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Graded Call-By-Push-Value

ANONYMOUS AUTHORC(S)

Call-by-push-value (CBPV) is a simply typed lambda calculus that polarizes types into value and computa-
tion types and can thus express both call-by-name and call-by-value evaluation in the presence of effects.
Semantically, effects are modeled by a monad, and computation types as algebras over this monad.

Effect type systems usually express more information than the presence of an effect; often effects are
categorized by preordered monoid where the monoid operation represents accumulation of effects and the
order expresses effect subsumption, in analogy to subtyping. In this work, a graded version of CBPV is
presented where the typing of computations likens effect typing. Semantically, computation types are then
represented as graded monad algebras.

Observing that the value types of CBPV can be interpreted as comonad coalgebras, we further present a
version of CBPV that has coeffects graded by a preordered semiring. Value types and contexts are interpreted
as graded comonad coalgebras, allowing resource-aware interpretations of CBPV.

Finally, we combine the two systems into a fully graded version of CBPV where both effects and coeffects
are graded. This turns out to be possible without specifying any interaction between effects and coeffects.

Additional Key Words and Phrases: effects, coeffects, call-by-name, call-by-value, linear types

1 INTRODUCTION

Levy’s call-by-push-value calculus (CBPV) [2006] is a simply typed lambda calculus with disjoint
sums and eager and lazy products that allows the modelling of “lazy” effects. For instance, the
CBPV-program

print "function”. Ax. print argument”. x

of type P = oP, will, unlike the corresponding ML-program, not print the word “function” and
return a function; it will simply wait for an input value of type P. Only after an argument has been
supplied, the program will print the words “function” and “argument” and then return the argument.
The reason is that effects in CBPV can only be observed at value types like P, and function types are
not value types but computation types. Effectful actions (like printing) at computation types N are
“pushed down” the type structure until they reach a position at a monadic type oP where they can
be executed. Semantically, this is facilitated by interpreting computation types as monad algebras
with an action run : TN — N that allows to formally run effects transported by the monad T at
type N, even though N is not directly a monadic type <P.

CBPV polarizes types into value types P and computation types N where the former embed into
the latter as oP by the formal “monad” ¢ and the latter embed into the former as ON by “thunking” O0.
In Levy’s behavioral semantics, functor ¢ is a left adjoint to functor O and need not be a monad.
Quite the opposite: when modelling store, oP = P X S is a comonad and ON = S — N a monad.
Contrastingly, in the above explained algebra semantics, ¢ is indeed modeled by a monad T, yet O
just by the identity. It is however possible to model O by a monoidal comonad D, and positive types
by comonad coalgebras with an action expose : P — D P that makes the services of the comonad
available at all value types, not just at ON.

Building on these observations, we investigate in this article how CBPV can keep track of not
just the presence of an effect or coeffect but also the kind of effect and coeffect. Semantically,
precise information about effects can be obtained by using a family of monads T, graded over
effect classifiers e drawn from a preordered monoid [Katsumata 2014]. For CBPV, we generalize
the concept of monad algebras N to graded such ones, N,. Syntactically, computation typing
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1:2 Anon.

'+ t: N | eisextended by an effect classifier e (as usual in type and effect systems [Nielson and
Nielson 1999]) such that a computation can be interpreted by a morphism I" — N,.

Coeffect type systems [Brunel et al. 2014; Ghica and Smith 2014; Petricek et al. 2014] have
been developed to track resource consumption by attaching usage information to each variable in
the typing context. Coeffect typing generalizes linear typing [Girard 1987] to quantitative typing
[Atkey 2018; McBride 2016; Sergey et al. 2014] and subsumes sensitivity analysis [Reed and Pierce
2010] and static information control flow [Volpano et al. 1996] aka security typing [Abadi et al.
1999]. Coeffects can be modeled by a comonad D, graded over resource qualifiers r drawn from
a preordered semiring. For the sake of coeffect-graded CBPV, we generalize graded comonads to
graded comonad coalgebras. Value types P and contexts I' are then interpreted as such coalgebras.
Value typing yT + v : P and computation typing yT ¢ : N are based on linear typing and come
equipped with a resource context y. Semantically, values are interpreted as morphisms I}, — P,
allowing the “multiplication” or scaling of a value by r and computations as morphisms I}, — N.

Finally, effect and coeffect graded CBPV can be combined into a fully graded CBPV calculus, sur-
prisingly without sorting out any interaction between effects and coeffects, such as the distributive
laws of Gaboardi et al. [2016]. We credit the smoothness of the integration to the careful placement
of monad and comonad in CBPV’s type system, so that scaling is restricted to values and does not
arise for computations.

Contributions.

(1) We introduce graded monad algebras and an effect-graded version of CBPV in Section 2,
after recapitulating monads and their algebras and graded monad.

(2) We further introduce graded comonad coalgebras and a coeffect-graded version of CBPV in
Section 3. We give its denotational and operational semantics and adapt Atkey and Wood’s
substitution theorem [2019; 2020] to this version of CBPV.

(3) We present an effect- and coeffect-graded version of CBPV in Section 4.

Preliminaries. The reader should bring some elementary knowledge of category theory, such as
the interpretation of simply-typed lambda calculus in cartesian-closed categories. However, we
try to be gentle with categorical concepts such as monads and recapitulate their definition where
needed. In many cases, it is sufficient to think in terms of the category SET where objects are sets
and morphisms functions between sets, or in the functor category [C — SET| where objects are
monotone families of sets (A;);.c indexed by objects i of C such that C; — C; in SET for i — j in
C and morphisms are natural transformations (f; : A; = Bi)i.c.

2 AN EFFECT-GRADED VERSION OF CBPV
2.1 Recapitulation: modelling effects via monads

In this section, we recapitulate monads and some essential vocabulary of category theory. There
are no surprises, thus, the experienced reader is invited to skip this section.

Consider a categorical model C of the simply-typed lambda calculus (STLC), i.e., where types
7 and contexts I are interpreted as objects [r] and [I'] of C and terms T ¢ : 7 as morphisms
(t) € C(IT]. [z])- Such a category could be SET, interpreting types as sets and terms as functions,
mapping the valuation of their free variables to their value, or CPO, interpreting types as complete
partial orders and terms as monotone functions, or a presheaf model of the STLC etc. Typically,
C is a cartesian-closed category, i.e., has products A; X A; of objects to model product types and
contexts, and exponentials A = B to model function types. Further C maybe be distributive, i.e.,
have coproducts A; + A; that distribute over products, to model variants aka disjoint sum types.
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Graded CBPV 1:3

Recall that effects are modeled by a suitable monad T : C — C in C. We shall refer to elements
of a monadic type T A as computations when C = SET. For a general C, computations shall be
the morphisms C (A, T B) called Kleisli arrows. An example monad would be the writer monad
T A = String X A that models the effect output. Another example would be the exception monad
Exc + _ where the result of a computation is either an exception e : Exc or a regular result. The
monad operations, together with their implementation for writer in SET, are the following:

fmapy : A->B)->TA—>TB
fmapy f(s, @) = (5, fb)

returnt : A>TA

returnt a = ("",a)

joing . T(TA>TA

joing (s1, (s2, a)) (s ++ 52, a)

Herein, "" shall denote the empty string and ++ string concatenation.

Monad unit return (written 1 in category speak) turns a value into a pure computation and monad
multiplication join (written y in category speak) combines two effects and thus allows sequencing
of computations via Kleisli composition (g : C (B, TC)) o1 (f : C(A, TB)) = (joinofmapgo f :
C(A TO)).

The presence of fmap : C (A, B) — C (T A, T B) satisfying the functor laws fmapid = id and
fmap (f o g) = fmap f o fmap g makes T an (endo)functor, written T : [C — C]. The endofunctors
F : [C — C] form a category, the functor category, with identity [d A = A and composition
(FoG)A = F(GA). We shall write f : F = G for morphisms in the functor category, called natural
transformations. These are families f4 : C (F A, G A) of morphisms that commute with the functor
action fmap, i.e., fmapg ho f4 = fg o fmapp h for any h : C (A, B).

Unit return : Id = T and multiplication join : T o T = T are natural transformations—which
breaks down to fmap; h o return = return o h and fmapy h o join = join o fmap (fmap h). The three
equational laws of join can be visualized compactly in the following commutative diagram.

