 2|s|.

|| = |c|:=1
[rs[ = fr] + s
ol = Il
JAzt| = 2lt|+1
[(rys)| = 2lr]+ 2]s]

Observe that the conditions are met since [t| > 1 for all terms ¢. This measure is compatible with
n-reduction, i.e., if v —, v’ then |v| > |V/].

Proof:
Lemma([7.4lis proved by induction on |v| 4 [v'|. We first treat the cases for neutral terms u =, u’.

e Case u = c. Then v/ = c by Cor.[6.Jland ¢ e
e Case u = x. Similar.
e Case u = wujyv;. Then by Cor. u = ugve with uy =, u2 and v1 =, v2. By induction
hypothesis y uo and vq L v9, hence u L by AQT-NE-FUN.
e Case u = uq p. Similar.
Now we look at the general form v =, v/, where we omit symmetrical cases.
e Case \zv =, u. By Cor.[6.1l v =, uz. Since |[v| + |uz| = |v| + |u| +1 < 2Jv| + 1) + |u| =

|Azv| + |u|, we can apply the induction hypothesis and obtain v L wz. Thus Azv < u by
AQT-EXT-FUN-NE.

e Case A\zv =, Azv’. By Cor. v =, v/, on which we apply the induction hypothesis and
AQT-EXT-FUN-FUN.

e Case Azv = (v1,v2). By Cor.[6.Tlthere exists a neutral u such that v — u x and both u L j«—
v1 and u R} +— vy. Since reduction is compatible with the measure, we have [v] + |u x| < 2|v| <
2|v| + 1 = |Azv| and can apply the induction hypothesis to obtain v A wx. Further, we have
luLl]| + |v1| < 2|v1| < 2|v1| + 2|v2| = |(v1,v2)], thus, by induction hypothesis, u L < vy, and
similarly, u R  v5. By AQT-FUN-PAIR we get Azv - (v7, v2).
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e Case (v1,v2) =y u. By Cor.[6.1l v1 =, uL and v =, uR. Since |v1| + |uL| = |vi| + |u| + 1 <
2(|v1| + |v2]) + |u] = |(v1,v2)] + |ul, by induction hypothesis, v; < wL, and with a similar
calculation, vo < u R. Thus, (v1,v2) L by AQT-EXT-PAIR-NE.

e Case (v1,v2) =, (v],v}). By inversion, induction hypothesis, and rule AQ*-EXT-PAIR-PAIR.
O

Remark 7.1. (Alternative proof)
First, show reflexivity v < v for all (B-normal forms v by induction on v. Then prove that < is closed
under n-expansion. More precisely, show that

l. u—y v and D :: v/ € < vimply ué L v for a vector of eliminations &, and
+ . +
2. v1 —y, v2 and D :: v9 ~ v3 imply v1 ~ v3

simultaneously by induction on D. For reasons of symmetry, < is also closed by n-expansion on the
right hand side. Finally, assuming vy %f] V9 ;;<— v3 we can show vq ay vz from vy L v9 by induction
on the number of reduction steps.

Lemma 7.5. (Standardization)
1. If t =g x thent \, z. If t =g cthent \ c.

2. Ift =g nsthent N\, n's withn =g n’ and s =5 5.
3. If t =g npthent \, n'p withn =5 n'.
4. If t =5 Azr then t \, Azr’ with r =g r’.

5. Ift =g (r,s) thent \, (r',s") withr =g r’ and s = 5.

Proof:
Fact about the A-calculus [6]]. O

Lemma 7.6. (From normal to normalizing terms)
l. Ifn=guandn’ =g v and D :: u L', thenn L 0.

