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Today
• Learn about linear types

• Learn how a type system is formally specified

• Specifically: linear types for the lambda calculus

• See examples of linear programs in Haskell and Granule

• Prequel to
Granule: A language for fine-grained reasoning via graded modal types



Linear lambda 
calculus



Syntax



Lambda calculus syntax

t, t’ ::= X | fun (X) => t end | t(t’) Erlang

t, t’ ::= x | \x -> t          | t t’ Haskell
t, t’ ::= x | fun (x) -> t     | t t’ OCaml

t, t’ ::= x | x -> t           | t.apply(t)
Java

Syntax

�-calculus The �-calculus is the prototypical functional language. It is is very
small, with just three syntactic constructures for its terms: variables, function
values (binding a variable x in the scope of some other term t) and application
(written via juxtaposition of two terms):

t, t

0 ::= x | �x.t | t t

0

The simply-typed �-calculus adds a simple typing discipline (due to Church).
This codifies a very simple language, whose pattern is repeated in many other

languages; in fact we often use these principles even in simple mathematics.

What is the meaning of this!? The way we can give this meaning is by
giving a semantics. One form of semantics is an “operational semantics” which
tells us how to evaluate a term in a number of steps. This is essentially like
a simple step-by-step interpreter that transforms the program until it can’t
transform it anymore. The resulting program is the “return value”.

Reduction is defined as a relation between terms, usually written as an arrow,
e.g. t ! t

0 means the term t can reduce in one step to t

0. The most basic notion
of “taking a step” is known as �-reduction rule, which explains how to actually
do an application:

(�x.t) t0 ! t[t0/x]

The left hand side says, if we have a function with a parameter x and a body t,
and we apply it to an argument t0 then we get t, but where t

0
is substituted for

x. This is what the syntax t[t0/x] means: traverse through the syntax of t and
any time you find a variable x, replace it with the term t

0.
We need only one more kind of reduction to make this calculus powerful

enough to capture all possible computations (see the Church-Turing thesis):

t1 ! t

0
1

t1 t2 ! t

0
1 t2

This is an inductive rule: it says that given a reduction of t1 into t

0
1 then we

can use this to reduce t1 when it is the left-hand side of a reduction. We can
also add rules for reducing the right-hand side first, and reducing underneath a
lambda.

Types Types are defined as: A,B ::= A ! A. In a real language we’d then
add other base types and data tyes, e.g. A,B ::= A ! A | Int | Bool | . . ..

The simply-typed lambda calculus adds a notion of typing on top. Church
introduced this and he slightly tweaked the syntax to include a kind of type
signature on lambdas.

t ::= x | �(x : A).t | t t

We will define a typing relation which let’s us relate terms to their types,
e.g,

�(x : A).x : A ! A

1

variables | functions | function application



Typing rules 
(linear)
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Typing syntax and relation

Typing lets us relate expressions to types, e.g.

�-calculus The �-calculus is the prototypical functional language. It is is very
small, with just three syntactic constructures for its terms: variables, function
values (binding a variable x in the scope of some other term t) and application
(written via juxtaposition of two terms):

t, t

0 ::= x | �x.t | t t

0

The simply-typed �-calculus adds a simple typing discipline (due to Church).
This codifies a very simple language, whose pattern is repeated in many other

languages; in fact we often use these principles even in simple mathematics.

What is the meaning of this!? The way we can give this meaning is by
giving a semantics. One form of semantics is an “operational semantics” which
tells us how to evaluate a term in a number of steps. This is essentially like
a simple step-by-step interpreter that transforms the program until it can’t
transform it anymore. The resulting program is the “return value”.

Reduction is defined as a relation between terms, usually written as an arrow,
e.g. t ! t

0 means the term t can reduce in one step to t

0. The most basic notion
of “taking a step” is known as �-reduction rule, which explains how to actually
do an application:

(�x.t) t0 ! t[t0/x]

The left hand side says, if we have a function with a parameter x and a body t,
and we apply it to an argument t0 then we get t, but where t

0
is substituted for

x. This is what the syntax t[t0/x] means: traverse through the syntax of t and
any time you find a variable x, replace it with the term t

0.
We need only one more kind of reduction to make this calculus powerful

enough to capture all possible computations (see the Church-Turing thesis):

t1 ! t

0
1

t1 t2 ! t

0
1 t2

This is an inductive rule: it says that given a reduction of t1 into t

0
1 then we

can use this to reduce t1 when it is the left-hand side of a reduction. We can
also add rules for reducing the right-hand side first, and reducing underneath a
lambda.

Types Types are defined as: A,B ::= A ! B. In a real language we’d then
add other base types and data tyes, e.g. A,B ::= A ! B | Int | Bool | . . ..

The simply-typed lambda calculus adds a notion of typing on top. Church
introduced this and he slightly tweaked the syntax to include a kind of type
signature on lambdas.

t ::= x | �(x : A).t | t t

We will define a typing relation which let’s us relate terms to their types,
e.g,

�(x : A).x : A ! A

1

�-calculus The �-calculus is the prototypical functional language. It is is very
small, with just three syntactic constructures for its terms: variables, function
values (binding a variable x in the scope of some other term t) and application
(written via juxtaposition of two terms):

t ::= x | �x.t | t t

The simply-typed �-calculus adds a simple typing discipline (due to Church).
This codifies a very simple language, whose pattern is repeated in many other

languages; in fact we often use these principles even in simple mathematics.

What is the meaning of this!? The way we can give this meaning is by
giving a semantics. One form of semantics is an “operational semantics” which
tells us how to evaluate a term in a number of steps. This is essentially like
a simple step-by-step interpreter that transforms the program until it can’t
transform it anymore. The resulting program is the “return value”.

Reduction is defined as a relation between terms, usually written as an arrow,
e.g. t ! t

0 means the term t can reduce in one step to t

0. The most basic notion
of “taking a step” is known as �-reduction rule, which explains how to actually
do an application:

(�x.t) t0 ! t[t0/x]

The left hand side says, if we have a function with a parameter x and a body t,
and we apply it to an argument t0 then we get t, but where t

0
is substituted for

x. This is what the syntax t[t0/x] means: traverse through the syntax of t and
any time you find a variable x, replace it with the term t

0.
We need only one more kind of reduction to make this calculus powerful

enough to capture all possible computations (see the Church-Turing thesis):

t1 ! t

0
1

t1 t2 ! t

0
1 t2

This is an inductive rule: it says that given a reduction of t1 into t

0
1 then we

can use this to reduce t1 when it is the left-hand side of a reduction. We can
also add rules for reducing the right-hand side first, and reducing underneath a
lambda.

Types Types are defined as: A,B ::= A ! A. In a real language we’d then
add other base types and data tyes, e.g. A,B ::= A ! A | Int | Bool | . . ..

The simply-typed lambda calculus adds a notion of typing on top. Church
introduced this and he slightly tweaked the syntax to include a kind of type
signature on lambdas.

t ::= x | �(x : A).t | t t

contexts � are defined as:

� ::= �, x : A | ;

1

Church syntax adds a type “signature”

�-calculus The �-calculus is the prototypical functional language. It is is very
small, with just three syntactic constructures for its terms: variables, function
values (binding a variable x in the scope of some other term t) and application
(written via juxtaposition of two terms):

t ::= x | �x.t | t t

The simply-typed �-calculus adds a simple typing discipline (due to Church).
This codifies a very simple language, whose pattern is repeated in many other

languages; in fact we often use these principles even in simple mathematics.

What is the meaning of this!? The way we can give this meaning is by
giving a semantics. One form of semantics is an “operational semantics” which
tells us how to evaluate a term in a number of steps. This is essentially like
a simple step-by-step interpreter that transforms the program until it can’t
transform it anymore. The resulting program is the “return value”.

Reduction is defined as a relation between terms, usually written as an arrow,
e.g. t ! t

0 means the term t can reduce in one step to t

0. The most basic notion
of “taking a step” is known as �-reduction rule, which explains how to actually
do an application:

(�x.t) t0 ! t[t0/x]

The left hand side says, if we have a function with a parameter x and a body t,
and we apply it to an argument t0 then we get t, but where t

0
is substituted for

x. This is what the syntax t[t0/x] means: traverse through the syntax of t and
any time you find a variable x, replace it with the term t

0.
We need only one more kind of reduction to make this calculus powerful

enough to capture all possible computations (see the Church-Turing thesis):

t1 ! t

0
1

t1 t2 ! t

0
1 t2

This is an inductive rule: it says that given a reduction of t1 into t

0
1 then we

can use this to reduce t1 when it is the left-hand side of a reduction. We can
also add rules for reducing the right-hand side first, and reducing underneath a
lambda.

