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Abstract

We study the complexity of turning a given graph, by edge editing, into a target graph

whose critical-clique graph is any fixed graph. The problem came up in practice, in an

effort of mining huge word similarity graphs for well structured word clusters. It also

adds to the rich field of graph modification problems. We show in a generic way that

several variants of this problem are in SUBEPT. As a special case, we give a tight time

bound for edge deletion to obtain a single clique and isolated vertices, and we round up

this study with NP-completeness results for a number of target graphs.

1 Introduction

Graphs in this paper are undirected and have no loops or multiple edges. In an edge mod-

ification problem, an input graph must be modified by edge insertions or deletions or both,

to get a target graph with some prescribed property. Edge editing means both insertions

and deletions. Edge insertion is also known as fill-in. The computational problem, for a

given target graph property and a given type of editsm is to use a minimum number k of

edits. There is a rich literature on the complexity of such problems for a number of target

graph properties, and also on their various applications. Here we cannot possibly survey

them all, we only refer to a few representative papers on hardness results [1, 13]. Other edit

operations related to graph minors are studied in [9], and the target graph is a single fixed

graph. Ironically, results are missing on edge modification problems for some structurally

very simple target graphs. Informally, “simple” here means that the graph becomes small

after the identification of its twin vertices (see Section 2 for technical definitions). For any

fixed graph H, our target graphs will be the graphs obtained from H by replacing vertices

with bags of true twins.

Our motivation of this type of problem is the concise description of graphs with very few

cliques (that may overlap) and some extra or missing edges. They appear, e.g., as subgraphs

in co-occurence graphs of words, and they constitute meaningful word clusters there. Within

a data mining project we examined a similarity matrix of some 26,000 words, where similarity

is defined by co-occurence in English Wikipedia. By thresholding we obtain similarity graphs

(Figure 1 shows a part of such a graph), and we consider subgraphs that have small diameter
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and only few cut edges to the rest of the graph. Words occurring in the same contexts form

nearly cliques. These are often not disjoint, as words appear in several contexts. Furthermore,

synonyms may not always co-occur (as different authors prefer different expressions), but

they co-occur with other words. Relations like this give rise to various cluster structures.

As opposed to partitioning entire graphs into overlapping clusters (as in [7]), we want to

single out simple subgraphs of the aforementioned type. Experience in our project shows

that some existing standard clustering methods generate poor word clusters which are either

too small or dragged out and not internally dense. This suggested the idea of defining the

clusters directly by the desired properties, and then to determine them by edge editing of

candidate subgraphs. Next, instead of describing the clusters naively as edge lists we can list

their vertices along with the few edited edges (to achieve cliques). Altogether this yields very

natural word clusters, and by varying the threshold we also obtain different granularities.

Applications of word clusters include sentence similarity measures for text summarization,

search query result diversification, and word sense disambiguation. Thus, we believe that the

problems are of importance, but they are also interesting as pure graph-algorithmic problems.

Overview of contributions:

For any fixed H, our edge modification problems are easily seen to be fixed-parameter

tractable (FPT) with k as the parameter. As our main result we get in Section 3 that they

even belong to the smaller class SUBEPT of problems solvable in subexponential time in the

parameter. (Not very many natural SUBEPT problems are known so far, as discussed in [8].)

Each of our edge modification problems has a 2
√
k log k time bound. The special case known

as p-Cluster Editing, where H is the graph with p vertices and no edges, was recently

treated in [8], using techniques like enumeration of small cuts. Our result is more general,

and the quite different algorithm looks conceptually simpler, but at the price of a somewhat

worse time for the special case. Therefore it remains interesting to tighten the time bounds

for other specific graphs H as well.

Consequently, we then turn to the absolutely simplest graphs H: In Section 4 we study

the (NP-complete) edge deletion problem towards a single clique plus isolated vertices. We

give a refined FPT time bound where the target clique size c appears explicitly. Intuitively,

2k/c2 is an “edit density”. Using an evident relationship to vertex covers we achieve, for

small edit densities, essentially O∗(1.2738k/c) time. For large enough k/c we invoke a naive

algorithm instead, and the time can be bounded by O(1.6355
√
k ln k). The base 1.2738 is

due to the best known Vertex Cover algorithm from [4]. Moreover, the bound is tight:

We show that the base of k/c cannot beat the base in the best FPT algorithm for Vertex

Cover.

Section 5 gives a similar FPT time bound for edge editing towards a single clique plus

isolated vertices, a problem that has recently been proved to be NP-complete. In Section 6 we

make some progress in proving NP-completeness results systematically, for many graphs H.

The results indicate that almost all our modification problems, with rather few exceptions,

might be NP-complete. But recall that, on the positive side, they are in SUBEPT.

