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Fusion

Elimination of intermediate data structures
Example: foldr(4)0 o map(xn)

Similar to partial evaluation

v

v

v

v

Crucial for performance (laziness seems to help, but it is
useless in case of parallelism)

v

But, it is treated as an optimisation



Fusion attempt: starting point
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Fusion attempt...




Fusion attempt...

One can hope for:







Remember, all I'm offering is the truth. Nothing more.



Duality

1

v

Every type a has a dual, written a
L)i

v

Dualisation is involutive: (a =a

v

Returning a value of type a is the same as taking an argument
of type a*

» 2 — b becomes a x b+ — L

» NB: L indicates termination rather than non-termination



Linearity

Conservation principle
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Back to the example

We would like to guarantee well-behaved fusion:
— (O
)
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Back to the example

We would like to guarantee well-behaved fusion:
— (O
)
(612

Need to use a tensor (®) product, which guarantees that its
components are produced independently.
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Technically:

» (A B):t = Aty Bt
>
x:Ay:Bla
Nz:ARBFletx,y =2z;a

Nx:AlFa y:B,AFb
Mz: A% B,At connect z to{x — a;y — b}




Fusion works!
1 1 =
A'F ABYEy ABZE

LAACZBLE  A®B,=F
NLA=ZF

~L A®B /N =
YOO

Cutr




Fusion works!

LALE ABYFy ABZEE
LAARBLE  A®B,=F

FACSF cur
-
\©A®B;/\ =
AL ®
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Crucial question: who is in control?

Two kinds of “products”:
» A® B: the consumer has control
» AZ B: the producer has control
Example:
» sallad ® pizza vs
> sallad % pizza

NB: in control means that the order is chosen dynamically, and
some order must be chosen.



Crucial question: who is in control?

Two kinds of “products”:
» A® B: the consumer has control
» AZ B: the producer has control
Example:
» sallad ® pizza vs
> sallad % pizza

NB: in control means that the order is chosen dynamically, and
some order must be chosen.

» Possible slogan: strategies in the types



Fusion when the consumer is in control:
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Fusion when the consumer is in control:

S ALBYE o ATE B AE,
ZA@BtE  ARBTAF,
NAZF

;‘A?&B

A BF Bt AL =
LAF AR AZH
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remark

(a —o b is a defined to be a* % b)



Conversions between %% and ®.

» alloc: a®b-—oa®b



Conversions between %% and ®.

» alloc: a®b-—oa®b
> par: a®@b-—oa?®b



Conversions between %% and ®.

v

alloc: a®b-—oa®hb
> par: a®@b-—oa?®b
seqR:a®b—oa%®b
seqL:a®b—a®b

v

v



Generalisation to Arrays (simplified)

M x:A"Fa ®
Mz:Q,Atl let x =slice z;a

x:AkFa
,z: 7y At coslice z{x'—>a}




Generalisation to Arrays (not so simplified)

x:A"Fa Q
MNz:Q,At let x=slice z;a

I x:AFa A,y:AbEb
M Am z: At coslice z{x — a;y — 177%)‘

n+m



Simple examples

Only one argument/result can be in control.

> map ::



Simple examples

Only one argument/result can be in control.

»map: Q,(a—b)—Q,a—-Q,b

> map’ :



Simple examples

Only one argument/result can be in control.
»map: Q,(a—b)—Q,a—-Q,b
» map' = @, (a—ob)—o7Y a—o7Y b

> zipWith ::



Simple examples

Only one argument/result can be in control.
»map: Q,(a—b)—Q,a—-Q,b
» map' = @, (a—ob)—o7Y a—o7Y b
» zipWith . @,(a—ob—oc) oQ,a—~Q,b—Q,c
> zipWith' :



Simple examples

Only one argument/result can be in control.
»map: Q,(a—b)—Q,a—-Q,b
» map' = @, (a—ob)—o7Y a—o7Y b
» zipWith . @,(a—ob—oc) oQ,a—~Q,b—Q,c
» zipWith' = @ (a—b—oc) o Q,a—2Y b—o2y c

> append ::



Simple examples

Only one argument/result can be in control.
»map: Q,(a—b)—Q,a—-Q,b
» map' = @, (a—ob)—o7Y a—o7Y b
» zipWith . @,(a—ob—oc) oQ,a—~Q,b—Q,c
» zipWith' = @ (a—b—oc) o Q,a—2Y b—o2y c
» append = ®),a 2,3 >, ,a
» append’ :



