Sjélvbalanserancle trad
AVL~trad

Koffman & Wolfgang
© kapitel 9, avsnitt 1—2



Balanserade trad

Nodbalanserat trad:

@ skillnaden 1 antalet noder mellan vanster och hoger
deltrad ar hogst 1

Hojdbalanserat trad:

¢ skillnaden 1 hojd (djup) mellan vanster och hoger
deltrad ar hogst 1

Nivabalanserat trad:

© alla nivaer ar fyllda, utom den nedersta som fylls pa
fran vanster till hoger

Notera att hojden av alla dessa trad ar logaritmisk:
@ h =0(og n), dar n ar antalet noder i tradet



SJéI\/balanserancle soktrad

Effektiviteten hos ett binart soktrad ar proportionell
mot hojden pa tradet:

O ett balanserat trad ar effektivare an ett
obalanserat

© 1varsta fall kan soktradet ha linjar hojd,
dvs h = O(n)

© da blir komplexiteten ocksa linjar
For att losa detta problem introducerar vi

sjalvbalanserande trad:

© vid insattning och uttagning sa balanserar tradet
om sig om det ar nodvandigt



Obalanserade trad

Sokningar 1 detta
obalanserade trad ar O(n),
inte O(log n)

The

[ X ) o0 [ ] [} \
Har ar ett mer realistiskt quick
O /\
exempel pa ett obalanserat  town  the
o0 \
trad fox
/\

dog jumps
over

/

lazy



Rotern g

Vi behover en operation pa binara trad som andrar
de relativa hojderna mellan vanster och hoger
deltrad, men bibehaller soktradsegenskapen




Rotering, exempel

root —— Node
‘6/— = left
Node D= | — Node
data = 20
|| = left null = left
right = — right = null
data = 10 data = 40
Node Node
null = left null = left
right = — right =  null
data =5 data = 15
Node
null = left
right = null
data = 7




Rotering, exempel

root — Node
B = left
Node / right = > Node
data = 20
B = left null = left
right = — right = null
data = 10 data = 40
Node Node
null = left null = left
right = — right =  null
data = 5 data = 15 1. Remember value
of root.left
Node
null = left
right = null
data = 7



Rotering, exempel

root — Node
temp i = left
\ Node / right = > Node
data = 20
- = left null = left
right = — right = null
data = 10 \ data = 40
Node Node
null = left null = left
right = — right =  null
data = 5 data = 15 1. Remember value
of root.left
Node
null = left
right = null
data = 7



Rotering, exempel

root — Node
temp \ J’ . i left -
Node ] LRdhEss s Node
data = 20
N = left null = left
right = — right = null
data = 10 \ data = 40
Node Node
null = left null = left
right = — right =  null
data = 5 data = 15 1. Remember value
of root.left
2. Set root.left to value
Node of temp.right
null = left
right = null
data = 7




Rotering, exempel

root — Node
Node LRdhEss s Node
data = 20
N = left null = left
right = — right = null
data = 10 data = 40
Node Node
null = left null = left
right = — right =  null
data = 5 data = 15 1. Remember value
of root.left
2. Set root.left to value
Node of temp.right
null = left
right = null
data = 7




Rotering, exempel

root — Node
d = left
temp :
\’ Node SLIBERS I Node
data = 20
- = left null = left
right = — right = null
data = 10 data = 40
Node Node
null = left null = left
right = — right =  null
data = 5 data = 15 1. Remember value
of root.left
2. Set root.left to value
Node of temp.right
null = left 3. Set temp.right to root
right = null
data = 7




Rotering, exempel

root - Node
d = left
temp :
\\“ Node SLIBERS I Node
data = 20
- = left /// null = left
right = right = null
data = 10 data = 40
Node Node
null = left null = left
right = — right =  null
data = 5 data = 15 1. Remember value
of root.left
2. Set root.left to value
Node of temp.right
null = left 3. Set temp.right to root
right = null
data = 7
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Rotering, exempel

root Node
d = left
temp :
\’ Node LRdhEss T Node
data = 20
N = left / null = left
right = right = null
data = 10 data = 40
Node Node
null = left null = left
right = — right =  null
data = 5 data = 15 1. Remember value
of root.left
2. Set root.left to value
Node of temp.right
null = left 3- Set temp . rlght tO root
right = null 4. Set root to temp
data = 7



Rotering, exempel

<{ root Node
d = left
temp :
\’ Node LRdhEss T Node
data = 20
N = left / null = left
right = right = null
data = 10 data = 40
Node Node
null = left null = left
right = — right =  null
data = 5 data = 15 1. Remember value
of root.left
2. Set root.left to value
Node of temp.right
null = left 3- Set temp . rlght tO root
right = null 4. Set root to temp
data = 7
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Rotering, exempel