TA—"" o T(TA)~—""T(T(TA)
\ ljoin Lfmapjoin
TA=—2" T(TA)
id T
fmap return
TA

2.2 Effect algebras and graded monads

Following Katsumata [2014] we can obtain more information about effects using a monad T,
graded over elements e of a suitable effect algebra Eff. An effect algebra be a preordered monoid
(Eff, ®, ¢, <) such that _e_ is monotone wrt. the preorder < in both arguments. The unit ¢ shall mean
no effect and the operation _e_ serves to accumulate effects, possibly in a sequential order—unless
the monoid is commutative. The preorder represents effect subsumption, i.e., loss in precision of
the effect analysis. Note that the unit ¢ is not necessarily the least element wrt. <.

Say we want to track an upper bound on the length of the output produced by a program. To
this end, we can use the preordered monoid Eff = N U {oo} under addition _e_ = _+_ with unit
¢ = 0 and the natural order <. The effect co then denotes unbounded output, or output whose
length we cannot track in the type system (e.g., when it depends on some variable). Increasing the
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1:4 Anon.

upper bound along < means loss of precision of our analysis, with co the least precise information,
meaning no upper bound. The corresponding graded writer monad is T, A = (String< e) X A where
the output is an element of String<e, a string of length at most e € N U {co}. The operations of a
graded monad are, again given with their SET-implementation for the graded writer:

fmap : A>B)>T,A>T.B
fmap f (s, a) = (s, fb)

return : A>T A

returna = ("",a)

join L Te (Te, A) = Teee, A
join(si,(s2,a)) = (s1++s2, a)

cast : T, A—>ToAfore<e’
cast = id

A graded version of the exception monad would use effect algebra Eff = $ Exc under union and
subset; an effect e is a set of possible exceptions thrown by a computation.’
The interesting laws for graded monads are given by the following commutative diagrams.

return fmap return

join
TeA——=T,.(T. A) TeA————T. (T A) Te1 oe; (Te3 A) ~— Tel (TEZ (T€3 A))

Te A Te A T€1.€2.€3 A [ — Tel (T82.€3 A)

Further, cast commutes with fmap, namely fmap f o cast = cast o fmap f, and in two ways with
join, namely join o cast = cast o join and join o fmap cast = cast o join. We may write T, <., for
the natural transformation cast : T, = T,.

Remark 1 (Eff-graded monad are lax monoidal functors T : [Eff — [C — C]]). The concept of a
graded monad can be more succinctly expressed by using more advanced language of category
theory. (This reformulation is not essential for the remainder of the exposition and may be skipped
on first reading.)

Recall that a monoidal category & has a designated object | : & and an operation _®_ : [§ —
[E& — &]], the tensor product on objects of & that is functorial in both positions. Further, there
are natural isomorphisms 1 : (I ® A) = Aand p : (A® |) = A witnessing the unitality of | and
a:(A®(B®C()) = ((A® B) ® C) witnessing associativity of ®.

Any preordered monoid, such as (Eff,_ e _, ¢, <), makes a monoidal category & = Eff with
Homset E(e,e’) = {() | e < e’}, tensor ® = @ and unit | = ¢. Further, this category is thin, i.e., there
is at most one morphism between any two objects e, e’.

A graded monad T : [Eff —» [C — C]] is then a morphism from monoidal category (Eff, o, ¢) to
monoidal category ([C — C], o, Id). The monoidal structure in the latter is just functor composition
and identity functor. Operations cast and fmap witness the functoriality of T in its first and second
argument. The operations return and join witness (in a directed way) the preservation of unit ¢
and multiplication e by T, making T a lax monoidal functor. (End of remark.)

2.3 CBPV, monad algebras, and their graded version

Call-by-push value [Levy 2006] is a refinement of Moggi’s computational lambda-calculus [1991]
that allows effects not only in monadic types, i.e., in objects T A, but more generally in computation

1 An example of a exception-tracing type system is the Java language.
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Graded CBPV 1:5

types. These correspond to monad algebras for T in C, aka T-algebras. Those algebras are objects
B together with a morphism rung : T B — B that allows to formally run the monad, “merging”
its effects into B. The prime example of a monad algebra is simply a monadic type, because
runt4 : T(TA) — TAis just join. Levy [2006] shows that monad algebras are closed under
products (X) and exponentiation (=) with arbitrary objects. E.g., in SET we can define, for writer
algebras:

run gy g’ : T(BXB)—> BxPB
runpxp (s,(b,b")) = (rung(s,b), runp(s,b’))
runa—pg : T(A= B)—> (A= B)

runa=g (s, f) Aa. rung (s, f a)
These definition implement lazy effects that cannot be observed at computation types such as
A = B, but only at value types; the run of the monad algebra pushes the effects towards result
types that are eventually types of observable objects (values).
With run being a generalization of join, the laws for run are in analogy of those for join (if B
were T A):

return Join

TB T (T B)

B
run fmap run
\ N

B<~——T8B

In graded CBPV, monad algebras get replaced by graded monad algebras. Given a graded monad
T, a T-algebra is a family of objects (Be),.r¢ and morphisms rung : T, Be, — Be,ee, satistying these
laws:

return Join

Be ———T.B, Teloez B€3 ~———— T€1 (T€2 Beg)
\ lrun Lrun jfmap run
B run
€ B€1'€2'€3 N Tel Be2-e3

Further the family B should be functorial in the sense that there is a family of coercion morphisms
Be,<e, : Be; = Be, with Be<, = id and Be, <¢; © Be, <e, = Be, <e;-

Graded monad algebras are, like non-graded ones, closed under pointwise products (B x B), =
B, X B, and exponentiation with objects (A = B), = A — B; here the graded writer example:

rungxp’ i T, (BXB')e, = (BXB)ejee,
rungxp (s,(b,b’)) = (rung(s,b), rung/(s,b"))
runa—pg i Te, (A= B)e, = (A= B)ejee,
runa=g (s, f) = Aa.rung(s, fa)

Remark 2 (Naturality of run). The T-algebra B : [Eff — C] comes with a natural morphism
rune, e, : C (Te, Be,, Beyee,) in the sense that Bie, <¢l)e(e, <e;) © UNeye, = FUNe er © T <er Bey<e)-

2.4 Effect-graded CBPV: syntax and typing

With the theory of graded monads in place, we design a graded version of CBPV. The syntax
and typing rules for effect-graded CBPV are given in Fig. 1. The differences to pure CBPV are in
gray boxes .

Types are classified into value types P € Ty™ (written A in Levy [2006]) and computation types
N € Ty~ (written B in loc. cit.). These are positive and negative types in the terminology of focusing
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Types.

Tyt > P == [[e]N |o]|ZiiP; | ®.1P; Value types (positive types)

Ty~ > N == oP|P= N|yN; Computation types (negative types)

Cxt > T u= 0|TlxP Typing context
Terms

x | thunkt | in;v | tup©

vbex.t

forcev | vcases {x.t} | vsplitx.t

retv | utox.t
Ax.t|to

record{i : t} | proj; t

Values (positive terms)

Computations (negative terms):

functions

lazy tuples (records)

value eliminations
monad operations

Computation typing .

LET

x:Pel F'+t:N|le
VAR ———— O-INTRO
Trx:P I+ thunkt:[e N
rl—U!Pi Vi:I,Tl—vi:Pi
Y-INTRO ——————— ®-INTRO ——————————
I'rin;v: %P I'ttupv:®rP
F'rov:P IF'xPrt:Ne IF'to:[e]N
O-ELIM
F'+tovbex.t:N|e '+ forcev:N|le
Vi, T.x;:P;+t; : N | e 'rov:®P

T+o:3P

2-ELIM

I'+ovcases{x;.t;}i; : N |e

o-INTRO ——————————— ©-ELIM
I'tretv:oP| e
IF'xPrt:Nle
=-INTRO =-ELIM
F'tAx.t:P= N e
Vi:l, Fkti:Ni|e
II-INTR

I'ro:P

T'tu:oP|le

®-ELIM

—i:l
I‘.xi:P,-l Ft: N | e

I'Fosplitx.t:N|e

F'xPrt:N| e

SU

o
I'+record{i:t;};; :II;N | e

F'tt:Nle
B————F—¢€=
F'+rt:N|e

IF'rutox.t:N| e ®e;

'+tt:P=>Ne

IF'rtv:Nle

II-ELI

Trt:IGN |e
M—
I'kproj;t:N;|e

Fig. 1. Effect-graded call-by-push-value.