Types Types are defined as: A,B ::= A ! A. In a real language we’d then
add other base types and data tyes, e.g. A,B ::= A ! A | Int | Bool | . . ..

contexts � are defined as:

� ::= �, x : A | ;

where x : A denotes an assumption that a variable x has type A; we call this a
type assumption.

var

�, x : A ` x : A
abs

�, x : A ` t : B

� ` �x.t : A ! B

app

� ` t : A ! B � ` t

0 : A

� ` t t

0 : B

1

In a full language we’d want more…

�-calculus The �-calculus is the prototypical functional language. It is is very
small, with just three syntactic constructures for its terms: variables, function
values (binding a variable x in the scope of some other term t) and application
(written via juxtaposition of two terms):

t, t

0 ::= x | �x.t | t t

0

The simply-typed �-calculus adds a simple typing discipline (due to Church).
This codifies a very simple language, whose pattern is repeated in many other

languages; in fact we often use these principles even in simple mathematics.

What is the meaning of this!? The way we can give this meaning is by
giving a semantics. One form of semantics is an “operational semantics” which
tells us how to evaluate a term in a number of steps. This is essentially like
a simple step-by-step interpreter that transforms the program until it can’t
transform it anymore. The resulting program is the “return value”.

Reduction is defined as a relation between terms, usually written as an arrow,
e.g. t ! t

0 means the term t can reduce in one step to t

0. The most basic notion
of “taking a step” is known as �-reduction rule, which explains how to actually
do an application:

(�x.t) t0 ! t[t0/x]

The left hand side says, if we have a function with a parameter x and a body t,
and we apply it to an argument t0 then we get t, but where t

0
is substituted for

x. This is what the syntax t[t0/x] means: traverse through the syntax of t and
any time you find a variable x, replace it with the term t

0.
We need only one more kind of reduction to make this calculus powerful

enough to capture all possible computations (see the Church-Turing thesis):

t1 ! t

0
1

t1 t2 ! t

0
1 t2

This is an inductive rule: it says that given a reduction of t1 into t

0
1 then we

can use this to reduce t1 when it is the left-hand side of a reduction. We can
also add rules for reducing the right-hand side first, and reducing underneath a
lambda.

Types Types are defined as: A,B ::= A ! B. In a real language we’d then
add other base types and data tyes, e.g. A,B ::= A ! B | Int | Bool | . . ..

The simply-typed lambda calculus adds a notion of typing on top. Church
introduced this and he slightly tweaked the syntax to include a kind of type
signature on lambdas.

t ::= x | �(x : A).t | t t

We will define a typing relation which let’s us relate terms to their types,
e.g,

�(x : A).x : A ! A

1

Type syntax
cf  Haskell:  t -> t’

id :: a -> a
id = \x -> x

Cf.: 
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Exercise What about the type of:

�(x : A).�(y : B).x

�(x : A).�(y : B).x : A ! (B ! A)

What about the type of:
�(x : A).y

The type of this term depends on the type of y. So when we are writing down
typing judgments we will also give a set of assumptions of any free variables.

y : B ` �(x : A).y : A ! B

� ` t : A

These are traditionally called typging contexts, written as � defined as:

� ::= �, x : A | ;

where x : A denotes an assumption that a variable x has type A; we call this a
type assumption.

var

�, x : A ` x : A
abs

�, x : A ` t : B

� ` �x.t : A ! B

app

� ` t : A ! B � ` t

0 : A

� ` t t

0 : B

Syncatically contexts looks like lists, but they are treated as sets. There are
various formulations of the above type rules that embed this idea. Another way
is to make explicit various “meta” rules that explain that we can treat contexts
as sets:

weaken

� ` e : A

�, x : A0 ` e : A
exchange

�, x : A, y : B,�0 ` e : A

�, y : B, x : A,�0 ` e : A
contract

�, y : A0
, z : A0 ` e : A

�, x : A0 ` e[x/z][x/y] : A
(1)

Linear �-calculus The linear �-calculus builds on the simply-typed � calculus
but replaces the notion of typing contexts � as sets by adding some

var

x : A ` x : A
abs

�, x : A ` t : B

� ` �x.t : A ! B

app

� ` t : A ! B � ` t

0 : A

�+� ` t t

0 : B

app

� ` t : A ! B � ` t

0 : A

�,� ` t t

0 : B

2

Quick exercise:

Q:  What is the type of this lambda term?

Cf.: const :: a -> b -> a
const x y = x

What about the type of:
�(x : A).y

The type of this term depends on the type of y. So when we are writing down
typing judgments we will also give a set of assumptions of any free variables.

y : B ` �(x : A).y : A ! B

� ` t : A

These are traditionally called typging contexts, written as � defined as:

� ::= �, x : A | ;

where x : A denotes an assumption that a variable x has type A; we call this a
type assumption.

var

�, x : A ` x : A
abs

�, x : A ` t : B

� ` �x.t : A ! B

app

� ` t : A ! B � ` t

0 : A

� ` t t

0 : B

Syncatically contexts looks like lists, but they are treated as sets. There are
various formulations of the above type rules that embed this idea. Another way
is to make explicit various “meta” rules that explain that we can treat contexts
as sets:

weaken

� ` e : A

�, x : A0 ` e : A
exchange

�, x : A, y : B,�0 ` e : A

�, y : B, x : A,�0 ` e : A
contract

�, y : A0
, z : A0 ` e : A

�, x : A0 ` e[x/z][x/y] : A
(1)

Linear �-calculus The linear �-calculus builds on the simply-typed � calculus
but replaces the notion of typing contexts � as sets by adding some

var

x : A ` x : A
abs

�, x : A ` t : B

� ` �x.t : A ! B

app

� ` t : A ! B � ` t

0 : A

�+� ` t t

0 : B

app

� ` t : A ! B � ` t

0 : A

�,� ` t t

0 : B

Escape hatch back to regular simply-typed � calculus

der

�, x : A ` t : B

�, x : [A]1 ` t : B
let⇤

� ` t1 : ⇤rA �, x : [A]r ` t2 : B

�+� ` let [x] = t1 in t2 : B
pr

� ` t : B

r⇤� ` [t] : ⇤rB

A,B ::= A ! B | ⇤A

� ::= �, x : A | �, x : [A] | ;

2

Q:  What is the type of this lambda term?

A: 

Exercise What about the type of:

�(x : A).�(y : B).x

�(x : A).�(y : B).x : A ! (B ! A)

What about the type of:
�(x : A).y

The type of this term depends on the type of y. So when we are writing down
typing judgments we will also give a set of assumptions of any free variables.

y : B ` �(x : A).y : A ! B

� ` t : A

These are traditionally called typging contexts, written as � defined as:

� ::= �, x : A | ;

where x : A denotes an assumption that a variable x has type A; we call this a
type assumption.

var

�, x : A ` x : A
abs

�, x : A ` t : B

� ` �x.t : A ! B

app

� ` t : A ! B � ` t

0 : A

� ` t t

0 : B

Syncatically contexts looks like lists, but they are treated as sets. There are
various formulations of the above type rules that embed this idea. Another way
is to make explicit various “meta” rules that explain that we can treat contexts
as sets:

weaken

� ` e : A

�, x : A0 ` e : A
exchange

�, x : A, y : B,�0 ` e : A

�, y : B, x : A,�0 ` e : A
contract

�, y : A0
, z : A0 ` e : A

�, x : A0 ` e[x/z][x/y] : A
(1)

Linear �-calculus The linear �-calculus builds on the simply-typed � calculus
but replaces the notion of typing contexts � as sets by adding some

var

x : A ` x : A
abs

�, x : A ` t : B

� ` �x.t : A ! B

app

� ` t : A ! B � ` t

0 : A

�+� ` t t

0 : B

app

� ` t : A ! B � ` t

0 : A

�,� ` t t

0 : B

2

A: It depends!



