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Abstract syntax data type for
dependently typed language.

No raw terms.

Full normalisation (NBE).
Equality checker.

Type checker.
Structurally recursive.
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Meta language

» AgdaLight (UIf Norell).

» Inductive-recursive families, implicit
arguments.

» “Epigram with Haskell-like syntax.”

Meta
language

Object
language
Contexts
Types

Terms
Variables
Substitutions
Equality
Why ...?

Implicit
substitutions

Normalisation
Normal forms
Values
Environments
Evaluation
reify + reflect
Normalisation

Equality

Type
checker



Object language

v

v

v

v

Variant of Martin-Lof’s logical framework.
Explicit substitutions.
de Bruijn indices.

Almost all definitions are mutually recursive.
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Contexts

data Cixt : Set where

e : Ctxt

(>):(M: Ctxt) — Ty — Ctxt

€ context

[ context [ F 71 type

[ > 7 context
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data Ty : Ctxt — Set where
* Ty
El'TEx — Tyl
N:(r:TylN) —- Ty(T>7) = Ty T

_ [Ft:x
F=xtype T Elt type

=71 type [ >7mF 7 type

=117 ™ type
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data Ty : Ctxt — Set where
El'TEx — Tyl
N:(r:TylN) —- Ty(T>7) = Ty T

(/): Tyl = T=A— Ty A

—Ei(t ) p)

NMnn/p=0(m/p)(2/pTn)
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[Fv:T [>bmbEt:m

[Fvarv:t TEFEMNt:NT D

[t : 17 [Ft:7
Fl—tl@tngg/sub b

[t eq:mi =T
[Ft:feq:m

Fr=t:7 p:I=A
AFthpp:T/p
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data () : (I : Ctxt)

var I o7
A Zr[>7'1|_7'2

(
(
(

Q) :THFMNmn
sE):ThET
/F)Zrl_T

— Ty I — Set where

— (t:TFmn)
— T1 =% T2

— (p:T = A)

—

—>F|—I'I7172
—>F|—7-2/subt2

—

—

(s

r|_7'2
AFrT1/p
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data () : (I': Ctxt) — Ty I — Set where
var [>T - Ik
A ok mn - T FMNnn
() :THFNm 7 — (k:Tkm) - TkEmn/subt,
() TkEm — T =, T2 —Tkmn
(f) :TET — (p:T=A)—>AF71/p

(ZI|_)Zr1|_T1 — T1 —% T2 — F2|—7'2

» Note that (F) is indexed by Ty.
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Variables
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data (3): (I: Ctxt) — Ty I — Set where Wiy
|74 . r > o 9 0/ Wk o Im';)lit_:titt.
vs 57 —>Tp>o>7/wko

(::

Normalisation

) r 9 7—1 — 7—1 =, 7—2 — r 9 7—2 Normal forms

Values

W

Environments
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Substitutions

data (=) : Ctxt — Ctxt — Set where
sub: T =7 —Tor=T
wk :(o: Tyl - T=Tp>o
id =T
(@) T=A—>A=X>T=X
(1): (piT=8) = (o:TyT)
—Tro= A>(c/p)

h e=>A
»):(p:T=A) - AF7/p—->Trr=A
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Equality

v

v
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(- and n-rules.

Evaluation rules for (/).

Casts can be removed.
Congruence.
Heterogeneous.
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Term equality

data (:|_) : Fl F T — F2 H Ty — Set where
-- Equivalence.
refl. (t:ThHT) - t=t
sym. tip = b — b=t
trans- 1ty = tp — th = t3 — t1 = I3
-- Congruence.
Varcong V1 => Vo — Vvar vy =y var v»
)\Cong =t — A ty = A tr
(Ccong) 't =+ 7 — t3 = t7 — t{0t; = t?0t3
(fcong) 'L =r 2 = p1=sp2 = t - pr =+ t2 - p2
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Term equality
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data (=.): 1 -7 — o™ — Set where yariables

Substitutions
-- Cast, beta and eta equality. _—
castEq, : (t ::F eq) = t implct
/6 : (A t1)©t2 —+ tl /F SUb t2 Normalisation
77 {t N r }_ I_I 7—1 T2} Normal forms

Values

— A((t |- wk 71)@var vz) = t Environments
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Term equality

data(=.): T F7n — o7 — Set where
-- Substitution application axioms.

At fp = A(t f pTm)
(a@)  Jp = (t1 }- P)O(t2 /- p)
t ) id =t

t b (p1 © p2) = t - p1 - p2

var v - wk o =, var (vs v)

var vz ) subt =t

var (vs v) J- subt = var v

varvz - (plo) = varvz

var (s v) /- (p10) =

var v [ p - wk (o / p)
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Why heterogeneous equality?

v

v

v

v

v

var vz /- sub t = t.

O'/WkO’/SUbt;O'.
With homogeneous equality:

o/ wk o/ subt =, o proved or postulated.

Not proved because:
Very large mutually recursive definition.

