Grafer, tva viktiga algoritmer

Koffman & Wolfgang
© kapitel 10, avsnitt 6



Diikstras algoritm for att
hitta den kortaste vagen

Bredden-forst-sokning hittar den kortaste vagen
fran startnoden till alla andra noder

© om vi antar att langden (eller vikten) for
varje bage ar lika stor

@ dvs, om grafen ar oviktad

Dijkstras algoritm hittar den kortaste vagen i
en viktad graf

@ funkar for bade riktade och oriktade grafer



Dij kstras algoritm

Vi behover 2 mangder (S och V-S) och 2 falt (d och p).

S innehaller de noder som vi har beraknat kortaste vagen for
© vi borjar med att lagga in startnoden s1 S

V-8 innehaller de noder som ar kvar att besoka
© vi borjar med att lagga alla andra noder vi V-—-S

d[v] innehaller den kortaste vagen fran s till v

© vi borjar med att satta d[v] till w,
om det finns en bage (s, v) med vikt w

© om det inte finns nagon bage (s, v), satt d[v] till «

[v] innehaller foregangaren till v 1 stigen fran s till v
© vi borjar med att satta p[v] till s for varje v1 V-8




Dijkstra's Algorithm
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Dijkstra's Algorithm (cont.)
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Dijkstra's Algorithm (cont.)
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Dijkstra's Algorithm (cont.)
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Dijkstra's Algorithm (cont.)
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Dijkstra's Algorithm (cont.)
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Dijkstra's Algorithm (cont.)
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Dijkstra's Algorithm (cont.)
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At initialization, the start vertex s is

placed in S, and the remaining vertices
into V-S




Dijkstra's Algorithm (cont.)
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For each v in V-S, we initialize d by setting

d[v] equal to the weight of the edge w(s, v)
for each vertex v, adjacent to s




Dijkstra's Algorithm (cont.)
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For each v in V-S, we initialize d by setting

d[v] equal to the weight of the edge w(s, v)
for each vertex v, adjacent to s




Dijkstra's Algorithm (cont.)
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For each v in V-S, we initialize d by setting

d[v] equal to the weight of the edge w(s, v)
for each vertex v, adjacent to s




Dijkstra's Algorithm (cont.)
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For each v in V-S, we initialize d by setting

d[v] equal to the weight of the edge w(s, v)
for each vertex v, adjacent to s




Dijkstra's Algorithm (cont.)
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For each v not adjacent to s, we set d[v] equal

to ©




Dijkstra's Algorithm (cont.)
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Dijkstra's Algorithm (cont.)
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Dijkstra's Algorithm (cont.)
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Dijkstra's Algorithm (cont.)
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We now find the vertex u in V-S that has the

smallest value of d[u]



Dijkstra's Algorithm (cont.)
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Dijkstra's Algorithm (cont.)
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Consider the vertices v that are adjacent to u



Dijkstra's Algorithm (cont.)
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If the distance from s to u (d[u]) plus the
distance from u to v is smaller than d[v] we
update d[v] to that value




Dijkstra's Algorithm (cont.)
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Dijkstra's Algorithm (cont.)
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Dijkstra's Algorithm (cont.)
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and set p[v] to u




Dijkstra's Algorithm (cont.)
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Dijkstra's Algorithm (cont.)
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Dijkstra's Algorithm (cont.)
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Dijkstra's Algorithm (cont.)
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Dijkstra's Algorithm (cont.)
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Dijkstra's Algorithm (cont.)
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Set d[2] to 50 and p[2] to u




Dijkstra's Algorithm (cont.)
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Dijkstra's Algorithm (cont.)
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Dijkstra's Algorithm (cont.)

S$={0,1}
‘V@ 100
V-S={2,3,4}

u=3 0

.
10 O

1 10 60

2 50 3

. & S
20 u

4 100 O

90 < 100




Dijkstra's Algorithm (cont.)

S$={0,1}
‘V@ 100
V-S={2,3,4}

u=3 0

.
10 O

1 10 60

2 50 3

0 ® s
20 u

4 90 3

90 < 100




Dijkstra's Algorithm (cont.)

S$={0,1}
‘V@ 100
V-S={2,3,4}

u=3 0

.
10 O

1 10 60

2 50 3

0 ® s
20 u

4 90 3

Move u from V-Sto S




Dijkstra's Algorithm (cont.)
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Dijkstra's Algorithm (cont.)
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Dijkstra's Algorithm (cont.)
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Dijkstra's Algorithm (cont.)
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Dijkstra's Algorithm (cont.)
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Dijkstra's Algorithm (cont.)
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Dijkstra's Algorithm (cont.)
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Dijkstra's Algorithm (cont.)
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Dijkstra's Algorithm (cont.)
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Dijkstra's Algorithm (cont.)
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Dijkstra's Algorithm (cont.)
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Dijkstra's Algorithm (cont.)
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Dijkstra's Algorithm (cont.)
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Dijkstras algoritm

Dijkstra’s Algorithm

1.  Initialize S with the start vertex, s, and V=S with the remaining vertices.

2. forallvin V=S

3. Set p[v] to s.

4. if there is an edge (s, v)

5. Set d[¢] to w(s, v).

else

6. Set d[v] to ee.

7. while V=S is not empty

8. for all # in V=S, find the smallest d[#«].