Assumptions Term Type

Typing syntax and relation
Typing judgement with assumptions about variable types

What about the type of:
�(x : A).y

The type of this term depends on the type of y. So when we are writing down
typing judgments we will also give a set of assumptions of any free variables.

y : B ` �(x : A).y : A ! B

� ` t : A

These are traditionally called typging contexts, written as � defined as:

� ::= �, x : A | ;

where x : A denotes an assumption that a variable x has type A; we call this a
type assumption.

var

�, x : A ` x : A
abs

�, x : A ` t : B

� ` �x.t : A ! B

app

� ` t : A ! B � ` t

0 : A

� ` t t

0 : B

Syncatically contexts looks like lists, but they are treated as sets. There are
various formulations of the above type rules that embed this idea. Another way
is to make explicit various “meta” rules that explain that we can treat contexts
as sets:

weaken

� ` e : A

�, x : A0 ` e : A
exchange

�, x : A, y : B,�0 ` e : A

�, y : B, x : A,�0 ` e : A
contract

�, y : A0
, z : A0 ` e : A

�, x : A0 ` e[x/z][x/y] : A
(1)

Linear �-calculus The linear �-calculus builds on the simply-typed � calculus
but replaces the notion of typing contexts � as sets by adding some

var

x : A ` x : A
abs

�, x : A ` t : B

� ` �x.t : A ! B

app

� ` t : A ! B � ` t

0 : A

�+� ` t t

0 : B

app

� ` t : A ! B � ` t

0 : A

�,� ` t t

0 : B

Escape hatch back to regular simply-typed � calculus

der

�, x : A ` t : B

�, x : [A]1 ` t : B
let⇤

� ` t1 : ⇤rA �, x : [A]r ` t2 : B

�+� ` let [x] = t1 in t2 : B
pr

� ` t : B

r⇤� ` [t] : ⇤rB

A,B ::= A ! B | ⇤A

� ::= �, x : A | �, x : [A] | ;

2

What about the type of:
�(x : A).x y

The type of this term depends on the type of y. So when we are writing down
typing judgments we will also give a set of assumptions of any free variables.
These are traditionally called typging contexts, written as � defined as:

� ::= �, x : A | ;

where x : A denotes an assumption that a variable x has type A; we call this a
type assumption.

var

�, x : A ` x : A
abs

�, x : A ` t : B

� ` �x.t : A ! B

app

� ` t : A ! B � ` t

0 : A

� ` t t

0 : B

Syncatically contexts looks like lists, but they are treated as sets. There are
various formulations of the above type rules that embed this idea. Another way
is to make explicit various “meta” rules that explain that we can treat contexts
as sets:

weaken

� ` e : A

�, x : A0 ` e : A
exchange

�, x : A, y : B,�0 ` e : A

�, y : B, x : A,�0 ` e : A
contract

�, y : A0
, z : A0 ` e : A

�, x : A0 ` e[x/z][x/y] : A
(1)

Linear �-calculus The linear �-calculus builds on the simply-typed � calculus
but replaces the notion of typing contexts � as sets by adding some

var

x : A ` x : A
abs

�, x : A ` t : B

� ` �x.t : A ! B

app

� ` t : A ! B � ` t

0 : A

�+� ` t t

0 : B

Escape hatch back to regular simply-typed � calculus

der

�, x : A ` t : B

�, x : [A]1 ` t : B
let⇤

� ` t1 : ⇤rA �, x : [A]r ` t2 : B

�+� ` let [x] = t1 in t2 : B
pr

� ` t : B

r⇤� ` [t] : ⇤rB

2

Syntax of assumptions

What about the type of:
�(x : A).x y

The type of this term depends on the type of y. So when we are writing down
typing judgments we will also give a set of assumptions of any free variables.

� ` t : A

These are traditionally called typging contexts, written as � defined as:

� ::= �, x : A | ;

where x : A denotes an assumption that a variable x has type A; we call this a
type assumption.

var

�, x : A ` x : A
abs

�, x : A ` t : B

� ` �x.t : A ! B

app

� ` t : A ! B � ` t

0 : A

� ` t t

0 : B

Syncatically contexts looks like lists, but they are treated as sets. There are
various formulations of the above type rules that embed this idea. Another way
is to make explicit various “meta” rules that explain that we can treat contexts
as sets:

weaken

� ` e : A

�, x : A0 ` e : A
exchange

�, x : A, y : B,�0 ` e : A

�, y : B, x : A,�0 ` e : A
contract

�, y : A0
, z : A0 ` e : A

�, x : A0 ` e[x/z][x/y] : A
(1)

Linear �-calculus The linear �-calculus builds on the simply-typed � calculus
but replaces the notion of typing contexts � as sets by adding some

var

x : A ` x : A
abs

�, x : A ` t : B

� ` �x.t : A ! B

app

� ` t : A ! B � ` t

0 : A

�+� ` t t

0 : B

Escape hatch back to regular simply-typed � calculus

der

�, x : A ` t : B

�, x : [A]1 ` t : B
let⇤

� ` t1 : ⇤rA �, x : [A]r ` t2 : B

�+� ` let [x] = t1 in t2 : B
pr

� ` t : B

r⇤� ` [t] : ⇤rB

2

Typing judgement form:
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Typing rules

premises (inductive hypotheses)

conclusions
Inductive step:

Defined
inductively

Base case:
conclusions

A term which is just one variable,
has just one assumption

Exercise What about the type of:

�(x : A).�(y : B).x

�(x : A).�(y : B).x : A ! (B ! A)

What about the type of:
�(x : A).y

The type of this term depends on the type of y. So when we are writing down
typing judgments we will also give a set of assumptions of any free variables.

y : B ` �(x : A).y : A ! B

� ` t : A

These are traditionally called typging contexts, written as � defined as:

� ::= �, x : A | ;

where x : A denotes an assumption that a variable x has type A; we call this a
type assumption.

var

�, x : A ` x : A
abs

�, x : A ` t : B

� ` �(x : A).t : A ! B

app

� ` t : A ! B � ` t

0 : A

� ` t t

0 : B

Syncatically contexts looks like lists, but they are treated as sets. There are
various formulations of the above type rules that embed this idea. Another way
is to make explicit various “meta” rules that explain that we can treat contexts
as sets:

weaken

� ` e : A

�, x : A0 ` e : A
exchange

�, x : A, y : B,�0 ` e : A

�, y : B, x : A,�0 ` e : A
contract

�, y : A0
, z : A0 ` e : A

�, x : A0 ` e[x/z][x/y] : A
(1)

Linear �-calculus The linear �-calculus builds on the simply-typed � calculus
but replaces the notion of typing contexts � as sets by adding some

var

x : A ` x : A
abs

�, x : A ` t : B

� ` �x.t : A ! B

app

� ` t : A ! B � ` t

0 : A

�+� ` t t

0 : B

app

� ` t : A ! B � ` t

0 : A

�,� ` t t

0 : B

2

Binding free variables

Exercise What about the type of:

�(x : A).�(y : B).x

�(x : A).�(y : B).x : A ! (B ! A)

What about the type of:
�(x : A).y

The type of this term depends on the type of y. So when we are writing down
typing judgments we will also give a set of assumptions of any free variables.

y : B ` �(x : A).y : A ! B

� ` t : A

These are traditionally called typging contexts, written as � defined as:

� ::= �, x : A | ;

where x : A denotes an assumption that a variable x has type A; we call this a
type assumption.

var

�, x : A ` x : A
abs

�, x : A ` t : B

� ` �(x : A).t : A ! B

app

� ` t : A ! B � ` t

0 : A

� ` t t

0 : B

Syncatically contexts looks like lists, but they are treated as sets. There are
various formulations of the above type rules that embed this idea. Another way
is to make explicit various “meta” rules that explain that we can treat contexts
as sets:

weaken

� ` e : A

�, x : A0 ` e : A
exchange

�, x : A, y : B,�0 ` e : A

�, y : B, x : A,�0 ` e : A
contract

�, y : A0
, z : A0 ` e : A

�, x : A0 ` e[x/z][x/y] : A
(1)

Linear �-calculus The linear �-calculus builds on the simply-typed � calculus
but replaces the notion of typing contexts � as sets by adding some

var

x : A ` x : A
abs

�, x : A ` t : B

� ` �x.t : A ! B

app

� ` t : A ! B � ` t

0 : A

�+� ` t t

0 : B

app

� ` t : A ! B � ` t

0 : A

�,� ` t t

0 : B

2

Exercise What about the type of:

�(x : A).�(y : B).x

�(x : A).�(y : B).x : A ! (B ! A)

What about the type of:
�(x : A).y

The type of this term depends on the type of y. So when we are writing down
typing judgments we will also give a set of assumptions of any free variables.

y : B ` �(x : A).y : A ! B

� ` t : A

These are traditionally called typging contexts, written as � defined as:

� ::= �, x : A | ;

where x : A denotes an assumption that a variable x has type A; we call this a
type assumption.