Not postulated because:
7 / p would not evaluate.
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Why explicit substitutions?

» If (/) were a function: similar problems.
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Implicit substitutions

Meta
language

Object
language

data Tmi : T -7 — Set where Contexts

Types

var- :(v:T'>7) — Tm (varv) s

Variables

N : {t > T1 E 2} Substitutions

— Ty m — Tt Wiy 2

— Tm— ()\ t) Isl:l::)sl'ic(i:titjtions
(@_) . Tm_ t]_ — Tm_ t2 — Tm_ (t1©t2) Normalisation
(::f_) Tm tp > 1=t — Tm b g:.*:“"' ft

Evaluation
reify + reflect

tm ToTm : {t T F T} —S Tmt—>TFT Normzlilisalion
tmi ToTmEq: (t~: Tm t) — tm ToTmt =t iquallty
tmToTm  :(t:Th7) — T t checker



Normal forms

Meta
language
Object
language
data Atom: T+ 7 — Set where Contet
vara: : (v:T > 7) — Atom (var v) Terme
(Qa) : Atom t; — NF t, — Atom (t,@t,) Subsitions
( At) Atom t]_ — t]_ = t2 — Atom t2 I:/;/:TICIt‘I
substitutions
data NF : T 7 — Set where l\ll\lzrr::lli::::n
atom,f,F At TEx} — Atomt — NF t Em
atOmNF {t r I_ E/ t/} — Atom t — NF t rEevi?yluit_i?e';l_ect
Mr o NFt — NF (M) i
(Ziﬁi_—) . NF t, = th = b — NF tr Type

checker



Context extensions

data Ctxt™ (I : Ctxt) : Set where
et L Ctxtt T
() (M: Ctxtt ) — Ty (FT# 1) — Ctxtt T

(4+) : (T: Ctxt) — Ctxtt T — Ctxt
et =T
Fr4etr)=T+H#M>7
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data Val: T+ 7 — Set where
(ZZVa/) : Val tih — 1 = th — Val ty
v {t:TFEx} — Atomt — Valt
Ely {t:THEIt} — Atomt — Valt
Ma @ {tr:THENm 7}
— (f + (I": CtxttIN)
—{tp: T HT"F7m [/ wk T}
— (v:Val t)
— Val ((t1 }- wk*™ [")0t))
— Val t;

(©Val): Val tp — Val th, — Val (tl@tz)
wky, :Valt — (I": Ctxtt ) — Val (t - wk™ )
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Environments

data Env:[ = A — Set where
Ogny  :Env
(wen): {p:T=A} = {t:AFo/p}
— Envp — Valt — Env(pw» t)
() 1Envpr — pr=o p2 — Envp,

lookup: (v:T >71) — Envp — Val (var v /- p)
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Evaluation

Meta
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language
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[1: Tt — Envp — Val (t | p)
[var- v]~y = lookup v ~y Subtituions

[ty @ ]y = ([t ] Ovar [t2]7) tivar - - ,mgﬁéi't”.
[t 52 ealy = 117 s -
[|:>\7 t]__]]’y - nVal (\AI V2 - Normal forms

Values

[[tl_]] (WkEnv Y A »Eny (V2 “Val - - )) ECZiLZ'Z.'I,‘S"“

var ) i
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reify + reflect

reify :(r:TyT) — {t:T+7} — Valt — NF t
reify (I'I T1 Tz) (n\/a/ f) =
M (reify (2 / —/ -)
(f (¢ > 1)
(reflect (11 / ) (varas vz) tva -..)))
CNF )

reflect : (1: Ty T) — {t:TF7} — Atomt — Valt
reflect (M 11 1) at =My, (\[" v —
reflect (15 | — ) _) (wki, at T’ @a; reify (11 / ) v))
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Normalisation

idgny : (T2 Ctxt) — Env (id T)

normalise : (t: T F71) — NF t
normalise t = reify _ ([tmToTm t])idg,, ivar---)

normaliseEq : (t : T+ 7) — nfToTm (normalise t) = t
normaliseEq t = nfToTmEq (normalise t)

» The completeness proof is under way.
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Equality

NFs Strip casts, check syntactic equality.

Terms Normalise, then check.
Types Check structurally.

data TyEq? (11: Ty I'1) (m2: Ty ') : Set where
equalTy T =xT2 — TyEq? 1 7
notEqualTy : TyEq? 1 1>

(L) (r1,72: Ty T) — TyEq? 7y 7
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Type checker

» Raw terms (RawTm).
» Lambdas annotated with raw types.

data /sTm 7 (I': Ctxt) : RawTm — Set where
isTm : (1:TyT) — (t:TkE7) = (t7: T t)
— IsTm 7 T (eraseTmi t~)
noTm (e: RawTm): IsTm ? T e

inferTm : (I : Ctxt) — (e: RawTm) — IsTm 7T e
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Discussion

» Internal method advantage:
Types give a lot of info.
Example: No de Bruijn index arithmetic.

» Disadvantage:
Sometimes things become very dependent
on each other.
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