9. Remove # from V=S and add « to S.
10. for all v adjacent to # in V=S
11. if d[u] + win, v) is less than d[v].
12. Set d[v] to d[u#] + wiu, v).

13. Set p[¢] to u.
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Minimum spanningtree
(Minimalt UPPSPénnancle trad)

Ett “spanning tree” ar en delmangd av bagarna i en graf,
sa att:

¢ alla noder ar sammanhangande, och

¢ det finns inga cykler
Kostnaden for ett spanning tree ar summan av bagarnas
vikter:

© uppgiften ar att hitta det spanning tree som har
den minsta kostnaden

9 dvs, minimum spanning tree (MST)
© Prims/Jarniks algoritm for MST ar valdigt lik
Dijkstras algoritm for kortaste vagen

© men algoritmen funkar bara pa oriktade grafer!



b,

Prims/Jarniks Algorithm

Noderna delas upp 1 tva mangder:
@ S, mangen av alla noder som har hamnat i tradet
© V=S, de kvarvarande noderna

Som 1 Dijkstras algoritm har vi tva falt:

@ d[v] innehaller langden av den kortaste bagen fran
nagon nod u 1S till v (som ar 1 V-S)

¢ plv] innehaller star

moden u for denna bage

Den enda skillnaden mel]

an algoritmerna ar innehallet i d[v]:

@ 1 Prims/Jarniks algoritm, innehaller d[v] endast den
senaste bagens langd

© 1 Dykstras algoritm,

innehaller d[v] hela langden fran s



Prim's Algorithm Example

S={0}

V-S={1,2,3,4,5)}




Prim's Algorithm Example
(cont.)

S={0}

V-S={1,2,3,4,5)}

The smallest edge
from u to v where u

isinSandvisin V-S
is the edge (0,2)




Prim's Algorithm Example
(cont.)

S={0}

V-S={1,2,3,4,5)}
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Add this edge to the @
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Prim's Algorithm Example
(cont.)
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Prim's Algorithm Example
(cont.)
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Prim's Algorithm Example
(cont.)

S={0,2}

V-S={1,3,4,5}

Consider all edges (u, 1
v) where uis in S and

visin V-S
(there are 8 possible 2
edges)




Prim's Algorithm Example
(cont.)

S={0,2}

V-S={1,3,4,5}

The smallest is (2, 5)




Prim's Algorithm Example
(cont.)
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Add (2,5) to the @
spanning tree @




Prim's Algorithm Example

(cont.)
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Prim's Algorithm Example

(cont.)
ce
V-S={1,3,4}

SN




Prim's Algorithm Example
(cont.)

S={0,2,5)

V-S={1,3,4)

Find the smallest
edge (u, v) where u is
in S and vis in V-S 2




Prim's Algorithm Example
(cont.)
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The smallest edge is @
(5, 3) @




Prim's Algorithm Example
(cont.)
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Prim's Algorithm Example
(cont.)

S={0,2,5 3}

V-S={1, 4}

The next smallest

edge is (2, 1)




Prim's Algorithm Example
(cont.)
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The next smallest

edge is (2, 1)




Prim's Algorithm Example
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Prim's Algorithm Example

(cont.)
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Prim's Algorithm Example
(cont.)

S={0,25,3,1}

V-S={4}

The smallest edge to

41is (1, 4)




Prim's Algorithm Example
(cont.)

S={0,25,3,1}

V-S={4}

The smallest edge to

4is (1, 4) 5 @




Prim's Algorithm Example
(cont.)

S={0,25,3,1,4}

V-S={ )

1
The spanning tree is
complete 5 @
\
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Dijkstras algoritm

Dijkstra’s Algorithm
1.  Initialize S with the start vertex, s, and V=S with the remaining vertices.
2. forallvin V=S
3. Set p|v] to s.
-+ if there is an edge (s, v
5. Set d[¢] to w(s, v).

else

6. Set d[¢] to ee.

7. while V=S is not empty

8. for all # in V=S, find the smallest d[#].

9. Remove # from V=S and add « to S.
10. for all ¢ adjacent to «# in V=S
11. if d[u] + wiu, v) 1s less than d[v].
12. Set d[¢] to d[u] + wiu, v).

13. Set p[v] to .



Prims al goritm

Prim’s Algorithm

Do I -
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[nitialize S with the start vertex, s, and V=S with the remaining verrtices.
for all v in V=S
Set p[v] to s.
if there is an edge (s, v
Set d[¢] to w(s, v).
else
Set d[¢] to ee.
while V=S is not empty
for all & in V=S, find the smallest d[«].
Remove # from V=S and add # to S.
Insert the edge (u, p[u]) into the spanning tree.
for all ¢ adjacent to «# in V=S
if d[u] + wiu, v) 1s less than d[v].
Set d[¢] to w(u, v).
Set p[v] to wu.



Analgs av algoritmema

Steg 1 kraver O(|V]) steg
Loopen 1 steg 2—6 kraver O(|V]) steg

Loopen i steg 7—12 gas igenom O(|V]) ganger
© varje gang letar steg 8 och 9 igenom V-8,
som har storlek O(|V])

@ alltsa kriver steg 7—12 O(|V|2) steg

Prims/Jarniks algoritm ar alltsa O(|V|?)
© samma resonemang galler for Dijkstra

© om man anvander en prioritetsko for att representera
V-S, och representerar gratfen som en adjacency list
sa kan man fa komplexitet O(|E| + |V| log |V|)
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