var

�, x : A ` x : A
abs

�, x : A ` t : B

� ` �(x : A).t : A ! B

app

� ` t : A ! B � ` t

0 : A

� ` t t

0 : B

Syncatically contexts looks like lists, but they are treated as sets. There are
various formulations of the above type rules that embed this idea. Another way
is to make explicit various “meta” rules that explain that we can treat contexts
as sets:

weaken

� ` e : A

�, x : A0 ` e : A
exchange

�, x : A, y : B,�0 ` e : A

�, y : B, x : A,�0 ` e : A
contract

�, y : A0
, z : A0 ` e : A

�, x : A0 ` e[x/z][x/y] : A
(1)

Linear �-calculus The linear �-calculus builds on the simply-typed � calculus
but replaces the notion of typing contexts � as sets by adding some

var

x : A ` x : A
abs

�, x : A ` t : B

� ` �x.t : A ! B

app

� ` t : A ! B � ` t

0 : A

�+� ` t t

0 : B

app

� ` t : A ! B � ` t

0 : A

�,� ` t t

0 : B

2

Two sub terms have different contexts
of assumptions 
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Example

Exercise What about the type of:

�(x : A).�(y : B).x

�(x : A).�(y : B).x : A ! (B ! A)

What about the type of:
�(x : A).y

The type of this term depends on the type of y. So when we are writing down
typing judgments we will also give a set of assumptions of any free variables.

y : B ` �(x : A).y : A ! B

� ` t : A

These are traditionally called typging contexts, written as � defined as:

� ::= �, x : A | ;

where x : A denotes an assumption that a variable x has type A; we call this a
type assumption.

var

�, x : A ` x : A
abs

�, x : A ` t : B

� ` �(x : A).t : A ! B

app

� ` t : A ! B � ` t

0 : A

� ` t t

0 : B

Syncatically contexts looks like lists, but they are treated as sets. There are
various formulations of the above type rules that embed this idea. Another way
is to make explicit various “meta” rules that explain that we can treat contexts
as sets:

weaken

� ` e : A

�, x : A0 ` e : A
exchange

�, x : A, y : B,�0 ` e : A

�, y : B, x : A,�0 ` e : A
contract

�, y : A0
, z : A0 ` e : A

�, x : A0 ` e[x/z][x/y] : A
(1)

Linear �-calculus The linear �-calculus builds on the simply-typed � calculus
but replaces the notion of typing contexts � as sets by adding some

var

x : A ` x : A
abs

�, x : A ` t : B

� ` �x.t : A ! B

app

� ` t : A ! B � ` t

0 : A

�+� ` t t

0 : B

app

� ` t : A ! B � ` t

0 : A

�,� ` t t

0 : B

abs

abs

app

var

x : A ` x :A
var

y : A ! B ` y :A ! B

x : A, y : A ! B ` y x :B

x : A ` �(y : A ! B).y x : (A ! B) ! B

; ` �(x : A).�(y : A ! B).y x :A ! ((A ! B) ! B)

2
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Exercise What about the type of:

�(x : A).�(y : B).x

�(x : A).�(y : B).x : A ! (B ! A)

What about the type of:
�(x : A).y

The type of this term depends on the type of y. So when we are writing down
typing judgments we will also give a set of assumptions of any free variables.

y : B ` �(x : A).y : A ! B

� ` t : A

These are traditionally called typging contexts, written as � defined as:

� ::= �, x : A | ;

where x : A denotes an assumption that a variable x has type A; we call this a
type assumption.

var

�, x : A ` x : A
abs

�, x : A ` t : B

� ` �(x : A).t : A ! B

app

� ` t : A ! B � ` t

0 : A

� ` t t

0 : B

Syncatically contexts looks like lists, but they are treated as sets. There are
various formulations of the above type rules that embed this idea. Another way
is to make explicit various “meta” rules that explain that we can treat contexts
as sets:

weaken

� ` e : A

�, x : A0 ` e : A
exchange

�, x : A, y : B,�0 ` e : A

�, y : B, x : A,�0 ` e : A
contract

�, y : A0
, z : A0 ` e : A

�, x : A0 ` e[x/z][x/y] : A
(1)

Linear �-calculus The linear �-calculus builds on the simply-typed � calculus
but replaces the notion of typing contexts � as sets by adding some

var

x : A ` x : A
abs

�, x : A ` t : B

� ` �x.t : A ! B

app

� ` t : A ! B � ` t

0 : A

�+� ` t t

0 : B

app

� ` t : A ! B � ` t

0 : A

�,� ` t t

0 : B

2

Note that (abs) takes the “first” assumption:abs

abs

app

var

x : A ` x :A
var

y : A ! B ` y :A ! B

x : A, y : A ! B ` y x :B

x : A ` �(y : A ! B).y x : (A ! B) ! B

; ` �(x : A).�(y : A ! B).y x :A ! ((A ! B) ! B)

We need one more rule exchange. Consider the following typing judgmeent

???

y : A, x : B ` t : A0

x : B ` �(y : A).t : A ! A

0

Escape hatch back to regular simply-typed � calculus

der

�, x : A ` t : B

�, x : [A]1 ` t : B
let⇤

� ` t1 : ⇤rA �, x : [A]r ` t2 : B

�+� ` let [x] = t1 in t2 : B
pr

� ` t : B

r⇤� ` [t] : ⇤rB

A,B ::= A ! B | ⇤A

� ::= �, x : A | �, x : [A] | ;

der

�, x : A ` t : B

�, x : [A] ` t : B

let⇤
� ` t1 : ⇤A �, x : [A] ` t2 : B

�+� ` let [x] = t1 in t2 : B

pr

� ` t : B

[�] ` [t] : ⇤B

3

What if we want to lambda bind y in the following?

abs

abs

app

var

x : A ` x :A
var

y : A ! B ` y :A ! B

x : A, y : A ! B ` y x :B

x : A ` �(y : A ! B).y x : (A ! B) ! B

; ` �(x : A).�(y : A ! B).y x :A ! ((A ! B) ! B)

We need one more rule exchange. Consider the following typing judgmeent

???

y : A, x : B ` t : A0

x : B ` �(y : A).t : A ! A

0

Escape hatch back to regular simply-typed � calculus

der

�, x : A ` t : B

�, x : [A]1 ` t : B
let⇤

� ` t1 : ⇤rA �, x : [A]r ` t2 : B

�+� ` let [x] = t1 in t2 : B
pr

� ` t : B

r⇤� ` [t] : ⇤rB

A,B ::= A ! B | ⇤A

� ::= �, x : A | �, x : [A] | ;

der

�, x : A ` t : B

�, x : [A] ` t : B

let⇤
� ` t1 : ⇤A �, x : [A] ` t2 : B

�+� ` let [x] = t1 in t2 : B

pr

� ` t : B

[�] ` [t] : ⇤B

3

???

Exercise What about the type of:

�(x : A).�(y : B).x

�(x : A).�(y : B).x : A ! (B ! A)

What about the type of:
�(x : A).y

The type of this term depends on the type of y. So when we are writing down
typing judgments we will also give a set of assumptions of any free variables.

y : B ` �(x : A).y : A ! B

� ` t : A

These are traditionally called typging contexts, written as � defined as:

� ::= �, x : A | ;

where x : A denotes an assumption that a variable x has type A; we call this a
type assumption.

var

�, x : A ` x : A
abs

�, x : A ` t : B

� ` �(x : A).t : A ! B

app

� ` t : A ! B � ` t

0 : A

� ` t t

0 : B

Syncatically contexts looks like lists, but they are treated as sets. There are
various formulations of the above type rules that embed this idea. Another way
is to make explicit various “meta” rules that explain that we can treat contexts
as sets:

weaken

� ` t : A

�, x : A0 ` t : A
exchange

�, x : A, y : B,�0 ` t : A

�, y : B, x : A,�0 ` t : A
contract

�, y : A0
, z : A0 ` t : A

�, x : A0 ` t[x/z][x/y] : A
(1)

Linear �-calculus The linear �-calculus builds on the simply-typed � calculus
but replaces the notion of typing contexts � as sets by adding some

var

x : A ` x : A
abs

�, x : A ` t : B

� ` �x.t : A ! B

app

� ` t : A ! B � ` t

0 : A

�+� ` t t

0 : B

app

� ` t : A ! B � ` t

0 : A

�,� ` t t

0 : B

abs

abs

app

var

x : A ` x :A
var

y : A ! B ` y :A ! B

x : A, y : A ! B ` y x :B

x : A ` �(y : A ! B).y x : (A ! B) ! B

; ` �(x : A).�(y : A ! B).y x :A ! ((A ! B) ! B)