Simple examples

Only one argument/result can be in control.
»map: Q,(a—b)—Q,a—-Q,b
» map' = @, (a—ob)—o7Y a—o7Y b
» zipWith . @,(a—ob—oc) oQ,a—~Q,b—Q,c
» zipWith' = @ (a—b—oc) o Q,a—2Y b—o2y c
» append = ®),a 2,3 >, ,a
» append’ & Y, a—o7 a7 . a



Conversions between %% and ®.

> alloc: 7Y, a—Q),a



Conversions between %% and ®.

> alloc: 7Y, a—Q),a
> parallel : Q),a— 7Y, a
> sequential : @,a— 7Y, a



Allocation

If Ais a data type:

LAY E A AR
rAF

FREEZE



Loops

v

Loops are realisation of parallel opportunities

v

They can either be sequential or parallel

v

Example of a parallel loop:

B[0]*,AF Blk],B[K], B[k + 1]* F B[n],l
n:lx;F,A%

See lecture 9 (skeletons) and in particular map-reduce (lecture

10)

> FOLDMAP

v



Full example: dot product (0)

— AX —— AX
Ax 22tk alab g — AXx —AX
a.at b aAaL.aLWaby Ax aat aL,aFyy
a,a.at,at NatBak Loab a,at - a{aLWaF??
mul :at B at R aa.a,at b Ax aa,a .2t Bt Ratr LOAD Ax
mul : at ¥ at ¥ 2%, 2" ), at at,ak plus:at % al B a;a,a,at - aab b o
mul : at ¥ at X 2;2%", @, 2, Wpn 2t Fg _plus: atNal®aa® otk

mul:at B at N a®pna,@na, Nowat b plus:atFat B a®,na,at o

uT
plus: at X at B a,mul: at B at N 2, @y 3, Qoo 3,2t



Full example: dot product (1)

Ax — AX

M P
Ax @@ b a,ab g Ax @a— b a“,ab g
a,at aaL,aL%’aF?y ENE a,at alWahy
a,aaat RatFak LoAD Ax a.aat.at Fat Rak LoAD Ax
mul :at B at B aja,a,a H at.at plus : at % at M a;a,a,at + .3<aLFFOLDMAP
mul : at ¥ at X ;2% 2% %, at plus : at ¥ at B a;2%" 2t
oLy oLy o 2" T NI T
mul:at ¥ a Waia A,(l@ya,?&"a f Lplus.‘aT?}’a 7¥aL,®2,.a,a Four
plus:a=Ba Bamul:a=Ba Baa ,@na,a bk

plus:at X at R a,mul i at B at 3 a; oo 3, Qo 3, 3+



Full example: dot product (2)

fo L7AX
_ Ax  oax Ax da b a,ab
Ax e ai,a)-@, e aat aLWaFW
L 1L 1 olog L
a,a -k a,a-,a- Naky Ax a,3.a7.a-Na-Bak g, AX
Lak plus : a* % at ¥ a,a,a,at F aAaLFmLDM/\p

a,a.at,atRatBak Loap 2
mul :a- B at B aja,a,a H x p/us:aJ'7S’aJ'7Ya;a2”,all—®
mul:at B at B a;a%, 8% Rpnat plus:at ¥ at ¥ a; Ryn 3,2t }_Cxxr

plus: at B at B a mul : at B at ¥ a;a%" 8" at
plus:at B at Ba,mul:at ¥ at ¥ 2% ®na,at F
plus:at X at ¥ a,mul : at X 2t N 2, @yn 3, ®on 3, 2




Full example: dot product (3)

fo i7Ax
T Toax AL E_2nab
Ax 22 b a-,ab g a,aF a,a-,a - RBaby
a,at F aaL.alWabﬁ, Ax a.a.at.atBatNatk Loap Ax
a,a,a-,atNatBar LoAD at,ak plus:at ¥ at ¥ a;a.a,a4 + aalFFOLDMAP
mul :at B at R aa,a,at + plus : at % at % 2, 2% at FC”F
plus:at N at ¥ a,mul: a- B at N a2, a2t

plus:aL7$’al7?a,mul:aL7$’al7§’a;aT$®2na,aLF
plus:at X at R a,mul i at B at ¥ a; o 3, Qi 3, 3+