2. Ift =gvandt =g and D :: v Lo/, then t| < ¢'].

Proof:
Simultaneously by induction on D, using standardization.

e Casen =g uvandn’ =g v v’ and

+ u
AQT-NE-FUN
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n =mngswithnyg =guand s =g v neutral n — 7 wv application
n' =ng s withng =g u' and s’ =5 ' neutral n’ —7 u’ v’ application
no ~ nl) first ind. hyp.
sl Ry 1 second ind. hyp.
ng s ~ ng s AQT-NE-FUN

e Caset =g Azvandt =3 u and

+
v~YUx
AQT-EXT-FUN-NE ——— ¢ ¢ FV(u)

ATV ~ U
t\, Azr withr =g v standardization
'\ nwithn =3 u standardization
x & FV(n) renaming
nr=gucr =g is a congruence
rl Lnx induction hypothesis
\er on AQT-EXT-FUN-NE

e Caset =g Azvand ¢’ =3 (v, v2) and
v ug uLftvl uthvg
AQT-FUN-PAIR x & FV(u)
Jr
Azv ~ (v, v2)

t ™\ Axr withr =g v standardization
'\, (r1,72) with 1 =g vy and 72 =g vg standardization
rl L uzandul £ ri} and u R n rol induction hypotheses
\er & (ri,72) AQT-FUN-PAIR

O

Corollary 7.2. (Completeness of rt)
Ift ~ ¢ thent] < ¢].

Proof:
By assumption t =g v =, v' =g t’. First v < o' by LemmalZ4] then also t| ~ #'| by Lemmal7.6. O

Corollary 7.3. If ¢ is S-normalizable, then ¢ | y t].
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Together with Cor. [Z.1] we see that the diagonal of extended algorithmic equality—which coincides
with the diagonal of pure algorithmic equality—characterizes the weakly normalizing terms . Here, we
consider a term weakly normalizing if is has a junk-free normal form v, which excludes 3-normal forms
like (Azz) L or (z,y) z. We define w € WN <= w ~ wandt € WN < ¢\, w € WN. Let us
specialize the rules of algorithmic equality to WWN:

n € WN s € WN n € WN

c e WN x € WN ns € WN np € WN
r € WN r € WN s € WN N\ w w € WN
Azr € WN (r,s) € WN t € WN

This predicate corresponds to Joachimski and Matthes’ [18]] inductive characterization of weakly nor-
malizing A-terms. (Only that they use weak head reduction instead of weak head evaluation. P

7.4. Completeness of Algorithmic Equality
Now we can assemble the pieces of the jigsaw puzzle.

Theorem 7.1. (Completeness of algorithmic equality)
I. fT Ft=1t:Cthent] ~t'].

2.IfD:T FA=A":Typethen A ~ A’

Proof:

Completeness for terms (1): By Theorem 6.1l we have 7 ~ t', which entails ¢ L) by Cor. Since
' b ¢t : C, weinfer t| ~ t'| by Lemma The completeness for types (2) is then shown by
induction on D, using completeness for terms in case EQ-SET-E. O

8. A Shortcut: Disposing of n-Reduction

In sections [7.2] and [7.3] we have shown that the extended algorithmic equality < is equivalent to 7-

equality on $-normal forms. Hence, we could define more directly 7 ~ v’ iff v < . The requirement
SAFE-EXT-FUN is simply fulfilled by the admissible rule

wQx L w}@x

AQT-EXT-FUN x & FV(wy, w}),

wy ~ w}
and SAFE-EXT-PAIR by a similar admissible rule AQ*-EXT-PAIR. It remains to show—without reference
to =, —that £ is transitive. We dedicate the remainder of this section to that task.

Let #D > 1 denote the following measure on derivations D :: w L'

#AQ+-FUN-PAIR(D1, DQl, Dgz) = 1+ #Dl =+ max(#D21, #Dgg)
#AQ+-PAIR-FUN(D11, Dlg, DQ) = 1+ max(#Dll, #Dlg) —+ #DQ
#r(Dy,...,Dy) = l4+max{#D;|1<i<n}

3The inductive characterization originates from van Raamsdonk et. al. [24].
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Here, r stands for any other rule application, or more precisely, a rule which has a counterpart in the
original algorithmic equality judgement w ~ w’. Hence, #D is just the height of derivation D if D
corresponds to a derivation of w ~ w’. Since rule AQT-FUN-PAIR stands for a pair of derivations
Dy :: Azt ~nand Dy :: n ~ (1, s), its weight is derived for the sum of the weight of these derivations;
and similarly for AQ"-PAIR-FUN.

Lemma 8.1. (rt is transitive)
Let € be a possibly empty list of eliminations.