2

We also have the “exchange” rule:

abs

abs

app

var

x : A ` x :A
var

y : A ! B ` y :A ! B

x : A, y : A ! B ` y x :B

x : A ` �(y : A ! B).y x : (A ! B) ! B

; ` �(x : A).�(y : A ! B).y x :A ! ((A ! B) ! B)

We need one more rule exchange. Consider the following typing judgmeent

???

y : A, x : B ` t : A0

x : B ` �(y : A).t : A ! A

0

We can use exchange for this:

abs

exchange

y : A, x : B ` t : A0

x : B, y : A ` t : A0

x : B ` �(y : A).t : A ! A

0

Escape hatch back to regular simply-typed � calculus

der

�, x : A ` t : B

�, x : [A]1 ` t : B
let⇤

� ` t1 : ⇤rA �, x : [A]r ` t2 : B

�+� ` let [x] = t1 in t2 : B
pr

� ` t : B

r⇤� ` [t] : ⇤rB

A,B ::= A ! B | ⇤A

� ::= �, x : A | �, x : [A] | ;

der

�, x : A ` t : B

�, x : [A] ` t : B

let⇤
� ` t1 : ⇤A �, x : [A] ` t2 : B

�+� ` let [x] = t1 in t2 : B

pr

� ` t : B

[�] ` [t] : ⇤B

3

Now we can do:
✔



Non examples:

abs

abs

app

var

x : A ` x :A
var

y : A ! B ` y :A ! B

x : A, y : A ! B ` y x :B

x : A ` �(y : A ! B).y x : (A ! B) ! B

; ` �(x : A).�(y : A ! B).y x :A ! ((A ! B) ! B)

We need one more rule exchange. Consider the following typing judgmeent

???

y : A, x : B ` t : A0

x : B ` �(y : A).t : A ! A

0

We can use exchange for this:

abs

exchange

y : A, x : B ` t : A0

x : B, y : A ` t : A0

x : B ` �(y : A).t : A ! A

0

Exercise Give a typing derivation for the following term:

�(x : A ! B).�(y :

Ill typed examples

x : A, y : B ` x : A

x : A ` �(y : B). x : B ! A

; ` �(x : A).�(y : B). x : A ! (B ! A)

Escape hatch back to regular simply-typed � calculus

der

�, x : A ` t : B

�, x : [A]1 ` t : B
let⇤

� ` t1 : ⇤rA �, x : [A]r ` t2 : B

�+� ` let [x] = t1 in t2 : B
pr

� ` t : B

r⇤� ` [t] : ⇤rB

A,B ::= A ! B | ⇤A

� ::= �, x : A | �, x : [A] | ;

der

�, x : A ` t : B

�, x : [A] ` t : B

let⇤
� ` t1 : ⇤A �, x : [A] ` t2 : B

�+� ` let [x] = t1 in t2 : B

pr

� ` t : B

[�] ` [t] : ⇤B

3

abs

abs

app

var

x : A ` x :A
var

y : A ! B ` y :A ! B

x : A, y : A ! B ` y x :B

x : A ` �(y : A ! B).y x : (A ! B) ! B

; ` �(x : A).�(y : A ! B).y x :A ! ((A ! B) ! B)

We need one more rule exchange. Consider the following typing judgmeent

???

y : A, x : B ` t : A0

x : B ` �(y : A).t : A ! A

0

We can use exchange for this:

abs

exchange

y : A, x : B ` t : A0

x : B, y : A ` t : A0

x : B ` �(y : A).t : A ! A

0

Exercise Give a typing derivation for the following term:

�(x : A ! B).�(y :

Ill typed examples

x : A, y : B ` x : A

x : A ` �(y : B). x : B ! A

; ` �(x : A).�(y : B). x : A ! (B ! A)

Escape hatch back to regular simply-typed � calculus

der

�, x : A ` t : B

�, x : [A]1 ` t : B
let⇤

� ` t1 : ⇤rA �, x : [A]r ` t2 : B

�+� ` let [x] = t1 in t2 : B
pr

� ` t : B

r⇤� ` [t] : ⇤rB

A,B ::= A ! B | ⇤A

� ::= �, x : A | �, x : [A] | ;

der

�, x : A ` t : B

�, x : [A] ` t : B

let⇤
� ` t1 : ⇤A �, x : [A] ` t2 : B

�+� ` let [x] = t1 in t2 : B

pr

� ` t : B

[�] ` [t] : ⇤B

3

abs

abs

app

var

x : A ` x :A
var

y : A ! B ` y :A ! B

x : A, y : A ! B ` y x :B

x : A ` �(y : A ! B).y x : (A ! B) ! B

; ` �(x : A).�(y : A ! B).y x :A ! ((A ! B) ! B)

We need one more rule exchange. Consider the following typing judgmeent

???

y : A, x : B ` t : A0

x : B ` �(y : A).t : A ! A

0

We can use exchange for this:

abs

exchange

y : A, x : B ` t : A0

x : B, y : A ` t : A0

x : B ` �(y : A).t : A ! A

0

Exercise Give a typing derivation for the following term:

�(x : A ! B).�(y :

Ill typed examples

x : A, y : B ` x : A

x : A ` �(y : B). x : B ! A

; ` �(x : A).�(y : B). x : A ! (B ! A)

Escape hatch back to regular simply-typed � calculus

der

�, x : A ` t : B

�, x : [A]1 ` t : B
let⇤

� ` t1 : ⇤rA �, x : [A]r ` t2 : B

�+� ` let [x] = t1 in t2 : B
pr

� ` t : B

r⇤� ` [t] : ⇤rB

A,B ::= A ! B | ⇤A

� ::= �, x : A | �, x : [A] | ;

der

�, x : A ` t : B

�, x : [A] ` t : B

let⇤
� ` t1 : ⇤A �, x : [A] ` t2 : B

�+� ` let [x] = t1 in t2 : B

pr

� ` t : B

[�] ` [t] : ⇤B

3

abs

abs

app

var

x : A ` x :A
var

y : A ! B ` y :A ! B

x : A, y : A ! B ` y x :B

x : A ` �(y : A ! B).y x : (A ! B) ! B

; ` �(x : A).�(y : A ! B).y x :A ! ((A ! B) ! B)

We need one more rule exchange. Consider the following typing judgmeent

???

y : A, x : B ` t : A0

x : B ` �(y : A).t : A ! A

0

We can use exchange for this:

abs

exchange

y : A, x : B ` t : A0

x : B, y : A ` t : A0

x : B ` �(y : A).t : A ! A

0

Exercise Give a typing derivation for the following term:

�(x : A ! B).�(y :

Ill typed examples

x : A, y : B ` x : A

x : A ` �(y : B). x : B ! A

; ` �(x : A).�(y : B). x : A ! (B ! A)

Escape hatch back to regular simply-typed � calculus

der

�, x : A ` t : B

�, x : [A]1 ` t : B
let⇤

� ` t1 : ⇤rA �, x : [A]r ` t2 : B

�+� ` let [x] = t1 in t2 : B
pr

� ` t : B

r⇤� ` [t] : ⇤rB

A,B ::= A ! B | ⇤A

� ::= �, x : A | �, x : [A] | ;

der

�, x : A ` t : B

�, x : [A] ` t : B

let⇤
� ` t1 : ⇤A �, x : [A] ` t2 : B

�+� ` let [x] = t1 in t2 : B

pr

� ` t : B

[�] ` [t] : ⇤B

3

abs

abs

abs

app

var

x : A ` x :A
var

y : A ! B ` y :A ! B

x : A, y : A ! B ` y x :B

x : A ` �(y : A ! B).y x : (A ! B) ! B

; ` �(x : A).�(y : A ! B).y x :A ! ((A ! B) ! B)

We need one more rule exchange. Consider the following typing judgmeent

???

y : A, x : B ` t : A0

x : B ` �(y : A).t : A ! A

0

We can use exchange for this:

abs

exchange

y : A, x : B ` t : A0

x : B, y : A ` t : A0

x : B ` �(y : A).t : A ! A

0

Exercise Give a typing derivation for the following term:

�(x : A ! B).�(y :

Ill typed examples

x : A, y : B ` x : A

x : A ` �(y : B). x : B ! A

; ` �(x : A).�(y : B). x : A ! (B ! A)