Full example: dot product (4)

Ax

. — AX
Ax @atb atialb — AXx ——— AX
a,at - aaL,aL%’aby Ax a,at - aL,aFyy
a,a.at,atRatBak LoAD Ax a,at - a,at aLWahy
mul : at % at B aa,a,a" - aat b

aaatatNatWat Ax
plus : at % at N a;a,a,at F aatk
plus : at B at B a, mul : at B alt N a;%", 2%, 2t F
p/us:aLWaLWa,mul:al7§’aL75’a;aQ",®2,.a,aLF
plus: at X at B a,mul : a2t B at N 2, Rpn 3, @on 2,3

mul:aL"?alWa;al,a ak

FOLDMAP




Full example: dot product (5)

— AX —— AX — AX Ax
Ax aat b aL,aFyy Ax a.at b aL,aF@
aat aLaal7¥ahy aat a,at aLﬁahy
ata,a,at¥atRak | aaatat¥almak Ax
ol olop o oL Lol I T
mul : at % at ¥ a;at,a,ak plus:a~ N a W ajaaa b ENE il npONENVINS

plus:at % at N a, mul : a- % al N a;a*,a%,at F

T 291 T 20,1 " ®
plus:a=Ra-Bamul:aNa Baa ,Qna,a F
plus:at X at B a,mul : at B at ¥ a; @0 3, Qo a, 3




Done!



More complicated example: stencil (1)

Ax

Ax
Ax a,at k- aJ',a)—yy
a,att aaL.aLWahy
1oolop ol
3,38 ,aNaBab oo
Calog o log o 1
Ax Ax Ls.aL N a 7813,3‘313 = Lyg)
Ax Ax dathb aat s:at¥atFaamtt a2y L at
a.atk a,at - a",a47§’"+laLF s:aL7?al7Sa;®"+1aa
n 1
a" a7y, ,a b

®
+1,7S)n+1 atk

® ®,2.3, N2tk s:atRalRa®,,a "Ha,??nHaLIL:UT
a,a, atF s:atBatNa; a, a,a, at
n nt1 1 n 019 Gup
Loy aloya n
s:a-Na 75?2,@"3,@1)"1&1,343,7?”13 gpLIT
s:at¥al¥a(®,2) a8, a2t b
siat ¥ al Fa(®,a) " ak, a2, %, at

F
s:aL75’al7?a;®k+k®naﬁak,ak,7§?k7?n+laL@




More complicated example: stencil (2)

Ax

Ax
Ax a,at k- al.akﬁ,

a,atF a,at al75fahy

aaatat¥atRak
s:atDal NWaaaalt 3

calop ol 29 o ontl ontl n
s:atNWatNaa"tt a2y L at b

Ax Ax n n T L®
Ax A Btk aatk s:atBat Va2 N, at
o L L oLlop oL . 1
aatF aatF a",a,%,,,a+ s:a B VaQ,12Q,13 N2 gUT

n I
a"a, %y attk

s:at ¥t %aQ,,,3,0%a, %, 2t

®,2.3,piyat b

s:at %t %aQ,,,a08,a.a.%,,,a" F

s:atBatF¥a®,a ®aaa75’"+1a -

Cur

s:atNatBa(®,a)' a4,

1

s:at¥at ¥ a(®,a)

Ytk
ta ka2 N2

s:at N at ¥ a Q@ ®,a,a 29,29, a

»
8



More complicated example: stencil (3)

Ax Ax
Ax a,at al.akw
a,at b aJ'Aan”Yahy
t.a 3L7Xai7yak LoAD
s:a-¥atNaja,at,ak Ax Ax
s:atFatFa a2y et amt at,ak at.ak
AX AX s:atFat® a an+17 7?n+1 aL‘ ®n+1 at 78'#1 aL" a"a FCUT
a,at - aattk s:at B at ¥ aamtl an,a, n+1“—"l F®
a",a, %y, at k- siatBat Ba®,,38% 8, R, a0 F
®pa.aRyqa b s:a'Fa'Fa®,, 0,208,
St 3L7¥3L??3® ®aaa7?"+1a EPLIT
s:at Bat ¥ a(Q, a) "t aa, i1d-
s:atNat ¥ a(®,a) Hk,a A,ak~7?k78,,+1aL§
s:at N at ¥ a @ ®,a,ak 29,29, at