1. If D ::nftwandDg cw A/ then€ :n Ll

2. Dy mwAneand Dy :n < n then & = w © n' &,

3. IfDy i n~n and Dy /@ wthen & né L w.

4. It Dy - wq rtwg and D :: wo ft’wg then € :: wy iwg.
In all cases, #E < #D; + #Do.

Proof:
Simultaneously by induction on #D; + #Ds. In the remainder of this proof, leave # implicit. First, we

prove (I):
e Case D1,D- s A Thené‘::xtxwith1:€<D1+D2:2.

e Case
Dyy D12 Doy Doy
ny < ng s1l % 8] ng < ng s2l C s3]
Dy = Dy =
+ +
nisS1 ~ Ny S2 Nng 89 ~ N3 S3
& m < n3 E1<Di11+Doyy <D1+Dy—1 first ind. hyp.
&y i8] 5y s3l Ey < Dig+Doyy <Dy +Dy—1 second ind. hyp.
E:ngsyl L n3 83l E= max(é’l,é’g) +1 <Dy + Doy AQ+—NE—FUN

e Casenip ny ng p and no p n ng p: Similarly.

e Case
Dy D,
nx <t tl An'z ,
Di= ———agF(n) D= ———agFV(n)
n ~ Axt Axt ~ n!
Eunzlna & <D+ D, ind. hyp.

Euntn E<& <D +Dy inversion



42 A. Abel and T. Coquand/Algorithmic Equality with

Surjective Pairing

e Case
Dn Dio Doy Doy
nLir| nRZ 5| rl AL s| L n/R
1= 2 =
n < (r,s) (r,s) L
S unLin/L &1 < D11 + Dy ind. hyp.
Euntn E<&E <D +Dy inversion
For (@), consider the cases:
e Case w is neutral and €'is empty: By (I).
e Case w = ng sg and
Dn Do
+ + D;
ng ~ne spl ~ sl +
D) = - n~n'
ng Sy ~NES
g ngon'é g <Dy + Dy ind. hyp. (D11 + Dy < Dy + Ds)

E::nosoftn'é’s 5:1+max(5/,D12)<D1+D2

e Case w = ng p similar.

e Case w = Azt and

D}
t] Lnex
Dlz T n
Axt ~née
gt Anex &' <Di+ Doy
Exdtiné E<Dy+Dy+1=D;+Dy
e Case
Dn Dio
rl Lnél s| Lnéer

AQT-NE-FUN
Do
o
ind. hyp.
AQT-EXT-FUN-NE
D,
+
n~n
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E1url LneL &1 < D11+ Dy ind. hyp.
E sl n'éR & < Dio+ Dy ind. hyp.
Ex(rs)Lné € =1+max(&,&) <D+ Do AQT-EXT-PAIR-NE

Statement (3)) is symmetrical to @) and can be proven analogously. For (), all of the following cases are
easy:

e Case Azt ¥ nand n < \zt'.

Case Azt © \zt’ and Azt’ © n (plus symmetrical case).

Case Azt L Axty and Axto < Axts.

e Case (r,s) ~nandn < (1, ).

e Case (r,s) < (1',s') and (1, ') % n (plus symmetrical case).
+ +

e Case (r1,81) ~ (r2,s2) and (rg, s2) ~ (73, s3).

The following cases introduce a relation between a function and a pair.

e Case
D] Doy Doo
tlrtn$ antrl nthsi
Dy = fngV(n) Dy = -
Axt ~n n~(r,s)

£ at & (r,s) by AQT-FUN-PAIR. £ = 1 + D} + max(Da1, Daz) < D1 + Ds.
+ + -
e Case (7,s) ~ nand n ~ \zt. Symmetrical.

The remaining cases eliminate a relation between a function and a pair. We only spell out these cases
where the second relation is of this kind, the other cases are done analogously.

e Case (z € FV(n,n"))

Dy D, Dy D

> nx<t| - tl An'z n'LLr| nRLs|
1= ——0— 2
n % Azt Azt < (r, s)
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E unzinx & <D+ D, ind.hyp. on D}, D}
Eun Lo/ 1+ & <D+ D, inversion on &
ExunlL L'l &3 < D) + D) AQt-NE-PAIR
g unRINR &, <D, 4+ D), AQT-NE-PAIR
E nl L rl & < E3+ Dy < Dy + Dy ind.hyp. on &, Dj
& = nR L sl E < &4+ Dy <Dy + Do ind.hyp. on &4, D}y
Exni(rs) € =1+max(&5,&) < D1+ D AQT-EXT-NE-PAIR

e Case (v € FV(n,n’))