Escape hatch back to regular simply-typed � calculus

der

�, x : A ` t : B

�, x : [A]1 ` t : B
let⇤

� ` t1 : ⇤rA �, x : [A]r ` t2 : B

�+� ` let [x] = t1 in t2 : B
pr

� ` t : B

r⇤� ` [t] : ⇤rB

A,B ::= A ! B | ⇤A

� ::= �, x : A | �, x : [A] | ;

der

�, x : A ` t : B

�, x : [A] ` t : B

let⇤
� ` t1 : ⇤A �, x : [A] ` t2 : B

�+� ` let [x] = t1 in t2 : B

pr

� ` t : B

[�] ` [t] : ⇤B

3

abs

abs

abs

app

var

x : A ` x :A
var

y : A ! B ` y :A ! B

x : A, y : A ! B ` y x :B

x : A ` �(y : A ! B).y x : (A ! B) ! B

; ` �(x : A).�(y : A ! B).y x :A ! ((A ! B) ! B)

We need one more rule exchange. Consider the following typing judgmeent

???

y : A, x : B ` t : A0

x : B ` �(y : A).t : A ! A

0

We can use exchange for this:

abs

exchange

y : A, x : B ` t : A0

x : B, y : A ` t : A0

x : B ` �(y : A).t : A ! A

0

Exercise Give a typing derivation for the following term:

�(x : A ! B).�(y :

Ill typed examples

x : A, y : B ` x : A

x : A ` �(y : B). x : B ! A

; ` �(x : A).�(y : B). x : A ! (B ! A)

Escape hatch back to regular simply-typed � calculus

der

�, x : A ` t : B

�, x : [A]1 ` t : B
let⇤

� ` t1 : ⇤rA �, x : [A]r ` t2 : B

�+� ` let [x] = t1 in t2 : B
pr

� ` t : B

r⇤� ` [t] : ⇤rB

A,B ::= A ! B | ⇤A

� ::= �, x : A | �, x : [A] | ;

der

�, x : A ` t : B

�, x : [A] ` t : B

let⇤
� ` t1 : ⇤A �, x : [A] ` t2 : B
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3

???
Can’t use var rule
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Linear types 
in 

GHC Haskell 
(development branch)



Linear types 
in 

Granule 

(and solving the unsafe files 
problem)



Simple typing 
(the usual state of affairs…) 



Simple typing = Linear typing + weakening + contraction
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What about the type of:
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, z : A0 ` e : A

�, x : A0 ` e[x/z][x/y] : A
(1)

Linear �-calculus The linear �-calculus builds on the simply-typed � calculus
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abs

abs

app

var

x : A ` x :A
var

y : A ! B ` y :A ! B

x : A, y : A ! B ` y x :B

x : A ` �(y : A ! B).y x : (A ! B) ! B
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2

Linear lambda calculus typing
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Add irrelevant assumptions Reuse variables
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These are traditionally called typging contexts, written as � defined as:
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where x : A denotes an assumption that a variable x has type A; we call this a
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0 : A

� ` t t

0 : B

Syncatically contexts looks like lists, but they are treated as sets. There are
various formulations of the above type rules that embed this idea. Another way
is to make explicit various “meta” rules that explain that we can treat contexts
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�, x : A0 ` t : A
exchange

�, x : A, y : B,�0 ` t : A

�, y : B, x : A,�0 ` t : A
contract

�, y : A0
, z : A0 ` t : A

�, x : A0 ` t[x/z][x/y] : A
(1)

Linear �-calculus The linear �-calculus builds on the simply-typed � calculus
but replaces the notion of typing contexts � as sets by adding some

var
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app
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�,� ` t t
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2



Weakening:

abs

abs

app

var

x : A ` x :A
var

y : A ! B ` y :A ! B

x : A, y : A ! B ` y x :B

x : A ` �(y : A ! B).y x : (A ! B) ! B

; ` �(x : A).�(y : A ! B).y x :A ! ((A ! B) ! B)

We need one more rule exchange. Consider the following typing judgmeent

???

y : A, x : B ` t : A0

x : B ` �(y : A).t : A ! A

0

We can use exchange for this:

abs

exchange

y : A, x : B ` t : A0

x : B, y : A ` t : A0

x : B ` �(y : A).t : A ! A

0

Exercise Give a typing derivation for the following term:

�(x : A ! B).�(y :

Ill typed examples

x : A, y : B ` x : A

x : A ` �(y : B). x : B ! A

; ` �(x : A).�(y : B). x : A ! (B ! A)

Escape hatch back to regular simply-typed � calculus

der

�, x : A ` t : B

�, x : [A]1 ` t : B
let⇤

� ` t1 : ⇤rA �, x : [A]r ` t2 : B

�+� ` let [x] = t1 in t2 : B
pr

� ` t : B

r⇤� ` [t] : ⇤rB

A,B ::= A ! B | ⇤A

� ::= �, x : A | �, x : [A] | ;

der

�, x : A ` t : B

�, x : [A] ` t : B

let⇤
� ` t1 : ⇤A �, x : [A] ` t2 : B

�+� ` let [x] = t1 in t2 : B

pr

� ` t : B

[�] ` [t] : ⇤B

3

abs

abs

app

var

x : A ` x :A
var

y : A ! B ` y :A ! B

x : A, y : A ! B ` y x :B

x : A ` �(y : A ! B).y x : (A ! B) ! B

; ` �(x : A).�(y : A ! B).y x :A ! ((A ! B) ! B)

We need one more rule exchange. Consider the following typing judgmeent

???

y : A, x : B ` t : A0

x : B ` �(y : A).t : A ! A

0

We can use exchange for this:

abs

exchange

y : A, x : B ` t : A0

x : B, y : A ` t : A0

x : B ` �(y : A).t : A ! A

0

Exercise Give a typing derivation for the following term:

�(x : A ! B).�(y :

Ill typed examples
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x : A ` �(y : B). x : B ! A

; ` �(x : A).�(y : B). x : A ! (B ! A)
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der
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let⇤
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�, x : [A] ` t : B

let⇤
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� ` t : B

[�] ` [t] : ⇤B

3
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3
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� ` t : B
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3

abs

abs

abs

app

var

x : A ` x :A
var

y : A ! B ` y :A ! B

x : A, y : A ! B ` y x :B

x : A ` �(y : A ! B).y x : (A ! B) ! B

; ` �(x : A).�(y : A ! B).y x :A ! ((A ! B) ! B)

We need one more rule exchange. Consider the following typing judgmeent
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x : B ` �(y : A).t : A ! A
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[�] ` [t] : ⇤B

3

abs

abs

app

var

x : A ` x :A
var

y : A ! B ` y :A ! B

x : A, y : A ! B ` y x :B

x : A ` �(y : A ! B).y x : (A ! B) ! B

; ` �(x : A).�(y : A ! B).y x :A ! ((A ! B) ! B)

We need one more rule exchange. Consider the following typing judgmeent

???

y : A, x : B ` t : A0

x : B ` �(y : A).t : A ! A

0

We can use exchange for this:

abs

exchange

y : A, x : B ` t : A0

x : B, y : A ` t : A0

x : B ` �(y : A).t : A ! A

0

Exercise Give a typing derivation for the following term:

�(x : A ! B).�(y :

Ill typed examples

x : A, y : B ` x : A

x : A ` �(y : B). x : B ! A

; ` �(x : A).�(y : B). x : A ! (B ! A)

Escape hatch back to regular simply-typed � calculus

der

�, x : A ` t : B

�, x : [A]1 ` t : B
let⇤

� ` t1 : ⇤rA �, x : [A]r ` t2 : B

�+� ` let [x] = t1 in t2 : B
pr

� ` t : B

r⇤� ` [t] : ⇤rB

A,B ::= A ! B | ⇤A

� ::= �, x : A | �, x : [A] | ;

der

�, x : A ` t : B

�, x : [A] ` t : B

let⇤
� ` t1 : ⇤A �, x : [A] ` t2 : B

�+� ` let [x] = t1 in t2 : B

pr

� ` t : B

[�] ` [t] : ⇤B

3

abs

weaken

abs

abs

app

var

x : A ` x :A
var

y : A ! B ` y :A ! B

x : A, y : A ! B ` y x :B

x : A ` �(y : A ! B).y x : (A ! B) ! B

; ` �(x : A).�(y : A ! B).y x :A ! ((A ! B) ! B)

We need one more rule exchange. Consider the following typing judgmeent

???

y : A, x : B ` t : A0

x : B ` �(y : A).t : A ! A

0

We can use exchange for this:

abs

exchange

y : A, x : B ` t : A0

x : B, y : A ` t : A0

x : B ` �(y : A).t : A ! A

0

Exercise Give a typing derivation for the following term:

�(x : A ! B).�(y :