More complicated example: stencil (4)

Ax Ax
Ax dathb atab
aalk a.al,al%’ahY
1oolog ol
a,a.a-,a Na 75’aFLOAD
s:atBatRaaaatt

L9 oL o9 o ontl ontl T
s:a-Wa-Naamth "ty i a R’IERGE

Ax
a,atF s:at®atFaaa" a2 a Cur
L oL L L0 antl 1
a,a s:a-Wa-Naaa a, at k=
Ax Ax =2 2 sl ??"+1 Cur,

aat b a,at b siaBat Naanttana %, ot ‘®

n i oLyl n i

a"a,%y atk s:atNat¥a Q338" a, %, aF

Rpaa N att s:atRatNa®,,aQ,3,a%,,,a" For
oLyl 1
siaBaNaQ,aQ,3,3a%,,,a Eorer
s:at¥atBa(®,a)' a4, s
s:at Fal B a(®,a) . a9, N, 8t
s:aL7§’aL7?a;®k+k®na,akﬁak,7§?k7gn+13L%




More complicated example: stencil (5)

AX
ak 5

Ax AX AXx
Ax dathb atak Ax dathb a
a,alF aaL.al%’aFW a,alF a,ai,aiﬁ?ahg

1ooLlog L Lo Llog L
a,a.a,a-Na WaFLOAD a,a,a ,a-Na WaFLOAD
s:atBatRaaaatt s:atBatRaaaatt

ol ol oo on n L
s:a-®a-Najaaaa", at k&
22 " On+l SpLIT

L

AX
n oL alop oo on o+l
Ax 22 - s:atBatNaaa" "t a

I L9 oL 29 o on antl L
Ax Ay 22 s:a-NVatNaaa"tha %y, a Cur,
a.al k- aath s:at ¥ at M aa"tl " a, "+laik®
a",a.%’nﬂaLl- s:aiﬁai7?a;®n+1a,a”,a,78n+1aLl—
n Ll T
Rpaaa b s:at¥aBa®, 13,33 %,,,a Eor
L9 o Llog o i
s:aVaVaQ,a.Q,3aa%,,,2a EPLIT
siatBal Ba(R,a) " 88,2, 0 F
Ktk
s:aLWaL’*’Xa;((X)na)*,ak,a’ﬂ,??k??nHaL%
I alma k ok 1
stat Bat B a @y ®,a 8,85 7§ 402

}EU’T‘




More complicated example: stencil (6)

Ax Ax Ax Ax
i L i i
Ax da b a,aby Ax da b a,ab oy
a,at - aAaL.aJ‘Waby a,at - a,at aLWahy
aaatat¥atRak aaatat¥atNatk

s:atBatBaaaatt

Lop oL i
s:a-NaNaa,aa b?

Tog oL n
s:a-Na Naa"aa"a, a k
— Ax Nt SPLIT
Ax ax 22 F s:atNat ¥ aan,at a,7gn+la S,
a.alk a.atk s:atBatFaamttanay a2t F®
n n IS INIP n n
a"a, %y attk s:atNatNa @, aa"a, %, qa

®,a.a,W, 3" s:atRatNa®,,aQ,3a%,,,a"
s:atBat N a®,aQ,a 3 a, 7?"“3 EPLIT

s:atNatBa(®,a)' a4, i1d-

s:at¥at ¥ a(®,a) Hk,aﬁa",?&?gnﬂa %
s:at N at ¥ a Q@ ®,aak 29,29, at

ELT




More complicated example: stencil (7)

Ax

Ax

AXx Ax
Ax a,at aJ'Aal-yy Ax a,at aJ',a)—yy
a,at k- aat at Baty a,at - aat.at Baty
aaat,at®alRatk