[Zeilberger 2009]. Positive types are generated from base types o via disjoint sums X;.;P; with tag
set I, eager products ®;.; P; (composed from 1 and A; X A; in loc. cit.) of arity I and thunking [e]N
(written U B in loc. cit.). In contrast to pure CBPV, thunk types [e]N are annotated with an effect e
that can be triggered when the thunk is forced. Negative types are just as in pure CBPV: monadic
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Graded CBPV 1:7

types oP (written F A in loc. cit.), function types P = N (written A — B) in loc. cit.) and record
types I1;.;N; with label set I. Records are lazy tuples whose components are only computed by
demand. We abbreviate X, P; by its “meta-level n-contraction” ;P; notations ®; P and II;N are
understood analogously.

Terms are separated into values v € Tm™ and computations ¢t € Tm™ and are identical to pure
CBPV, modulo changes in the concrete syntax. Values introduce positive types, computations
introduce negative types and eliminate both positive and negative types. We use bars to indicate
sequences, e.g., 0 for a sequence of values, but drop the bar when the context of discourse makes
clear that we are dealing with sequences rather than single objects. For instance, “v;” (where i : I)
in the premise of ®-INTRo indicates that v is a sequence of values with elements (v;);.;;. We may
abbreviate record{i : t;};.; by record; t where I is the label set and ¢ a mapping from labels i : I to
terms t;.

The meaning of the term constructors is best understood via their typing. Typing contexts I are
finite maps from variables x to value types P, with I'.x:P denoting the update of the finite map I' at
key x with value P.

Value typing T + v : P is just as in pure CBPV, however, computation typing ' + ¢ : N | e also
records effects e : Eff potentially produced at runtime by computation ¢. Thunking a computation
(rule O-INTRO) stores the inferred effect classifier e in the thunk type [e]N.

Effects are accumulated via the introduction and elimination rule for the graded monad. The
unit ret v of the monad is effect-free (o-INTRO); running this computation just produces the pure
value v. Sequencing computations u and ¢ via the bind construct “u to x. t” composes the effects
e; of u with the effects e, of ¢ in that order. The intuition is that first u is run, producing effects
classified by e;, and its result is bound to x to run t, producing effects classified by e;. The sum of
the effects is classified by e; e e;.

The other introduction and elimination rules are just as in pure CBPV, except that they propagate
the effect classifier e from hypothesis to conclusion. Note that in case distinction (2-ELim) and
record construction (II-INTRO) all subterms #; are required to produce effects classified by the same
e. However, in reality, different branches of e.g. a case distinction may produce very different effects.
To end up with a unique classifier e, the branches may have to be typed using effect subsumption
(suB). In fact, the uses of suB can be confined to the hypotheses of 3-ELim and II-INTRO, except
for a final invocation of suB at the very end of the typing derivation. Alternatively, we could have
introduced effect algebras with suprema sup;,; e; instead of a preorder e < e’. However, suprema
might not always exist; by using subsumption sus, we delegate the problem of partiality to the
construction of a typing derivation.

Remark 3. We recover pure CBPV from graded CBPV using the trivial effect algebra Eff = {¢}.

2.5 Effect graded CBPV: denotational semantics

The denotational semantics of the novel parts of graded CBPV has been informally explained in
sections 2.1 to 2.3 already; in the following, we spell out the details. We assume a distributive
cartesian-closed category C with a strong graded monad T : [Eff — [C — C]]. Let us agree on
some notation for the constructions on objects and morphisms:

e Product [];.; A; with projections 7; : C([]; A, A;) and tupling (f;);; : C(C,[]; A) for f; :
C(C, A;). Binary products []; ;y A are written A; X Az, and the nullary product (terminal
object) is written 1 with nullary tupling () : C(C, 1).

e Coproduct [[;.; A; with injections 1; : C(A;, [1; A), cotupling [fili.r : C(LI; A, B) for f; :
C(A;, B), and distribution morphism dist : C (C X [[; A, [1;.; (C X A))).

e Exponential A= B with A: C(C X A,B) = C(C,A = B) and eval : C((A = B) X A, B).
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1:8 Anon.

e Graded monad T with functoriality fmap; f : C(T.A, T.B) for f : C(A, B), unit return :
C(A, T A), multiplication join : C(T¢,(Te,A), T ee,A), strength strength' : C(A X T.B, T.(A x
B)) and coercion cast : C(T A, T A) for e < ¢’. Costrength strength” : C(T.A X B, T.(A X B))
is derivable in the standard way.

2.5.1 Interpretation of types. Positive types P are interpreted as objects [P]* of C, where a
denotation [o]* : C of base types o is assumed. This interpretation lifts to contexts I via []* =
Hx:dom(l") [[r(x)ﬂ i

Negative types N are interpreted as functors [N]~ : [Eff — C] mapping effect classifiers e to
objects [N], and effect subsumption e < e’ to morphisms [N];_,, : [N]; — [N]7.

L1* : Tyt —>C [[_]]: : Ty - Eff -5 C
[leIN]™ = [NI¢ [oP]e = T[P]"

[ZP]" = [u[P]" [P=N]; = [P]* = [NI;
[®P]" = Tlus[P:]" [MN]e = IlNie

The graded T-algebra structure runpyy- is constructed by induction on N, as well as functoriality
HN ]] ; <ey :

rungng- : C(T€1([[N]]gz)’ [[N]];oez) [[Nﬂglgez : C([[N]];’ [[N]]gz)
runppp- = join [oP]7, <., = cast

runpp=nJ- = A(runpyp- o fmapy eval o strength’) [P = NJ; ., = A([N];, ., o eval)
runpm,Nj- = (run[[Nl.]]— o fmapy 7;)ir [[HINH;SQ = <[[N]];15e2 O Ti)i1

This construction is the same as Levy [2006], modulo grading. The algebra laws ensue. That the

coercions [N]; ., satisfy identity and composition—the functor laws for [N]~—is easy to verify.

2.5.2 Interpretation of terms. Values T + v : P are interpreted as morphisms (o) : C ([T]*, [P]*)
just as in pure CBPV. Computations I' + ¢ : N | e are interpreted as morphisms () : C ([T]*, [N]7).
Most of the cases are straightforward and in analogy to CBPV, so let us focus on the 'modified rules
where grading comes into play. A subtlety is that we interpret typing derivations rather than terms,
because rule suUB is a silent construction on raw terms but becomes a coercion in the denotational
semantics. The most natural way to make this precise is to use intrinsically well-typed syntax.
Going from typing rules to such well-typed syntax is a routine transformation which we do not
spell out here. The reader interested in well-typed syntax for CBPV is referred to Abel and Sattler
[2019]. The other subtlety, that we ignore variable names in the interpretation, can also be made
precise by well-typed syntax which uses de Bruijn indices.

As in Levy’s algebra semantics [2006], creation and forcing of thunks is invisible in the model.
The bind operation (¢-ELIM) utilizes the generalization of join to run. Subsumption is interpreted
by functoriality in Eff.

o-iNTrRO  (thunkt) = ()

o-euim  (forcev) = (o)

o-INTRO (reto) = returno (o)

©-ELIM (utox.t) = runpnp- o fmapyevalo strength! o (A(t), (u))
SUB () = [N] ;.. o(t)

These definitions are understood in the context of the given typing rules.

