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Martin-L&f Type Theory

Full Dependent Types

@ LF's dependent types are refinements of simple types.
@ Martin-Lof Type Theory has full-fledged dependent types.

@ In particular, a type can be defined by case distinction and recursion

on a value.
RO  N— type

RO =T
R™1 = RxR"

There is no erasure of R” to a simple type.

@ Dependent types are sometimes used in linear algebra:

inner : (n:N)=>R"xR" - R
mmult : (nm/:N)— R™™ x R™ — R/
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Martin-L&f Type Theory

Martin-Lof Type Theory

@ Martin-Lof Type Theory (MLTT) is understood as an open system.
@ One can add new types given by

formation

e introduction and elimination

e computation (3)

o extensionality (n)

o We will formulate it with two judgements:

Q@ ' = M: A"in context I, expression M has type A"
Established by formation (A = s), introduction, and elimination.

Q@ =M= M :A"inhabitants M and M’ of A are definitionally equal”
Established by computation (/3) and extensionality (7).
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Martin-L&f Type Theory

Basic Rules

@ Hypotheses.
(x:A)eTl :
T AMP

@ Conversion.

Fr=M:A r'FA=B:s

[-M:B conv
@ Equivalence rules for judgemental equality.
r-M:A q Fr=M=M:A
TFM=M:A"  TrM=mM:A"

FI—M1:M2:A FI—/\/I2:M3:A

t
FEM =Ms:A rans
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Dependent function type revisited

Formation.

I+ A: type I, x:A F B : type nE
M= (x:A)— B:type

Introduction.

MxAEFM:B

I
I_}—)\X./\/l:(x:A)%BrI

o Elimination.
rEM:(x:A)—B r=N:A
F=MN:B[N/x]

Computation.
NxAFM:B FrEN:A

= (Ax.M)N = M[N/x] : B[N/x] "5
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Dependent function type revisited

e Extensionality (note x ¢ FV(M)).

Fr-M:(x:A)—B
Fr-M=MMx:(x:A)— B

Mn

o Compatibility rules

r=A=A":type I x:AF B=B":type -
N-(x:A)— B=(x:A)— B : type

xAFM=M:B

n=
M= MxM=XM:(x:A)— B

F-M=M:(x:A)=B TFN=N:A
[~ MN=MN:B[N/x|

NE=
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Dependent pairs (strong X-type)
e Formation.

[+ A:type I, x:A F B :type SE
' (x:A)xB:type

Introduction.

[EM:A T FN:B[M/x
Fr=(M,N):(x:A)xB >

e Elimination.
r-M:(x:A)xB £, r-M:(x:A)xB SE,
F=fstM: A I +snd M : Blfst M/x]
o Computation.

r-M:A THN:B r-M:A THN:B
Ffst(M,Ny=M:A ~"" T Fsnd(M, Ny=N:B

2
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Dependent pairs

Interpretations of the ¥ type

@ Non-dependent: cartesian product A x B.

‘ B prop ‘ B type
A prop | conjunction AA B mix
A type mix pair

e Dependent pair type (x : A) x B.

‘ B prop ‘ B type
A prop | proof-relevant conjunction proof-rel. dep. pair
A type | existential quant. Ix:A. B | dependent pairXx:A. B
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> type: examples

@ Lists from vectors: ListR = (n: N) x R”
@ Positive numbers: Pos = (n: N) x (n > 1)
o Exercises:

@ Assuming divisibility Divides : N — N — type, define the type of prime
numbers.

@ Define the type of lists of length < n.

© Define the type of monotone functions on N.
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Booleans

Booleans
@ Formation
— BoolF
I F Bool : type o0
@ Introduction
— Booall —— Booall
I I true : Bool oot I |- false : Bool ool
o Elimination
I, x:Bool - C:s
=M : Bool [ N: Cltrue/x] [+ O: Clfalse/x] IE
[ ifx.c Mthen N else O : C[M/x] e
o Computation

I x:Bool - C:s = N: Cltrue/x] [+ O : C[false/x] 5
[+ ifx.c true then N else O = N : C[true/x]
[+ ifx. c false then N else O = O : C[false/x]
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Booleans

Booleans (ctd.)

Extensionality: Every boolean is either true or false [1, 2].

Open problem: adding Bool extensionality to MLTT.

Type-checking will become complicated but powerful:
f : Bool — Bool, x: Bool + f(f(fx))=fx : Bool

would hold definitionally.

o Exercise: add the compatibility rules for if then else !

