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Introduction

Normalization by Evaluation for Type Theory

Efficient algorithm for deciding definitional equality.
Leroy/Gregoire (ICFP 2002): Compile Coq to byte code.
Boespflug (PADL 2010): Compile (via Haskell) to machine code.

Extend type theory by η in a systematic way.
“Semantic” normalization: beneficial for meta theory.
This work:

1 Basis: Untyped Normalization by Evaluation.
2 Extended by η-expansion for Π-types.
3 Model to show termination and completeness of normalization.

Future work: Show soundness and type preservation.
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Introduction

The Calculus of Constructions

Full PTS (pure type system) over sorts s ::= ∗ | �.

Γ ` ∗ : �

Γ, x :U ` T : s
Γ ` Π U (λxT ) : s

Γ, x :U ` t : T
Γ ` λx :U. t : T

Γ ` t : Π U T Γ ` u : U
Γ ` t u : T u

Γ ` t : T “T = U”
Γ ` t : U

Write (x :U)→ T for Π U λxT .
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Introduction

Features of the CoC

Dependency: P : A→ ∗ for A : ∗.
Impredicativity: ∃A P := (X :∗)→ ((x :A)→ P x → X )→ X .
Scale to large eliminations: T : Nat→ ∗.

T 0 = Bool
T (n + 1) = Bool→ T n

Scale to η.
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Introduction

Eta laws

Function type.

Γ ` t : U → T
Γ ` t = λx :U.t x : U → T

x 6∈ FV(t)

Unit type.

Γ ` t : 1
Γ ` t = () : 1

Identity type: proof irrelevance.

Γ ` p,q : IdT t t ′

Γ ` p = q : IdT t t ′
Γ ` p : IdT t t

Γ ` p = refl : IdT t t
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Introduction

Type conversion rule

1 Untyped conversion.

Γ ` t : T Γ ` T ′ : s
Γ ` t : T ′

T =β(η) T ′

Requires confluence of β(η)-reduction.
Does not extend to η for the unit type.

2 Typed conversion, judgemental equality.

Γ ` t : T Γ ` T = T ′ : s
Γ ` t : T ′

Supports all η-laws.
Simplifies model construction.
Difficult: Injectivity of function types.

Γ ` Π U T = Π U ′ T ′ : s =⇒ Γ ` U = U ′ : s′

and Γ ` T = T ′ : U → s
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Normalization by Evaluation

What is Normalization By Evaluation?

Semantics (Values)

reify R

&&MMMMMMMMMMMMMMMMMMMM

Syntax (Terms)

eval L M

88pppppppppppppppppppp
⊃ Normal Forms

You have: an interpreter (L M ).
You buy: a reifyer (R ).
You get for free: a full normalizer!
Famous instance: Leroy/Gregoire’s compiled reduction.
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Normalization by Evaluation

Interpretation

D

Exp

L M

22
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Normalization by Evaluation

Interpretation in Applicative Structure

Set of values D.
Application operation · : D× D→ D.
Interpretation LtMη ∈ D for term t and environment η:

LxMη = η(x)
Lr sMη = LrMη · LsMη

LλxtMη · d = LtMη[x 7→d ]

Example: Scott domain D = Abs [D→ D].

LλxtMη = Abs (d 7→ LtMη[x 7→d ])
(Abs f ) · d = f (d)
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Normalization by Evaluation

Untyped Normalization-by-Evaluation

Var xk
Ne u ::= xk ~v
Nf v ::= u | λxkv

D

R

��������������������

Exp

L M

11

⊇ Nf ⊇ Ne ⊇ Var

⊇

YY4444444444444444444
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Normalization by Evaluation

Untyped NbE

Extend D by neutral values xk
~d .

Application:
LλxtMη · d = LtMη[x 7→d ]

(xk
~d) · d = xk (~d ,d)

Reification (avoiding freshness problems!):

Rn LλxtMη = λxn.Rn+1(LλxtMη · xn)

Rn (xk
~d) = xk Rn(~d)

Normal form: R1LtM.
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Normalization by Evaluation

Example Normalization

Let I = λy y identity.

R1Lλx . I x IM

= λx1. R2(Lλx . I x IM · x1)

= λx1. R2(LI x IMx7→x1)

= λx1. R2(LλyyM · LxMx7→x1 · LIM)

= λx1. R2(LyMy7→LxMx7→x1
· LIM)

= λx1. R2(LxMx7→x1 · LIM)

= λx1. R2(x1 · LIM)

= λx1. x1 (R2LIM)

= λx1. x1 (λx2. R3(LλyyM · x2))

= λx1. x1 (λx2. R3LyMy7→x2)

= λx1. x1 (λx2. R3 x2)

= λx1. x1 (λx2. x2)
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Normalization by Evaluation

η-Expansion in the Semantics

D

↓A

��










Dnf

R

�����������
⊇ Dne

↑A

ZZ444444444

R

��










Exp

L M

22

⊇ Nf ⊇ Ne ⊇ Var

⊇

ZZ555555555
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Normalization by Evaluation

η-Expansion for Simple Types

↑A : Lazy η-expansion of neutrals at type A.
↓A : Marker for η-expansion during reification.

Simple types

(↑A→B u) · a = ↑B(u (↓A a))

Rn(↓A→B f ) = λxn. Rn+1 ↓B(f · ↑A xn)

Rn ↓o ↑o(xk
~d) = xk Rn

~d
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Normalization by Evaluation

η-Expansion for Dependent Types

↑A : Lazy η-expansion of neutrals at type A.
↓A : Marker for η-expansion during reification.

Dependent types

(↑Π A F u) · a = ↑F ·a(u (↓A a))

Rn(↓Π A F f ) = λxn. Rn+1 ↓(F ·↑A xn)(f · ↑A xn)

Rn ↓o ↑o(xk
~d) = xk Rn

~d
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Normalization by Evaluation

Normalization algorithm

nbeT t = R1 ↓LT M LtM
Soundness: If ` t : T then ` t = nbeT t : T .
Completeness: If ` t = t ′ : T then nbeT t =α nbeT t ′.
Show completeness using a PER model:

1 If ` t = t ′ : T then (LtM, Lt ′M) ∈ [[T ]].
2 If ` T : ∗ then LT M 
 [[T ]].
3 If (a,a′) ∈ A and A 
 A then Rn ↓A a =α Rn ↓A a′.
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Normalization by Evaluation

Interpretation of Types

A type T is interpreted by a pair (A,A).
1 A ∈ D
2 A ⊆ D× D is a partial equivalence
3 A 
 A, meaning:

1 (↑A u, ↑A u′) ∈ A for all u, u′ with ∀n. Rn u =α Rn u′ ∈ Ne
2 if (d , d ′) ∈ A then ∀n. Rn ↓A d =α Rn ↓A d ′ ∈ Nf for all n.

Equality of types (A,A) = (A′,A′) holds if
1 A = A′
2 ↓∗ A = ↓∗ A′ ∈ Nf
3 ↑A = ↑A′

and ↓A = ↓A′
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Normalization by Evaluation

Semantic Π

Definition:

ΠAF = {(f , f ′) | ∀(a,a′) ∈ A, (f · a, f ′ · a′) ∈ F(a)}

Realizability:

if A 
 A
and F · a 
 F(a) for all a ∈ A
then Π A F 
 ΠAF
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Conclusions

Conclusions

Principled βη-normalization for CoC.
Avoiding freshness issues during reification.
Partial formalization in Coq.
Can be extended to Calculus of Inductive Constructions!?
Next: show soundness and Π-injectivity.
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