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1.

a)

There are four error containment regions with sensor buses included. Each sensor module,
PM1 + sensor bus and PM2 + sensor bus, see figure below.

S1 S2

PM1 PM2

b)

The system consists of two primary independent subsystems, one for the processor modules
and one for the sensor modules.

c)

The sensor subsystem can be seen as a parallel system with two components:

Rsensors(t) = 1− (1−Rs(t))
2 = 2Rs(t)−R2

s(t)

⇒ Rsensors(t) = 2e−λst − e−2λst

The processor subsystem is modeled with the following Markov chain.

2 1 F

λp + λp/10 λp

We obtain the following equation system:

P ′(t) = P (t)Q

P (t) =
[
P2(t) P1(t) PF (t)

]
P (0) =

[
1 0 0

]
Q =

 −1.1λp 1.1λp 0
0 −λp λp
0 0 0
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P ′2(t) = −1.1λpP2(t)

P ′1(t) = 1.1λpP2(t)− λpP1(t)

P ′F (t) = λpP1(t)

We solve the equation system using Laplace transform:

sP2(s)− 1 = −1.1λpP2(s) (1)
sP1(s) = 1.1λpP2(s)− λpP1(s) (2)
sPF (s) = λpP1(s) (3)

From (1), we get

P2(s) =
1

s+ 1.1λp
⇒ P2(t) = e−1.1λpt

From (2), we get

P1(s) =
1.1λp
s+ λp

P2(s) =
1.1λp

(s+ λp)(s+ 1.1λp)
=

11

s+ λp
− 11

s+ 1.1λp

⇒ P1(t) = 11
(
e−λpt − e−1.1λpt

)
.

We obtain the following reliability:

RPMs(t) = P2(t) + P1(t) = 11e−λpt − 10e−1.1λpt

Rsystem(t) = Rsensors(t) ·RPMs(t)

=
(
2e−λst − e−2λst

) (
11e−λpt − 10e−1.1λpt

)
d)

The reliability of the sensor subsystem is obtained using a Markov chain model:

2 1 F

λsc+ λs λs

λs(1− c)

This gives the following equation system:

P ′(t) = P (t)Q

P (t) =
[
P2(t) P1(t) PF (t)

]
P (0) =

[
1 0 0

]
Q =

 −2λs (1 + c)λs (1− c)λs
0 −λs λs
0 0 0
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P ′2(t) = −2λsP2(t)

P ′1(t) = (1 + c)λpP2(t)− λsP1(t)

P ′F (t) = (1− c)λsP2(t) + λsP1(t)

We solve the equation system using Laplace transform:

sP2(s)− 1 = −2λsP2(s) (1)
sP1(s) = (1 + c)λsP2(s)− λsP1(s) (2)
sPF (s) = (1− c)λsP2(s)− λsP1(s) (3)

From (1), we get:

P2(s) =
1

s+ 2λs
⇒ P2(t) = e−2λst

From (2), we get:

P1(s) =
(1 + c)λs
s+ λs

P2(s) =
(1 + c)λs

(s+ λs)(s+ 2λs)
= (1 + c)

(
1

s+ λs
− 1

s+ 2λs

)
⇒ P1(t) = (1 + c)

(
e−λst − e−2λst

)
We obtain the following reliability:

Rsensors(t) = P2(t) + P1(t)

= (1 + c)e−λst − ce−2λst

Rsystem = Rsensors(t) ·RPMs(t)

=
(
(1 + c)e−λst − ce−2λst

) (
11e−λpt − 10e−1.1λpt

)
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2.

a)

The system is modelled by the following Markov model:

2 1 F

CF

2λ λc

λ(1− c)
µ

ρ
µ

State label = # operational modules; F = safe shutdown; CF = unsafe shutdown.

We obtain the following transition rate matrix

Q =


−2λ 2λ 0 0
µ −(λ+ µ) λc λ(1− c)
0 µ −µ 0
0 ρ 0 −ρ


and the following equation system

P ′(t) = P (t)Q

P (t) =
[
P2(t) P1(t) PF (t) PCF (t)

]
P (0) =

[
1 0 0 0

]
.

This gives the following system of differential equations
P ′2(t) = −2λP2(t) + µP1(t)

P ′1(t) = 2λP2(t)− (λ+ µ)P1(t) + µPF (t) + ρPCF (t)

P ′F (t) = λcP1(t)− µPF (t)

P ′CF (t) = λ(1− c)P1(t)− ρPCF (t).

Let t→∞, and denote limt→∞ Pi(t) as Πi. We obtain
0 = −2λΠ2(t) + µΠ1(t)

0 = 2λΠ2(t)− (λ+ µ)Π1(t) + µΠF (t) + ρΠCF (t)

0 = λcΠ1(t)− µΠF (t)

0 = λ(1− c)Π1(t)− ρΠCF (t).

(1)
(2)
(3)
(4)
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We also know that

Π2 + Π1 + ΠF + ΠCF = 1. (5)

From (1),(3) and (4), we obtain

Π2 =
µ

2λ
Π1 (6)

ΠF =
λc

µ
Π1 (7)

ΠCF =
λ(1− c)

ρ
Π1 (8)

From (5), (6), (7) and (8), we then obtain

1 = Π1

(
µ

2λ
+ 1 +

λc

µ
+
λ(1− c)

ρ

)
=

2λµρ+ µ2ρ+ 2λ2cρ+ 2λ2(1− c)µ
2λµρ

Π1

⇒ Π1 =
2λµρ

2λµρ+ µ2ρ+ 2λ2cρ+ 2λ2(1− c)µ
(9)

The steady-state probability of being in the unsafe shutdown state is obtained using (8) and (9):

lim
t→∞

PCF (t) = ΠCF =
λ(1− c)

ρ
Π1

=
2λµρ

2λµρ+ µ2ρ+ 2λ2cρ+ 2λ2(1− c)µ
λ(1− c)

ρ

=
2λ2µ(1− c)

2λµρ+ µ2ρ+ 2λ2cρ+ 2λ2(1− c)µ
.

b)

The steady-state availability of the system is

lim
t→∞

A(t) = Π2 + Π1 =
2λµρ

2λµρ+ µ2ρ+ 2λ2cρ+ 2λ2(1− c)µ

( µ
2λ

+ 1
)

=
2λµρ+ µ2ρ

2λµρ+ µ2ρ+ 2λ2cρ+ 2λ2(1− c)µ
.
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3

We represent possible markings of the GSPN model as {#pspare, #pactive, #pdown}. The
reachability set is then {1,1,0}, {1,0,1}, {0,1,1}, {0,0,2}, where {1,0,1} is a vanishing marking.
The following extended reachability graph is obtained:

1,1,0 0,1,1

1,0,1

0,0,2

λ

λ/k
1

λ

µ

µ

We account for the effects of the vanishing marking by modifying the transition rates, resulting
in the following reachability graph:

1,1,0 0,1,1 0,0,2

λ+ λ/k λ

µ µ