1

Rotering, exempel

root — — Node
= left
right = —
data = 10 \\\\\$
Node Node
null = left B = left
right = — right =
data =5 data = 20
Node Node
null = Jleft null = left
right = null right = null
data = 7 data = 15

Node
null = left
right = null

data = 40
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class BinargSearchTreeWith Rotate

SearchTree

BinaryTree

root

+ + + + +

add(E)
contains(E)
find(E)
delete(E)
remove (E)

+ getlLeftSubtree()
getRightSubtree()
+ getData()

-

BinaryTree.Node

# data

JA\

BinarySearchTree

+*

addReturn
deleteReturn

3%

add(E)
contains(E)
find(E)
delete(E)
remove (E)

+ + + + +

A

BinarySearchTreeWithRotate

# rotatelLeft()
# rotateRight()

lTeft

right




AVL ~trad

AVL star for Adelson-Velskii (AxesbcOH-Bénbckuii)
och Landis (JIanauc) som kom pa tradalgoritmerna

AVL-tradet haller reda pa vanster-hoger-balansen 1
varje deltrad:
© nar element laggs till eller tas bort fran tradet,
uppdateras balansen for alla deltrad fran
insattningspunkten upp till roten

© om balansen hamnar utanfor —1 till +1, roteras
tradet for att fa det i1 balans igen
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Balansera ett vanster-vinstertrad

A Y




Balansera ett vanster-vinstertrad

A y

varje rosa triangel

representerar ett
trad med hojd k
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Balansera ett vinster-vinstertrad

/ \A

den lila trapezoiden
representerar en
insattning, som

ger detta trad
hojden k+1




Balansera ett vanster-vinstertrad

formeln

hg — hy,

anvands for att
berakna balansen




Balansera ett vinster-vinstertrad

k-(k+1)

/ \A

formeln

hg — hy,

anvands for att
berakna balansen




Balansera ett vinster-vinstertrad

k-(k+1)

/ \A

formeln

hg — hy,

anvands for att
berakna balansen




Balansera ett vinster-vinstertrad

k - (k+2)

/ \A

k-(k+1)

formeln

hg — hy,

anvands for att
berakna balansen




Balansera ett vinster-vinstertrad

k - (k+2)

/ \A

k-(k+1)

formeln

hg — hy,

anvands for att
berakna balansen




Balansera ett vinster-vinstertrad

vanster och hoger deltrads

hojd ar ointressant; endast k-(k+R)
skilladen betyder nagot

k-(k+1)

formeln

hg — hy,

anvands for att
berakna balansen
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I/

Balansera ett vinster-vinstertrad

nar bade roten och
vanster deltrad
“lutar at vanster”,
sa kallas tradet ett
vanster-vanstertrad
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Balansera ett vinster-vinstertrad

vanster-vanstertrad
kan balanseras genom
att rotera at hoger
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Balansera ett vinster-vinstertrad




Balansera ett vinster-vinstertrad

A b

notera att den totala hojden inte har

andrats jamfort med innan insattningen!
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Balansera ett Vénster~hégertréd
7
o

A &




20

Balansera ett Vénster~hégertréd

7N

A &
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Balansera ett Vénster~hégertréd

k - (kK + 2)

A A
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Balansera ett Vénster~hégertrécl
/ @
/ﬂ AN A

A A ett vanster-hogertrad kan
inte balanseras med en

enkel hogerrotation
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Balansera ett Vénster~hégertrécl
/ @
/ﬂ AN A

A A deltrad b behover expanderas

i sina egna deltrad br. och br
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Balansera ett Vénster~hégertrécl
-2

@ A

N

A A A Vgl?sii;rvggli%gtl?;? ’;Iu

roteras at vanster




Balansera ett Vénster~hégertréd

o« )
vt
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Balansera ett Vénster~hégertrécl

nu ar det overgripande tradet
vanster-vanster, sa vi kan rotera
at hoger for att balansera det
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Balansera ett Véﬂﬁ’t@:”»-hégertréd

« o
Y
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Balansera ett Vénster~hégertrécl
/ @
@ A
/N

A A A antag nu att elementet
stoppades in i

br istallet for b,
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Balansera ett Vénster~hégertrécl
/ @
@ A
/N

A A A 1. rotera vanster

deltrad at vanster
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Balansera ett Véﬂﬁ’t@:”»-hégertréd

X

L A



Balansera ett Vénster~hégertrécl

-2 2, rotera tradet
/ at hoger
@ _1 \

/

L
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Balansera ett Véﬂﬁ’t@:”»-hégertréd