1oalop oL
Loap _@:@a.a Fa Nak
s:atWal Waaaatt

LoaDp
s:aLWaL?ﬁ’a;aaAaLbX
C L2 ol 29 oo o n L
s:a-Wa-Naaa"a"a a- k=
Ax Ax . ”78”*1 SPLIT
aalk aatk s:at¥at R aamtl A" a, n-¢-1al
n i calog o Llog n i
a"a, %y qatk s:atBatRa®, a3, 2 I—®
n Calog o log o 1
®,a.3,2,,,a" F sia N ¥a®,,0Q,3,3,%,,a Eur

st Rt a®,aR,22,3,%, 3" Epir
s:atNat B a(®,a)' M aa, 1 a P

siat¥al ¥ a(®,a) " 8k, a2, Ny alé

siat Bt Ba®, Q2.9 R R, at




More complicated example: stencil (8)

Ax

Ax Ax Ax
Ax e al,akyY Ax a,att al,aF‘w
a,at an',aJ'%’aby aat an',aJJ?ahy
a,a,at,a-BatBar

1ologp ol
Load a,a,a-,a-Ba-Nat
s:atBatNaaaatt

LoaD

s:aiWaLWa;a,a.aLF@
s:at¥al ¥ aaa"a",a, 21 at FSPLIT
L9 L9 oantl an 1y
Ax Ax s.i 7$’i Faa"ttaa %y, a ‘o
aath 2tk siaBaNaQ,,aama%,,a
n
a"a,%y atk

s:at ¥t %aQ®,.,208,2.3, 8,9 Eor

s:at¥at¥aa"Q,a.a,a%,,,a" F
s:aL%’al??a?@ ®aaa7?"+1a EPLIT
s:atBal ¥ a(®,a)' " 3,8, 2" 7;;

siat Bat Ba(®,a) M 8k Nt b @

s:aL75’aL75’\%72(®k+k®nf’a\"‘ksakA,??kyynﬂ""L




More complicated example: stencil (9)

Ax Ax Ax Ax
L i 1 i
Ax 2.2 = a ,akyy Ax 2.a = a ,aF;y
aat an',aJ'%’aby a,at an',aJJ?ahy
al,aiaL%’aL@aFLm” aat.aatBalBatk LOAD
s:atNDaltNVaaalat s:at¥alNWaa aL.abg
Loy Loy
s:atNa Wa,a",a,wﬂa a,a” FSI”LIT Ax Ax
s:at¥at¥aa"a %, ata"

® atak
siat¥alBaa"a XN ®

T oon
pp1dF Dy a,a”ak
s:at ¥ atNaa" a"aa 78"“;#)—

®
s:at¥at¥aa"Q,a.8,a%,,,a" F
oL L .
s;aBa-Ba®,a @ifaa@nﬂa EPLIT
siat¥al ¥ a(®,a)' 1 8,a,29,,, 3"
s:a 7YaL7?a;(®na)k+k,a 7ak:7?k7?n+la
siatBat B a @y, ®,ad5, 85, %, aL@

uT




More complicated example: stencil (10)

Ax Ax Ax Ax
L il L il
Ax 2a b at,ab gy Ax 2a b at,ab gy

aalk a.ai,alﬁahy aatk a.al,al%’ahy
a,a al,al"*’?}al'%’aFLOAD a,aAaLAaLWaLWaFLOAD
s:atBatRaaaatt s:atBatBaaaatt
s:atBal ¥ aaa"a" a2, at -
Ax S al®at ®aantta a2y, 2t ’I\TERGE,,

a,at s:at¥at¥aa"aa" a2, a" FC”
ITh

Ax
a,at k- s:at Nat ¥ aaa" 3", %, at k-

Cut
s:at¥atNaa",a"a,a,%,,a" o
s:at¥at¥aa"Q,a.a3,a,%,,,a"F
NP NI L
s:caRaNaQ®,aQ,233 N,
s:at¥al Ba(®,20) 88N, a0
s:at ¥at ¥ a(®,a) " ak a2, N1 a" &
s:at N at B a @ R, a3, 29, 29,1 "’L@




More complicated example: stencil (11)

