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Introduction

» Well-typed representation of
dependently typed lambda calculus
(no raw terms).

> Interpreter (= normalisation proof).

» Implemented in AgdalLight.
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Well-typed language

Simple
e

data Ty : x where lorgage

Na t/ : Ty [

Types

BOO// Ty Terms

Variables
Substitutions
Equality

data Op T_y — X Where Interpreter

Soundness

plus : Op Nat’ Mo

cases

and : Op Bool’ e

checker

Discussion

data Term: Ty — * where
nat : Nat — Term Nat’
bool : Bool — Term Bool’
op : {o:Ty} - Opo
— Termo — Termo — Termo



Interpreter which cannot get stuck

Sem: Ty — x
Sem Nat’ = Nat
Sem Bool'’ = Bool

[-]: Termo — Sem o

[natn] =n

[bool b] =b

[op o t1 t;] = fun o [t:1] [t2]
where

fun:Opo — (Semo — Sem o — Sem o)
fun plus = (+)
fun and = (M)
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Object language

v

v

v

v

Variant of Martin-Lof’s logical framework.

Variables (de Bruijn indices).
Explicit substitutions.
All definitions are mutually recursive.
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Contexts

data Cixt : * where
e : Ctxt
(>):(M: Ctxt) — Ty — Ctxt

[ context [ F 71 type

€ context [ > 7 context
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data Ty : Citxt — * where
* Ty
El'TEx — Tyl
N:(r:TylN) —- Ty(T>7) = Ty T

_ [Ft:x
F=xtype T Elt type

=71 type [ >7F 7 type

=117 ™ type
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data Ty : Citxt — * where
El'TEx — Tyl
N:(r:TylN) —- Ty(T>7) = Ty T

(/): Tyl = T=A— Ty A

—EI(t ) p)

Nnn/p=0(m/p)(2/pTn)
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[Fv:T > bEt:m

[Fvarv:T FEXNt: T ™

[t : 17 [Ft:7
Fl—tl@tngg/sub b

[Ft:7m eq . T1 =4 T
[Ftareq:m

Fr=t:7r p:Ir=A
AFthpp:T/p
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Variables

(3) : (I:Ctxt) — Tyl — =
vz:lTvoso/wko
Variable zero.

oisinl, not [ > o, so it needs to be
weakened.

vs v The variable after v.
(::5) Conversion rule.
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Substitutions

(=) : Ctxt — Ctxt — x
sub Single term substitutions ([vz := t]).
wk Weakenings.
(T) Lifting.
id Identity.
(®) Composition.
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Equality

v

v

v

v

Congruence.
(- and n-rules.
Evaluation rules for (/).

Casts (::) can be removed.
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Interpreter

A choice

» Use general recursion.

» Relatively easy.

» Partially correct.

» No immediate guarantees about termination.
» Use structural recursion.

» Harder.
» Totally correct.
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Interpreter

A choice

» Use general recursion.

» Relatively easy.
» Partially correct.

» No immediate guarantees about termination.

» Use structural recursion.

» Harder.
» Totally correct.

Here: structural recursion using
normalisation by evaluation.
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Overview

tmloTm

reflect

Explicit

Implicit

[

Values

Atomic

reify

Normal
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Types ensure soundness

Simple
example
Object
language
Contexts
» Im , Val, Atom,NF : T -7 — x Torme
Variables
» nf : NF t means that nf is a normal form Substtutions
[Bn-equivalent to t. laterpreter
Interest
tmloTm :(t:T F 1) — Tt checker
[[']:I . Tm_ t — EI’IV p — Va/ (t /F p) Discussion

reflect : Atom't — Valt
reify :Val t — NF t



Interesting cases

Simple
example

» [1 types are represented using functions that

Object
perform application. 'E'Zi"iie
oo
T
data Va/:T -7 — * where s
M @ {t:THEN7 R} I:terpreter
- (f s
— {t:T F o } cases”
— (va: Val t) S
— Val ((tl )@tg)) Discussion

— Val t

[-]: Tm t — Envp — Val (t /- p)
Xt ]y=Thva(\ v —
[t ]( Y »cn (V2 ) var -8



Interesting cases

Simple
example

» [1 types are represented using functions that

Object
perform application. oy
data Va/: T =7 — * where .

M : {t:TENT 1} I:terpreter
— (f + (I": Ctxtt ) Soundocas
—{t:T # Mbm [ wk' T} -

— (va: Val t) S
— Val ((tl /|_ wk”* I")@tg)) Discussion

— Val t

[-]: Tm t — Envp — Val (t /- p)
[[)\_ tf]]’)f = nva/ (\A/ Vo —
[[tl_]](WkEnv Y A »Eny (V2 “Val - )) Val .- ﬁ . )



Interesting cases

reify . (1:TyT) — {t:T+7} — Valt — NF t
reify (I'I T1 Tz) (n\/a/ f) =
M (reify (2 / —/ -)
(f (e > 1)
(reflect (11 / ) (varar vz) tva -..)))
CNF )

reflect : (1: Ty T) — {t:TF7} — Atomt — Valt
reflect (M 11 172) aty = Myy (\[" voa —
reflect (15 | — ) _) (wki, aty T @n; reify (11 / _) v2))
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Type checker

» What about parsing?

» Using the normaliser it is easy to define a
type checker.
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Discussion

» Looks horribly complicated?

