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Termination of Mutually Recursive Functions

with Several Arguments
by Lexicographic Orderings

Andreas Abel
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Example
fun flat [] = []
| flat (1::1s) = aux 1 1ls
and aux [] 1s = flat 1s
| aux (x::xs8) 1ls = x :: aux xs 1ls;




Size Change Precategory L

e objects: function identifiers F

e morphisms: U-semilattices of size change information

*: L(g,h) x L(f,g) = L(f, h)
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Interpretation [—]
L(f,9) > A [A] €Dy x Dy
1. AC B=[4] C [B]
2. [CxB] 2 [C]o[B]
Call Graph C C L
C:((f,g9) € Fx F)— P(L(f,9))
A .
f=g  if Aec(f.g)
) Completion C*
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C complete :<= closed under composition

AcC(f,g) BeClg,h)
Bx A€C(f,h)

CT :<= completion of C

Ft

g iff  AeC'(f9)
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Termination |

Vg, f g, vED,, we Dy v[A] w= gv |l

fQuw |
fl:<=VYveDy fGQu|

Evaluation Ordering <

fi>g ANv[Alw = (g,v) < (f,w)

Prop. If a wellfounded evaluation ordering exists for C, then all
functions f € F terminate.

Functions with a Single Argument
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Single Argument Lattice L
Consists of the three elements < C < C 7.

<
<
<
?

~ A A
=~ A A
~

Interpretation in Wellordered Domain (D, <)

v[<]w <= v<w
v[<Jlw <= wv=worv<w

v[?]w <= True

Good Call Graph

f iR, f implies R=<

Lemma

f ELN fi B, By fn B, f implies R; C < for all 4
Lemma

fifli...lklfnﬁ implies R; = < for some i
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Function Orderings

<
g<dh <= h—yg
g=h <= h—yg
grh <= gj+h/\hj+g
g=<h = g=x\=h

Theorem. <1 and <71 are irreflexive.

Corollary. For a finite F < and < are wellfounded.

Evaluation Ordering <

(9,0) < (fiw) = g=<f
V (g f AN v<w
VvV (v=w Ag<Yf))

Prop. <« is a wellfounded evaluation ordering.
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Functions with Several Arguments

ar: F —-N

Call Matrices Precategory L
Size change information (o, a) € L(f,g)

o : ar(g)—ar(f)
a : ar(g)—L

((0",d") x (0,0))(i) := (0(0”(4)), @} L @or(3))

Interpretation in Dy := D)
Let (o,a) € L(f, g).

vo,a] w = va] woo = Vi€ ar(g). v; [ai] wo

Good Call Graph

For each f € F a permutation
myzar(f) — ar(f)

s.th. for each cycle Z := f @) f thereisa 1 < k(Z) < ar(f)
fulfilling

cgomy [ k(Z) = w5l k(2)

aomy [ k(Z) = <k(2)
where

<k = (Sa B §7<) € ]Lk

<F = (5,59 el
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Function Ordering <

g<f

<

359 g vz Z2=h—> I g T p

= aotomy, [ k(Z)= <MD

Lemma. The relation <t C F x F is irreflexive.

Let f %5 g.

v <pw

v<pw

<

=

VZ=h—*f-Z g1
voTomy | k(Z) [<FPD]wocorom, | k(Z)
VZ=h—*f-Zsg-15*f
voTom, [ k(Z) [<FD]wooorTom, | k(Z)

Evaluation Ordering <

(9:0) < (fw) == g=<fV(gn fAIF 2
Vhmfo<pwA Ghef.o<ywV g<f))

Theorem. < is a wellfounded evaluation ordering.