. e
Y
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Fgra sorters obalanserade tra

Vanster-vanster (foraldern < —1, vanster barn < 0)
© rotera at hoger runt foraldern

Vanster-hoger (foraldern < —1, vanster barn > 0)
© rotera at vanster runt barnet
© rotera at hoger runt foraldern

Hoger-hoger (foraldern > 1, hoger barn > 0)
© rotera at vanster runt foraldern

Hoger-vanster (foraldern > 1, hoger barn < 0)
@ rotera at hoger runt barnet
© rotera at vanster runt foraldern



bl

Balansering

avde fyra
olika Fglen

(bilden ar fran
Wikipedia)
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Ctt storre AV ~-exem Pel

Nu ska vi bygga ett AVL-trad for orden 1

“The quick brown fox jumps over the lazy dog”



2

The quick brown. ..

The +2

™

quick

/

brown 0

The overall tree is right-heavy
(Right-Left)

parent balance = +2
right child balance = -1

-1



%

The quick brown. ..

The +2

™

quick

/

brown 0

1. Rotate right around the child

-1



2

The quick brown. ..

The +2

S

brown

+1

N

1. Rotate right around the child

quick



The quick brown. ..

The +2

S

brown

+1

N

1. Rotate right around the child

2. Rotate left around the parent

quick
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The quick brown. ..

brown 0

/ \
The 0 quick

1. Rotate right around the child

2. Rotate left around the parent

0
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The quick brown fox. ..

brown 0

The 0/ quick 0
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The quick brown fox. ..

brown +1

Theo/ \qu ck -1
/

fox 0
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The quick brown Foxjuml:)s. ..

brown

+1
/ \ Insert jumps
The 0 quick -1

/

fox 0




4]

The quick brown Foxjuml:)s. ..

brown +2
/ \ Insert jumps
The ~ 0 quick -2

/

fox +1

N

Jjumps 0
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The quick brown Foxjuml:)s. ..

brown +2

The o/ quick -2

The tree is now left-heavy about

quick (Left-Right case)
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The quick brown Foxjuml:)s. ..

brown +2

/ \
The 0 quick -2

fox +1

1. Rotate left around the child




4

The quick brown Foxjuml:)s. ..

brown +2

Theo/ \qu ck -2
/

jumps -1

fox 0

1. Rotate left around the child
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The quick brown Foxjuml:)s. ..

brown +2

The 0/ qu1 ck -2

1. Rotate left around the child

2. Rotate right around the
parent
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The quick brown Foxjuml:)s. ..

brown +1

The 0 jumps 0
fox 0 quick 0

1. Rotate left around the child

2. Rotate right around the
parent




1/

The quick brown Foxjuml:)s over...

brown +1
/ S Insert over
The 0 Jumps 0

/N

fox 0 quick 0
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The quick brown Foxjuml:)s over...

brown +2
/ S Insert over
The 0 jumps  +1

/N

fox 0 quick -1

/

over 0




+9

The quick brown Foxjuml:)s over...

brown +2

The o/ jumps  #1

We now have a Right-Right

imbalance
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The quick brown Foxjuml:)s over...

brown +2

The o/ jumps  #1

1. Rotate left around the parent
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The quick brown Foxjuml:)s over...

Jjumps 0

brown 0 quick -1
The{ fox o0 over 0

1. Rotate left around the parent



The quick brown Foxjumps over the. ..

Jjumps 0
/ \ Insert the
brown 0 quick -1

/N /

The 0 fox o over 0
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The quick brown Foxjumps over the. ..

jumps 0
/ \ Insert the
brown 0 qu/ ck 0

The 0 fox 0 over ( the 0

55



quick brown Foxjuml:)s over the lazg. .

jumps 0
/ - Insert lazy
brown 0 quick 0

The 0 fox 0 over ( the 0

>4



quick brown Foxjuml:)s over the lazg. .

jumps +1
/ S Insert lazy
brown 0 quick -1

The 0 fox 0 over -1 the 0

/

lazy 0
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1ick brown Foxjumps over the |329 clog

jump +1
/ S Insert dog
brown 0 qu/ ck -1

The 0 fox 0 over -1 the 0

/

lazy 0




ick brown Foxjumps over the Iazg clogl

jumps 0
/ S Insert dog
brown +1 ck -1

AN VAN

The 0 fox -1 over -1 the 0
dog 0 lazy 0

o7
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Att implementera ett AVI ~trad

SearchTree

add(E)
contains(E)
find(E)
delete(E)
remove (E)

BinaryTree ‘

getLeftSubtree()
getRightSubtree()
getData()