Ill typed examples

x : A, y : B ` x : A

x : A ` �(y : B). x : B ! A

; ` �(x : A).�(y : B). x : A ! (B ! A)

In the simply-typed lambda claculus we can do:

weaken

var

x : A ` x : A
x : A, y : B ` x : A

x : A ` �(y : B). x : B ! A

; ` �(x : A).�(y : B). x : A ! (B ! A)

Escape hatch back to regular simply-typed � calculus

der

�, x : A ` t : B

�, x : [A]1 ` t : B
let⇤

� ` t1 : ⇤rA �, x : [A]r ` t2 : B

�+� ` let [x] = t1 in t2 : B
pr

� ` t : B

r⇤� ` [t] : ⇤rB

A,B ::= A ! B | ⇤A

� ::= �, x : A | �, x : [A] | ;

3

Couldn’t do this in the linear system

26

Ignoring variable y

var var

Contraction:

abs

abs

app

var

x : A ` x :A
var

y : A ! B ` y :A ! B

x : A, y : A ! B ` y x :B

x : A ` �(y : A ! B).y x : (A ! B) ! B

; ` �(x : A).�(y : A ! B).y x :A ! ((A ! B) ! B)

We need one more rule exchange. Consider the following typing judgmeent

???

y : A, x : B ` t : A0

x : B ` �(y : A).t : A ! A

0

We can use exchange for this:

abs

exchange

y : A, x : B ` t : A0

x : B, y : A ` t : A0

x : B ` �(y : A).t : A ! A

0

Exercise Give a typing derivation for the following term:

�(x : A ! B).�(y :

Ill typed examples

x : A, y : B ` x : A

x : A ` �(y : B). x : B ! A

; ` �(x : A).�(y : B). x : A ! (B ! A)

In the simply-typed lambda claculus we can do:

weaken

var

x : A ` x : A
x : A, y : B ` x : A

x : A ` �(y : B). x : B ! A

; ` �(x : A).�(y : B). x : A ! (B ! A)

abs

contract

pair

x : A ` x : A y : A ` y : A

x : A, y : A ` (x, y) : (A,A)

z : A ` (z, z) : (A,A)

; ` �(z : A).(z, z) : A ! (A,A)

Escape hatch back to regular simply-typed � calculus

der

�, x : A ` t : B

�, x : [A]1 ` t : B
let⇤

� ` t1 : ⇤rA �, x : [A]r ` t2 : B

�+� ` let [x] = t1 in t2 : B
pr

� ` t : B

r⇤� ` [t] : ⇤rB

A,B ::= A ! B | ⇤A

3

Duplicating variable z



linear types — use exactly once

☐ modality — use any number of times (or !)



Non-linearity 
modality
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Typing syntax and relation

What about the type of:
�(x : A).x y

The type of this term depends on the type of y. So when we are writing down
typing judgments we will also give a set of assumptions of any free variables.

� ` t : A

These are traditionally called typging contexts, written as � defined as:

� ::= �, x : A | ;

where x : A denotes an assumption that a variable x has type A; we call this a
type assumption.

var

�, x : A ` x : A
abs

�, x : A ` t : B

� ` �x.t : A ! B

app

� ` t : A ! B � ` t

0 : A

� ` t t

0 : B

Syncatically contexts looks like lists, but they are treated as sets. There are
various formulations of the above type rules that embed this idea. Another way
is to make explicit various “meta” rules that explain that we can treat contexts
as sets:

weaken

� ` e : A

�, x : A0 ` e : A
exchange

�, x : A, y : B,�0 ` e : A

�, y : B, x : A,�0 ` e : A
contract

�, y : A0
, z : A0 ` e : A

�, x : A0 ` e[x/z][x/y] : A
(1)

Linear �-calculus The linear �-calculus builds on the simply-typed � calculus
but replaces the notion of typing contexts � as sets by adding some

var

x : A ` x : A
abs

�, x : A ` t : B

� ` �x.t : A ! B

app

� ` t : A ! B � ` t

0 : A

�+� ` t t

0 : B

app

� ` t : A ! B � ` t

0 : A

�,� ` t t

0 : B

Escape hatch back to regular simply-typed � calculus

der

�, x : A ` t : B

�, x : [A]1 ` t : B
let⇤

� ` t1 : ⇤rA �, x : [A]r ` t2 : B

�+� ` let [x] = t1 in t2 : B
pr

� ` t : B

r⇤� ` [t] : ⇤rB

A,B ::= A ! B | ⇤A

� ::= �, x : A | �, x : [A] | ;

2

Non-linear value of type A

Non-linear variable x of type A

� ::= �, x : A | �, x : [A] | ;

der

�, x : A ` t : B

�, x : [A] ` t : B

let⇤
� ` t1 : ⇤A �, x : [A] ` t2 : B

�+� ` let |x| = t1 in t2 : B

pr

� ` t : B

[�] ` [t] : ⇤B

Alt syntax � ::= �, x : A | �, x : �A | ;

der

�, x : A ` t : B

�, x : �A ` t : B

let⇤
� ` t1 : ⇤A �, x : �A ` t2 : B

�+� ` let |x| = t1 in t2 : B

pr

�� ` t : B

�� ` |t| : ⇤B

4

Extend syntax of types and typing assumptions

(var), (abs), (app) stay the same…

� ::= �, x : A | �, x : [A] | ;

der

�, x : A ` t : B

�, x : [A] ` t : B

let⇤
� ` t1 : ⇤A �, x : [A] ` t2 : B

�+� ` let |x| = t1 in t2 : B

pr

� ` t : B

[�] ` [t] : ⇤B

Alt syntax � ::= �, x : A | �, x : �A | ;

der

�, x : A ` t : B

�, x : �A ` t : B

let⇤
� ` t1 : ⇤A �, x : �A ` t2 : B

�+� ` let |x| = t1 in t2 : B

pr

�� ` t : B

�� ` |t| : ⇤B

Definition of context contraction:

(�, x : A) + (�, x : A) not defined

(�, x : �A) + (�, x : �A) = (�+�), x : �A

weaken

� ` t : A

�, x : �A

0 ` t : A
contract

�, y : �A

0
, z : �A

0 ` t : A

�, x : �A

0 ` t[x/z][x/y] : A

4

…but we add weakening and contraction for         assumptions  

� ::= �, x : A | �, x : [A] | ;

der

�, x : A ` t : B

�, x : [A] ` t : B

let⇤
� ` t1 : ⇤A �, x : [A] ` t2 : B

�+� ` let |x| = t1 in t2 : B

pr

� ` t : B

[�] ` [t] : ⇤B

Alt syntax � ::= �, x : A | �, x : �A | ;

der

�, x : A ` t : B

�, x : �A ` t : B

let⇤
� ` t1 : ⇤A �, x : �A ` t2 : B

�+� ` let |x| = t1 in t2 : B

pr

�� ` t : B

�� ` |t| : ⇤B

4
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� ::= �, x : A | �, x : [A] | ;

der

�, x : A ` t : B

�, x : [A] ` t : B

let⇤
� ` t1 : ⇤A �, x : [A] ` t2 : B

�+� ` let |x| = t1 in t2 : B

pr

� ` t : B

[�] ` [t] : ⇤B

Alt syntax

der

�, x : A ` t : B

�, x : �A ` t : B

let⇤
� ` t1 : ⇤A �, x : �A ` t2 : B

�+� ` let |x| = t1 in t2 : B

pr

�� ` t : B

�� ` |t| : ⇤B

4

…and syntax + rules for working with non-linearity

Composition (substitution) of non-linear value
into non-linear variable

� ::= �, x : A | �, x : [A] | ;

der

�, x : A ` t : B

�, x : [A] ` t : B

let⇤
� ` t1 : ⇤A �, x : [A] ` t2 : B

�+� ` let |x| = t1 in t2 : B

pr

� ` t : B

[�] ` [t] : ⇤B

Alt syntax

der

�, x : A ` t : B

�, x : �A ` t : B

let⇤
� ` t1 : ⇤A �, x : �A ` t2 : B

�+� ` let |x| = t1 in t2 : B

pr

�� ` t : B

�� ` |t| : ⇤B

4

Shift linear variable
to non-linear :
(derelection)

� ::= �, x : A | �, x : [A] | ;

der

�, x : A ` t : B

�, x : [A] ` t : B

let⇤
� ` t1 : ⇤A �, x : [A] ` t2 : B

�+� ` let |x| = t1 in t2 : B

pr

� ` t : B

[�] ` [t] : ⇤B

Alt syntax

der

�, x : A ` t : B

�, x : �A ` t : B

let⇤
� ` t1 : ⇤A �, x : �A ` t2 : B

�+� ` let |x| = t1 in t2 : B

pr

�� ` t : B

�� ` |t| : ⇤B

4

Non-linear results 
require non-linear variables

(promotion)