2



misdid
retrodden

outwor

nonrefil

nonreturn

timezon

offset
household

median

delet

page

retrod

misdealt

discuss

northbound

southbound

talk

debat articl
modifi

archiv

westbound
eastbound

ibis

spoonbil

minuend
subtrahend

unsign

preced

hop

hip

commentsubsequ

incom

phlegmat

choler

egret

sandpipplover

femal male

bittern

age

cuddliest

chilliest

uncivil
incivil

makeup

insectivor

subdivis

footnot

astutest

archest

censu

vowel
conson

lapw
grebe

question

answer

tern

pipit

preserv

perihelion

aphelion

dipsomaniacdipsomania

titmic

link

extern

long

edit

mortgage

mortgagor

misdon

discreetest

honestest

soppiest

mushiest

flakiest

crumbliest

elev

nuthatch

leaki

caldron

notabl

sportiest

review

shrike

flycatch
plump

thrush

postal

coot
cormor

carbuncl

delici

curlew

code

courser

touchdown

yard

plumag

balderdash

piffl

waxw

spiel

ere

densiti

popul

flotsam
jetsam

fanciest
stork

wriggler

spindlier

newscast

weeknight

hallow

deathli

heron

vocal

guitar

sourc

reliabl

stilt

indefinit

unblock

bass

kingfish

whimsei

klutziest

homeopathi

homeopath

philat

philatel

stalactit
stalagmit

feminin

masculin

chart

billboard

revert vandal

chickade

warbler

grosbeak

vireo

bunt

quarterfin

semifin

mergans

drum

lark

chirp

otter

diastol

systol cuckoo

navi

naval

orchestrasymphoni

view

ibi

uneaten

graphologist
grapholog

disagreignor

wrestl

wrestler

superconduct

superconductor

infantriregiment

longitud

latitud

tenon

mortis

noisili

pitcher

strikeout

beak

grackl

corneal

cornea

rumba foxtrot

xylemphloem

wrong

simpli prime

minist

releas

album

woodpeck

opinion

lot

pretti

inappropri

propos

guess

meteorologist

averag

correct

obviou ad

repeatedlinoticeboard

cathod

anod

blank

harass

refer

demograph

understand

objector

conscienti
gristl

throb

agre

reason

petrel

posterior

anterior

copyright fair
stridden

chiropract

chiropractor

poetri

poet

philatelist

noun

verb

sort

pitch

bearish

bullish

singl

iambicpentamet

happen

moist

subtrop

wader

resolv

disput

roug

baton

sophomor

freshman

anarchist

anarch

quarterback
argument

suppos

bia bias

adject

thread

consensu

bowler

batsman

disrupt

troll

stuff

postag

stamp

game

player

desk

matter

arbitr

remedi

notic

add

doccarrot

wicket

bug

flexitim flextim

leagu

season

philosophi

philosoph

wigeon

clitor
clitori

includ

time

upload

notifi

gull

team

disagr

snipe

sapsuck

problemat

word

mean

pantheism

pantheist

song explain

quail

intensest

obtusest

batsmen

poverti

assum

itchi
scratchi

complaint

complain

insultjib

mainsail

info

suggest

unaccept

gynecolog

obstetr

tanag

feminfeminist

rabbi
rabbin

volcano

erupt

phylum

binomi

xerographi

xerograph

bit

relev

elect parti

read

tattler

famili

slender

suprem

court
battalion

bother

atheist

atheism

gregari

weekdai

inpati

outpati

log

bad

over

concern

snail

mollusk

justifi

hammer

doubt

bus

buse

cricket

result

contenti

besought

feel

tendenti

verifi

syllabl

leader

pluse

minus
speci

genu

frankli

total
racial

dioxid

carbon

dorsal

ventral

phonem

pronunci

pronounc

marri

daughter

peopl

person

poem
excus

idea

playmat

playboi

book

publish

retin

retina

check

violat

south

north

east

west

hot

leaf mapl

studentschool

nave

chancel

explan

statement

sens

call

apolog

warn

coaster

roller

fumbl

intercept

list

exist

remov

rude
baseman

shortstop

argu

obo
bassoon

franc french

breaststrok

backstrok

escort

convoi

mistak

record

cowbird

tit

autism
autist

command
armi

tropic

cyclon

citat

cite

sunk

sank

user

pope

papal

ventricular

ventricl

mention

sockstrongli

guidelin

skater

skate

puppet

escal

sparrow

volcan

valid

outboundinbound
outfield

gannet

specif

editor

neutral

religion
religi

cello
violin

start

summari

tackl

content

respond

militari

subject

perfectli

goal

score

clarifi

theologi

theolog

longish

music

infield

uterinuteru
astronomi

astronom

encyclopedia

prepaid

postpaid

request

toy

toi

accept

sentencparagraph

repeat

ruddi

irrelev

address

fattiest

stringiest

blearili

measliest

blowzi
frowzi

brigad

catchment inflow

plai

pewe

avoid

band

ban

actual

requir

continu

plural

singular

polici

automata

automaton

honestli

appar

dioces

bishop

calligraph

calligraphi

andant

allegro

Figure 1: This Gephi visualization shows a small part of our word similarity graph, for

some similarity threshold. Words have been stemmed prior to the calculations. One can

clearly recognize the “almost cliques” structure, and in the middle we see an example of two

overlapping cliques (the H = P3 case). Also, the clusters make sense, in that they comprise

related words. The data support our approach to define word clusters by edge-editing towards

unions of very few cliques.
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2 Preliminaries

The number of vertices and edges of a graph G = (V,E) is denoted n and m, respectively. The

complement graph Ḡ of G is obtained by replacing all edges with non-edges and vice versa.

We also use standard notation for some specific graphs: Kn, Cn, Pn is the complete graph

(clique), the chordless cycle, the chordless path, respectively, on n vertices, and Kn1,n2,...,np

is the complete multipartite graph with p partite sets of ni vertices (i = 1, 2, . . . , p). The

disjoint union G+H of graphs G and H consists of a copy of G and a copy of H on disjoint

vertex sets. G − v denotes the graph G after removal of vertex v and all incident edges.

Similarly, G −X denotes the graph G after removal of a vertex set X ⊆ V and all incident

edges. The subgraph of G induced by X ⊆ V is denoted G[X].

A vertex cover of G = (V,E) is a subset of V being incident to all edges. The Vertex

Cover problem asks for a minimum vertex cover. The vertex covers in a graph are exactly

the complements of independent sets, hence the complements of cliques in Ḡ.

A graph class G is called hereditary if, for every graph G ∈ G, all induced subgraphs of G

are also members of G. Any hereditary graph class G can be characterized by its forbidden

induced subgraphs: F is a forbidden induced subgraph if F /∈ G, but F − v ∈ G for every

vertex v.