Remember that the types used are
very precise:

» Hence guiding the programmer.
» And limiting the amount of possible errors.
» But it's not something you hack up in an
afternoon.
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Finally. ..

» For more details, see paper:
A Formalisation of a Dependently Typed
Language as an Inductive-Recursive Family.

» Source code available to play with.
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data (F): (I': Ctxt) — Ty I — = where

var : I >71

A Zrl>’7'1'_’7'2

(@) :THFMNmm — (k:THmn)
(ch):TEm — T =, T2
(f) :TkET — (p:T=A4)

—

—

—
—
—

=7
|_|_n7'17'2
rl_Tg/SUth
r|—7'2
AFT/p
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Variables

data (3): (I': Ctxt) — Ty I — x where
vz o >0 > 0/wko
vs a7 —>Tp>o>7/wko
(3): T »-nmn=mn—->0>n
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Substitutions

data (=) : Ctxt — Ctxt — * where

sub :T' =71 —I>r=T
wk :(c: Tyl - T=Tpo
id =T

(@) T=A—-A=X—>T=X
(1) : (p:T=A)— (c:Tyl)
—T>ro=A>(c/p)

Object
language



Term equality

data(=.): M1 -7 — M7 — * where
-- Equivalence.
refl. (t:ThHT) > t=t
sym. ti = b — b=t
trans- 1ty = th — th = t3 — t1 = I3
-- Congruence.
Varcong V1 => Vo — Var vy =y var v»
)\Cong =t — A ty = A tr
(Ccong) : i =+ 7 — t3 = t7 — t{0t; = t?0t3
(fcong) i1 =r 2 = p1=s2p2 = t1 - p1 =+ t2 Jr p2
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Term equality

Object
language
Terms
Variables
Substitutions
Term equality

Interpreter

data (:|_) . rl F ™ — F2 [ To — % where substitutions

-- Cast, beta and eta equality. Vaues

castEq, : (t - eq) = t Eltmtt
ﬁ . (/\ t1)©t2 = /F sub ty

n o (t:THEN 7 n)
— A((t |- wk 71)@var vz) = t



Term equality

Object
language

data(=.):T -7 — M F 7 — % where TRy
-- Substitution application axioms. Interpreter
At fp = A(t f pTm) No
(a@)  fp = (t1 }- p)O(t2 /- p) e
t o id = t
t e (p1 © p2) = t - p1 i p2
var v - wk o =, var (vs v)
var vz ) subt =t
var (vs v) J- subt = var v
varvz - (pTo) = varvz

var (vsv) k- (pT1 o) =rvarv jp - wk(o/p)



Implicit substitutions

Object
language

data Tm :T 7 — x where Faraleansy
var (V > T) — Tm (var V) llr::erpreter
X A{t:Tenkmn} s
— Ty — T t I
— Tm (A t) 5

(@) Tm ty — Tm tp, — Tm (t1©t2)
(ZZI:)Z Tm t§ - 1=t — Tm t

tmToTm {t:T+7} > Tmt—->Tkr
tm ToTmEq: (t: Tm t) — tm ToTmt™ =  t
tmloTm~  :(t:Tk7) — T t



Normal forms

data Atom: I -7 — * where
vara; : (v:T > 7) — Atom (var v)
(@4) : Atom t; — NF t, — Atom (t,0t,)
(ZZAt) . Atom th — =t — Atom t

data NF : T -7 — x where
atomye - {t:TH%x} — Atomt — NFt

atomb- - {t:THElIt'} — Atomt — NF t
ME :NFt — NF ()\ t)
(::NF) . NF ti — t1 = th — NF tr
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Context extensions

data Cixt™t (I : Ctxt) : x where
et L Ctxtt T
() (M: Ctxtt ) — Ty (FT#T') — Ctxtt T

(#):(I: Ctxt) — Ctxtt I — Ctxt
[ et =TI
Fr4etr)=T+H#M>7T
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data Va/: T -7 — x where
(ZZVa/) : Val th — 1 = th — Val [}
e {t:TFEx} — Atomt — Valt
Ely {t:THEIt} — Atomt — Valt
Ma = {tr:THENm 7}
— (f + (I": CtxttIN)
—{tr: T HT"F7m [/ wk* T}
— (vp: Val t)
— Val ((t1 }- wk™ ")0t))
— Val t;

(©Val): Val tp — Val L, — Val (tl@tz)

wky, :Valt — (I": Ctxtt ) — Val (t - wk™ )

Object
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Environments

0 e= A
> (pT=A)—-AF7T/p—=>Terr=A

data Env:[ = A — x where
Dgny, :Env
(»env): {p:T=A} = {t:AFo/p}
— Envp — Valt — Env (pw» t)
(:Env) D Env pr — p1=o pp — Envp,

lookup : (v:T 3 71) — Envp — Val (var v /- p)

Object
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Evaluation

[-]: T t — Env p — Val (t /- p)
[var- v]y = lookup v ~y

[t © 51y = ([517 Cver [5517) vt - -

[t~ - eqly=1Mt"1v tvar ---
Xty =Mhva(\A v, —

Tt ] (Wkg,, v A weny (V2 ivar--2)) Svar -

Object
language



Normalisation

idgny : (T2 Ctxt) — Env (id T)

normalise : (t: T +=7) — NF t
normalise t = reify _ ([tmToTn t]idg,, ivar---)

normaliseEq : (t: T F 1) — nfToTm (normalise t) = t
normaliseEq t = nfToTmEq (normalise t)
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