2.6 Example effects
We replay some of Levy’s [2006] effect examples in graded CBPV.
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Graded CBPV 1:9

Printing. Outputting a fixed string s before computing ¢ is facilitated by “print s. t” which we
type by the following rule:
I'trt:N|m
I+prints.t:N|n+m

s: String<n

Herein, we use effect algebra (N U {o0}, +,0, <) and graded monad T,A = String<n X A. This
allows us to implement a family of morphisms output : String<n — SET (1, T, 1) to interpret the
print statement as (prints. t)) = runpyy o fmapy 7z o strength” o {output s o (), (t)):

(output so (), (t)) _ strength’ _fmapy 7, _ ~
TnlxﬂNﬂméTH(lxﬂNﬂm)éT" [[N]]m = [[N]]n+m

[r]

Exceptions. Given a set Exc of exceptions whose elements we refer to by e and whose subsets by
E, consider the effect algebra (P Exc, U, 0, C). Primitives for throwing and catching exceptions can
be added to graded CBPV by the following rules:

Tru:N|E, Trt:N|E
T+ throwe: N | {e} T'+ucatchert: N | E;\ {e} UE,

If u throws exception e, then “u catch e — t” computes ¢, else u. In SET we use the graded monad
Tg A = E+Aand afamily of morphism raise e : SET(1, T{¢}A) to interpret (throw e) = raise eo (). To
interpret catch, define a family handley e : SET (Ng, X Ng,, Ng,\{c}ug,) by induction on N € Ty™:

3 h ifg=une
handle.p  e(g,h) - { g otherwise

handlep—n €e(g,h)a handley e(ga, ha)
handleg, v e(g,h)i = handley,e(gi, hi)

Catching is then (u catch e +— t) = handley e o {(u)), (¢)). Note that handle cannot be defined in
terms of run, but we have to break N down to monadic type oP to get access to the exception
thrown by u.

2.7 Digression: grading via a partial monoid

Not all sequences of effects are always meaningful: For instance, reading from a file before it
was opened is impossible and could be prevented statically by graded effect typing. This could
be modelled by adding a maximal element T : Eff (with e < T for all e : Eff) that signifies an
inconsistent state. This error element would also be dominant in sequences, i.e, Tee=ece T =T.
A program Tt : N | e would only be accepted if e # T.

Alternatively, we could work with a partial monoid, i.e., a carrier Eff with a predicate ¢<_ and a
ternary relation _e_<_ such that the following laws hold:

(1) Unit: e < e’ ;&= Jeg.e <egAegee < e iff deg.e <egAeeoey <e.

(2) Associativity: Jejz. e; @ ez < €13 A €12 ® e3 < eqp3 iff Teas. €1 @ €23 < €123 A ey @ 63 < e33.
(3) Monotonicity of e<_:If ¢ < eand e < ¢’ thene < ¢'.

(4) Monotonicity of e_<_:Ife; <e;ande; <e;ande <e’ande; ee; < ethenejoe) <e'

(5) Reflexivity and transitivity of <.
The typing rules for ¢ would change accordingly.

F'+tov:P T'tu:oP|e IF'x:Prt:N e
O-INTRO ———————— ¢ <e ©-ELIM ejee; <e
Trretvo:oP|e Il'+tutox.t:N e

Rule suB would be admissible.

Proc. ACM Program. Lang., Vol. 5, No. POPL, Article 1. Publication date: January 2021.



442
443
444
445
446
447
448
449
450
451
452
453
454
455
456
457
458
459
460
461
462
463
464
465
466
467
468
469
470
471
472
473
474
475
476

478
479
480
481
482
483
484
485
486

488
489
490

1:10 Anon.

Amonad T : Eff —» [C — C] graded by a partial monoid Eff has natural transformations Id - T,
fore <eand T, oT,, = T, for e; ® e; < e. A T-algebra B has morphism rung : T, B, — B, for
e1ee < e.

Remark 4. Another way of restricting effect composition is to use a 2-category Eff where the
objects i, j, k are state types, the morphisms e effect classifiers and the 2-cells effect subsumption
e < e’. The necessary theory has been worked out by Orchard et al. [2020]. An example would be a
typed state monad T,.;—;A = S; — (A X S;) where the state type S; is indexed, and effects e : i — j
may only make valid modifications to the state. For instance, the index could be a set of pointers
denoting the allocated heap cells and a read/write/deallocate effect would require the respective
pointer to be a member of this set (and remove it in case of deallocate).

3 COEFFECT-GRADED CBPV

CBPV places the monad oP at the transition from positive types to negative types. Dually, the
transition ON from negative types to positive types is a vessel that can be filled with a comonad.
Just like negative types N are monad algebras, positive types P can be comonad coalgebras.

3.1 Comonadic CBPV and their comonad coalgebras

Let us consider the stream comonad’? D B = N — B, with head s = s0 and tails = s o (_+1). The
stream comonad lets us work in a setting where values are not single data points, but streams
of data. Besides functoriality, a comonad has the natural transformations extract and display (in
category theory called ¢ and §), dual to return and join. The implementation of the stream comonad
in SET is as follows:

extract : DB—B
extract s = heads
display : DB—D(DB)

s
display (tail s)

head (display s)
tail (displays)

The generic operations of a comonad allow us to extract the value wrapped in a comonadic structure
and to display another layer of that structure.
The comonad laws are a simple dualization of the monad laws:

extract

DB <" B)—"_ (D (DB)

\ Tdisplay Tfmap display
display
DB——m M

D (D B)

\ Lfmap extract
DB

A monoidal comonad implements a morphism zip that combines a tuples of comonadic values
into one comonadic tuple—here implemented for the stream comonad:

zip : ®;.7(D B;) = D(®; B)

zip(sp)irn = (sin)ig
Many other comonads are monoidal, like the store comonad (S = _) X S, though not all, e.g., the
context comonad S X _. In this article, we consider only monoidal comonads.

Zhttps://bartoszmilewski.com/2017/01/02/comonads/
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Graded CBPV 1:11

If type constructor O is interpreted as a monoidal comonad D, then all positive types P can be
interpreted as D-coalgebras A = [P], i.e., implement a morphism expose , : A — D A satisfying the
laws of a comonad coalgebra:

extract display

A DA D (D A)

\ Texpose ]fmap expose
expose

A——DA

The implementation of expose(p) proceeds by induction on P.

exposeryy @ D[N] — D(D[N])
exposergyy = display

exposerg p; @il [P:i] — D (®:us[P:])
expose[y, py = Zip 0 ®i exposepp,|
exposeps, p;  : Zur[Pi] = D (Ziur[Pi])
exposey p] = [fmap Li © exposerpy |

Positive base types o € Ty* are required to be D-coalgebras. For instance, elements of a base type
like Float € Ty™ could represent streams of floating point numbers, e.g., continuous measurements
from a sensor.

Because comonad coalgebras are closed under products for monoidal coalgebras, contexts T’
are interpreted as comonad coalgebras [I']. In the presence of a comonad interpretation of O, the
operations thunk and force are no longer the identity, but “generalized cobind” and extract:

T'rt: N

O-INTRO m (]thunk tl) = fmapD (]tD o expose[[r]]
T'rov:ON
OBLM (forcev) = extracto (o)
T+ forcev: N

The map (thunk) : C(A, B) — C (A, D B) generalizes cobind : C(DC, B) - C(DC, D B) to
D-coalgebras A in the same way that the monadic bind : C (A, TD) — C(T A, T D) is generalized
to C (A, B) — C (T A, B) for T-algebras B in CBPV.

3.2 Graded comonads and their coalgebras

Graded comonads have been utilized to give semantics to context-dependent computation [Pet-
ricek et al. 2014]. For grading, loc. cit. uses a resource algebra in form of a preordered semiring
(R, +,0,-,1, <). The semantics is resource aware and thus not constructed in a cartesian-closed
category but in a symmetric monoidal closed category (C, ®, |, —). There, introduction A and elim-
ination eval of exponentials are A : C(C® A, B) —» C(C, A — B) and eval : C ((A — B) ® A, B).
The tensor product ® is a bifunctor and it is customary to overload ® for the functorial action
fi® f2: C(A; ® A, By  B;) where f; : C (A;, B;). We shall also use [-ary products ®;.; A; and
their functorial action ®; f;. Further, the symmetric monoidal structure is usually witnessed by
natural isomorphisms for left 14 : C (I ® A, A) and right unit p4 : C(A ® I, A), associativity
aapc: CA®B®C), (A®B)Q®C) and swap g4 5 : C(A® B, B® A). We shall summarize
combinations of these isomorphisms under the name iso® : C (®; A, ®; B) when the multisets
{Ai}ir and {B;};; coincide modulo addition and deletion of units (l).

