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Call-by-Push-Value

Call-by-Push-Value (CBPV)

Value (positive) types P

o base type (e.g. integers)
Σi :IPi variants/sums with labels i : I
bi :I Pi tuples/vectors with indices i : I
lN thunks

Computation (negative) types N

˛P monadic type
P ñ N function type (cbv)
Πi :INi records with fields i : I
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Call-by-Push-Value

CBPV typing: values

A derivation of Γ $ P is a value expression, P P Γ is a variable.

ini
Γ $ Pi

Γ $ ΣIP
i :I tup

@i :I , Γ $ Pi

Γ $ bI P

var
P P Γ

Γ $ P
thunk

Γ $ N

Γ $ lN

A derivation of Γ $ N is a computation expression.
Computing with values:

case
Γ $ ΣIP @i :I , Γ.Pi $ N

Γ $ N
split

Γ $ bI P Γ.Pi
i :I

$ N

Γ $ N

let
Γ $ P Γ.P $ N

Γ $ N
force

Γ $ lN

Γ $ N
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Call-by-Push-Value

CBPV typing: computations

Computation introductions:

return
Γ $ P

Γ $ ˛P
λ

Γ.P $ N

Γ $ P ñ N
record

@i :I , Γ $ Ni

Γ $ ΠIN

Computation eliminations:

bind
Γ $ ˛P Γ.P $ N

Γ $ N
app

Γ $ P ñ N Γ $ P

Γ $ N

proji
Γ $ ΠIN

Γ $ Ni
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Call-by-Push-Value

CBPV: effect

Let 1 “ bH _ be the unit type.
Simple effect: print string literals.

print s
Γ $ ˛1

Example (using bind infix):

f “ print "function" bind _.λx .print "argument" bind _.return pvar xq

CBPV effects are lazy, can only be observed at value types.
f by itself prints nothing; app f _ prints "function" and
"argument".
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Call-by-Push-Value

Monad and monad algebras

˛A
return //

id

˛ p˛Aq

join
��

˛ p˛ p˛Aqq
joinoo

map join
��

˛A

id

˛ p˛Aq
joinoo

˛A

map return

OO

B
return //

id

˛B

run
��

˛ p˛Bq
joinoo

map run
��

B ˛B
runoo
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Call-by-Push-Value

CBPV: algebraic semantics

Assume a cartesian closed category with coproducts.
Contexts P1 . . .Pn are products P1 ˆ . . . ˆ Pn and Γ $ A homsets.
Interpret ˛ as a strong monad; l as identity (for now).
Interpret each N as monad algebra runN : ˛N Ñ N.

run˛P : ˛p˛Pq Ñ ˛P
run˛P “ join

runPñN : ˛pP ñ Nq Ñ P ñ N
runPñN m “ λp. runN pmap pλf . app f pqmq

runΠIN : ˛pΠINq Ñ ΠIN
runΠIN m “ record i . runN pmap proji mq

This interprets binding in N (going via ˛N):

bind
Γ $ ˛P Γ.P $ N

Γ $ N
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Effect-graded CBPV

Graded effects

Γ $ N | e where e is drawn from an effect pomonoid.
Example: keep track of the length of the output.

print s
Γ $ ˛J | n

n “ |s|

Effects accumulate.

return
Γ $ P

Γ $ ˛P | 0
bind

Γ $ ˛P | e1 Γ.P $ N | e2

Γ $ N | e1 ` e2

Effects get frozen and subsumed.

thunk
Γ $ N | e

Γ $ resN
force

Γ $ resN

Γ $ N | e
sub

Γ $ N | e

Γ $ N | e 1
e ď e 1

Abel Graded CBPV LFCS’25 8 / 24



Effect-graded CBPV

Graded monads

˛nA “ Charn ˆ A
return : A Ñ ˛εA a ÞÑ p””, aq

join : ˛e1p˛e2Aq Ñ ˛e1‚e2A ps1, ps2, aqq ÞÑ ps1 ` s2, aq

˛eďe1 : ˛eA Ñ ˛e1A

˛e A
return //

id

˛ε p˛e Aq

join
��

˛e A

˛e A
map return //

id

˛e p˛ε Aq

join
��

˛e A

˛e1‚e2 p˛e3 Aq

join
��

˛e1 p˛e2 p˛e3 Aqq
joinoo

map join
��

˛e1‚e2‚e3 A ˛e1 p˛e2‚e3 Aq
joinoo
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Effect-graded CBPV