The open neighborhood of a vertex v is the set N(v) of all vertices adjacent to v, and the

closed neighborhood is N [v] := N(v) ∪ {v}. For a subset X of vertices, N [X] is the union

of all N [v], v ∈ X. Vertices u and v are called true twins if uv is an edge and N [u] = N [v].

Vertices u and v are called false twins if uv is a non-edge and N(u) = N(v). The true twin

relation is an equivalence relation whose equivalence classes are known as the critical cliques

of the graph. (The false twin relation is an equivalence relation as well.) In the critical-clique

graph H of a graph G, every critical clique of G is represented by one vertex of H, and two

vertices of H are adjacent if and only if some edge exists (and hence all possible edges exist)

between the corresponding critical cliques of G. For brevity we refer to the critical cliques as

bags, and we say that G is a “graph H of bags”.

As stated earlier, an edge edit is an edge insertion or deletion. For every fixed graph H

we define three edge modification problems as follows:

H-Bag Insertion / H-Bag Deletion / H-Bag Editing

Given: an input graph G and a parameter k.

Problem: Change G by at most k edge insertions / deletions / edits, such that the critical-

clique graph of the resulting graph is H or an induced subgraph thereof.

We allow induced subgraphs of H in order to allow bags to be empty. Similarly we define

the problems H[0]-Bag Deletion and H[0]-Bag Editing. The difference is that the target

graph may additionally contain isolated vertices, that is, false twins with no edges attached.

Thus, not all vertices are forced into the bags. More formally:

H[0]-Bag Deletion / H[0]-Bag Editing

Given: an input graph G and a parameter k.

Problem: Change G by at most k edge deletions / edits, such that the critical-clique graph

of the resulting graph, after removal of all isolated vertices, is H or an induced subgraph

thereof.
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Problem H[0]-Bag Insertion is not mentioned above, as it easily reduces to H-Bag

Insertion: As only insertions are permitted, the isolated vertices in an optimal solution are

exactly the isolated vertices of G. Thus it remains to solve H-Bag Insertion on G without

its isolated vertices.

We also consider problem variants where the bags have prescribed sizes. We sometimes

refer to all the mentioned problems collectively as bag modification problems, for any fixed H.

We say that editing an edge uv affects its end vertices u and v. A vertex is called unaffected

if it is not affected by any edit.

Without loss of generality we can always assume that H has no true twins, because they

could be merged, which leads to the same problems with a smaller graph in the role of H. For

any fixed graph H understood from context, we use H to denote the class all graphs whose

critical-clique graph is H or an induced subgraph thereof. Similarly, we use H[0] to denote

the class of graphs consisting of all graphs from H, but possibly with additional isolated

vertices. All these classes are hereditary, and they are our classes of target graphs. (One

could modify the problems by, e.g., allowing any target graphs with modular decompositions

of some maximum size, but in this paper we also want a fixed structure given by H.)

We assume that the reader is familiar with fixed-parameter tractability (FPT) and basic

facts, in particular with the notion of a branching vector. Otherwise we refer to [6, 15] for

general introductions. A problem with input size n and an input parameter k is in FPT if

some algorithm can solve it in f(k) · p(n) for some computable function f and some polyno-

mial p. The O∗(f(k)) notation suppresses the polynomial factor p(n). The subexponential

parameterized tractable problems where f(k) = 2o(k) form the subclass SUBEPT. In our

time analysis we will encounter branching vectors of a special form.

Lemma 1 The branching vector (1, r, . . . , r) with q entries r has a branching number bounded

by 1 + log2 r
r , if r is large enough compared to the fixed q.

Proof. Denoting the branching number by 1 + x, we get the characteristic polynomial

(1 + x)r+1 = (1 + x)r + q, thus x(1 + x)r = q. Trying x := log2 r
r , the left-hand side becomes

log2 r
r (1+ log2 r

r )
r

log2 r
log2 r. As r grows, (1+ log2 r

r )
r

log2 r tends to e > 2, thus, there is a threshold

r0 such that, for r > r0, the left-hand side exceeds log2 r
r 2log2 r = log2 r > q. Clearly, the latter

inequality holds since q is fixed, and we can just make r0 large enough. Next, as x(1 + x)r is

monotone in x, the true x is smaller than x := log2 r
r , for all r > r0. It follows that 1 + log2 r

r

is an upper bound on the branching number. �

3 Fixed-Parameter Tractability

Some of our bag modification problems (in different terminology) are known to be NP-

complete, among them cases with very simple graphs H. Specifically, for H = K1, problem

H[0]-Bag Deletion can be stated as follows. Given a graph G, delete at most k edges so

as to obtain a clique C and a set I of isolated vertices. Equivalently, delete a set I of vertices

incident to at most k edges, and delete all these incident edges, so as to retain a clique. The

problem is NP-complete due to an obvious reduction from Maximum Clique.
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Next, for any fixed p, the p-Cluster Editing problem asks to turn a graph, by editing

at most k edges, into a disjoint union of at most p cliques. p-Cluster Insertion and

p-Cluster Deletion are similarly defined. Observe that these are the bag modification

problems for H = K̄p. It is known that p-Cluster Insertion is polynomial for every p, and

so is p-Cluster Deletion for p = 2, but it remains NP-complete for every p ≥ 3, whereas

p-Cluster Editing remains NP-complete even for every p ≥ 2 [16].

These hardness results provoke the question of fixed-parameter tractability of bag mod-

ification problems. By a well-quasi ordering argument based on Dickson’s lemma [5] one

can show that H and H[0] have only finitely many induced subgraphs, and then the general

result from [2] implies that the bag modification problems are in FPT, for every fixed graph

H. Although the argument is neat, we omit the details, because we will prove a stronger

statement: membership in SUBEPT.

The following observation is known for Cluster Editing (that is, H = K̄p) due to [10];

here we show it for general H.

Proposition 2 Any bag modification problem has an optimal solution where any two true

twins of the input graph belong to the same bag (or both are isolated) in the target graph.