D] Doy Doy Do3
> tL At > A0 n'LLr| n'RLs|
1 = —_— 2 =
Azt~ Axt! Axt! L (r,s)
gt Loz &' < D)+ Dy ind.hyp. on D}, Doy
£t L (r,s) E =1+ & + max(Das, Do3) < D1 + Do AQT-FUN-PAIR
e Case
D11 D1o D13
rlrtnL slrtnR na:rttl
D, = m x & FV(n)
(r,s) ~ Azt
Dgl DQQ D23
t| n'z n'LLo| nRI s\ )

Awt (r', s
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S unzinz &1 < D13+ Dy ind. hyp.
Eynl L/l &9 < D13+ Dy inversion
& :nR L /R E3 < D13+ Day inversion
ExurlnL &4 < D11+ & < Dyy + Dig + Doy ind. hyp.
E sl Ln/R &5 < Dig + E < Di1g + D13 + Doy ind. hyp.
E L '] & < &4+ D2z < D11 + D13 + Da1 + Do ind. hyp.
Ernsl 5] Er < &+ Doz < Dig + D13+ Dai + Das ind. hyp.
£ (r8) X (1) € =1+ max(&;,E&7) < D1+ Dy AQT-EXT-PAIR-PAIR

We have three cases left, which can be proven similarly to the previous ones.
e Casen < (r,s)and (7, s) < Azt
T o o IJ\ T
e Case (r,s) ~ (r',s') and (1, s") ~ Axt.

o Case Azt ~ (r,s) and (r,s) < Aut’.

9. Decidability

By completeness of algorithmic equality, every well-typed term is weakly normalizing (Cor. [Z1). On
weakly normalizing terms, the equality algorithm terminates, as we will see in this section.

9.1. Decidability of Equality

We have shown that two judgmentally equal terms ¢, ¢’ weak-head normalize to w,w’ and there exists
a derivation of w ~ w’, hence, the equality algorithm, which searches deterministically for such a
derivation, terminates with success. What remains to show is that the query t| ~ t'| terminates for all
well-typed t, ¢, either with success, if the derivation can be closed, or with failure, in case the search
arrives at a point where there is no matching rule.

For a derivation D of algorithmic equality, we define the measure |D| which denotes the number of
rule applications on the longest branch of D, counting the rules AQ-EXT-FUN and AQ-EXT-PAIR twiced

Lemma 9.1. (Termination of equality)
If Dy :: wy ~ wy and Dy :: wy ~ we then the query w; ~ ws terminates.

Proof:
By induction on |D;| + |Ds|. There are many cases to consider. First we consider neutral wy, ws, for
instance:

A similar measure is used by Goguen [[14] to prove termination of algorithmic equality restricted to pure A-terms [g].
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e Case: w1 = x and wy = ng s2. Since there is no rule with a conclusion of the shape x ~ ns so,
the query fails.

e Case: w; = nj s1 and wa = ng s3. Rule AQ-NE-FUN matches. By the first induction hypothesis,
n1 ~ np and ne ~ ng, hence, the subquery n; ~ no terminates. Since by the second induction
hypothesis, s1 \, w}, s2 \, wh, w} ~ w}, and w) ~ wh, the subquery w| ~ w terminates as
well. Hence, the whole query terminates.

The other neutral cases work similarly. Let us consider some cases where at least one of the weak head
normal forms is not neutral.

e Case w; = Axr and wy = (t,t’). There is no matching rule, the query fails.

e Case w; = n and wy = (¢,t'). Rule AQ-EXT-PAIR matches. We apply the induction hypothesis
to the derivations D; :: nL ~ nlL and D} :: t| ~ t|, which is legal since |Di| + |Dy| >
|D1|+|Dy| 42 > (|D1| +1) +|Dh| = |D1| +|Dh|. Hence, the first subquery n L ~ t| terminates,
and, by a similar argument, also the second subquery n R ~ ¢'].

e Case w; = n and wy = Azr. Rule AQ-EXT-FUN matches. Since x ~ x is a derivation of height
one, we can apply the induction hypothesis, with justification similar to the last case, on the only
subquery nx ~ r].

t

Theorem 9.1. (Decidability of equality)
If T - ¢,¢ : C then the query t| ~ t'| succeeds or fails finitely and decidesT' ¢ =t : C.

