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Context-free grammars: syntax and semantics.



Context-free
grammars



Context-free grammars (CFGs)

» The context-free languages are those that
can be described by CFGs.

» Every regular language is context-free.
» Some context-free languages are not regular.

» CFGs are for instance used to specify the
syntax of some programming languages.

» One example: Haskell.
> Parser generators often use (restricted) CFGs.


https://www.haskell.org/onlinereport/haskell2010/haskellch10.html#x17-18000010.5

Syntax



Context-free grammars

A context-free grammar has the form (N, >, P, S):
» NN is a finite set of nonterminals.

» > is a finite set of terminals satisfying
YAN=0.

» PC N x (NUZX)"is a finite set of
productions.

» The start symbol S € N.



» A production (A, «) can be written A — a.

» Multiple productions A — a4, .., A = «a,, can
be written A — a; | -+ | «,, (if n > 2).



Which of the following expressions are
well-formed context-free grammars?

1. (N,{a,b},P,0), where P contains the
following productions: 0 — al, 1 — b.

2. ({0,1},{a,b},P,0), where P contains the
following productions: 0 — al, 1 — b.

3. ({0,1},{0,1},P,0), where P contains the
following productions: 0 — 01, 1 — 1.

4. ({0,1},{0,1"},P,0), where P contains
the following productions: 0 — 01, 1 — 1 | 0.

5. ({0,1},{0,1"},P,2), where P contains
the following productions: 0 — 01, 1 — 1| 0.



Examples



A context-free grammar for the non-regular
language { 0"1" |n € N } over { 0,1 }:

{S},{0,1},5 —=051]¢,S)



A context-free grammar for the non-regular
language { 0"1" |n € N } over { 0,1 }:

{S},{0,1},5 —=051]¢,S)

Generated strings:
> c.
» Oel = 01.
» 0011,
>



An example

A context-free grammar for the non-regular
language { 0"1" | n € N } over { 0,1 }:

{S},{0,1},5 —=051]¢,S)

An inductive definition of the language L C {0,1}"
generated by the grammar:

weE L
Owl € L e€e L




Consider the grammar ({ S,A},{0,1},P,9),
where P is defined in the following way:

S — 0Al | ¢ A—1A0|S



Another example

Consider the grammar ({ S, A},{0,1},P,S),
where P is defined in the following way:

S — 0A1 | e A—1A0| S

Sentential forms:
> S.
> £.
0AL1.
01AO01.
01.501.
0101.

vV v v v Vv



Another example

Consider the grammar ({ S, A},{0,1},P,S),
where P is defined in the following way:

S — 0A1 | e A—1A0| S

An inductive definition of the languages
Lg, L, C{0,1} generated by S and A:

UJELA UJGLS




{S}r,{0,1},85—777,9)



Semantics



Derivations

For the grammar G = (N, X, P, S) one can define
the following two binary relations on (N U X)*
inductively:

a,fe(NUX)” AeN (A,y)eP
aAB = ayp

a=pf B ="y
a="«a a ="y

The language L(G) ={w e X* | S =*w }.



A variant:

w e X AeN a € (NUXD)*
(4,8) e P

wAa =, wla

ailmﬁ B:Hkm’y
o= o=




Which of the following propositions are valid?

A=*p & A= B
A="w & A=f w
a=*F < (="«
Jwed . e=w
JwedX. e=| w

S



The course text book states that
A= & A={ B

holds. Do not trust everything that you read.



Recursive inference

If the grammar G = (N, %, P, S), then one can
define certain languages over Y inductively:

» The language generated by the nonterminal
A€eN, L(G,A).

» The language generated by a list
a€e (NUX) L (G, a).