Proof. First we consider H-Bag Editing. For a vertex v, an input graph, and a solution,

we define the edit degree of v to be the number of edits that affect v. Consider any solution.

For any equivalence class T of true twins, let v ∈ T be some vertex with minimum edit degree.

Consider any u ∈ T \ {v}. If the solution puts u in a different bag than v, then we undo all

edits that affect u, and instead proceed as follows: We edit every edge uw, w 6= v, if and

only if vw is edited. We also move u to the bag of v and undo the deletion of edge uv (if it

happened). – Clearly, this yields a valid solution and does not increase the number of edits

between u and the vertices w 6= v. Since we do not incur an additional edit of uv either, the

new solution is no worse. Doing these changes for all u ∈ T \ {v}, and also for all T , we get a

solution where any true twins end up in the same bag. This proves the assertion for H-Bag

Editing.

For H[0]-Bag Editing we treat the set of isolated vertices as yet another bag. Then the

same arguments apply. What is, however, not covered in the previous reasoning is the case

when v is isolated and u is in a bag of true twins. But then u and v are not adjacent, neither

before nor after the move, hence again the number of edits does not increase.

Finally, for the Insertion and Deletion problems, again the same arguments go through

in all cases. Just replace “edit” with “insert” or “delete”. �

We make another simple observation.

Lemma 3 In any bag modification problem, for a fixed graph H with p vertices, the input

graph has at most 2k + p critical cliques (isolated vertices not counted), or the instance has

no solution.

Proof. The unaffected vertices induce a subgraph that belongs to H or H[0], respectively,

hence it has at most p bags. Any affected vertex is adjacent to either all or none of the

vertices of any of these bags (since the latter ones are unaffected). In the worst case, k edits
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affect 2k vertices, and each of them becomes a critical clique of its own. Together this yields

the bound. �

Lemma 3 implies again that all bag modification problems for fixed H are in FPT: Assign

every critical clique in the input graph to some bag of the target graph (or make its vertices

isolated, in the H[0] case). These are at most p + 1 options for every critical clique. For

the isolated vertices it suffices to decide how many of them we put in each bag, which are

O(np) options in total. Hence the time for this naive branching algorithm is O∗((p+ 1)2k+p).

Instead of this poor bound we will now show:

Theorem 4 Any bag modification problem with a fixed graph H can be solved in O∗(2
√
k log k)

time, hence it belongs to SUBEPT.

Proof. First we focus on H-Bag Editing. The other problem variants can then be treated

in the same way, with minor modifications.

Let a, 0 < a < 1, be some fixed number to be specified later. To avoid bulky notation,

we omit rounding brackets and work with terms like ka as if they were integers. Let p denote

the number of vertices of our fixed graph H. One difficulty is that the sizes of the p bags are

not known in advance. Our preprocessing phase takes care of that.

Preprocessing phase: Initially all bags are declared open. For every bag we create ka places

that we successively treat as follows. At every place we branch: Either we close the bag and

leave it, or we decide on a critical clique of the input graph and put any of its vertices in the

bag. (Clearly, the latter choice of a vertex from a critical clique is arbitrary. By Proposition

2 we can even immediately fill further places with the entire critical clique, but our analysis

will not take advantage of that.) Due to Lemma 3 these are at most 2k + p + 1 branches,

hence the total number of branches is (2k + p + 1)pk
a

= O(k)pk
a

= 2k
a log k. Note that p is

fixed, and constant factors are captured by the unspecified base of log in the exponent.

Every open bag has now ka vertices (where k is the initially given parameter value). We

will not add any further vertices to closed bags. Vertices that are not yet added to bags are

called undecided. Finally we do all necessary edits of edges between different bags, to stick

to the structure of the target graph given by H, and subtract the number of these edits from

k, the number of remaining edits.

Main phase: In every branch obtained in the preprocessing phase we apply further branching

rules that will further reduce the parameter k by edits. The branching rules are applied

exhaustively in the order described below. In the following we first consider the special case

that all bags are open. Later we show how to handle the presence of closed bags, too.

All bags are open: We describe the branching rules and the situations after their exhaustive

application.

• If there exists an undecided vertex u and a bag B such that u is adjacent to some but

not all vertices of B, then we branch as follows: either insert all missing edges between

u and B, or delete all edges between u and B. (But for now, u is not yet added to

any bag.) The branching vector is some (i, ka− i) with two positive entries, or a better

vector if already more than ka vertices got into B.
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• Now every undecided vertex u is either completely adjacent or completely non-adjacent

to each bag B. We say that u fits in B, if u is adjacent to exactly those bags that

belong to N [B]. Remember that H has no true twins. It follows that every vertex u

fits in at most one bag.

• If there exists an undecided vertex u that fits in no bag, we branch as follows: we

decide on a bag for u, put u in this bag, and do the necessary edits. Since u does

not fit anywhere, we need at least ka edits, thus the branching vector, of length p, is

(ka, . . . , ka) or better.

• After that, every undecided vertex u fits in exactly one bag B(u). Suppose that two

undecided vertices u and v have the wrong adjacency relation. That is, either uv is an

edge but B(u) and B(v) are not adjacent, or uv is not an edge but B(u) and B(v) are

adjacent or B(u) = B(v). We branch as follows: either we edit uv or not. If we don’t,

then u and v cannot be both added to their designated bags. Then we also decide on

u or v and put that vertex in one of the other p− 1 bags, which again costs at least ka

edits. Thus, the worst-case branching vector is (1, ka, . . . , ka) with 2p− 2 entries ka.

• Finally, all undecided vertices have their correct adjacency relations, hence the graph

belongs to H.

Some bags are closed: We cannot treat closed bags like the open bags, since closed bags can

be small, hence the above branching rules would not guarantee at least ka edits. Therefore

we modify the above procedure. Remember that all edits between bags were already done in

the preprocessing phase, and undecided vertices can be put in open bags only.