@ Programming with the booleans:
not : Bool — Bool
not = Mx.if pool X then false else true

o Exercise: Define other boolean functions, like exclusive-or xor!
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Defining the disjoint union

@ Disjoint union A + B is definable using if-then-else with types!

_+ _ type — type — type
A+B = (x:Bool)xif ipexthen Aelse B

@ Here we eliminate a value x : Bool to produce a type.
@ This is called a large elimination (aka strong elimination).

inl : (AB:type) > A+B— A
inl AAAB.)a. (true, a)
inr : (AB:type) > A+B— B
inr = MAAB.\b. (false, b)

o Exercise: Define
case: (AB C:type) 2> A+B—-(A—=C)—=(B—-C)—=C

and check its computation laws!
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Natural numbers and induction

@ Formation.

- NF
N+ N: type
o Introduction.
N r=M:N NI
[ Fzero: N ° FFsucM:N 2
@ Elimination.
NxNFC:s

[+ My : Clzero/x]
My:Nyih: Cly/x] = My : Clsucy/x]

N=N:N E
[+ recNy c(Mo, y.ih.My, N): C[N/x] N
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Natural numbers

Natural numbers: computation

MNMxNFC:s
[+ My : Clzero/x]
M y:Njih: Cly/x] = My : Clsucy/x]

N
I recNy c(Mo, y.ih.My, zero) = My : C|zero/x] h

MxNFEFC:s
'+ My : Clzero/x]
My:N,ih: Cly/x] = My : Clsucy/x]
N=N:N
I+ recNy c(Mo, y.ih.My, suc N)
= Mi[N/y,recNy c(Mo, y.ih.My, N)/ih] : C[suc N/x]

Np2
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Natural numbers

Programming with natural numbers

@ Elimination for N is higher-order primitive recursion.

@ Predecessor and addition:

pred
pred

plus
plus

N—N
= An. recN y(zero, y._.y, n)

N—-N—=N
= An.Am. recN n(m, _.z.ssucz, n)

o Exercise: define multiplication and subtraction!
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ldentity type

@ Formation

M+ A:type Fr=M:A l_}—N:AI

F
I = 1da(M, N) : type d

@ Introduction FrEM=N:A

[+ refl - 1da(M, N) dl

e Elimination (substitution) and computation

M= A:type I x:AF C:type
Fr=M:A Fr=N:A = P:lda(M,N)
M= 0:C[M/x]

[ Fsubsta,.c(M, N, P, O): C[N/x]
[ Fsubstax.c(M, M, refl, O) = O : C[M/x]

IdE~
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Identity type

|dentity type: more elimination rules
e Full elimination (J)

= A:type Mx:A y:A p:lda(x,y) F C: type
Fr=mM:A r=nN:A = P:lda(M, N)
M,zzAF O:Clz/x,z]y,refl/p]
F'Flaxypc(M, N, P, z.0): C[M/x,N/y,P/p]
F'Flaxypc(M, M, refl, z.0) = O[M/x] : C[M/x,M/y,refl/p]

IdE

@ Uniquess of identity proofs (Streicher's K axiom) [7]

' A:type Mx:A,p:lda(x,x) = C : type
r-m:A [ P:lda(M, M)
MzAFE O: Clz/x,refl/p]

IdE
['FKaxpc(M, P, z.0): C[M/x,P/p]
' Kaxp.c(M,refl, z.0) = O[M/x] : C[M/x, refl/p]
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Identity type

Digression: groupoid interpretation

Each type A can be interpreted as a category.

Ida(M, N) is the set of morphims between objects M, N : A.
refl is the identity morphims.

Transitivity is morphism composition.

Symmetry makes the category into a groupoid [3].

Adding K makes groupoid trivial: Id(M, N) has at most one
inhabitant.

e 6 6 6 o ¢
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Identity type

Digression: Homotopy Type Theory

Started by Field's medallist Vladimir Voevodsky.
Drop axiom K.
Interpret Ida(M, N) as path from M to N.

Pathes form a groupoid.

e 6 6 o6 o

Groupoid laws form again a groupoid... w-groupoid.
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Equality proofs

o Exercise: for the identity type, prove:

@ subst is definable from J

e symmetry is definable with subst
e transitivity is definable with subst
]

if you are courageous: K implies uniqueness of identity proofs (UIP):
Idig,, (v, (P, Q) is inhabited.

o Exercise: show that |dl is equivalent to:

FrEM:A

I’
[ Frefl: lda(M, M)
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Agda

@ For the rest, we use Agdal
@ More user-friendly interface to Type Theory:

o User-definable data types
e Function definitions by pattern matching
e Termination checking
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Identity type
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Identity type
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