Proof:

By Theorem [Z1] ¢ \, w, ' \, w', w ~ w, and w’ ~ w’. By the previous lemma, the query w ~ w’
terminates. Since by soundness and completeness of the algorithmic equality, w ~ w’ if and only if
I' Ht=1t:C, the query decides judgmental equality. O

Corollary 9.1. (Decidability of type equality)
IfD:T F A:Typeand I' = A’ : Type then the query A ~ A’ succeeds or fails finitely and decides
I A=A :Type.

Proof:
By induction on D, using the theorem in case A = El ¢. O

9.2. Termination of Type Checking

The termination of the type checker is a consequence of termination of equality for well-typed objects.

Lemma 9.2. (Termination of type checking)
LetI' + ok.

1. The query I' F ¢ |} 7 terminates (? # Type).

2. If I' = C : Type then the query I I ¢ f} C' terminates.
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Proof:
Simultaneously by induction on ¢. The inference succeeds directly in case ¢ = x with rule INF-VAR, and
fails immediately in case t = ¢, t = Aar, or t = (t1,t2). We consider ¢ = r s. Then rule INF-FUN-E

matches.
I' =r{ FunA(\zB) ks A

INF-FUN-E I'Frsl Bls/z]
query I' - r | ? terminates induction hypothesis
'krlC &
C = Fun A (\xB) otherwise fail
I' Fr:FunA(AzB) inference sound (Thm. 1))
I' F Fun A(A\zB) : Type syntactic validity
I' HA:Type inversion
query I' F s I A terminates induction hypothesis
I'Fsh A otherwise fail
I'kFs: A checking sound (Thm. 4.))
I'x:A F B :Type inversion
I' - Bls/xz] : Type substitution (Lemma [2.7))

I' Frs B[s/z], query successful

The remaining case ¢t = r p is treated analogously. For the termination of checking, let us start with case
t = (t1,t2), where rule CHK-PAIR-I matches.

Fl—tlﬂ‘A Fl—tQﬂB[tl/x]
I+ (tl,tg) 'ﬂ Pair A ()\xB)
Using the induction hypotheses, we basically need to show that I' + B[ty /x] : Typeif ' F ¢ + A

succeeds. The case t = Axr matches rule CHK-FUN-I and is treated similarly. In the remaining cases,
rule CHK-INF fires.

CHK-PAIR-I

r'erl A A~C
CHK-INF

I'ErfC
By induction hypothesis, the inference algorithm terminates. If ' - r || AthenT" - A : Type, hence the
equality check terminates by Lemmal[9.1] which implies termination of the type checker. O

Lemma 9.3. (Termination of type well-formedness)
If " I ok then the query I' - A |} Type terminates.

Proof:
By induction on A, using the previous lemma in case A = El¢. O
9.3. Completeness of Type Checking

Once we have solved the hard problem of deciding equality, the decidability of typing is easy, provided
we restrict to normal terms.
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Normal and neutral terms. We introduce two predicates ¢ 1} (¢ is normal) and ¢ |} (¢ is additionally
neutral).

r{ s r{ r{ e r s

cl ozl rs rpll o datf (r,s)

Theorem 9.2. (Completeness of type checking)
1. fD:tJandT H¢:CthenT H¢ | Aand A ~ C.

2. f Dtfand H¢:Cthenl Hit1 C.

Proof:
Simultaneously by induction on D. O

Corollary 9.2. (Completeness of type well-formedness)
IfD:T'FA:Typeand A || then " - A | Type.

Proof:
By induction on D. In case A = Elt, the premise A |} forces ¢ {}, hence we can apply the previous
theorem. O

Our bidirectional algorithm can only check §-normal terms; however, it can be extended to arbitrary
terms by requiring type annotations in redexes [11} 2], some of which can also be inferred by suitable
heuristics [23]].