Graded monad algebras

Beďe1 : Be Ñ Be1

runB : ˛e1 Be2 Ñ Be1‚e2

Be
return //

id

˛ε Be

run
��

Be

˛e1‚e2 Be3

run
��

˛e1 p˛e2 Be3q
joinoo

map run
��

Be1‚e2‚e3 ˛e1 Be2‚e3
runoo

p˛Pqe “ ˛eP
pP ñ Nqe “ P ñ Ne

pΠi :INi qe “ Πi :I pNi qe
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Effect-graded CBPV

Graded effect semantics

Negative types N are interpreted as functors from effects to objects.
Positive types P are interpreted as objects; resN “ Ne .
Γ $ P is Γ Ñ P .
Γ $ N | e is Γ Ñ Ne .

return
Γ Ñ P

Γ Ñ ˛εP
bind

Γ Ñ ˛e1P Γ ˆ P Ñ Ne2

Γ Ñ Ne1‚e2

bind justified by Γ Ñ Γ ˆ ˛e1P Ñ ˛e1pΓ ˆ Pq Ñ ˛e1Ne2 Ñ Ne1‚e2 .
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Coeffect CBPV

Comonads and comonad coalgebras

lB l plBq
extractoo display // l pl plBqq

lB

display

OO

display // l plBq

map display

OO

map extract
��

lB

A lA
extractoo display // l plAq

A

expose

OO

expose // lA

map expose

OO
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Coeffect CBPV

Comonadic semantics

Judgements P1 . . .Pn $ A are homsets P1 ˆ . . . ˆ Pn Ñ A.
l is interpreted as monoidal comonad.
Positive types P are l-coalgebras with P Ñ lP .

exposelN : lN Ñ lplNq

exposelN “ display

exposeΣIP : ΣIP Ñ lpΣIPq

exposeΣIPpi , vq “ map ini pexposePi
vq

exposebI P : bI P Ñ lpbI Pq

exposebI Ppvi qi :I “ zip pexposePi
vi qi :I

zip : bi :I plBi q Ñ lpbI Bq

exposeΓ : Γ Ñ lΓ
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Coeffect CBPV

Thunking needs monoidality.

thunk
Γ Ñ N

Γ Ñ lN
force

Γ Ñ lN

Γ Ñ N

thunk : Γ Ñ lΓ Ñ lN
force : Γ Ñ lN Ñ N
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Coeffect-graded CBPV

Graded comonad

extract : l1B Ñ B
display : lqrB Ñ lqplrBq

lr B

display
��

display // lr pl1 Bq

map extract
��

l1 plr Bq
extract // lr B

lqrs B

display
��

display // lqr pls Bq

display
��

lq plrs Bq
map display // lq plr pls Bqq
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Coeffect-graded CBPV

Graded comonad coalgebras

Aqďr : Aq Ñ Ar

expose : Aqr Ñ lqAr

Ar

expose
��

l1 Ar
extract // Ar

Aqrs

expose
��

expose // lqr As

display
��

lq Ars
map expose // lq plr Asq
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Coeffect-graded CBPV

Semiring-graded comonads

Switch to a closed symmetric monoidal category.
Additive commutative monoid on grades maps to monoidal structure.

drop : l0B Ñ I
duplicate : lr`sB Ñ lrB b lsB

Extends to coalgebras.

dropA : A0 Ñ I
duplicateA : Ar`s Ñ Ar b As
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Coeffect-graded CBPV

Semantics of positive types

Positive types P are interpreted as graded l-coalgebras.

plNqr “ lrN
pΣIPqr “ Σi :I pPi qr

pbI Pqr “ bi :I pPi qr

exposelN : plNqqr Ñ lqplNqr

expose “ display

exposeΣIP : pΣIPqqr Ñ lqpΣIPqr

exposeΣIPpi , vq “ map ini pexposePi
vq

exposebI P : pbI Pqqr Ñ lqpbI Pqr

exposebI Ppvi qi :I “ zip pexposePi
vi qi :I
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Coeffect-graded CBPV