As a running example for resource accounting, we use the semiring R = P N \ 0 of multiplicities
ordered by 2 with pointwise sum and product, eg., 7 +s = {n+m | n € r,m € s}. Subsemirings of

Proc. ACM Program. Lang., Vol. 5, No. POPL, Article 1. Publication date: January 2021.



540
541
542
543
544
545
546
547
548
549
550
551
552
553
554
555
556
557
558
559
560
561
562
563
564
565
566
567
568
569
570
571
572
573
574
575
576
577
578
579
580
581
582
583
584
585
586
587
588

1:12 Anon.

R have been used for quantitative typing [Atkey 2018; McBride 2016; Sergey et al. 2014]. The order
expresses precision of the quantities, e.g., {1} > {0,1} > N states that linear use of a variable is
more informative than affine use than unrestricted use.

A matching symmetric monoidal closed category C can be obtained as follows: Assume a
preordered commutative monoid (W, @, Oy, C, LI) that is also a LI-semilattice with distribution law
Uir(w; ®w)) C Lyw®LUw’. The elements (“worlds”) can be seen as collection of available resources
under choice. The order w E w’ again expresses precision of information, i.e., if we can construct
something from resources w we can also construct it from w’ where we have additional choices.
The supremum Li;,;w; expresses we can build the “thing” from any of the w;. Multiplication n - w
is understood as w & - - - & w with n summands. Given a commutative monoid (M, &, 0) whose
elements can be thought of as bags of atomic resources, an instance for W would be W = P M
under C = C and pointwise union w® w’ = {mw¥m’ | me w,m’ € w'}.

Resource qualifiers r € R operate on worlds via r - w = L,¢,(n - w). For instance the affine
qualifier {0, 1}w = Ow @ w gives us the choice of using resources w or not (Ow). It is routine to
verify that W is almost a left semimodule to R, i.e., the following laws hold:

1-w = Upequynw = 1w = w
(T"S) w = uner,mes(nm)w = unern(l—lmesmw) = r- (S ' W)
0-w = Upe(oynw = 0w = Ow
r+s)w = Upermes@+mw = Lpe Upes(mw®mw) = (- -w)®(s-w)
r-Ow = UpernOy = UperOw = Ow
r-(wow) = Upen(wdw) C Upernw ® Upe,nw’ = (r-we(r-w)

Because the last law is not an equality but just the inequality r(w & w’) C rw & rw’, we have
“almost” a semimodule.

Objects of C are functors A : [(W,E) — SET] and morphisms f : C (A, B) are natural transfor-
mations (fi, : Aw — By)w:w, i.6., Bycw © fiw = fir © Ay The tensor A® B is Day’s convolution
(A® B)yw = U, ew,cw(Aw, X Byy,) with unit I, = Uy, ¢,y 1. The unit | is constructible at world
w from nothing (the unit set 1) if O E w, i.e, if the world w includes the choice of using no
resources. A tensor A ® B is constructible at world w if w includes the choice to split the resources
into w; and w, to construct A and B, resp. The exponential A — B is determined by currying
C®A — B=C — (A B)and given by (A — B)y = (), 0wcw,(Aw, = Buw,)-

The thus constructed symmetric monoidal closed category C has a R-graded comonad

D ¢ [R=2)—>[C—>C]]
(DVA)W = Urw’;wAw’

implementing trivially the following natural transformations. Herein, we use as second monoidal
structure on the functor category [C — C], the pointwise tensor product of functors (®;.;F;) A =
®;.1(F; A) in [C — C], in particular A = I.

extract : D =SId
display : D,y 5 D,oD;g
drop : Dy i

duplicate : Dyys — D, ® Dy

For example, duplicate takes a € U, gswiw Aw t0 (a,a) € U,y ow,cw Urw;sm Uswgsw Ay X
AW;. The intermediate worlds are w; = w;, = w’ and w; = rw’ and w; = sw’.
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Graded CBPV 1:13

The monoidal character of D is witnessed by the trivial morphism zip:

zip i C(®u1(Dr Aj), D, (®1 A))

Zipw : UEB,—;IW,LW Hi:I(Dr Ai)wi e Urw’Ew(®I A)w’

Zipw : U@j;]W,‘EW Hi:I(Urw;Ewi Aiw;) - Urw’;w U@,‘;]W;EW' HiiIAiW;
zip,, (@)t = (@i)i1

The comonad laws generalize to graded comonads as follows:

display display
D, B——"" D, (D, B) Dyrs B———2" > D, (D, B)
displayl \ lfmap extract disp[ayl ldisp]ay
t fmap displ
D,(D,B)—2 p,B Dy (Dys B) — =" p_ (D, (D, B))

These laws reflect that D maps the multiplicative monoid (R, -, 1) to the monoid structure ([C —
C], o, 1d) of composition in the functor category [C — C]. Similar laws need to hold for the additive
monoid and distributivity.

duplicate duplicate
DyB® D, B D, B D,B® Dy B
drop ®idl lid ®drop
I®D, B— D, B f  _D,B®I
duplicate duplicate
DyB® D45 B<—————Dgirss B———> Dgy, B® D, B
id ®dup|icatel Lduplicate@id
DyB® (D, B® D, B) z (D4B®D, B)® DB
display
D(q+r)s B Dq+r (Ds B)
duplicatej lduplicate
display®display
Dys B® D, B Dy(Ds B) ® D, (D B)
duplicate display
qu B® Dqs B<—— Dq(r+s) B——m— Dq(Dr+s B)
display ®display lfmap duplicate
zip

Dy(D, B) ® D,(Ds B)

Dy(D, B® D B)

A D-coalgebra is a functor A : [(R, <) — C] with family of morphisms expose,  : A,s — D, As
natural in r and s. For the D-coalgebra D_B the family expose is just display, and the suitably
generalizable laws for display are required to hold for expose:

expose

Ap Agrs — > Dgr As
exposel \ exposet Ldisplay
tract fi
Dy A, extrac A, Dq A, map expose Dq (Dr As)
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1:14 Anon.

Further, A needs to map the additive monoidal structure (R, +, 0) to the monoidal structure (C, ®, I)
associated with the tensor product in C. We choose to overload the names duplicate and drop here
to accommodate for the generalization from R-comonads to R-comonad algebras:

duplicate : C(Ay+s, Ar ® As)
drop : C(Ap, 1)

The laws of duplicate and drop for comonadic objects D, B immediately generalize to comonad
algebras A,:

duplicate duplicate
Ay ® A, A, A, ® A
drop®idl H Lid ®drop
A P
1A, A, A ®l
duplicate duplicate
Aq ® Arss Aq+r+s Aq+r ® As
id ®dup|icatej Lduplicate@id
Ag® (Ar ® Ay) < (Ag® A,) ® A
expose
A(q+r)s Dq+r A
duplicatel duplicate
expose®expose
Ags ® A DgAs ® D, Aq
duplicate expose
Aqr ® Aqs Aq(r+s) Dq Ar+s
expose ®expose l lfmap duplicate
zip
DyA, ® DyA, Dy(A, ® As)

Graded comonad algebras are closed under pointwise sums (2;A), = X;A; , and products
(®I A)r = ®i.r Ai,r-

€Xposey 4 i C((Z1A)rs, Dr(Z14)5)
exposes 4 = [fmapy o exposeAi] il

drops 4 : C((Z1A), )

drops, 4 = [drop,,],,

duplicatezIA i C(CrA)r+s, C1A), ® C1A)s)
duplicate; , = [(1;®1)0 duplicateAi]i:I
eXP056®,A : C ((®I A)rs, Dr(®l A)S)
exposeg, 4 = zip o @i expose,,

dropg, 4 : C((®1A), D)

dropg, 4 = i50% o ®;rdropy,
duplicateg 4, : C((® A)r+s, (®1A)r ® (&1 A)s)
duplicateg, , = is0® o ®;duplicate ,,

This enables us to interpret all positive types of CBPV as graded comonad coalgebras.
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Graded CBPV 1:15

3.3 Structured graded comonads and their algebras

Coeffect, quantitative, and many modal type systems maintain a typing context where each vari-
able x is annotated by a resource qualifier r in addition to its type P. Such a typing context
(r1x1:P1, .. ., rnxp:Py) =: yI can be split into a pure typing context I' = x:Py, ..., x,:P, and a re-
source context y = x1:r1, .. ., Xp:ry such that domy = domT. We shall freely mix the two notations
as it suits our purpose.