Let U be the set of vertices of H corresponding to the open bags. Note that H[U ] may

have true twins. In that case we merge every critical clique of H[U ] into one superbag. Since

every open bag entered the main phase with ka vertices, trivially, each superbag is larger

than ka.

To place the undecided vertices we perform exactly the same branching rules as above,

but only on H[U ] (where superbags have the role of bags). Since we have fewer branches,

the branching vectors do not get worse. A new twist is needed only when we actually add a

vertex u to a superbag S. In every such event we also decide on the bag within S that will

host u. Since every S came from a critical clique of H[U ], these latter choices do not change

any more the adjacency relations of u with other vertices in the open bags and with other

undecided vertices. Therefore we can take these decisions independently for all u, and always

choose some bag in S that causes the minimum number of edits of edges between u and the

closed bags.

Complexity result: The worst branching vector we encounter (see above) is (1, ka, . . . , ka)

with 2p−2 entries ka. From Lemma 1 we obtain the bound (1+ a log2 k
ka )k = 2k

1−a log k for some

suitable logarithm base. Since the main phase is applied to every branch resulting from the

prepocessing phase, we must multiply the two bounds: 2k
a log k2k

1−a log k. Choosing a = 1/2

yields the product 2
√
k log k. (Note that the base is, arbitrarily, 2 because of the unspecified

logarithm base.)
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For H-Bag Deletion and H-Bag Insertion we proceed similarly. The only difference

is that only one type of edits is permitted, hence some of the branches are disabled, which

cannot make the branching vectors worse. In H[0]-Bag Deletion and H[0]-Bag Editing

we can treat the set of isolated vertices like another bag; some necessary adjustments are

straightforward. �

4 Clique Deletion

If H is the one-vertex graph, then the H[0] edge modification problems have as target graphs a

single clique plus isolated vertices. Instead of the H[0]-Bag terminology we speak in this case

of Clique Insertion, Clique Deletion, and Clique Editing, which is more suggestive.

Clique Insertion is a trivial problem: Since only edge insertions are permitted, all vertices

except the isolated ones must be connected to a clique, thus there is no choice. In this section

we study:

Clique Deletion

Given: an input graph G and a parameter k.

Problem: Change G by at most k edge deletions so as to obtain a clique C and a set I of

isolated vertices. Equivalently: Delete a set I of vertices incident to at most k edges, and

delete all these incident edges as well, so as to retain a clique.

This should not be confused with problems having a split graph as target graph, as split

graphs can have additional edges between C and I.

Lemma 5 A partitioning of the vertex set of a graph G into sets C and I is a valid solution

to Clique Deletion if and only if I is a vertex cover of Ḡ. Moreover, a minimum vertex

cover I of Ḡ also yields a minimum number of edge deletions in G. Consequently, Clique

Deletion is NP-complete.

Proof. The first assertion is evident. For the second assertion, note that Clique Deletion

requests a vertex cover I of Ḡ being incident to the minimum number of edges of G. Since

C is a clique, and every edge of G is either in C or incident to I, we get the following chain

of equivalent optimization problems: minimize the number of edges incident to I, maximize

the number of edges in C, maximize |C|, minimize |I|. The final assertion follows from the

NP-completeness of Vertex Cover. �

Clique Deletion is also in SUBEPT by Theorem 4, but besides the generic time bound

with unspecified constants in the exponent, we are now aiming at an FPT algorithm with a

tight time bound, as a function of k and c := |C|. With m being the number of edges in the

input graph, clearly, c must satisfy m − k ≤ 1
2c(c − 1), thus c ≥ 1

2 +
√

1
4 + 2(m− k). In an

algorithm for Clique Deletion we may guess the exact clique size c above this threshold

and try all possible sizes c, which adds a factor smaller than n to the time bound. Therefore

we may assume in the following that c is already prescribed.

Before we turn to an upper complexity bound, we first give an implicit lower bound,

relative to Vertex Cover parameterized by the solution size.
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Proposition 6 Any Clique Deletion algorithm with a time bound O∗(bk/c), where b > 1

is some constant base, yields a Vertex Cover algorithm with a time bound O∗(bv), where

v is the vertex cover size.

Proof. We join our input graph G = (V,E) with a clique K, and define c∗ := |K|. Joining

means that all possible edges between K and V are created. Observe that an optimal solution

for the joined graph consists of an optimal solution for G (a partitioning of V into some C

and I), with K added to C. Thus, if k edges are deleted in G, then k + (n− c)c∗ edges are

deleted in the joined graph, and the size of the solution clique is c∗ + c. Furthermore, the

size of the vertex cover I in Ḡ is n− c.

The above reasoning holds for every size c∗. If we choose c∗ “large” compared to n, but

still polynomial in n, then the number of deleted edges and the clique size are (n− c)c∗ and

c∗, respectively, subject to lower-order terms. Their ratio is the vertex cover size v := n− c.

Using the original notations k and c for the number of deleted edges and the clique size,

respectively, it follows that any FPT algorithm for Clique Deletion that runs in time

bounded by some function O∗(f(k/c)) could be used to solve also Vertex Cover in Ḡ

within O∗(f(n− c)) = O∗(f(v)) time. �

Therefore, the best we can hope for is a Clique Deletion algorithm with a time bound

O∗(bk/c), with some constant base b > 1 that cannot be better than in the state-of-the-art

Vertex Cover algorithm. This bound is also tight in a sense, as we will see below.

The exponent k/c is not an arbitrary measure, rather, it has a natural interpretation: It

can be rewritten as c k
c2

, where the second factor can be viewed as an “edit density”; note that
2k

c(c−1) is the ratio of deleted edges and remaining edges in the target graph. For technical

reasons it will be convenient to define the edit density slightly differently as d := 2k/c′2

where c′ := c−1. Furthermore, in applications we are mainly interested in instances that are

already nearly cliques, thus we keep a special focus on the case d < 1 in the following.

