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Introduction

Petricek, Orchard, Mycroft, ICFP 2014: Coeffects
McBride, 2016: [ got plenty of nuttin’
Atkey, LiCS 2018: Quantitative Type Theory

Wood, Atkey, 2020: A Linear Algebra Approach to
Linear Metatheory

> A. TYPES 2018: Resourceful Dependent Types
» Oskar Eriksson 2021-22: Agda formalization
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Quantitative analysis
» One reference to a variable = one use
» Correct reference count under call-by-name
(AXAU. x+Xx)y z

var name need value
y 2 1 1
4 0 0 1

» Usage judgement

y:2, 20> (AXAU.X+X)y z
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Aggregation: sum

7> h Y2 > b
Y1+ 72 > (4, k)

(71 +72)(X) = 71(X) +72(x)
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Choice?

bool (tf: A) : Bool — A
bool t f true t
bool t f false f

N>t Yo > f
7> bool t f
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Choice: meet

1>t yp>f
Y1 A yo > bool t f

N

71(X) U2(x)
{m+n|mey(x),ne(x)}

=
N
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Subsumption: precision loss

o>t x{1}>x

— v <4 eg. ———
VDZ‘,Y_ 9 x{0,1} > x

Erasure
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Application: scaling

v, X:pr>t vt o> u
> APx.t v+ pé>tPu

>(Mx\u. x+x)  y:i>y z:1pz
y:2,z:0>(Mx\u. x+x)?y°z
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Modality structure M

» Partially ordered semiring (M, +,-,A,0,1)
» -+ and - are monotone (distribute over A)
» + and A are commutative

» 0,1 for variable usage

x:0,y:1,z0>y
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Erasure

» Which function arguments can be safely erased?

0 = {0} unused, erase

w = N used, keep

» p+gq=pAQq
> 1=w
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Security / privacy

» Which information is kept confidential?

H = {0} private, confidential

|
L = N public, observable

» Same as erasure!

user:L > user pwd:L > pwd
user:L, pwd:H > authenticate “user "pwd
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» De Bruijn syntax:

F,Gttu == U|N|T|L|NFG|Z/FG
| X | APt tPu
| (t,u)|fstt|sndt | prodrec, Atu
| zero|suct|natrec,Azsn
| x| emptyrec, At

k = X | ®

» Typing relations:

Nt A vyt
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Usage relation for types

o~U Ocr N 0T O |

vy F 0,g> G vy F 5,g> G
y+ocMyFG Y+ FG
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Typing functions

FHt:G
FEXNENIFG

rl—t:l_lgFG N-u:F
M= tPu: Gluj
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Typing pairs

» Introduction

F|—t1:F rthiG[ﬁ]
Fl—(t1,t2)ZZFG

» Projections (x)

r-t:¥3FG r-t:32FG

M-fstt: F [ sndt: G[fsti]

» Split (®)

r-t:5]FG NF,GrHuUu:A
[+ prodrec, Atu: A

Erasure
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Usage relation for X-elimination

Opvt Ot
0> fstt 0>sndt

y>t o,p,pru
py + 0 > prodrec, Atu

Erasure
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Subject reduction

If v > tand t — uthen 6 > u for some § > .
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Subject reduction (example)

Nt R>bh
Y1 +7>(4,0L) §6,9,q9>u

q(v1 +v2)+6 > prodrecy A(ty, ) u
!
0+ gy + 9 > Ut t]

Erasure
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Recursion

fix s — sffix s] — s[s[fix s]] — ...

o, r> s
o> fix S

p<o+rp<o+r(oc+re)< <Zr0—r0
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Recursion over N

v>bn (>zZ o,p,r>8s
¢ >natrec,Azsn

natrec[,Azszero — Z

¢ < ¢

natrec, Azs(sucn) — s[n,natrec, Azsn]

o < o+prv+ro
Information flow: o < v
Summary: o < CAvA(o+pr+re)
Solution: o = ((Av)® (oc+pr)
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Recursion operator b ®, s

ven (>z o,p,re>8
(CAv)®, (0 + pr) > natrec, Azsn

Recursion:

b® s < bA(s+r-(b®,s))
Interchange with _+_:

(b+b)® (s+5) < b® s+b® s
Distribution with _-_:
(b®;s)-g < bg®,sq

Monotonicity:

b®,s < b® sswhenb<b ands<g
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Erasure modality (completed)
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Erasure

» Keep track of what parts of the program that are used
during evaluation

» Remove unneeded parts

((Ax.\y.x)a)b
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Program extraction

uUs = (tou)® = t* 4

N*® =4 (t“u)* =tu*
(MIFG) = zero® = zero
X = X (suct)® :=suct*
(AP 1) = At*

((Ax.\y.x)a)4
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Logical relation (simplified)

e-t:U
tev:U

Modalities and Erasure in a Dependently Typed Language Chalmers and Gothenburg University



Usage analysis Dependent Types Reduction and Recursion Erasure
0000000 00000 000000 0000000
[o]e]

Logical relation (simplified)

t —*zero v —" zero
t®vVv:N
t—*suct v—*sucv f®V:N
t®v:N
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Logical relation (simplified)

t®v:NIFG

(Va,w.a® w: F=tYa® vw:Gla))
=t®Vv:NIFG

(Va,w.eta: F=t’a® vw: Gla])
St@®Vv:NIFG
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Fundamental Lemma

lfe-t:Aande>tthent® t* : A.
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Conclusion

» Agda formalization at
https://github.com/fhlkfy/logrel-mltt

26.000 loc (1.3MB) Agda sources

> Fork of https://github.com/mr-ohman/logrel-mltt
(Abel, Ohman, Vezzosi, POPL 2018)

» Several man-months: adding modalities to syntax
and reducibility proof (battling slow Agda)

» Further work: other modalities

v
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