In coeffect-graded CBPV, we wish to interpret each type in the context as a D-coalgebra for
a fixed graded comonad D. The interpretation [I] of the context I' should then be a comonad
coalgebra over the grading y such that judgements yI' +- t : N can be interpreted as morphisms
(t) - € ([T],, [N]"). Since each variable comes with its own resource qualifier, we cannot simply
model the context as a tensor product ®.domr [I'(x)] of D-coalgebras since this product would be
indexed by a single resource qualifier r : R rather than a resource context y : domI' — R. The
solution offered by Petricek et al. [2014] are structured indexed comonads. We shall generalize this
to comonad coalgebras to the extend needed for interpreting contexts.

McBride [2016] observed that resource contexts y : R form a left R-semimodule under pointwise
addition (y + 0)(i) = y(i) + (i) and scaling (r - y)(i) = r - y(i). Contexts I' can thus be interpreted
as (structured or) R©™I -graded D-coalgebras C with the following operations:

drop, i C(Cy, D
duplicate, : C(Cy1s, Cy ® Cs)
duplicate, : C(Cs;y, ®11Cy,)
expose, : C(Cy, DL Cy)

The second, generalized form of duplicate will be used to split resources accumulated from I parties.
Note that A, := C,, flattens a structured D-coalgebra C into an ordinary one, A.

We will also need to interpret context extension. To this end, we shall employ a structured
product (CRD), 5 = C, ® Ds where y : R' and § : R/ and thus C® D is a R’*/-graded D-coalgebra.
Further, we implicitly use the isomorphism between 1-structured D-coalgebras C : R* — C and
R-graded D-coalgebras A : R — C and define

[T.x:P] = [T] = [P]",

sweeping name issues under the carpet (to be handled by de Bruijn indices).

3.4 Coeffect-graded CBPV: syntax and typing

We now have the mathematical structures in place to define a coeffect-graded variant of CBPV (see
Fig. 2). The difference to pure CBPV is laid out in gray boxes.

The fundamental novelty is that the typing judgements yI' - v : P and yT - t : N are equipped
with resource contexts y matching the typing contexts I'. A common pattern in the rules is that
resource requirements of the subterms are added when both subterms are or may be evaluated
at runtime (rules ®-INTRO, LET, X/®/¢/—o-ELIM). Note that in 3-ELIM, the branches ¢; of the case
statement (2-ELIM) share a resource context y since only one of the branches is executed at runtime.
Via rule wWEAK, the different resource requirements of the branches can be subsumed under their
maximum wrt. <. Similarly, the components ¢; of a record (II-INTRO) share a resource context
since projection only retrieves one of the components (II-eLim). This is the opposite of eager tuples
(®-1NTRO) Where the elimination makes all components available at the same time (®-ELIM), thus,
all components have to be evaluated at runtime.

Function types rP — N are now graded by a resource qualifier r that specifies how the function
argument is to be used in the function body. (This type is often written !, P —o N.) In quantitative
typing with R = P N, qualifier r gives the possible usage quantities of the function argument, e.g.
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1:16 Anon.

Types.

Ty+ 5 P == ON | o) | 2i1P; | ®;.1 P;

Ty~ > N u= (r)P | rP - N |II;;N;

Cxt > T a= Q| T.x:P

R 5 (s u= 0|1]|r+s|rs Resource qualifiers

RCxt > y,6 == 0|yxr Resource context
Terms

Tm* > o,w u= x|thunkt|in;v|tupo

= ovbelr x.t
| forcev |vcases{{r x.t} | vsplitir x.t
| retv|utox.t
| Ax.t|to
| record{i:t} | proj;t

Value typing | y ' v : P|.

yYI'rt:N
VAR O-INTRO
OC/1xPrx:P yT + thunkt : ON
yTro:P; Vil, yi TFo; 2 P
Y-INTRO ——M8MM— ®-INTRO
yI'rinjv: 2P (Zi:IYi) I'tupv:®r P
Computation typing | [y ' Ft: N |.
OT+v:P yT.rxPrt:N yI'Fov:ON
LET O-ELIM —————————
(y+ré) T rovberx.t:N yI'+forcev: N
—i:l
STrov:3P Vil [fTlrxiP;irti: N STrv:® P WILrxP rt:N
Y-ELIM ®-ELIM
(y+rd)T +ovcases{rx;.ti}iy: N (y+ré) T +osplitrx.t: N
yTro:P OT+u:{r)P yL.rxPrt:N
©-INTRO ©-ELIM
rylrreto: (r)P (y+8)Trutox.t:N
yIL.rxPrt:N yI'rt: rP—oN OT'+v:P
—0-INTRO —o-ELIM
yI+Ax.t: rP o N (y+ré)T+tv:N
Viid, yT + t; : N; yT k¢ : ;N y'Tri:N ;
IT-INTRO - II-ELM ———F———— WEAK ————— y <Y}
yT +record{i: t;};y : ILN yI' k proj; t: N; yIT'rt:N

Fig. 2. Coeffect-graded call-by-push-value.
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{1} for exactly one use (linear), {0, 1} for at most one use (affine), {0} for no use (constant), and N
for arbitrary use (unrestricted). A resource qualifier could also be a security level (public or private),
or a sensitivity level (a non-negative real) [Reed and Pierce 2010]. If a lambda abstraction Ax. ¢ is
typed with rP — N, qualifier r is attached to variable x in the resource context (rule —-INTRO).
If a function t : rP — N is applied (rule —-ELIM), we need an r-qualified argument v : rP. We
could have given a qualified value typing judgement yI' + v : rP in the style of McBride [2016]
that—in the quantitative interpretation—provides r copies of v to be consumed by the function.
Such a judgement could come with a scaling rule

yI'Fov:sP
ryl ko : (rs)P

that allows to scale the production of v by r if the resources are scaled accordingly (from y to ry).
However, this would have prevented the typing of force v (rule O-ELIM), bcause there is no place
for the scaling factor in computation typing. Semantically, the v in force v lives in D [N]~, and we
can only extract the computation in [N]~ if we can instantiate the coeffect qualifier _ to 1. Such is
not possible if scaling already happened (and needs to be respected). Instead, we bake scaling into
the transition from values to computations. Thus, —o-ELIM receives an argument 6I" + v : P, and to
satisfy the demands of the function yT' + ¢ : rP —o N, the resources § for the argument are scaled
by r, summing the resource requirements for the application to y + rd. Analogous scaling of the
eliminatee is baked into the other value eliminators (2-ELIM, ®-ELIM), into LET, and into ¢-INTRO.

The monadic type (r)P records the multiplicity r of the value of type P resulting from the
computation. This construction is dual to the comonadic type [e]N from effect-graded CBPV
(Section 2.4). Since negative types are not D-coalgebras and do not support scaling, the scaling in
o-INTRO is the last opportunity for scaling before entering the monad. Typing of bind (uto x. t)
attaches the resource qualifier r stored in (r)P to the variable x (¢o-ELIM).

3.5 Coeffect-graded CBPV: denotational semantics

Positive types P are interpreted as D-coalgebras [P]* : [(R,<) — C] and negative types N as
objects [N]~ : C. The interpretation of contexts is [I'] = Ry.domr[T(x)]*-

07 i Ty = [(R5)—>C] [1_ Ty —»C
[oN]; = Dr[N]” [<r)P]™ = T[Ply
2Pl = Py [rP - N~ = [P[; = [N]"
[®rP]; = @ulPil; [MGNT™ = TN

The symmetric monoidal category C needs to be equipped with cartesian products II;B as well as
with distributive coproducts [ [; A with distribution morphism dist : C(C ® [[; A, [1;.; (C ® A))).

Computations yT + ¢ : N are interpreted as morphisms () : C ([T],, [N]~) and values yT' v : P
as families (o), : C ([T],,, [P[;) natural in r. Naturality here means that [P[;_; o (v)), = (v])s ©

r<s
([[F]] ( ,y)) . Again, because of WEAK, we interpret typing derivations rather than terms. The
=) r<s

interpretation is now rather straightforward, but we spell it out for reference.

