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Call-by-Push-Value (CBPV)

@ Value (positive) types P

o) base type (e.g. integers)
Y, P; variants/sums with labels i : /
®j.; P; tuples/vectors with indices i : /
N thunks

e Computation (negative) types N

oP monadic type
P = N function type (cbv)
M;/N; records with fields  : /
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CBPV typing: values

@ A derivation of I — P is a value expression, P € I is a variable.

I D Vil, T+ P;
inj ——— I tup ————
r=->,P N-® P
Perl I

var thunk
M= P N=0ON

@ A derivation of I — N is a computation expression.
o Computing with values:

[-%,P Viil,T.P N Tee P TR N
case split
M= N M= N
r-P FPEN e CON
let force
N=nN M= nN
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CBPV typing: computations

@ Computation introductions:

[P rP-N Vil T = N;
AN— record -
oP rM-P=N M= MN

return

@ Computation eliminations:

CTEoP PN [-P=N P
bind app
N-=nN N=nN
T=TyN
Sy
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CBPV: effect

Let 1 = ®  be the unit type.
Simple effect: print string literals.

rints
P = ol

Example (using bind infix):

f = print "function" bind _.Ax.print "argument" bind _.return (var x)

CBPV effects are lazy, can only be observed at value types.

f by itself prints nothing; app f  prints "function" and
"argument".
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Call-by-Push-Value

Monad and monad algebras

o A—THN . o (0A) <$<>(<>(<>A))
\ l _ i -
Join map join
oA Joln o (0 A)
\ Tmapreturn
oA
return join o (<> B)

B o B
~ | |
ru map run
B

n
run
%QB
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CBPV: algebraic semantics

@ Assume a cartesian closed category with coproducts.

@ Contexts Py ... P, are products Py x ... x P, and I — A homsets.
@ Interpret © as a strong monad; [] as identity (for now).

@ Interpret each N as monad algebra runy : oN — N.

runep . o(oP) > oP

runep = join

runp_p . o(P=N)—>P=N
runpy m = Ap.runy (map (Af.appf p) m)
runm, v . <>(|_|/N) — I'I,N

rung,ym = recordi.runy (map proj; m)

@ This interprets binding in NV (going via o/N):
r P PN
bind —e -
r=n
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Graded effects

e [~ N | e where e is drawn from an effect pomonoid.
o Example: keep track of the length of the output.

prints ————— n = |s]
FEoT |n

o Effects accumulate.

N=~P . THFoP|lee T.P=N|e
return ———— bin
r=oP|0 TEN|e+e

o Effects get frozen and subsumed.

F=Nje M [e]N F=Nle
thunk ——— orce ————— sub ——— e<e
M+ [e]N F=Nj|e F=Njé

/

Graded CBPV LFCs'25 Ve



Effect-graded CBPV

Graded monads

onA =
return @ A — o A a —
join L 0 (00A) = Ceee, A (s1,(s2,a)) —
Cege! 1 OeA — 0gA
Co A" (0eA) 0. A map retury oe (0 A)

\ Jion \ o

oe A oe A

Oeree (Ve A) = 0y (06, (0e3 A))

ljoin lmapjoin

Oepeeyees A= Oey (Cepoes A)
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Effect-graded CBPV

Graded monad algebras

Bege/ . Be — Be/

rung . <>61 BEQ - Beloez
B. __fetum oe Be Oeyeey Bes PR Ll Oey (©ey Bes)
\ \Ll’un \Lrun imap run
e Belnezue3 <L Ce Bezoe3
(0P)e = 0P
(P=N)e = P= N,
(MiyNi)e = Miy(Ni)e
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Effect-graded CBPV

Graded effect semantics

o Negative types N are interpreted as functors from effects to objects.
o Positive types P are interpreted as objects; [e|N = N,.
ol+—Pisl — P.
ol NjeisT — Ne.
return i bind F=oalP TxP=Ne
— o P [ — Neee

bind justified by ' — I x 0, P — 0, (I x P) — ¢¢, Noy — Nej e, -
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Coeffect CBPV

Comonads and comonad coalgebras

. extract d15play WY oOB)
\ display Tmapdisplay
=2 0Os)
OB
extract display OOA)
\ expose Tmapexpose
epose
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Coeffect CBPV

Comonadic semantics

@ Judgements P;... P, — A are homsets P; x ... x P, — A.
@ []is interpreted as monoidal comonad.
o Positive types P are [ -coalgebras with P — [JP.