We start our algorithm for Clique Deletion with a single reduction rule: Consider any

vertex v of degree smaller than c′. Clearly, v cannot be in a clique C of size c, hence it must

be in I, and we can remove it without changing the problem. It also follows that it is correct

to iterate this process.

Reduction rule: Remove any vertex v of degree smaller than c′, along with all incident

edges, and subtract the degree of v from the parameter.

After exhaustive application of this rule there remains a graph where all vertex degrees

are at least c′. In order words, we compute the c′-core. From now on we can suppose without

loss of generality that, already in G, all vertices have degree at least c′.

Lemma 7 If a graph where all vertex degrees are at least c′ admits a solution to Clique

Deletion with at most k edge deletions, |C| = c′ + 1, and |I| = i, then we have i ≤ 2k/c′,

and in the case d := 2k/c′2 < 1 this can be improved to i ≤ 2
1+
√
1−d · k/c

′.

Proof. Let h be the number of edges in I. Since at most k edge deletions are permitted, we

have ic′ − h ≤ k. Since h ≤ k (or we must delete too many edges already in I), it follows

i ≤ 2k/c′ = dc′.
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For d < 1, this further implies i ≤ c′. Using h < i2/2, the previous inequality ic′ − h ≤ k

yields ic′ − i2/2 ≤ k, thus i2 − 2c′i + 2k ≥ 0 with the solution i ≤ c′ −
√
c′2 − 2k. (Recall

that i ≤ c′, thus the other solution is already excluded.) By using simple algebra this can be

rewritten as

i ≤ c′ −
√
c′2 − 2k =

c′2 − (c′2 − 2k)

c′ +
√
c′2 − 2k

=
2k

c′ +
√
c′2 − 2k

=
2

1 +
√

1− 2k/c′2
· k/c′.

Finally remember 2k/c′2 = dc. �

Note that the factor in front of k/c′ grows only from 1 to 2 when d grows from 0 to 1.

To make this factor more comprehensible, we may also simplify it to a slightly worse upper

bound: Since
√

1− d > 1−d, we have i ≤ 2
2−d ·k/c

′. We also remark that Clique Deletion

is trivial if k < c′, because, after reduction to the c′-core, either there remains a clique, or

the instance has no solution.

Theorem 8 Clique Deletion can be solved in O∗(1.2738
2

1+
√
1−d
·k/c′

) time if d < 1, and in

general in O∗(1.27382k/c
′
) time.

Proof. First we apply our reduction rule, in polynomial time. Let G be the remaining graph.

Due to Lemma 5 it suffices then to compute a vertex cover of minimum size in Ḡ. As for the

time bound, the base comes from the Vertex Cover algorithm in [4], and the exponent

comes from the bounded size i in Lemma 7. For large edit densities we may still use the

algorithm with the simpler bound from Lemma 7. �

In the time bound from Theorem 8 we may replace c′ with c, which does not make a

difference asymptotically, and write O∗(1.27382k/c). The following result gives a time bound

as a function of k only, as in the previous section, but with a specified base.

Corollary 9 Clique Deletion can be solved in O∗(1.6355
√
k ln k) time.

Proof. Depending on c, either we run the algorithm from Theorem 8 in O∗(1.27382k/c)

time, or we check in a brute-force manner all subsets of c vertices for being cliques. The

latter method runs in O∗((2k + c)c) time, since at most 2k + c non-isolated vertices exist

due to Lemma 3. For any fixed k, compare the expressions 1.27382k/c and (2k + c)c. They

decrease and increase, respectively, as functions of c. Hence their minimum is maximized if

they are equal. This happens at approximately c = 0.492
√
k/ ln k. Plugging in this c yields

the asserted time bound. �

One may wish to improve the naive O∗(2k + cc) bound, and hence the Corollary, by

fast exclusion of most c-vertex subsets as candidates for the clique C. However, the maxi-

mum clique problem cannot be solved in O(f(c) · no(c)) time for any function f , under the

Exponential Time Hypothesis [3].
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5 Clique Editing

Recall that Clique Editing is the problem of editing at most k edges so as to obtain a

clique C, say of size c, and a set I of n − c isolated vertices. In the following theorem, c is

part of the input.

Theorem 10 Clique Editing with prescribed size c of the target clique is W[1]-complete

in parameter n− c, hence also NP-complete.

Proof. We argue with the (non-parameterized) optimization version and show that minimiz-

ing the number of edited edges is equivalent to finding a set I of n−c vertices being incident to

the minimum number of edges. This claim is verified as follows. Note that the edges incident

to I are exactly those to be deleted, and minimizing deletions means maximizing the number

of remaining edges. Since c is presecribed, this also minimizes the number of edge insertions

needed to make C a clique. Due to [11], finding at least s vertices that cover at most t edges,

known as Minimum Partial Vertex Cover, is W[1]-complete in the parameter s. Thus

our assertion follows by letting s := n− c. �

Note that we cannot simply use Theorem 10 to conclude NP-completeness of Clique

Editing when the size c is arbitrary. The catch is that the prescribed clique sizes c in

the reduction graphs may be different from c in optimal solutions to Clique Editing on

these graphs, and our problem might still be polynomial for the “right” c. Actually, NP-

completeness has been proved in [12].

Another equivalent way to state the Clique Editing problem is: Given a graph G, find

a subset C of vertices that induces a subgraph that maximizes the number of edges minus

the number of non-edges. Denoting the number of edges by m(G), the objective can be

written as m(G[C])−m(Ḡ[C]). This formulation also gives rise to an extension to a weighted

version: For a given real number w > 0, maximize m(G[C])−w ·m(Ḡ[C]). Now the effect of

w becomes interesting. The problem is trivial for w = 0 (the whole vertex set is an optimal

C), and NP-complete if w is part of the input (since a maximum clique is an optimal C if w

is large enough). But what happens in between? What is the complexity for any constant

w > 0? We must leave this question open.

