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How to do formal proofs:

• A nice theory (Type Theory)

• A nice implementation:

– A proof checker (type checker)

– A proof assistant

• A nice user

Subject: Conversion rule

1. User point of view:

Why we need it and how we can use it?

2. Implementor point of view:

• Type inference Algorithm with conversion rule

• How to get an efficient conversion test
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Why we need it?

Because we do not want to do large and boring proofs

2 + 2 = 4 in a deduction style:

eqTrans 2 + 2 = S(1 + 2)

S(1 + 2) = 4 ⇒ 2 + 2 = 4

eqS

eqTrans 1 + 2 = S(0 + 2)

S(0 + 2) = 3 ⇒ 1 + 2 = 3

eqS 0 + 2 = 2

S(0 + 2) = 3

1 + 2 = 3

S(1 + 2) = 4

2 + 2 = 4

eqS : x = y ⇒ Sx = Sy
eqTrans : x = y ⇒ y = z ⇒ x = z
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How to prove 2 + 2 = 4

Computational style: Replace the axioms on addition by

rewriting rules:

0 + m −→ m
Sn + m −→ S(n + m)

2 + 2 −→ S(1 + 2) −→ SS(0 + 2) −→ SS(2)

Reason modulo rewriting rules:

4 = 4 2 + 2
∗−→ 4

2 + 2 = 4
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Conversion rule in PTS

A simple set of rewriting rules: reduction rules on terms
(functional programs)

(λx :T. M) N
β−→ M [x := N ]

With inductive definitions: reduction rule for pattern matching
and fixpoint

≈ ::= reflexive, symmetric and transitive closure of the
reduction rules (β, ι, . . .)
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Γ ` M : B
[Conv]
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Encoding rewriting rule of addition

0 + m −→ m
Sn + m −→ S(n + m)

Inductive nat : Set :=
| O : nat
| S : nat -> nat.

Fixpoint plus (n m : nat) {struct n} : nat :=
match n with
| O => m
| S n1 => S (plus n1 m)
end.

plus 0 m
∗−→ m

plus (S n) m
∗−→ S(plus n m)
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2 + 2 = 4 again!

` refl eq : ∀x :nat. x = x ` 4 : nat

` refl eq 4 : 4 = 4 4 = 4 ≈ 2 + 2 = 4

` refl eq 4 : 2 + 2 = 4
[Conv]

• The reduction steps do not appear in the proof

⇒ The proof is small : refl eq 4

• Reduction steps appear in the type checking

⇒ Cost remains in proof checking (in the conversion test)

If we reduce this cost, we get:

• Small proofs

• Quickly type checked
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Reflexivity

• A predicate P : T → Prop

• A decision procedure f : T → bool

• A correctness lemma C : ∀x :T. f x = true→ P x

Assume f a reduce to true, a proof of P a is C a (refl eq true)

...
` C a : f a = true→ P a

` refl eq true : true = true true = true ≈ f a = true

` refl eq true : f a = true

` C a (refl eq true) : P a
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Example: primality proof

Pocklington criteria:
Let n be a positive integer, if

• n− 1 = q.p1 . . . pt where pi are prime numbers

• there exits a such that

an−1 = 1(mod n)

gcd(a
n−1
pi − 1, n) = 1 for i = 1 . . . t

• p1.p2 . . . pt ≥
√

n

then n is prime

Formal proof by Martin Oostdijk and Olga Caprotti

Using deduction style the proof of

20988936657440586486151264256610222593863921

take 18509 lines.

Can we use reflexivity?
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18th Mersenne number: 23217 − 1

259117086013202627776246767922441530941818887553125
427303974923161874019266586362086201209516800483406
550695241733194177441689509238807017410377709597512
042313066624082916353517952311186154862265604547691
127595848775610568757931191017711408826252153849035
830401185072116424747461823031471398340229288074545
677907941037288235820705892351068433882986888616658
650280927692080339605869308790500409503709875902119
018371991620994002568935113136548829739112656797303
241986517250116412703509705427773477972349821676443
446668383119322540099648994051790241624056519054483
690809616061625743042361721863339415852426431208737
266591962061753535748892894599629195183082621860853
400937932839420261866586142503251450773096274235376
822938649407127700846077124211823080804139298087057
504713825264571448379371125032081826126566649084251
699453951887789613650248405739378594599444335231188
280123660406262468609212150349937584782292237144339
628858485938215738821232393687046160677362909315071

A 969 digits number

The proof is 8461 chars!
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Others examples

Proof automation (useful for the user):

• Ring or field equalities

• Presburger arithmetic

• Decide polynomial inequalities in R (CAD)