AX Ax AX Ax
1 1 L 1
Ax da b a“,ab g Ax da b at.ab g
aat a,ai,aLﬁ’ahY aat b a,ai.aL%’ah?
1ooLlog L 1ooLlog oL
a.a.a.am%a Vak ;. aaa.aVaNak .
s:atRalBaaa.att s:atBatBaaaatt
Loyl on n i
s:a a a;a",a,a", a, a+
n @L Faa, T Tt T MERGE,_1
s:a-WatNaaataaa a
- AX - n ’ St "7?’?1 SPLIT
. an n
. Ax a,alF Ls.a % a 7Xa,a,.aA,ziA,a,?}?nHa FCUT”
. L oan an
a,a- F s:a-Ba-Naaaaal a FCUT

s:atVatNaa"a"a,8,%,,,a" "
s:aL7$’al7?a;‘?",(8,,3«,&3«,?gnﬂaLF
s:at¥at W a; a, a,a,a, at
s:at®at® a;((gé,, a;eiily a,a, ?S),:’:EQL EPLIT
s:at¥at ¥ a(Q, a)k ke ak, a2 Bnia aLé
s:at N at ¥ a @ ®,a,ak 29,29, at




More complicated example: stencil (12)

AX

AXx Ax Ax AXx Ax
L i L L L L
Ax 2.2 = a .akw Ax 2.2 = a AaF?y Ax 2.2 = a ,aFW
aatk a.ai,alﬁahy aalk a.al,al%’ahY aatth a.al,al%’ahy
1oolop ol 1 oolop ol 1oolog ol
a,a.a-,aNa 7S’aFLOAD a,a.a-,aNa 75’aFLOAD a,a,a,a-Na WaFLOAD
s:atBatRaaaatt s:atBatRaaaatt s:aiWaiWa;aaalbg)
Loy Loy o on-1 n—1 1
s:a-Na a;a,a" 'a,a" 1 aa, a
1? ? et = 25 % T Ont+l 'gPLITn—l
s:a-Da-Waja,a"1aa"a ak
< Ax Y et Rt R "Il SpPLIT
. . an n
. Ax a,aLF ls.a Xa Wa,a,a,i,a,@nﬂa FCu*r,,
. L3 oan an
a,a" F s:a-Na-Naaaaa,, a FCUT
s:ai7?3L7Ya;a”.a”.a,a.7?n+1aLl—

®
s:atBat ¥aa"Q,a.a,a,%,,,a" F®
. 1y i
s:atBat%aQ,a8,3,aa,%,,a Epir
s:atBat ¥ a(®,a)' ", aa, Npiat b
s:at Bal B a(®,a) . a3, W, aLé
s:at ¥ at B a @ B, a3, a4 29,2, at




More complicated example: stencil (13)

AX Ax Ax Ax Ax Ax
Ax e al.akyy Ax aatt al,akq Ax a,att al,an
aat aaL,aL%’aF?y a,at aaL,aL’*’?aby a,at an',aJ"*’?ahy
a.a.al,alWaL%’aFLom) a,a at alWaL@aFLOAD a,a,a-.a L@aLWaFLom
s:at Wal Waa,aaltt s:atBatNaaaatt s at B atNaa,aat b?
s:at®at W aaaa" 12" aa, i1 @ trmrr,. .
) s:at®atVaaaa"laa, i1 at Epm’
a,at s:alWaL??a;a,a”,a",a,@n“a FCUT
s aiWaLWa;a”,a”,aa,%)Hla -

®
s:at¥at¥aa"Q,a.8,a%,,,a" F

s:at¥atVaQ®,a,Q,3a3 7?"“3 EPLIT
s:at B al ¥ a(®,a) a4,

i1
s:at Nal B a(®,a) " ak ,akA,??k??nHa
s:at%a 7?a;®k+k®na,ak,ak,78k7?n+la@




More complicated example: stencil (14)

Ax

Ax Ax AX Ax Ax
L L L L L L
Ax 2.@ F a Aai-yy Ax 2.2 F a AaD-yy Ax 2.2 F a ,a)—yy
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Done!



Even more complicated example: stencil fusion (0)




Even more complicated example: stencil fusion (30)




Even more complicated example: stencil fusion (60)




Even more complicated example: stencil fusion (90)




Even more complicated example: stencil fusion (120)







Why, oh why didn't | take the blue pill?




Why, oh why didn't | take the blue pill?
» at = a — Effect ()
» ®,a=Int > a
» 2% a=(Int — at) — Effect ()




Conclusion

» Reliable Fusion is of Utmost Importance

» Two important questions: Who is in control? How many
copies do we need?

» CPS gives answer to to the 1lst question

» Linear Logic gives answers to both questions, and is realized
with linear types.
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