Next we propose an FPT algorithm for Clique Editing when k is the parameter. It

works if c is part of the input, and hence also for free c, as we can try all, at most n, values

of c. Membership in SUBEPT follows from Theorem 4, but as earlier we are also interested

in the dependency of the time bound on c. The following algorithm uses similar ideas as the

earlier ones.

Theorem 11 Clique Editing can be solved in O∗(2log c·k/c) time.

Proof. We have to decide for every vertex whether to put it in C or in I.

Consider the following reduction rule: Put every vertex v of degree at most (c−1)/2 in I,

and delete the incident edges. The correctness is seen as follows. Assume that v ∈ C in the

final solution. Since v has degree at most (c − 1)/2, at least (c − 1)/2 edges between v and

the rest of C have been inserted. If we had instead decided v ∈ I, we would have inserted
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no edges incident to v, but deleted the at most (c − 1)/2 incident edges, which is not more

expensive.

After exhaustive application of the reduction rule, there remains a graph of minimum

degree at least c/2. We can assume without loss of generality that already the input graph

has minimum degree at least c/2. We begin with branching. A vertex is called undecided if

it is not yet put in C or I. Initially we guess one vertex of C, which adds only a linear factor

to the time bound. All other vertices are undecided in the beginning.

As long as there exists an undecided vertex v which is not adjacent to all of C, we branch

on v. In the I := I ∪ {v} branch we delete the, at least c/2, incident edges. (Whenever some

vertex degrees fall below c/2 because of the deletions, we first apply the reduction rule again.)

In the C := C ∪{v} branch we insert at least one edge that is missing in C. After exhaustive

application, all undecided vertices are adjacent to all vertices in C. If the undecided vertices

form a clique, we are done, as we can add the undecided vertices to C, and if we get |C| > c,

some surplus vertices are moved to I without branching. Suppose that the other case holds:

two non-adjacent undecided vertices u and v exist. Then we branch by setting C := C∪{u, v}
or I := I ∪ {u} or I := I ∪ {v}. In the first branch we must insert an edge, and otherwise

delete at least c/2 edges.

Our rules have, obviously, the worst-case branching vectors (1, c/2) and (1, c/2, c/2), and

Lemma 1 yields the time bound. �

6 Some Hardness Results

All bag modification problems are trivially in NP. In this section we prove the NP-completeness

of bag modification problems for many target graphs H. We give a general construction that

“lifts” NP-completeness from a considered H to larger graphs H ′. That is, we will in poly-

nomial time reduce H-Bag Editing to H ′-Bag Editing, for certain graphs H and H ′

specified later on.

The general situation is as follows. Let the graph G and parameter k be any instance of

H-Bag Editing, and let H ′ be a graph that contains H as an induced subgraph.

We choose a particular subset S of vertices of H ′ such that H ′[S] is isomorphic to H.

Note that H may have several occurrences as induced subgraph in H ′, but we fix some set

S. Let S0 be some set of vertices of H ′ − S which are adjacent to no vertices of S. (But

S0 is not necessarily the set of all such vertices.) Similarly, let S1 be some set of vertices of

H ′ − S which are adjacent to all vertices of S. From G we construct a graph G′ as follows,

in polynomial time. We take S0 ∪ S1 from H ′ and replace every vertex of S0 ∪ S1 with a

bag of size c, for some number c > 2k. Two bags are joined by all possible edges (by no

edges) if the corresponding vertices in H ′ are adjacent (not adjacent). Then we add G and

insert all possible edges between S1 and the vertices of G. Figure 2 is a simple sketch of the

construction that shall help remember the role of S0 and S1.

If G with parameter k is a yes-instance of H-Bag Editing, then we can take the at most

k edits that yield a solution, and mimic them in the subgraph G of G′. This immediately

implies that G′ with parameter k is a yes-instance of H ′-Bag Editing: we can map the

vertices of G onto S to obtain an edited graph whose critical-clique graph is an induced
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Figure 2: Thick lines mean that all possible edges between the induced subgraphs exist,

dotted lines mean that some of the edges may exist. Inflation of the vertices to bags is not

shown here.

subgraph of H ′. (Assumption c > 2k is not needed for this direction.)

However the converse does not hold in general: “If G′ with parameter k is a yes-instance

of H ′-Bag Editing, then G′ with parameter k is a yes-instance of H-Bag Editing.” Our

aim in the following is to show this converse under certain conditions on H and H ′. The

equivalence will then establish the desired reduction.

Specifically, suppose that the following technically looking condition is satisfied. Here,

an embedding of a graph into another graph means that edges are mapped to edges, and

non-edges are mapped to non-edges, i.e., the embedded graph is an induced subgraph of the

host graph. Remember that H is isomorphic to H ′[S].

Embedding condition: Let J be any induced subgraph of H ′ isomorphic to H ′[S0 ∪ S1].

Accordingly, we embed J into any graph of H′ and divide the vertex set of J in two sets U0

and U1. These are the sets of those vertices which come from S0 and S1, respectively. For

every such embedding, let T be the set of vertices t such that N [t] contains all vertices of U1

and no vertex of U0. Then the subgraph induced by T is always in H.

Note that there may exist many possible embeddings of J into a host graph from H′, and

our condition must hold for each of them. We also remark that T may contain some vertices

of U1.