10. Conclusion

We have presented a sound and complete conversion algorithm for MLFy;. The completeness proof builds
on PERs over untyped expressions, hence, we need—in contrast to Harper and Pfenning’s completeness
proof for type-directed conversion [[17]—no Kripke model and no notion of erasure, what we consider an
arguably simpler procedure. We see in principle no obstacle to generalize our results to type theories with
type definition by cases (large eliminations), whereas it is not clear how to treat them with a technique
based on erasure.

The disadvantage of untyped conversion, compared to type-directed conversion, is that it cannot
handle cases where the type of a term provides more information on equality than its shape, e. g., unit
types, singleton types and signatures with manifest fields [10].

A more general proof of completeness? Our proof uses a A-model with full 5-equality thanks to the
rule DEN-(3. We had also considered a weaker model (without DEN-/3 and DEN-IRR, but with DEN-FUN-(3
and DEN-PAIR-/3) which only equates weakly convertible objects. Combined with extensional PERs this
would have been the model closest to our algorithm. But due to the use of substitution in the declarative
formulation, we could not show MLFs’s rules to be valid in such a model. Whether it still can be done,
remains an open question.
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Related work. The second author, Pollack, and Takeyama [10] present a model for Sn-equality for an
extension of the logical framework by singleton types and signatures with manifest fields. Equality is
tested by n-expansion, followed by S-normalization and syntactic comparison. In contrast to this work,
no syntactic specification of the framework and no incremental conversion algorithm are given.

Schiirmann and Sarnat [25] have been working on an extension of the Edinburgh Logical Framework
(ELF) by X-types (LFy), following Harper and Pfenning [17]]. In comparison to MLFsy, syntactic validity
(Theorem [2.1)) and injectivity are non-trivial in their formulation of ELF. Robin Adams [4] has extended
Harper and Pfenning’s algorithm to Luo’s logical framework (i. e., MLF with typed A-abstraction) with
>.-types and unit.

Goguen [13] gives a typed operational semantics for Martin-Lof’s logical framework. An extension
to X -types has to our knowledge not yet been considered. Recently, Goguen [14] has proven termination
and completeness for both the type-directed [[17] and the shape-directed equality [8] from the standard
meta-theoretical properties (strong normalization, confluence, subject reduction, etc.) of the logical
framework. He also proposes a method to check (3n-equality for - and singleton types by a sequence
of full n-expansion followed by (3-reduction [15]].

Acknowledgments. We are grateful to Lionel Vaux whose clear presentation of models for this implicit
calculus [27] provided a guideline for our model construction. Thanks to Ulf Norell for proof-reading
an earlier version of this article. The first author is indebted to Frank Pfenning who taught him type-
directed equality and bidirectional type-checking at Carnegie Mellon University in 2000, and to Carsten
Schiirmann for communication on LFsx;. Thanks to the anonymous referees for their helpful comments
on the draft version, especially to the one who spotted many small mistakes by rigorously checking our
proofs.

APPENDIX.

A. Surjective Pairing Destroys Confluence

Klop [19} pp. 195-208] shows that the untyped A-calculus with the reduction (r L, rR) — r, called
surjective pairing, is not confluent (Church-Rosser). It is, however, locally confluent (weakly Church-
Rosser), hence, because of Newman’s Lemma, only a term with an infinite reduction sequence can fail
to be confluent. Klop provides the following example.

0 = (AzAy.y(zzy)) AzAy.y(zxy)) Turing’s fixed-point combinator
e = z free variable (or the term €2)

c = O (Acha.e(al, (ca)R))

a = Oc

Since ct — " e(tL, (ct)R)and a —* ca, we can construct the following reduction sequences:

ca—Te(aLl, (ca)R) —T e((ca)L, (ca)R) —T e(ca)
+

ca—"Tc(ca) —T c(e(ca))
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The end reducts of both sequences cannot be joined again.

Not that only the last step in both sequences was a surjective pairing reduction, all others were 3-
steps. Thus, the example refutes even confluence of the relation —>2}—>;§
Remark A.1. (n-postponement fails)
Surjective pairing destroys also 7-postponement. In the reduction sequence ((Azt)L, (Azt)R)s —,
(Axt) s —p t[s/x], the B-redex is created by n-reduction and cannot be reduced first.

B. Alternative to Inductive-Recursive Definition

In section we have defined intensional type equality V' = V'’ € Type and type interpretation [V]
simultaneously by induction-recursion. In the following, we give conventional definitions of the two
concepts.

