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Non-mutual Structural Recursion

Andreas Abel

December 17, 1999

Terms
s,t,t == x, Ax.t, fung(x)=t, ts, function space ©— T
inj(t), case(t, x.t), coproduct o
(t), pi; (1), product e
fold(t), unfold(t) inductive type  puX.o
fold
o(uX.o(X)) = uX.o(X)

unfold

Named function introduction:

te Tm [N x"%, g7 Fg(x)srt

fun gﬁc’r’ﬂfr(xﬂ&) —te Tmﬁ&’ﬁ’r[r]
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Dependencies

A={yRt} where y € TmVar®,t € Tm",R € {<Ef§, SE“;}

Judgements
AFsRt R e {(<Tm <Tmy  structural ordering
A (8) <,t lexicographic ordering
Ab g(x)srt g structural recursive in t

Structural Ordering

Right hand side rules (R € {<™™ <Tm});

Axi <TMsks; Rt fori=1,...,n

(RcaseR)
A case(s,xs) Rt
AFsRt
RpiR) ———
(RpiR) At pis(s) Rt
AFsRt Al s <Tmy
(RappR) —— (RunfR)
AFsaRt A F unfold(s) Rt
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Left hand side rules (R € {<™™® <Tm}):

Axi <™t yRt,A'Fpfori=1,...,n

(RcaseL) =
A,y R case(t,x.t),A’ Fp
Ay RGA Fp
(RpiL)
AyRs A F Ay <™t A F
(RappL) ! ? (RunfL) Y p
A yRsa,A'Fp A,y Runfold(t), A’ -p

Reflexivity and transitivity:

Tm -
(™mrefl) 3 oy
(<Tmt1"aHSL) AFsRt y <Tm seEA R e {<Tm’ STm}
Aby<™t
(<TmtransR) Abs<™mt yRseA Re {<Tm’ STm}
Aby<™t
AFsRt SseA RSE{<Tm<Tm1
(<Tmtrans) Y , , <Tm)

A l_y STIn t




Slide 7

Slide 8

Lexicographic Ordering

AF Sr(k) <Tm pimk) (t)

(16X<Tm)
AER(8) <"t

AF sy ST pigg () AR () <Imt

(lex<™m)
AR (5) <Em ¢

AF(3)<Imt = AF(5)<Imt

Structural Recursion

y#g9 AbFsrt
(srvar) —— (srin) ———
AbFsry A b sroing(t)
AFsrs Axi <™ sksrty fori=1,..., [
(srcase) _
A | sr case(s, x.t)
( ) AFsrty fori=1,.. [t (orp) Absrt
srtup — srpi —
A sr(t) Al st pij(t)
Absrt y#Fx Afbsrt
(srlam) (srapp)
AFsr Ay.t Al srts
AbFsr(@) AR (@) <2™x
(srapprec)

AFsr g(ad)
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Values

(opvar)

(opcase)

(optup)

(opfold)

v,V 1= inj(v), (V), fold(v), Ax.t, fun g(x) =t

Operational Semantics

_ (te) Lv
(e, x=v) v (opin) (inj (t);e) | in;(v)
(t;e) | inj(w) (tjre,x; =w) VT
(case(t,xt);e) [ v
(ti;e) Lvifor T<i<n (tie) L (V)
- - (oppi) ——————
((the) L (V) (pi; (t);e) L v
(te) Lv (tye) | fold(v)
(opunfold) ————
(fold(t); e) | fold(v) (unfold(t);e) | v

(opapp)

(oplam)

(oprec)

(opappvr)

(tye) L f (s;e) Lu fQu | v

(ts;ey L v

, (tte,x=u) [ v
(Ax.tie) | (Ax.tje) (opappv1) (wte)au | v

{fun g(x)=t;e) | (fang(x) =t e)

(t;e,g = (fung(x)=tye),x =u) | v

(fung(x)=tje)@Qu | v
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Good Values

fe VAL’ 7" & Vvue VAL®. 3v € VAL". fQu | v

Strong Evaluation

fQu v & fQu |vandve VAL
(,ey v &= (t;e) lvandv e VAL and

(t';e’y I for every subclosure (t’;e’)

Structural Ordering on Values

vRw
(<refl Rin) ———
) v<wv (Rin) v R in; (w)
v R wj for some j € {1...[w[}
(Rtup)
v R (W)
fQu § w vRw v<w
(Rarr) (Rfold) ————
VR v R fold(w)
Vr(k) < Wr(k) Vr(k) < Wi () <= (W)
(lex<) ————V—— (lex<) o i
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Interpretation of the Structural Ordering

eE s Rt = (s;e) v (te) lw = VRwW
eEsR™ ¢t = (s;5e) lv&(e) fw & VRw
eF A = VpeAeFp

Soundness of the Structural Ordering

AFsR™t
R c {<Tm‘ STmy_<Tm}

Vel A. e E¥ s RTm ¢

Soundness of Structural Recursion

fo = (fung(x)=to;e0) € VAL

We can assume (by wellfoundedness of VAL)
Yw < vo. fo@w ||

Lemma.
Al srt eFA (g;e) | fo (x;e) 4 vo

(te) U