Now suppose that G′ with parameter k is a yes-instance of H ′-Bag Editing, that is, at

most k edge edits in G′ have produced a graph in H′. Since k edits affect at most 2k vertices,

but c > 2k, we conclude that every bag in the edited graph corresponding to a vertex of

S0 ∪ S1 still has at least one unaffected vertex. Accordingly, let U be some set of unaffected

vertices, containing one such vertex from each of the bags. The subgraph induced by U in

the edited graph is then isomorphic to H ′[S0 ∪ S1]. Let U0 and U1 be the subset of those

vertices of U corresponding to vertices of S0 and S1, respectively. Then we have U = U0∪U1.

Furthermore, since U is unaffected, all vertices of G are still adjacent (non-adjacent) to all

vertices of U1 (U0).
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Recall that H and H ′ are assumed to satisfy our embedding condition. Take as T the

vertex set of G. It follows that, after editing, the vertices of G form a graph in H. Since

at most k edits have been done in the whole graph, we get that G with parameter k is a

yes-instance of H-Bag Editing. To summarize:

Lemma 12 If the embedding condition holds for graphs H and H ′ and some vertex sets

S, S0, S1 (as specified above), then H-Bag Editing is reducible to H ′-Bag Editing in

polynomial time.

The embedding condition looks more complicated than it is. When it comes to specific

graphs H and H ′, it is often easy to apply, as we will see in the examples below. We only

have to find suitable sets S0 and S1. For convenience we refer to the vertices in S0 and S1 as

0-vertices and 1-vertices, respectively, and we call any graph in H a graph H of bags.

Theorem 13 H ′-Bag Editing is NP-complete for, at least, the following graphs H ′:

complete multipartite graphs where some partite set has at least 3 vertices;

the complete multipartite graph with partite sets of exactly 2 vertices;

K3-free graphs with maximum degree at least 3.

Proof. H-Bag Editing for H = K̄p is p-Cluster Editing, which is known to be NP-

complete for every p ≥ 2 [16]. By virtue of Lemma 12 we reduce H-Bag Editing for

H = K̄p, with a suitable p ≥ 2, to H ′-Bag Editing for the mentioned graphs H ′.

In a complete multipartite graph H ′, let b denote the size of some largest partite set, and

assume b ≥ 3. We choose p = b−1 ≥ 2. We let S1 be empty, and we let S0 consist of a single

vertex in a partite set of size b. The vertices of H ′ being non-adjacent to this 0-vertex are

in the same partite set, hence they induce a graph K̄b−1 = K̄p. No matter where we embed

our 0-vertex in a graph H ′ of bags, the set T as defined in the embedding condition forms a

graph H = K̄b−1 of bags. (For partite sets smaller than b, note that bags are allowed to be

empty.) Hence the embedding condition is satisfied.

Next consider H ′ = K2,2 = C4. We choose p = 2, and we let S1 consist of two non-

adjacent vertices, while S0 is empty. Clearly, the common neighbors of the two 1-vertices

induce the graph K̄2 = H. The only possible embedding of our two non-adjacent 1-vertices

in a graph H ′ = C4 of bags is to put them in two non-adjacent bags. Then the set T forms

again a graph K̄2 = H of bags, thus the embedding condition is satisfied.

To prove NP-completeness of H ′-Bag Editing for H ′ = K2,...,2, let H = K2,...,2 but with

two vertices less. Then literally the same arguments as in the previous paragraph show that

the embedding condition is satisfied. Using this observation as induction step and the case

H ′ = K2,2 as the induction base, this proves the claim by induction on the number of partite

sets.

Finally, consider any K3-free graph H ′ of maximum degree d ≥ 3. (That is, H ′ is K3-free

but not merely a disjoint union of paths and cycles.) Fix some vertex v of degree d, and

some neighbor u of v. We choose p = d− 1, S1 = {v}, and S0 = {u}. The vertices adjacent

to v and non-adjacent to u obviosuly induce a graph K̄d−1 = K̄p. For any embedding of an

adjacent pair of a 1-vertex and a 0-vertex into a graph H ′ of bags, the set T forms a graph

H = K̄p of bags. This holds because every vertex in H ′ has at most d neighbors, they are
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pairwise non-adjacent, and one of the d bags neighbored to the 1-vertex is already occupied

by the 0-vertex. Once more, the embedding condition is satisfied. �

The same construction also lifts NP-completeness results from H[0] to H ′[0], whenever we

can choose S1 = ∅ and a suitable S0. Our construction also works for H ′-Bag Deletion and

H ′-Bag Insertion; the only modification is that only one type of edge edits is permitted.

However, note that we need an NP-complete case to start with. For H ′-Bag Deletion we

can use K̄p with p ≥ 3. As for H ′-Bag Insertion, remember that K̄p-Bag Insertion is

polynomial [16] for every p. Still we can start from P3 instead and get, for instance, the

following results:

Theorem 14 H ′-Bag Insertion is NP-complete for, at least, the graphs H ′ = P3, and

H ′ = Pn and H ′ = Cn for each n ≥ 6.

Proof. P3-Bag Insertion in G means to delete in Ḡ a minimum number of edges so as

to obtain a graph consisting of a complete bipartite graph (biclique) and isolated vertices.

This in turn is equivalent to the problem of finding a biclique with a maximum number of

edges. The latter problem is NP-complete (even in bipartite graphs and hence in general

graphs) due to [14]. Finally we reduce P3-Bag Insertion to Pn-Bag Insertion for each

n ≥ 6 by setting S1 = ∅ and S0 isomorphic to Pn−4. Similarly, we reduce P3-Bag Insertion

to Cn-Bag Insertion for each n ≥ 6 by setting S1 = ∅ and S0 isomorphic to Pn−5. It is

straightforward to verify the embedding condition. �

These results are applications of only one reduction technique. We may get out more

NP-complete cases, but the construction also fails for some other graphs. We also remark

that P3-Bag Deletion is polynomial: consider the complement graph and proceed similarly

as in [16]. It would be interesting to achieve a complexity dichotomy for all target graphs.
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