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Today

e |earn about linear types

| earn how a type system is formally specified

e Specifically: linear types for the lambda calculus

e See examples of linear programs in Haskell and Granule

* Prequel to

Granule: A language for fine-grained reasoning via graded modal types



Linear lambda
calculus



Syntax



Lambda calculus syntax

t.t'n=x | \x.t | tt Syntax

variables | functions | function application

o+ o o o

, t’ = x \x => t t t’ Haskell
, £ o= X fun (x) -> t t t’ OCaml

t’ =X fun (X) => t end t(t’) Erlang
, o= X X => t t.apply(t)

Java



Typing rules
(linear)



Typing syntax and relation

Church syntax adds a type “signature”
ti=x | Mzx:A).t | tt

Typesyntax A, B := A — B | Int | Bool | ....
cf Haskell: £t => t’

In a full language we’d want more...

Typing lets us relate expressions to types, e.g.

AMz:A)x:A— A

Cf: id :: a > a

1d = \x -> X
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Quick exercise:

E(:f; const :: a ->b ->a
’ const X y = Xx



Typing syntax and relation

Typing judgement with assumptions about variable types

y:BFXz:A).y:A— B
Assumptions Term Type

Syntax of assumptions

[a=T,x: A0

Typing judgement form:  ['F ¢+ : A



Typing rules

Defined Base case:

indu ctively conclusions

: remises (inductive hypotheses
Inductive step: P ( yP )

conclusions

\% A term which is just one variable,

has just one assumption

arx:Al—aﬁ:A

I''v:AFt: B

abSFI—)\:E.t:A%B

Binding free variables

'Ft:A—=B ARt:A Two sub terms have different contexts
I'' A+ttt : B of assumptions

app
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Example

va va

‘v AFz:A ry:A%Bl—y:A%B
r:Ay:A—-BFyzx:B
r: AFANy:A—-B)yxz:(A— B)— B

app

abs

D ANz ANy A— Blyz A (A B) > B)
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I''c: AFt: B

Note that (abs) takes the “first” assumption: abs
I'-Axt:A— B

What if we want to lambda bind y in the following?

. y:Ax:BFHt:A %
r:BFXy:At: A— A

We also have the “exchange” rule:

e:Ay:BI'Ht: A
I'N'y:B,x:AT"Ft: A

exchange

y:Azxz:BkFHt: A

. r: By AFt: A V
r:BFXy:A)dt: A— A

Now we can do: exchange
ab
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Non examples:

Can’t use var rule
v:Ay:BFx:A
r:AFANy:B).x:B— A
O XMz:A).MNy:B).z : A— (B— A)

2?7

abs

abs

Ignoring variable y is dissallowed
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Linear types
IN
GHC Haskell
(development branch)



Linear types
IN
Granule

(and solving the unsafe files
problem)



Simple typing
(the usual state of affairs...)



Simple typing = Linear typing + weakening + contraction

Linear lambda calculus typing

INe:AFt: B 'HFt:A—-B AFRt:A
ar abs app
r: Az A I'EXxt: A— B ARttt : B

v

''e:Ay:B,I"Ht: A
I'Ny: B,x: A I'Ft: A

exchange

Add irrelevant assumptions Reuse variables

I'Et: A Dy: A z: AFt: A
weaken contract

INe:AFt: A Ioa: A Etlx/z][x/y]: A




Weakening:

Couldn’t do this in the linear system

v

CriAba:A
x:Ay:BFzxz: A
r:AFANy:B).x:B— A
OF XNz:A).ANy:B).x : A— (B— A)

Ignoring variable y

weaken

abs

abs

Contraction:

var

r:AFx: A V8LIy:AI—y:A
r:Ay:AF (x,y): (A A)
z: Al (z,2): (A A)

DEXNz:A)(z,2): A— (A, A)

Duplicating variable 2

pair

contract

abs
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modality — use any number of times (or !)

d

linear types — use exactly once



Non-linearity
modality



Typing syntax and relation

Extend syntax of types and typing assumptions

A, B:=A— B|

[=T,2:A|T' x:

(var), (abs), (app) stay the same...

...but we add weakening and contraction for

I'¢t: A

weaken

I'N'e:HA'Ft: A

A

Non-linear value of type A

JA | (

Non-linear variable z of type A

contract
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assumptions
Dy:HA, z: DA Rt A
Uyx: LA Ftlx/z]|x/y] + A




..and syntax + rules for working with non-linearity

Shift linear variable : I''e: AFt: B
to non-linear: o Px:HAt: B

(derelection)

| Nolh—||near rgsgjllts TTE+:RB
require non-linear vama. es PT = i OB
(promotion)

Composition (substitution) of non-linear value
iNto non-linear variable

't :0A A xz:HAFty: B
'+AkFlet|z|=tinty: B

let[]
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Non-linearity modality
N
Granule

(called )



Modal

types
(iIn general)



Modal logic - possibility & necessity

A = Ais “necessarily” true, A true 1n all worlds

Previously, DA meant A is always available

OA = A “possibly” true, A true in some worlds

[ts traditional logical structure correspond to a monad
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Natural deduction possibility

, I'HA I'F0A TI''AF OB
1ntro cut

I'-0A I'-0B

Typed programs: monads!

'~t: A I'+t:0A TI'x: ARt : OB

intro cut

I' Freturnt: OA I'Fdoxz <+ t;t': OB
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Today

 |earn how a type system is formally specified

e Specifically: linear types for the lambda calculus

| earn about some modal types

e See examples of linear programs in Haskell and Granule

* Prequel to

Granule: A language for fine-grained reasoning via graded modal types



Extra slides



Alternate formulation in part B

Dy:HA z: A Ft: A
Do :HA Ftlx/zllz/y] - A

We will not use contract

but make contraction implicit in rules with multiple sub terms

I'Ft:A—-B AFRt:A I'-t:A— B ARt A
P ARt B DECOMES  app 7 5

where  (I',z: A) + (A
A

x:A) not defined
(C,x:HA) + (A, x:

JA) = (I'+ A),x: A

)
)
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