(A,a) € P we Ly (G, a)
we L(G,A)

a€c€X we Ly (G, a)
e € L (G,e) aw € L (G, aa)

AeN ve LG, A) we L (G, a)
vw € Ly (G, Aa)




Consider the grammar ({ A,B },{0,1},P,A),
where P is defined in the following way:

A — 0B0
B — 1Al |¢



Recursive inference
Recall:
P={A—0B0,B—1A1,B—¢c}

A derivation:

B—eeP cel(Ge) e€l(G,e)

e € L(G,B) 0€ L (G,0)

0 € L. (G, BO)
A—0BOeP 00 € L; (G, 0B0)
00 € L(G,A)

Due to lack of space | have omitted
“‘ae X" and “A e N"



Which of the following propositions are true?

1. 1001 € L(G,A) 3. 00 € L.(G, AB)
2. 1001 € L(G,B) 4. 0000 € L, (G, AB)

Hint: Try to construct derivation trees.



Parse trees

Consider the following definitions again:

(A,a) € P w e Ly (G, a)
we L(G,A)

a€X we Ly (G, a)

e € Li(G,e) aw € Ly (G, ax)

AeN ve LG, A) we L (G, a)
vw € Ly (G, Aa)




Parse trees

Parse trees:

(A,a) € P ts € P.(G, a)
node(A, ts) € P(G, A)

a€X tse P(G, )

nil € P.(G,¢) term(a, ts) € P(G, ax)

AeN te P(G,A) ts € P (G, «)
nonterm(t, ts) € P (G, Ax)




Recursive inference

Recall:
B—eeP cel(Ge) e€L(G,e)
e € L(G,B) 0€ L (G,0)
0 € L (G, BO)
A—0BOeP 00 € Ly (G,0B0)
00 € L(G,A)

A corresponding parse tree in P(G, A):

node(A, term(0, nonterm(node(B, nil), term(0, nil))))



A different way to present the parse tree:

/

B 0
|
€



A different way to present the parse tree:

/

B 0
|
€

This parse tree yields the string 00.



Parse trees

The yield of a parse tree:

yielde P(G,A) — X*

yield(node(A, ts)) = yield, (1s)

yield, € PL(G, ) — X~

yield, (nil) =€

yield, (term(a,ts)) =a yz’eldL( s)
yield; (nonterm(t, ts)) = yield(t) yield, (ts)



Yields containing nonterminals

The inductive definitions of recursive inference and
parse trees can be extended to support strings
containing both terminals and nonterminals:

A€ Ly(G,A) leaf(A) € Py(G, A)

yield € Py(G,A) — (N U X)*
yield(leaf(A)) =A
yield(node(A, ts)) = yield, (s)
yield, € Py (G, ) = (NUX)*



Which of the following propositions are valid?

el s B R =

vVt € P(G,A). yield(t) € L(G, A)

Vits € P (G, ). yield, (ts) € Ly (G, a)
Vae (NUY)". A="a & a€ L(G,A)
Vae (NUY). A="a & a€ Ly(G,A)
w e L (G,ab) <

Ju € L (G,a),v € Ly (G, B). w=uv

wo € Ly (G, af) <

u€ Ly (G,a) Nv e L (G, )



Proofs about
grammars



Recall:

G=({S},{0,1},5 = 081]¢,5)

w e L
Owl € L ce L

Let us prove that L(G, S) C L.



A proof

Let us prove YVw € L(G, S). w € L by complete
induction on the length of the string:

» w e L(G,S) implies that

w € Ly (G,e) orw € L (G,051).
» If we L (G,e), thenw=¢ € L.
» If we Ly (G,051), then..



» If we Ly (G,051), then:
» w = 0w’ for some w’ € L; (G, S1).
» w’ = uwv for some

ue L(G,S), ve L (G,1).

» v=1.

> |u| < |wl|, so by the inductive hypothesis
u € L.

» Thus w =0ul € L.



A proof

» Another kind of induction can also be used:
induction on the structure of the recursive
inference.

» Exercise (optional, hard):

» Write down a formula for this kind of
induction.

» Use this kind of induction to prove
L(G,S) C L.



G=({5},{0,1},5—=051]¢5)

w e L
Owl € L eelL




Context-free grammars.
Derivations.

Left-most derivations.
Recursive inference.
Parse trees.

vV v v v v v

Proofs about grammars.



» More about context-free grammars.
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