VAR (or.1x:P + x : P)), = po(dropyry ®idppp;)
o-iINTRO  (yT' + thunkt:ON), = fmapp (t) o exposeqr
3-INTRO  (yT +in; v : 3;P)), = o (o),

®-INTRO ((Zry)L F tup?:®;P), = ®;r(vi), o duplicate
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LET ((y +ré)f rvberx.t:N) = (t) o (idpry, ® (v),) o duplicate
O-ELIM (yT  forcev : N) = extractp o (V)
3-ELIM ((y + o)L rvcases {rx;. t;}iy : N) = [(ti)]sr o dist o (id[r, ® (v),) o duplicate
®-ELIM ((y + r8)T r vsplitrx.t : N) = () oiso® o (id[ry, ® (v),) o duplicate
o-INTRO  ((ry)[ F retv : (r)P) = returno (v),
©-ELIM ((y +ré)f rutorx.t: N = runpyp o fmap () o strength!

o (id[ry, ® (u)) o duplicate
—-INTRO (YT F Ax.t:rP — N) = At)
—o-gLiM  ((y +r8)[ +tv: N) = eval o ((t) ® (v),) o duplicate
[-iNTRO  (yT F record; ¢ : II;N) = (t:))ir
-euim  (yT F proj; ¢ : Nj) = mo(t)
WEAK (yTrt:N) = (fho[r],,

It is remarkable that coeffect-graded CBPV works without any distributive law [Gaboardi et al.
2016] for the monad T and the graded comonad D. This was a crucial design criterion, leading to
resource qualifiers in the monadic type (r)P. A distributive law would be required if we allowed
scaling of computations, not just of values.

3.6 Coeffect-graded CBPV: equational theory and operational semantics

The equational theory and operational semantics of coeffect-graded CBPV is identical to the one of
CBPV [Levy 2006, Fig. 11]. In this section, we make just a few remarks on an alternative presentation
of the permutation laws (called “sequencing laws” in loc. cit.).

The equational theory of pure CBPV comprises § and n laws, and sequencing laws that syntacti-
cally express that negative types are monad algebras [Levy 2006, Fig. 11]. The sequencing laws
contain a generalization of the associativity law for monads and allow to permute a bind under a A
or record construction. In the presence of n for functions and records, they are inter-derivable with
the following permutation laws:

m-0  (htoxi.b)toxs. t3 = ttoxy. (b toxs. t3)
m-— (utox.t)v = utox.tv
-1 proj; (utox.t) = utox.proj;t

Note that permutations for let-bindings like (v be r x. t) w = vber x. t w are instances of the f-law
vberx.t = t[v/rx]. Herein, m shall the denote the (capture-avoiding) replacement t[v/x]
of an r-annotated positive variable x by value v in term t. Permutations for value-eliminations like
(vsplitrx.t) w = vsplitr x. t w are derivable (using the f-laws) from the n-laws, like the n-®-law
t'[v/rz] = vsplitrx.t'[tupx/rz] (let t’ = (zsplitr x. t) w).

3.7 Coeffect-graded CBPV: substitution and metatheory

Substitution for coeffect-graded type system has been worked out in detail by Atkey and Wood
[2019]; Wood and Atkey [2020]. It straightforwardly extends to coeffect-graded CBPV. A substitution
o is a finite map from variable to terms, mapping positive variables x to values v. Substitution typing

is equipped with a matrix ¥ : RIemTxdomA recording the usage vector ¥(z) : RéomT
for each variable z € dom A = dom ¢ in the domain of the substitution.

YI'ko: A yI'ro:P
orr0:0 (¥, y)T + (0,v/x) : (A.x:P)

Capture-avoiding parallel substitution into values and computations is defined as usual
by recursion on the term.
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The matrix ¥ : RIomIXdomA a¢tg a5 a linear map (8 : R1°™A) 1 (§¥ : R%™T) and allows us to
state the substitution theorem.

THEOREM 3.1 (SUBSTITUTION PRESERVES TYPING). Let YT + o : A.

(1) If A+ v : P then (§9)T + vo : P.
(2) IfSA+ t: N then (SY) + to : N.

Proor. Straightforward adaptation of Atkey and Wood [2019]; Wood and Atkey [2020]. O

COROLLARY 3.2 (SINGLE SUBSTITUTION PRESERVES TYPING).

(1) IfST +v:PandyT.rx:P+w: P’ then(y + ré)I' v wlv/rx] : P’.
(2) IfST Fv:PandyT.rx:P+t: N then(y + rd)I + t[v/rx] : N.

COROLLARY 3.3 (SUBJECT REDUCTION). f3-reduction of coeffect-graded CBPV preserves types.
In the pure (effect-free) version, every computation at value type returns a value.

CONJECTURE 3.4 (CANONICITY OF PURE COEFFECT-GRADED CBPV). Ift-t : oP thent =g retv for
somet v : P.

This normalization result can be proved with standard techniques such as reducibility candidates
or normalization by evaluation (cf. Abel and Sattler [2019]).

The denotation of a substitution ¥T + ¢ : A is a natural transformation (o5 : C ([T] 5y [A] ;)
such that [A]5_s © (o)s = ()& © [I] 54 . 5ry- It is defined by recursion as follows:

(0)s : C ([T, D
= dropypy

oTr0:0

YI'to: A yI'tov:P
(¥, y)T + (0,0/x) : (A.x:P)

(o, v/x]s,r) = C ([F]](g,r)(\y,y)’ [[A]]5 ® [P]})
=((o)s ® (v)r) o duplicatey
Observe that (8, r)(¥,y) = §¥+ry and, consequently, duplicate : C ([[I‘]](&r)(\l,’y), [T 5y ®lTT,))-

THEOREM 3.5 (SOUNDNESS OF SUBSTITUTION). Let ¥T + o : A.

(1) If A + v : P then (va)), = (v), o (o)rs : C([T], 54> [PI})-
(2) If A+t : N then (to]) = (t) o (o)s : C([T] 54> [N]).

Proor. By induction on the typing derivation of the term v and ¢, resp. O

COROLLARY 3.6 (SOUNDNESS OF SINGLE SUBSTITUTION).
(1) IfST rv : P and yT.rx:P + w : P’ then

(wlv/rx])s = (w)s o (id[rp,, ® (v)sr) o duplicater;.
(2) IfST rv:PandyT.rx:P+ t : N then
(t[v/rx]) = (t) © (idqry, ® (v),) o duplicateyry.

Proor. After comprehending that the semantics of identity substitutions is just id, we observe
that the semantics of single substitutions is (v/rx|) = (id ® (v)),) o duplicate. m|
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Types
Ty" > P u= [e]IN]|o|ZuPi|®urPi
Ty~ > N == (r)P|rP — N |II;N;
Value typing .
yTrt:N|le
VAR ———— O-INTRO
Ol.1x:Prx:P yT + thunkt : [ e I[N
T'ro:P; Vi:l, y;' v v; : P;
S-INTRO L ®-INTRO Gl Gl
yIT'rinjv: 2P Ciqyi)T Ftupov : @ P
Computation typing |yI' Ft: N | e |.
oT+rov:P yTorx:Prt:N e yTro:[e]N
LET O-ELIM
(y+ré)l roberx.t:N e yT +forcev: N | e
S-ELINM 0T +ov:3P Vi, yTrx;:P;+t; : N e - STrov:®rP yF.rxi:Pii:I Ft:Ne
(y +ro)l Fovcases{rx;.t;};.; : N | e (y+rd)l rousplitrx.t: N |e
yTFo:P ST +u:(r)P| e yTorx:P+t:N | e
©-INTRO ©-ELIM
ryl Fretov: (r)P | e (y+6)T+utox.t: N | e ®e;
yI'rx:P+t:N|e yTrt:rP o N e T+v:P
—o-INTRO —o-ELIM
yTHAx.t:rP o N |e (y+ré)lTrtv:N e
Vi:l, yI' + t; : N; I'rt:II;N
II-INTRO EL ¥ 7 K -ELIM — ! K
yT +record{i: t;};1: II;N | e yI' Fproj;t:N;|e
yYTrt:N|le ,
SUB — y <y, e<e
yTrt:N| €

Fig. 3. Fully graded call-by-push-value.