Non-linearity modality 
in 

Granule 

(called Box)



Modal 
types 

(in general)



Modal logic - possibility & necessity

☐A   =  A is “necessarily” true, A true in all worlds

33

♢A   =  A “possibly” true,  A true in some worlds

Previously,  ☐A   meant A is always available 

Its traditional logical structure correspond to a monad



Natural deduction possibility

� ::= �, x : A | �, x : [A] | ;

der

�, x : A ` t : B

�, x : [A] ` t : B

let⇤
� ` t1 : ⇤A �, x : [A] ` t2 : B

�+� ` let |x| = t1 in t2 : B

pr

� ` t : B

[�] ` [t] : ⇤B

Alt syntax � ::= �, x : A | �, x : �A | ;

der

�, x : A ` t : B

�, x : �A ` t : B

let⇤
� ` t1 : ⇤A �, x : �A ` t2 : B

�+� ` let |x| = t1 in t2 : B

pr

�� ` t : B

�� ` |t| : ⇤B

Definition of context contraction:

(�, x : A) + (�, x : A) not defined

(�, x : �A) + (�, x : �A) = (�+�), x : �A

weaken

� ` t : A

�, x : �A

0 ` t : A
contract

�, y : �A

0
, z : �A

0 ` t : A

�, x : �A

0 ` t[x/z][x/y] : A

0.1 General modalities

In natural deduction style:

intro

� ` A

� ` ⌃A cut

� ` ⌃A �, A ` ⌃B
� ` ⌃B

In a type system style (Haskell style):

intro

� ` t :A

� ` return t :⌃A cut

� ` t :⌃A �, x : A ` t

0 :⌃B
� ` dox t; t0 :⌃B

4

Typed programs:  monads!

� ::= �, x : A | �, x : [A] | ;

der

�, x : A ` t : B

�, x : [A] ` t : B

let⇤
� ` t1 : ⇤A �, x : [A] ` t2 : B

�+� ` let |x| = t1 in t2 : B

pr

� ` t : B

[�] ` [t] : ⇤B

Alt syntax � ::= �, x : A | �, x : �A | ;

der

�, x : A ` t : B

�, x : �A ` t : B

let⇤
� ` t1 : ⇤A �, x : �A ` t2 : B

�+� ` let |x| = t1 in t2 : B

pr

�� ` t : B

�� ` |t| : ⇤B

Definition of context contraction:

(�, x : A) + (�, x : A) not defined

(�, x : �A) + (�, x : �A) = (�+�), x : �A

weaken

� ` t : A

�, x : �A

0 ` t : A
contract

�, y : �A

0
, z : �A

0 ` t : A

�, x : �A

0 ` t[x/z][x/y] : A

0.1 General modalities

In natural deduction style:

intro

� ` A

� ` ⌃A cut

� ` ⌃A �, A ` ⌃B
� ` ⌃B

In a type system style (Haskell style):

intro

� ` t : A

� ` return t : ⌃A cut

� ` t : ⌃A �, x : A ` t

0 : ⌃B
� ` do x t; t0 : ⌃B

4
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Today
• Learn how a type system is formally specified

• Specifically: linear types for the lambda calculus

• Learn about some modal types

• See examples of linear programs in Haskell and Granule

• Prequel to
Granule: A language for fine-grained reasoning via graded modal types



Extra slides
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Exercise What about the type of:

�(x : A).�(y : B).x

�(x : A).�(y : B).x : A ! (B ! A)

What about the type of:
�(x : A).y

The type of this term depends on the type of y. So when we are writing down
typing judgments we will also give a set of assumptions of any free variables.

y : B ` �(x : A).y : A ! B

� ` t : A

These are traditionally called typging contexts, written as � defined as:

� ::= �, x : A | ;

where x : A denotes an assumption that a variable x has type A; we call this a
type assumption.

var

�, x : A ` x : A
abs

�, x : A ` t : B

� ` �(x : A).t : A ! B

app

� ` t : A ! B � ` t

0 : A

� ` t t

0 : B

Syncatically contexts looks like lists, but they are treated as sets. There are
various formulations of the above type rules that embed this idea. Another way
is to make explicit various “meta” rules that explain that we can treat contexts
as sets:

weaken

� ` t : A

�, x : A0 ` t : A
exchange

�, x : A, y : B,�0 ` t : A

�, y : B, x : A,�0 ` t : A
contract

�, y : A0
, z : A0 ` t : A

�, x : A0 ` t[x/z][x/y] : A
(1)

Linear �-calculus The linear �-calculus builds on the simply-typed � calculus
but replaces the notion of typing contexts � as sets by adding some

var

x : A ` x : A
abs

�, x : A ` t : B

� ` �x.t : A ! B

app

� ` t : A ! B � ` t

0 : A

�+� ` t t

0 : B

app

� ` t : A ! B � ` t

0 : A

�,� ` t t

0 : B

2

Exercise What about the type of:

�(x : A).�(y : B).x

�(x : A).�(y : B).x : A ! (B ! A)

What about the type of:
�(x : A).y

The type of this term depends on the type of y. So when we are writing down
typing judgments we will also give a set of assumptions of any free variables.

y : B ` �(x : A).y : A ! B

� ` t : A

These are traditionally called typging contexts, written as � defined as:

� ::= �, x : A | ;

where x : A denotes an assumption that a variable x has type A; we call this a
type assumption.

var

�, x : A ` x : A
abs

�, x : A ` t : B

� ` �(x : A).t : A ! B

app

� ` t : A ! B � ` t

0 : A

� ` t t

0 : B

Syncatically contexts looks like lists, but they are treated as sets. There are
various formulations of the above type rules that embed this idea. Another way
is to make explicit various “meta” rules that explain that we can treat contexts
as sets:

weaken

� ` e : A

�, x : A0 ` e : A
exchange

�, x : A, y : B,�0 ` e : A

�, y : B, x : A,�0 ` e : A
contract

�, y : A0
, z : A0 ` e : A

�, x : A0 ` e[x/z][x/y] : A
(1)

Linear �-calculus The linear �-calculus builds on the simply-typed � calculus
but replaces the notion of typing contexts � as sets by adding some

var

x : A ` x : A
abs

�, x : A ` t : B

� ` �x.t : A ! B

app

� ` t : A ! B � ` t

0 : A

�+� ` t t

0 : B

app

� ` t : A ! B � ` t

0 : A

�,� ` t t

0 : B

2

� ::= �, x : A | �, x : [A] | ;

der

�, x : A ` t : B

�, x : [A] ` t : B

let⇤
� ` t1 : ⇤A �, x : [A] ` t2 : B

�+� ` let |x| = t1 in t2 : B

pr

� ` t : B

[�] ` [t] : ⇤B

Alt syntax � ::= �, x : A | �, x : �A | ;

der

�, x : A ` t : B

�, x : �A ` t : B

let⇤
� ` t1 : ⇤A �, x : �A ` t2 : B

�+� ` let |x| = t1 in t2 : B

pr

�� ` t : B

�� ` |t| : ⇤B

Definition of context contraction:

(�, x : A) + (�, x : A) not defined

(�, x : �A) + (�, x : �A) = (�+�), x : �A

4

Alternate formulation in part B

� ::= �, x : A | �, x : [A] | ;

der

�, x : A ` t : B

�, x : [A] ` t : B

let⇤
� ` t1 : ⇤A �, x : [A] ` t2 : B

�+� ` let |x| = t1 in t2 : B

pr

� ` t : B

[�] ` [t] : ⇤B

Alt syntax � ::= �, x : A | �, x : �A | ;

der

�, x : A ` t : B

�, x : �A ` t : B

let⇤
� ` t1 : ⇤A �, x : �A ` t2 : B

�+� ` let |x| = t1 in t2 : B

pr

�� ` t : B

�� ` |t| : ⇤B

Definition of context contraction:

(�, x : A) + (�, x : A) not defined

(�, x : �A) + (�, x : �A) = (�+�), x : �A

weaken

� ` t : A

�, x : �A

0 ` t : A
contract

�, y : �A

0
, z : �A

0 ` t : A

�, x : �A

0 ` t[x/z][x/y] : A

4

We will not use

but make contraction implicit in rules with multiple sub terms

becomes

where


