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Introduction

Normalization by Evaluation for Type Theory

@ Efficient algorithm for deciding definitional equality.
o Leroy/Gregoire (ICFP 2002): Compile Coq to byte code.

o Boespflug (PADL 2010): Compile (via Haskell) to machine code.

@ Extend type theory by 7 in a systematic way.

@ “Semantic” normalization: beneficial for meta theory.
@ This work:

@ Basis: Untyped Normalization by Evaluation.
@ Extended by n-expansion for I-types.
© Model to show termination and completeness of normalization.

@ Future work: Show soundness and type preservation.
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Introduction

The Calculus of Constructions

@ Full PTS (pure type system) over sorts s ::= = | [.

NMx:UFT:s
M0 Fr=NUMAXT):s

Mx:UkRt: T r=t-nuT rMu:vu
Fr=xx:U.t: T Fr~tu:Tu

r=t: T “T=U
Fr=t:u

@ Write (x:U) — T for MU AxT.
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Introduction

Features of the CoC

@ Dependency: P: A — xfor A: x.

@ Impredicativity: 3AP == (X:x) — ((x:A) - Px — X) — X.
@ Scale to large eliminations: T : Nat — x.
TO = Bool
T(n+1) = Bool—Tn
@ Scale to 7.
NbE for CoC FLOPS'10
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Introduction

Eta laws
@ Function type.
r-=t:U—T
A ESA TS A
@ Unit type.
M=t:1
FTrt=0:1
@ Identity type: proof irrelevance.
r=p,q:ldrtt Nep:ldrtt

Fr-p=gq:Idrt? F=p=refl . ldrtt

Andreas Abel (LMU) NbE for CoC FLOPS'10

5/19



Type conversion rule
@ Untyped conversion.

r=t: T r-T7:s
Frt: 7

T =p() T’

e Requires confluence of 3(n)-reduction.
o Does not extend to n for the unit type.

© Typed conversion, judgemental equality.
r=¢: T r-7=T":s
Fr=t: T

e Supports all 7-laws.
e Simplifies model construction.
o Difficult: Injectivity of function types.
r-nur=nurT:s = T~rU
and T HT

u:s
=T :U-—s
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Normalization by Evaluation

What is Normalization By Evaluation?

Semantics (Values)

eval (). reify rR_

Syntax (Terms) D Normal Forms
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Normalization by Evaluation

What is Normalization By Evaluation?

Semantics (Values)

eval (). reify rR_

Syntax (Terms) D Normal Forms

@ You have: an interpreter ((_) ).

@ You buy: a reifyer (R ).

@ You get for free: a full normalizer

@ Famous instance: Leroy/Gregoire’s compiled reduction.
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Normalization by Evaluation

Interpretation

Exp
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Normalization by Evaluation

Interpretation in Applicative Structure

@ Set of values D.

@ Application operation - _: D x D — D.
@ Interpretation (t), € D for term t and environment #:
qXDn = n(x)

(rshy = (rhy-(shy
(])‘th)ﬂ'd = (]Dr/[XHd]

@ Example: Scott domain D = Abs[D — D].

(])‘th)ﬂ = Abs (d*_) (]tD7/[X>—>d])
(Absf)-d = f(d)
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Normalization by Evaluation

Untyped Normalization-by-Evaluation

Var X
Ne u :=xxV
Nf v o=u| Vv
D
(-
R 2
Exp 2 Nf 2 Ne 2 Var
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Untyped NbE

@ Extend D by neutral values x d.
@ Application:
(])‘th)ﬁ -d = thT][XHd]
(xd) - d = x(d,d)
@ Reification (avoiding freshness problems!):
R
n

Ri(

-

Mty = AXn. Bap1((Axt)y, - Xn)
xcd) = xxRn(d)

@ Normal form: R¢(t).
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Normalization by Evaluation

Example Normalization

Let / = Ay y identity.

Ri(Ax. Ix1)
= Ax1. Ra((Ax. Ix 1) - xq)
= Axq1. Ry
= Axq. Ro(
= Ax1. Ry(
= Axq1. Ra((X)x—x, - ()
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AXT.
AX1. X
AXqy. X
AXT.
AXq.

)\X1 .

Ra(x - (1)

X1

X4

1(R
1(
(
(Ax
1(

2(/))

Ax2. Ra((Ayy) - x

)\X R3(],V|)y—>x2)

AXo RS X2)

)\Xg Xg)
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Normalization by Evaluation

n-Expansion in the Semantics

//\

2 Dne

AA

2 Var
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Normalization by Evaluation

n-Expansion for Simple Types

@ 1”: Lazy n-expansion of neutrals at type A.
@ |”: Marker for 5-expansion during reification.

Simple types
(1*Bu)-a = 1Bu(l?a))
Ro(1"~Bf) = M Royr LB(F- 17 x0)

Rn1°1°0d) = xc R,d
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Normalization by Evaluation

n-Expansion for Dependent Types

@ 1”: Lazy n-expansion of neutrals at type A.
@ |”: Marker for 5-expansion during reification.

Dependent types
(1"Fu-a = 1Fu(fa)
Ro(ITAFF) = Mxp. Rpyq [FT0(F 14 x,)

R,1°1°(xd) = xR,d
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Normalization by Evaluation

Normalization algorithm

@ nbe’t =Ry [T ()
@ Soundness: If -1: Tthen -t —=nbe’t: T.
@ Completeness: If -t =1t : T thennbe’t =, nbe’t’.
@ Show completeness using a PER model:
Q if-t=1t: Tthen ((t).(t)) € [T].
@ If - T:xthen (T) L7
Q If(aa)cAand Al AthenR,|"a=, R, | 4.
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Normalization by Evaluation

Interpretation of Types

@ Atype T is interpreted by a pair (A, A).
Q@ AcD
@ A CD xDis a partial equivalence
@ Al- A, meaning:
Q@ ("u1"u)e Aforallu, v withvn. R,u=, R,u € Ne
@ if(d,d') e Athenvn. R,|*d =, R, " d’ & Nfforall n.
@ Equality of types (A, A) = (A", A") holds if
Q A=A
Q |"A=|"A eNf
Q@ "=1"and " ="
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Normalization by Evaluation

Semantic I

@ Definition:

NAF={(f,f')|V(a,d)e A, (f-af d)e F(a)}

@ Realizability:

if Al A
and F-a Il F(a) forallac A
then MAF I+ NMAF
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Conclusions

Conclusions

@ Principled (3n-normalization for CoC.

@ Avoiding freshness issues during reification.

@ Partial formalization in Coq.

@ Can be extended to Calculus of Inductive Constructions!?
@ Next: show soundness and l1-injectivity.
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