Exotic theorems:

• 4-colors theorem (Gonthier, Werner)

• Kepler conjecture (Hales)
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Conversion rule is very useful and convenient

How to implement a type checker with the conversion rule?
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Calculus of Constructions

Terms: T ::= s | x | ∀x :T. T | λx :T. T | T T
Contexts: Γ ::= x1 :T1, x2 :T2, . . . , xn :Tn

One reduction rule:

(λx :T. M) N
β−→ M [x := N ]

Type judgment:

Γ ` M : T

Type inference: Γ ` M ; T such that Γ ` M : T

13



Typing rules

WF(∅)
WF(Γ) Γ ` T : s

WF(Γ, x :T )

WF(Γ)

Γ ` Set : Type

WF(Γ) (x :T ) ∈ Γ

Γ ` x : T

Γ ` A : s1 Γ, x :A ` B : s2 (s1, s2, s3) ∈ Rules

Γ ` ∀x :A. B : s3

Γ ` ∀x :A. B : s Γ, x :A ` M : B

Γ ` λx :A. M : ∀x :A. B

Γ ` M : ∀x :A. B Γ ` N : A

Γ ` M N : B[x := N ]

Γ ` M : A Γ ` B : s A ≈ B

Γ ` M : B
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Definitions on reduction

Using only β-rule:

(λx :T. M) N
β−→ M [x := N ]

The term ((λx :T. M) N) P does not reduce

Context rule:
t

β−→ t′

C(t)
β−→ C(t′)

Weak reduction Strong reduction
C ::= [] N | M [] C ::= [] N | M []

| λx : []. M | ∀x : []. B | λx : []. M | ∀x : []. B
| λx :T. [] | ∀x :A. []

NF: Normal form using strong reduction

WNF: Normal form using weak reduction

WHNF: Normal form using C ::= [] N
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Meta-theory of CC

Subject reduction: Γ ` M : T ⇒ M
β−→ M ′ ⇒ Γ ` M ′ : T

Strong Normalization: Γ ` M : T ⇒ M ∈ SN

Uniqueness of typing: Γ ` M : T1 ⇒ Γ ` M : T2 ⇒ T1 ≈ T2

Correctness of type:

Γ ` M : T ⇒ T = Type ∨ Γ ` T : s

Corollary: Γ ` M : T ⇒ Γ ` M : WHNF(T )

Γ ` M : T Γ ` WHNF(T ) : s T ≈ WHNF(T )

Γ ` M : WHNF(T )
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Inference Algorithm

Type inference: Γ ` M ; T such that WF(Γ) ⇒ Γ ` M : T

Γ ` Set ; Type

(x :T ) ∈ Γ

Γ ` x ; T

Γ ` A ; T1 WHNF(T1) = s1 Γ, x :A ` B ; T2 WHNF(T2) = s2

Γ ` ∀x :A. B ; s3

Γ ` A ; T1 WHNF(T1) = s1 Γ, x :A ` M ; B B 6= Type

Γ ` λx :A. M ; ∀x :A. B

Γ ` M ; T1 WHNF(T1) = ∀x :A. B Γ ` N ; T2 T2 ≈ A

Γ ` M N ; B[x := N ]
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Soundness

Soundness: WF(Γ) ⇒ Γ ` M ; T ⇒ Γ ` M : T

Proof: by induction on M

Γ ` M ; T1 WHNF(T1) = ∀x :A. B Γ ` N ; T2 T2 ≈ A

Γ ` M N ; B[x := N ]

Γ ` M : ∀x :A. B
Γ ` N : T2 Γ ` A : s T2 ≈ A

Γ ` N : A

Γ ` M N : B[x := N ]
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Completeness

Completeness: Γ ` M : T1 ⇒ Γ ` M ; T2

Proof: by induction on Γ ` M : T1

Γ ` M : ∀x :A. B Γ ` N : A

Γ ` M N : B[x := N ]

Γ ` M ; TM WHNF(TM) = ∀x :A′. B′ Γ ` N ; TN TN ≈ A′

Γ ` M N ; B[x := N ]

(Geuvers): T ≈ ∀x :A. B ⇒ ∃A′, B′,WHNF(T ) = ∀x :A′. B′

(Generation lemma):

Γ ` ∀x :A. B : T ⇒ ∃s1, s2, s3,

Γ ` A : s1 ∧ Γ, x :A ` B : s2
T ≈ s3
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So

We want a proof assistant

⇒ We develop a proof language

But it is also a nice functional programing language

• We have type checker

• We should now develop compiler
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