Type interpretation. Type interpretation [_] € D — Rel is a partial function specified by the following
equations.

INT-SET-F [Set] Set

INT-SET-E [Elv] = &l(v)

INT-FUN-F [FunV F| = Fun([V],v— [F v])
]

INT-PAIR-F  [PairV F Pair([V],v — [F v]

~—

Lemma B.1. Type interpretation || € D — Rel is a well-defined partial function.

Proof:

Well-definedness, i.e., that V- = V' implies [V] = [V’], follows by injectivity and pairwise distinct-
ness of type constructors. The latter guarantees that we can define the type interpretation by pattern
matching although D is not necessarily a free structure. For instance, in the absence of the inequality
Set # Fun V F (DEN-SET-NOT-DEP), the defining equations of type interpretation could imply the in-
consistency Set = Fun([V],v — [F v]). Injectivity proves that, e.g., [Fun V' F] = [Fun V' F'] if
FunV F = Fun V' F’, since then V = V' and F' = F’ by law DEN-DEP-INJ. 0

Intensional type equality 7ype € Rel is given inductively by the following rules. Note that rule
TYEQ-DEP has an infinitary premise.

v=1"€ Set
Elv = El v € Type

TYEQ-SET-F TYEQ-SET-E

Set = Set € Type

V =V' e Type Fov=F'v € Typeforall (v,0) € [V]
cVE=cV'F' € Type

In the last rule, if [V] is not defined, the quantification is to be read as empty. The name intensional type
equaliry [10] shall distinguish it from the more extensional type equality given by [V] = [V'].

The next lemma proves the following: For all semantical types V' € Type, the interpretation [V/]
is a well-defined PER, and intensionally equal types have the same interpretation. Together, [ ] €
Fam(Zype).

TYEQ-DEP

¢ € {Fun, Pair}
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Lemma B.2. (Soundness of intensional type equality)
IfD::V =V'e Type then [V], [V'] € Per and [V]| = [V].

Proof:
By structural induction on D. We consider the following case:

V =V"e Type Fuv=F'v € Typeforallv =1 € [V]
FunV FF=Fun V' F' € Type

We have to show that Fun([V],v — [F v]) and Fun([V'],v — [F’ v]) are PERs and equal. By induction
hypothesis, [V] and [V'] are PERs and equal. Assume v = v’ € [V] arbitrary. We may use the induction
hypothesis on the assumptions F' v = F' v, F v' = F’ v € Type to deduce [F v] = [F v'] € Per, hence,
the family F, defined by F(v) := [F v}, is in Fam([V]), since v and v’ were arbitrary. Analogously, for
the second family F’, where F'(v) := [F’ v], it holds that 7' € Fam([V]). By Lemmal[5.2] Fun([V], F)
and Fun([V'], F") are PERs. Also by induction hypothesis, we obtain [F' v] = [F’ v] for arbitrary v, so
the two families F and F’ are equal. This entails our goal. O

Finally, we can prove that Type is itself a PER.

Lemma B.3. (Intensional type equality is a PER)
1. D :: Vi =V, € Type and Vo = V3 € Type then V| = V3 € Type.

2.IfD::V =V"eTypethen V' =V € Type.

Proof:
Each by structural induction on D. For transitivity (Il), we consider the case:

Vi =V, € Type F1 vy = Fy vy € Type forall v; = vy € [V]]
Fun Vi Fy = Fun V5 Fy € Type

Vo =V3 € Type F5 vy = F3 v3 € Type for all vg = v3 € [V3]
Fun Vo Fo = Fun V3 F3 € Type

By soundness of intensional type equality (Lemma [B.2)), we have [Vj] = [V3] € Per, and by the first
induction hypothesis, V; = V3 € Type. Assume arbitrary v = v' € [V4]. Since [V;] is a PER,v' =’ €
[V1], hence, also v' = v’ € [V3]. By assumption Fy v = Fy v’ € Type and Fy v’ = F3 v' € Type, hence,
we can apply the induction hypothesis to obtain F; v = F3 v’ € Type. Since v and v’ were arbitrary
Fun Vi Fy = Fun V3 F5 € Type by rule TYEQ-DEP. O
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