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Powerlists

e lists of length 2™
e perfectly balanced leaf-labelled binary trees
e in Haskell:

data PList a = Zero a
Slide 2 | Succ (PList (a, a))
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Zero O

Succ (Zero (0,1))

Succ (Succ (Zero ((0,1),(2,3))))

Succ (Succ (Succ (Zero (((0,1),(2,3)),((4,5),(6,7))))))

e logarithmic access time



Summing up a Powerlist (First Try)

e compute the sum of all elements in a powerlist

sum :: PList Integer -> Integer
Slide 3 sum (Zero i) = i -- i :: Integer
sum (Succ 1) = sum 7?77 -- 1 :: PList (Integer, Integer)

e need to generalize function sum

Summing up a Powerlist (Second Try)

e Use polymorphic recursion:

sum’ :: (a -> Integer) -> PList a -> Integer
sum’ f (Zero a) = f a

Slide 4 sum’ £ (Succ 1) = sum’ (\ (a,b) > f a + f b) 1
sum :: PList Integer -> Integer

sum = sum’ id

e terminating and total?
e Contribution: sum’ is iterative, hence total.

e Method: sum’ definable in F“.



System F“

e Kinds kK i=* | k — K/
KO = % types
kKl = % — % type transformers
Slide 5 K2 = (x> %) > % — % transformers of type transformers

e Constructors F': k, in particular types A : *

F = X|MX.G|FG
| VX%A|3X%A|[A—B|1|AxB|0|A+B

e Objects (terms) ¢ : A

Nested Datatypes

e some Haskell datatypes

List a = Nil | Cons a (List a)
PList a = Zero a | Succ (PList (a,a))
Lam a = Var a | App (Lam a) (Lam a) | Abs (Lam (Maybe a))

Slide 6 e List is a reqular datatype [ : (x — %) — x].

List = M. p(AX. 1+ A x X)

e PList and Lam are non-regular or nested datatypes
[ (k1 = K1) — K1)

Plist = u(AF.)\A. A+ F(Ax A))

lam = u(AF.AA.A+FAx FA+ F(1+ A))



Mendler Iteration for Regular Datatypes

e Inductive types with Mendler-style iteration in System F.
Form. .0 : (K0 — k0) — KO

Intro. in,o i F(pwoF) — poF

Elim. Mlt, : (VX. (X - G)—=FX - G) = poF = G

Slide 7 Comp. Milt.os(ingt) —p5 s (Mltyos)t

Note: no positivity/monotonicity required for F'!

Reduction close to general recursion.

fixst — g s (fixs)t

Universally quantified type variable X ensures termination.

Archetype of type-based termination.

Generalization of MIt to higher kinds

e Pointwise inclusion:

FCG:=VA FA— GA

. e Mendler iteration for kind k1 = % — .
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Form.  pu.1 i (Kl = k1) — Kl

Intro. in.y : FuaF) Cum F
Elim. Mlt,; @ VX*L.XCG—-FXCQG)— paFCG

Comp. Miltsys(ingit) —p s (Mltes)t



Programming with MIt

e Summing up a powerlist: uF' = PList, GA = Integer.

sum = MiIt...
sum : uFCGQG

Slide 9 = VA. PList A — Integer

Cannot work: elements of powerlist of generic type A.

e Next try: Let HA = Integer.

sum : puFoHCG
= PListInteger — Integer

e Cannot work either!

Right Kan extension

e Need more general function:

sum’ : VA. PList A — (A — Integer) — Integer

PList € AA.(A — Integer) — Integer
PlList C MA.(A—-H?7)—G?

= PList C M.VB.(A— HB) — GB
PList € Rang G
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e Right Kan extension:

Rangy GA:=VB.(A— HB) — GB



Summing up a powerlist (Implementation)

sum’ :  VA. PList A — (A — Integer) — Integer
sum’ = MiIt 1 AsumVA.XAH(AHInteger)Hlnteger
T K
AA+HX(AxA)

)\fAHInteger

Slide 11 case t of
linla? = fa
| inr IXAXA) = syum | (ApA*A. f (fstp) + f (sndp))

sum PList Integer — Integer

sum = M.sum’[id

Generalizing “C”

e Since we need Kan extensions to program anything reasonable,
why not hardwire them into the system?

e Parameterized inclusion
Slide 12 F<H@ := VAVYB.(A— HB)— FA— GB

= VA FA—-VB.(A— HB)— GB
= FgRanHG



Generalized Mendler Iteration

e Inductive constructors with generalized Mendler iteration.

Form. ps : (kl = kl) — kKl
Intro. ingg  : F(uaF) C pw F
Slide 13 Elim. Glt,;, : (VXL X<HG-FX<HQG) - paF <G

Comp. Glter s f(ing1t) —p s(Glteis) ft

e MIt is a special case.

e Scales to arbitrary kinds.

Embedding into F¥

Inductive types with Mendler iteration can be defined in
System F“.

Idea: obtain def. of u from type of the eliminator Mlt:
Mlt,.o VEVG. (VX. (X - G) = FX - G) = poF — G

Slide 14 = VF o -VG.(VX. (X - G) - FX —-G)—G

o = VG.(VX. (X - G)—-FX —-G)—G

Encode the r.h.s. of the computation rule in the def. of in:

Mlt.g = AsAr.rs
ing = AtAs.s (Mlt,os)t

Works similar for Mt and Glt for higher ranks.



Coinductive Constructors

\dualize
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...or read our paper:
http://www.tcs.informatik.uni-muenchen.de/~abel/mitOmega.ps.gz
Related and further work on nested datatypes
e Matthes: CSL 01 (rank-2)
e Bird, Meertens, Paterson ...: Nested datatypes in Haskell,
specialized gfold.
e Hinze, Okasaki, ...: Efficient algorithms using nested
Slide 16 d
atatypes.

e Further work: nested datatypes in the type-based termination
setting of Hughes/Pareto/Sabry, Barthe/Frade/Gimenez/
Pinto/Uustalu, Abel

ig: ' F<"TGrt:p ftF<® @
fixg.t : Vi. u'F < G