exposey : ON — O(ON)
exposey = display

exposes, p L P—-0O(%P)
exposey, p(i,v) = mapin;(exposep V)
exposeg, p D @ P—0O®P)
exposeg, p(Vi)iy = zip (exposep.V;);.

zip : ®u(0B;) — 0O(® B)
exposer o F—-0ar
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Coeffect CBPV

@ Thunking needs monoidality.

r—nN r— 0N
thunk ———— force ————
r— [N r—nN

thunk : ' —=[ - [N
force : T[N —-N
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Coeffect-graded CBPV

Graded comonad

extract : [1B — B
display : [grB — Cg(0rB)

display

displayl \ lmapextract
extract

(O B) ———0 B

displa
qus B il qu (DS B)
displayl ldisplay
map displa
Og (Ors B) ————> g (O (0s B))
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Coeffect-graded CBPV

Graded comonad coalgebras

Ag<r Ag — Ar
expose Agr — [gAr
expose
r Aqrs qu As
exposei \ exposei ldisplay
extract map expose
—_—
[l A Ar Dq Ars Dq (Dr As)
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Coeffect-graded CBPV

Semiring-graded comonads

@ Switch to a closed symmetric monoidal category.

o Additive commutative monoid on grades maps to monoidal structure.

drop : B — |
duplicate : [,.sB — [1,B®[sB

@ Extends to coalgebras.

dropy : Ao — |
duplicate, : Arps > A, ® As
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Coeffect-graded CBPV

Semantics of positive types

Positive types P are interpreted as graded [-coalgebras.

(DN)r = DrN

(ZI'D)r = Zi:l('Di)r

(®P)r = ®iu(Pi)r

eXpose 1y (DN)qr - Dq(DN)r
expose = display

exposey, p (Z1P)gr — Lg(X/P),
exposey p(i, V) map in; (exposep. v)

exposeg, p
exposeg, p(Vi)i.l

(®y P)qr — Dq(@l P)r
zip (exposep. Vi) ./
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Coeffect-graded CBPV

Graded contexts

@ Contexts [ come with grading contexts + of the same length.
@ nPi...rpPr=(rn...rn)(P1...Py).

e Grading contexts 7y (“vectors’) form a left module to grades.
o Write e, for the unit vector ex(y) = 1 iff x = y else 0.

o Contexts [ are interpreted as structured graded [}coalgebras I',.

exposer Ty — Oy
dropr : To - |
duplicater : T4 — T, ®Ts
duplicater : Ty, — ®il,
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Coeffect-graded CBPV

o Negative types N ::= (r)P | rP — N | I/ N;.
@ 7y PandAl - N.

x:Pel et or=P ~AlrP-N
ar ———— et
e P (v o) - N
. TEP or =P Vi, AT.rPi =N
inj ———— i:/ case
"AT EXP (y+rOr =N
il il e P o @ P AP N
spli
(Z/ I =@ P P (y+rd)l =N
NN IN=[CN
thunk77 forceg
I =ON =N
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CBPV typing: computations

=P T =P ATrPEN
return —— in
il = {r)P (v+O)Fr=N
YI.rPE=N AFr=rP—o N o6r+—P
—_— a
P —oN P rrreN
Viil, AT = N; T =TyN
record ———— proj; ————
yF =THN I = N;
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Coeffect-graded CBPV

Semantics of coeffect-grading

e Computations [ = N are morphisms [, — N.

e Values 7" - P are morphisms families I, — P, natural in r.

x:Pel ltér}—P Al.rP =N
r————— e
el =P (y+ro)r =N

va
var (rPA)r(ala) - F6® Pr ® Aﬁ - Pr
let r7+,5 -, Qs =T, P — (FP)"/” — N

=N ~T =[N
— force —————

thunk C
I +=0ON =N

thunk : Ty — 1, — N = (ON),
force : Iy=T1, — (ON)1 =[N —>N
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Coeffect-graded CBPV

Semantics ctd.

@ Semantics of monadic computations.

=P . 0T =P ~AT.rP-N
return — bind
[ = <{r)P (v+)r=N

return : [y — P, = oP, = (r)P
bind M5 =T ®Ts =T, Q@ (0P;) = o(T,® Pr) = oN — N

@ Semantics of functions.

rrPN
)\'7

AF-rP—N 6P
———————— app
AP — N

(v +r)F =N

app r’y+r5_’r'\/®rr6—’r7®Pr—’N
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Fully graded CBPV

e Judgements [ - P and 4 - N | e.
o Interpreted as I',, — P, and [, — Ne.
@ Monad ({r)P)e = ©<P, and comonad ([e|N), = [, Ne.
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