4 FULLY GRADED CBPV
In this section we finally present a fully graded version of CBPV where both effects and coeffects
are graded. Fig. 3 presents its types and typing rules where the differences to the coeffect-graded
version are highlighted .

We reintroduce effect grading into the computation typing yI' + ¢t : N | e. As in the effect-graded
version, effects are accumulated in a single place, the monadic bind construct (o-ELIM).

The crucial insight concerning the absence of distributive laws is the laziness of effects in CBPV.
They are only observed at positive types [Levy 2006], thus, can be “bottled up” in thunkt : [e]N
and reactivated via forcing in forcev : N | e.

4.1 Graded CBPV: semantics

As in effect-graded CBPV, negative types N are interpreted as graded monad algebras [N]~ : [(Eff, <
) — C]. Dually, as in coeffect-graded CBPV, positive types are interpreted as graded comonad
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coalgebras [P]* : [(R,<) — C]. Values yT + v : P are interpreted as natural transformations
(o) - [[Fﬂ( n= [P]* and computations yI' + ¢ : N | e as morphisms (t) : C ([T],, [N]). Except
for some change in typing, the denotation of terms is unchanged from coeffect-graded CBPV. We
recapitulate the most interesting cases here with the updated typing:

X fmapp, ()
(thunk £), [r],, —=** b, [1], ———>—— D, [N];
(]fOI’CE UD [[I"]]y $ D, [[Nﬂg extract [[N]];
(reto) [],, —— 2 [P]} w1, [P}
duplicate id®(u) .
(utox.t) [r],,s ——1[r], ® [I]; ———[I], ® T, [P];

l/strengthI
rungNy-

fmapy, ()
[[N]];.ez ~——— T€1 [[Nﬂgz <—1T€1([[r]]y ® [[P]]:—)

Subsumption (suUB) is interpreted by pre- and post-composition with the functorial actions of [I']
and [N]~:

[[F]]VSY' () _ INT <o _
], ——— [, ———=[N[c ———= NI,

The operational semantics of graded CBPV is identical to the one of CBPV, and the substitution
typing of coeffect-graded CBPV (Section 3.7) can be mechanically transferred to fully graded CBPV.

4.2 Discussion

Graded CBPV provides syntax to work with graded monads T, and comonads D,. A priori, one
could have expected that these constructs are directly reflected in the syntax of types, as (e)P and
[r]N. Surprisingly, the adaptation of graded effect and coeffect typing to CBPV places the qualifiers
in the opposite way, as (r)P and [e]N. Given our semantics of types as (co)monad (co)algebras, this
apparent oddity has a natural explanation: the qualifiers do not instantiate the grade in the monad
or comonad, but in the respective (co)algebra. The alternative concrete syntax oP, and ON, would
maybe transport the intended semantics, T_[P]} and D_[N];, more directly.

How does Graded CBPV work as a programming language? A program is usually a set of
definitions and then an entrypoint in form of an expression or simply the name of the main
procedure. In Graded CBPYV, the definitions are given as a sequence of let-bindings whose final
body serves as the entrypoint. The entrypoint should be an expression of type (1)P, producing an
observable value and thus, the effects leading up to this result. The expressions bound by the lets
will often be functions (or records), but wrapped in thunks [e]N to satisfy the formal requirement
to be of positive type. This thunk is where the effects are declared that a function produces. Thus, in
the big picture, the effects of a computation are stated in the types, not just in the typing judgement
yT +t: N | e, even though the effect annotation is in a a priori unexpected location.

5 RELATED WORK

Our style of effect tracking and its interpretation via graded monads is based on Wadler and
Thiemann [2003] and Katsumata [2014].
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5.1 Effect tracking in CBPV

McDermott and Mycroft [2019] observe that CBPV can represent call-by-name and call-by-value
evaluation strategies but not call-by-need. As a remedy, they extend CBPV to ECBPV by variables
x : oP that hold monadic values, plus a corresponding let-binding construct. They further present
an effect-graded version of ECBPV, drawing effect qualifiers from a preordered monoid. In contrast
to our version, effect annotations f are stored at monadic types (f)P. Instead of our judgement
T+ ¢: N | e (that accumulates effect traces e) and a semantic interpretation of computation types
N as graded monad algebras, they define a syntactic operation (f)N that pushes down effect
qualifier f to the monadic types (f’)P in N where the effects are combined to (f e f’)P. This
way of handling effect grading seems equivalent to our approach, albeit it is syntactic rather than
semantic.

In previous work, McDermott and Mycroft [2018] use coeffect typing to track variable usage
in call-by-need simply-typed lambda calculus with conditionals. Compared to the usual resource
semiring R tailored to call-by-name usage analysis, their coeffect algebra is more expressive: it can
produce traces of variable usage, including usage of bound variables. They show how graded effect
tracking can be simulated by the coeffect typing, e.g., for the effect of non-determinism. Naturally,
they focus on operational semantics.

To accomodate several sorts of effects in one language (CBPV hosts only a single effect type),
Kammar and Plotkin [2012] present MAIL, the Multi-Adjunctive Intermediate Language, which is
a version of CBPV parameterized by effect qualifiers. In contrast to our effect-graded version of
CBPV, effect qualifiers are a parameter to the type system as a whole, basically a mode attached
to the typing judgement. Via effect subsumption, one can switch to a “wider” mode. However, as
effects qualifiers are drawn from a preordered set rather than a monoid, more detailed static effect
traces cannot be captured. In their own words:

Instead of one kind of computation, for each effectset ¢ € E, we have e-computations
Comp(¢) that can cause effects in . We view MAIL as multiple copies of CBPV,
one for each ¢, sharing the same values. One can translate between these different
CBPVs by means of coercion [...]

5.2 Coeffect typing

Our style of coeffect typing is heavily influenced by McBride [2016] and Atkey [2018] who keep
the quantification of variable usage in usage context y separate from the variable declaration in an
ordinary typing context I'. This division of labor has removed two major obstacle in the integration
of linear and dependent types: the customary sorting of linear and unrestricted variables into
separate typing contexts, and the dominance of context concatenation operations in the typing of
the multiplicative connectives of linear logic, e.g.:
A Fop Ay Ay kgt Ay
ANy + (2}1,1)2) A ® A

In contrast to our style, the coeffect type systems of Reed and Pierce [2010], Petricek et al. [2014],
Brunel et al. [2014], Ghica and Smith [2014], and Orchard et al. [2019] keep context concatenation.
This does no harm in simply-typed settings, but seems to duplicate a mechanism already present in
form of the resource qualifier 0.

Our treatment of substitution in coeffect-graded CBPV is based on Wood and Atkey [2020], who
formalize (in Agda) substitution for intuitionistic linear logic with a subexponential representing
a graded comonad. They observe that instead of a preordered semiring, a left skew semiring can
be used as resource algebra. In a skew semiring, the laws involving multiplication only hold as
inequalities, not equalities.
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5.3 Interaction of effects and coeffects

Gaboardi et al. [2016] investigate systematically the possible interactions between semiring-graded
coeffects and monoid-graded effects, in form of distributive laws between the graded comonad
and monad. We do not rely on such distributive laws in Graded CBPV. The strict separation of
value and computation types and the placement of the monad and comonad at the transition points
makes interaction optional. How to integrate distributive laws into Graded CBPV is left for future
research.

6 CONCLUSIONS

In this article, we have demonstrated that CBPV can accommodate graded effects and coeffects in a
smooth way, keeping the term grammar virtually unchanged and only adding effect and coeffect
annotations at the transition points between value and computation types. The surprising simplicity
of our solution speaks for the design quality of Levy’s CBPV calculus [2006]. For instance, the
analogy to intuitionistic linear logic—that lies at the heart of coeffect typing—is already implicitly
present in the separation of value (®) and computation type products (II).

For the semantics of Graded CBPV, we have evolved the concepts of monad algebra and comonad
coalgebra to their graded versions.

In future work, we would like to investigate whether the distributive laws of Gaboardi et al.
[2016] carry over to Graded CBPV, e.g., whether and how a graded comonad can be distributed
over a graded monad algebra or, in the symmetric case, a graded monad distributes over a graded
comonad coalgebra.
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