Graded contexts

Contexts Γ come with grading contexts γ of the same length.
r1P1 . . . rnPn “ pr1 . . . rnqpP1 . . .Pnq.
Grading contexts γ (“vectors”) form a left module to grades.
Write ex for the unit vector expyq “ 1 iff x “ y else 0.
Contexts Γ are interpreted as structured graded l-coalgebras Γγ .

exposeΓ : Γrγ Ñ lrΓγ
dropΓ : Γ0 Ñ I
duplicateΓ : Γγ`δ Ñ Γγ b Γδ
duplicateΓ : Γř

I γ
Ñ bi :I Γγ i
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Coeffect-graded CBPV

Coeffect-graded CBPV

Negative types N ::“ xryP | rP ⊸ N | Πi :INi .
γΓ $ P and γΓ $ N.

var
x : P P Γ

exΓ $ P
let

δΓ $ P γΓ.rP $ N

pγ ` rδqΓ $ N

ini
γΓ $ Pi

γΓ $ ΣIP
i :I case

δΓ $ ΣIP @i :I , γΓ.rPi $ N

pγ ` rδqΓ $ N

tup
@i :I , γ iΓ $ Pi

p
ř

I γqΓ $ bI P
split

δΓ $ bI P γΓ.rPi
i :I

$ N

pγ ` rδqΓ $ N

thunk
γΓ $ N

γΓ $ lN
force

γΓ $ lN

γΓ $ N
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Coeffect-graded CBPV

CBPV typing: computations

return
γΓ $ P

rγΓ $ xryP
bind

δΓ $ xryP γΓ.rP $ N

pγ ` δqΓ $ N

λ
γΓ.rP $ N

γΓ $ rP ⊸ N
app

γΓ $ rP ⊸ N δΓ $ P

pγ ` rδqΓ $ N

record
@i :I , γΓ $ Ni

γΓ $ ΠIN
proji

γΓ $ ΠIN

γΓ $ Ni
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Coeffect-graded CBPV

Semantics of coeffect-grading

Computations γΓ $ N are morphisms Γγ Ñ N.
Values γΓ $ P are morphisms families Γrγ Ñ Pr natural in r .

var
x : P P Γ

exΓ $ P
let

δΓ $ P γΓ.rP $ N

pγ ` rδqΓ $ N

var : pΓ.P.∆qr p⃗0.1.⃗0q
Ñ Γ0⃗ b Pr b ∆0⃗ Ñ Pr

let : Γγ`rδ Ñ Γγ b Γrδ Ñ Γγ b Pr Ñ pΓ.Pqγ.r Ñ N

thunk
γΓ $ N

γΓ $ lN
force

γΓ $ lN

γΓ $ N

thunk : Γrγ Ñ lrΓγ Ñ lrN “ plNqr

force : Γγ “ Γ1γ Ñ plNq1 “ l1N Ñ N
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Coeffect-graded CBPV

Semantics ctd.

Semantics of monadic computations.

return
γΓ $ P

rγΓ $ xryP
bind

δΓ $ xryP γΓ.rP $ N

pγ ` δqΓ $ N

return : Γrγ Ñ Pr Ñ ˛Pr “ xryP
bind : Γγ`δ Ñ Γγ b Γδ Ñ Γγ b p˛Pr q Ñ ˛pΓγ b Pr q Ñ ˛N Ñ N

Semantics of functions.

λ
γΓ.rP $ N

γΓ $ rP ⊸ N
app

γΓ $ rP ⊸ N δΓ $ P

pγ ` rδqΓ $ N

app : Γγ`rδ Ñ Γγ b Γrδ Ñ Γγ b Pr Ñ N
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Fully graded CBPV

Fully graded CBPV

Judgements γΓ $ P and γΓ $ N | e.
Interpreted as Γrγ Ñ Pr and Γγ Ñ Ne .
Monad pxryPqe “ ˛ePr and comonad presNqr “ lrNe .
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