1

BinarySearchTree

H W%

addReturn
deleteReturn

+ + + + +

add(E)
contains(E)
find(E)
delete(E)
remove(E)

T

root

BinarySearchTreeWithRotate

#

rotateLeft()
rotateRight()

le

BinaryTree.Node

# data

left

FAY

AVLTree

increase

add(E)
delete(E)

AVLNode

- balance

right
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Insittning i ett AVL~trad

Enklaste sattet att halla tradet balanserat ar att
aldrig lata det bli obalanserat

© om nagon nod blir kritiskt obalanserad,
balansera om den direkt

© 1dentifiera kritiska noder genom att kontrollera
nodbalansen nar du returnerar efter att ha lagt
in det nya elementet
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Insittning i ett AVL~trad

Algoritm for insiattning i ett AVL-trad

1. if the root is null:

. Create a, new tree with the item at the root and return true
3. else if the item is equal to root.data:
2, The item is already in the tree; return false

5. else if the item is less than root.data:

6. Recursively insert the item in the left subtree

7. if the height of the left subtree has increased (increase is true):

8. Decrement balance

9. if balance is zero, reset increase to false

10. if balance is less than -1:

11. Reset increase to false

12. Perform a rebalancelLeft

13. else if the item is greater than root.data.:

14. The processing is symmetric to Steps 4 through 10.

18. Note that balance is incremented if increase is true, not decremented
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rebalancel eft: forsta forsoket

Initial algoritm for rebalanceLeft

1. if the left subtree has positive balance (Left-Right case):
Q. Rotate left around left subtree root
3. Rotate right

Denna algoritm ar inte fullstandig, eftersom
nodbalanserna inte justerades.

© for ett vanster-vanstertrad sa blir den slutliga
balansen 0 pa rotnoden och dess hogra barn

© vanster-hogertrad ar mer komplicerade
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Rotationsettekter Pé balansen

Om den obalanserade situation uppstod pa
grund av att elementet stoppades in i:

© deltrad bw. (vanster-hoger-vanster):

© roten och rotens vanstra (10) 0
barn har balansen o

och balansen till (250 (50) +

vanstra barnet ar +1




Rotationsettekter Pé balansen

Om den obalanserade situation uppstod pa
grund av att elementet stoppades in i:

@ deltrad br (vanster-hoger-hoger):
© roten och rotens hogra
barn har balansen o

och balansen till
vanstra barnet ar —1
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rebalancel eft: reviderad version

Revised Algorithm for rebalanceLeft

1. if the left subtree has a positive balance (Left-Right case):

2 if the left-left subtree has a negative balance (Left-Right-Left case):
3 Set the left subtree (new left subtree) balance to O

4. Set the left-left subtree (new root) balance to O

S. Set the local root (new right subtree) balance to +1

6 else (Left-Right-Right case):

7. Set the left subtree (new left subtree) balance to -1

8 Set the left-left subtree (new root) balance to O

9 Set the local root (new right subtree) balance to O

10. Rotate the left subtree left

11. else (Left-Left case):

12. Set the left subtree balance to O
13. Set the local root balance to O

14. Rotate the local root right



decrementBalance

Nar vi returnerar fran en insattning i vanster deltrad, behover vi
minska balansen

Vi behover ocksa kunna beratta for foraldrarna ifall deltradets hojd

har okat eller e]

ChE L £ )

balance before insert is 0 balance i1s decreased due to insert: balance before insert is +1 balance is decreased due to insert:
overall height increased overall height remains the same

Det finns tva fall:

© noden ar balanserad: insattning 1 vanstra deltradet kommer att
gora noden vanster-tung, och hojden kommer att oka med 1

@ noden ar hoger-tung: insattning i vanstra deltradet kommer att
gora noden balanserad, och hojden kommer inte att oka
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Bortta gni ng, fran ett AVL-trad

Borttagning av noder ar ungefar som insattning...
@ ...fast precis tvartom

Metoderna decrementBalance, incrementBalance,
rebalanceLeft och rebalanceRight behover
modifieras sa att de satter variabeln decrease
forutom variabeln increase



Etfektivitet hos AVL~trad

AVL-trad ar logaritmiska, O(log n), eftersom varje
deltrad ar balanserat

@ varje deltrad far vara lite obalanserat (+1 balans),
sa tradet kan innehalla nagra hal

¢ 1varsta fall (vilket ar ovanligt) kan ett AVL-trad
vara 1,44 ganger sa hogt som ett perfekt
nodbalanserat trad

© empiriska tester visar att det 1 medeltal kravs
0,25+log(n) jamtorelser for att satta in element n

@ eftersom vi kan ignorera konstanter sa far vi en
komplexitet pa O(log n), aven 1 praktiken




