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Helping material : course textbook, notes

• Recommended: First look through all questions and make sure that you under-
stand them properly. In case of doubt, do not hesitate to ask.

• Answer all questions in the given space on the question paper (the
stapled sheets of paper you are looking at). The question paper will
be collected from you after the exam. Only the solutions written in
the space provided on the question paper will count for your points.

• Use extra sheets only for your own rough work and then write the final answers
on the question paper.

• Try to give the most efficient solution you can for each problem - your solution
will be graded on the basis of its corectness and efficiency – a faster algorithm
will get more credit than a slower one. In particular a brute force solution will
not get any credit.

• Answer concisely and to the point. (English if you can and Swedish if you must!)

• Code strictly forbidden! Motivated pseudocode or plain but clear English/Swedish
description is fine.

Lycka till!

12012 LP 1, INN200 (GU) / TIN090 (CTH).
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Problem 1 Planning a Party [10] Moa is planning her housewarming party. She
wants to invite as many of her friends as possible. However, she wants each person
she invites to have at least 5 other people they already know (so they don’t feel totally
lost), and at least 5 others they don’t already know (so they could make new friends).
She has made a graph with a vertex for each of her friends, and an edge between two
friends if they know each other.

(a) [4 pts] Give a O(n2) time algorithm to find the largest such set of people she
could invite (return empty set if it is impossible).

(b) [3 pts] Give a brief inductive argument for correctness.

(c) [3 pts] Give a brief justification of how the algorithm can be implemented in O(n2)
time.
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Solution to Problem 1:

a) Let |V | be the set of vertices in the input graph G While (|V | is not
∅)
Find v ∈ V s.t. v has degree less than 5
Find v ∈ V s.t. v has degree more than than |V | − 5
If v is found, remove it with all adjacent edges
Else terminate cycle
End While
Return |V |

b) Correctness: the algorithm provides a correct answer after n iterations.
Proof - induction on number of iterations:
Base case - no iterations at all. If there are no such vertices, then everyone
has 5 friends and 5 not-yet-friends. Correct answer is |V |
Induction step - suppose output for n = k iterations is correct. Consider
graph that requires n = k+ 1 iterations. Some vertex is removed on the first
iteration, it is easy to see that it can’t be in the solution (it has either too
many or too few friends, and its degree can only decrease with other ver-
tex removal). Therefore graphs before and after 1st iteration are equivalent
instances. According to induction, we get a correct answer for an instance,
that we obtain after k following iterations, thus algorithm works correctly.

c) As every edge is removed at most once, total number of iterations is
linear on number of (removed) edges. Remark: worst case is reachable on
full graph (everyone is friends to others).
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(a) [3 pts] Show that Experimental Cuisine is in NP.

(b) [5 pts] Show that Experimental Cuisine is NP-complete by giving a reduction
from a problem known to be NP-complete).

(c) [2 pts] What is the significance of (a) and (b) for the question of whether there is
a fast algorithm to prepare a dish with the maximum number of ingredients that
does not exceed a given penalty?
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Solution to Problem 6

a) Certificate: a dish with at least k ingredients with total penalty of at
most p.
Verifier: go through ingredients and calculate the penalty and the total num-
ber of ingredients (takes at most quadratic time).

b) Given an instance of IS, (G, k), where G is a graph, and k is a parameter,
construct the following:
Set D to be an incidence matrix of G, i.,, D[i, j] = 1, iff vertices i and j are
connected by an edge, otherwise D[i, j] = 0
Set p = 0.
(D, k, p) is an instance of Experimental Cuisine.
Claim: (D, k, p) returns YES for Experimental Cuisine iff (G, k) returns
YES for Independent Set. Proof: straightforward ”=¿” and ”¡=”. Take
instances, observe that a collection of vertices form an IS iff corresponding
p = 0. k parameter stands for size of solution in both cases.

c) optimization version is NP -hard and is unlikely to have a polynomial time
solution. (Otherwise we could simply solve a corresponding decision-version
NP -complete problem in polynomial time and prove that P = NP ).
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