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» AgdalLight (UIf Norell).

» Inductive-recursive families, implicit
arguments.

» “Epigram with Haskell-like syntax.”
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Abstract syntax data type for
dependently typed language.

No raw terms.

Full normalisation (NBE).
Equality checker.

Type checker.
Structurally recursive.

Object language
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Variant of Martin-Lof's logical framework.
Explicit substitutions.

de Bruijn indices.

Almost all definitions are mutually recursive.
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data Ctxt : Set where
e : Ctxt
(>):(M: Ctxt) — Ty T — Ctxt

[ context I 7 type
> 7 context

€ context
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data Ty : Ctxt — Set where
*: Ty T
El:THx— TyT
N:(r:Tyl) — Ty(Te71) — Tyl

- [Ht:x
TExtype T Ettype

=7 type Tom b1 type
=17 7w type
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Meta Meta
language language

Object Object

language . . language
data Ty : Ctxt — Set where P S A fonbt:n @

v Ty T Types Nvarv:r TREAXt:MTTA D Thoes

Variables Variables
El-ThEx = Tyl
N:(r:Tyl) — Ty(T>71) — Tyl Wligronc? NrEt:Mnmn Ft:n e
Implici Implici
e [+ t1©t2 1 To / sub t2 -
Normalisation| Normalisation|

(/) Tyl =T=A—TyA Vo Ft:m  eq:m = ™ Vo ™

Environments Environments

* /p=x* Evakation = :

Elt ?,0 E/((t /; p))( / | M-t eq:m s

Mn nn/p= Mn 71/ p) (™ p T sl Equality Equality
Type Fr=t:7 p:Ir=A Type

Abtjfp:T/p

Evaluation

Variables

Meta Meta
language language
Object Object
data (F): (: Ctxt) — Ty T — Set where i e
var :I>7 — Tk Types Types
Terrns Ter:vls
A iTenbmn — TEN7 7 Srrm S eestutone
O THEFNmm — (:Thm) = TEm/subt, R data (3):(I: Ctxt) — Ty — Set where T
( ) 172 2 1 2 YA \Why ...? y Why ...7
(E):TkEn — T =, T2 —Tkn Implicit vz l>c >0/wko tmplicit
) |_ '_ _ ( ) |_ : A) _ A '_ 7— / substitutions . [_ r k substitutions
(/F) : T p: p Normalisation) vs_ 317 —~Tro>7/wko Normalisation
\N/::.:::l forms. (5) . r S T1T — T1 =% Tp — r > T2 \r\:;:‘e‘;l forms
Environments Environments
Evaluation Evaluation
reify +l reflect reify :rellﬂcl
Normalisation Normalisation
LY. _ -
("F) ' rl + T T1=xT2 r2 - T2 Equality Equality
Type Type
checker checker

» Note that (F) is indexed by Ty.

Substitutions Equality

Meta Meta
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language language
data (=) : Ctxt — Ctxt — Set where Sonterts onaexts
) Terms Terms
sub:TFT —I>7r=T Variables Variables

wk (c: Tyl = T=Tbso Tty (- and n-rules. s

Why ...7 Why ...7

v

id :T=T .
Implic » Evaluation rules for ) —
(@) . r = A — A = X — r = X Subpstit:ltions (/'_) sul:’sm:mo"s
M: (p:T=A)— (c:Tyl) Lo » Casts can be removed. Nomalsatn
—ro=Av(o/p) T » Congruence. -
Evaluation Evaluation
0 :e=A oo » Heterogeneous. il it
Equality Equality
»):(p:T=A)—-AFT/p—=>Terr=A Type e

checker checker



Term equality Term equality

Meta Meta
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Object Object
language language
data (:)—) . rl H n — r2 F Ty — Set where Contexts Contexts
Types lvoe
-- Equivalence. o o
refl. (t T F 7-) — t= t S data (:I—) T 7 — Ty 7 — Set where th;tflulions
sym, b=t — b=t T -- Cast, beta and eta equality. Bty
o - - =
Implici N T e Implici
trans. 1ty = tp — b = t3 — t1 = 3 substitutions CQStEq’_ ’ (; s (Zq) it b sabstitutions
- Congruence. Normalisation| /6 . ( tl) F2|——|t| t /F sub t Normalisation|
jormal forms N N Normal forms
Valcong V1 =3 Vo — Var vy = var v» s n - A{r: T T2} e
nvironments — Environments
Mong ti=rth = Ati= At — A((t f wk 7)@var vz) =t
reify + reflect reify + reflect
(©Cang) . t% = t% — t21 =+ t22 — t%@tzl =L t%@tg Normalisation s A
. _ _ Equali Equali
(/’_Cong) th= o pr=ape =t b e = b o quality
Type Type
checker checker

Term equality Why heterogeneous equality?

Meta Meta
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Object Object
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data(=):fibn = Fo b = Set where = > var vz fpsubt = t. =
-- Substitution application axioms. e o
wbtitations ? abatitutions
At fp = A(t f plm) Sy »o0/wko/subt=o. oy
(a0)  fop =+ (t1 - p)O(t2 /- p) N With h lity: i
t /- id =t . > VVith homogeneous equality:
t Jo(p1® p2) = t - p1 - p2 [T— o/ wk o [subt=, o proved or postulated. [
Normal forms Normal forms
var v - wk o = var (vs v) ol s » Not proved because: e
var vz /- sub t =t Evluation . o Evtvaio
_ riy o roflect Very large mutually recursive definition. iy + roflt
var (VS V) /F subt = var v Normalisation Normalisation
varvz - (plo) =¢varvz il » Not postulated because: Fauality
Type Type
var (vsv) f-(p1o) =pvarv jplwk(o/p) B8 7 / p would not evaluate. checker

Why explicit substitutions? Implicit substitutions
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language language
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language _ language
e data Tni :T =7 — Set where ey
Types _ _ Types
Terms var :(v:T>7) — Tm (varv) Toms.
Variables ariables
Substitutions X : {t > sl - 7—2} Substitutions
Equality T T : Equal

Why ...? — Ty — Tnt Why ...?
Implicit _ Implicit
substitutions i Tm ()\ t) substitutions

» If (/) were a function: similar problems.

Normalisation) (@_) Tm ty — Tt — T (tl@tz) Normalisation
jormal forms = — — Normal form:
\N/alu.esl' " (ZZ__) cTm t] — t1 = th — Tm [ Values
Environments F Environments
valuation Evaluation
rEEiiyl +l reflect reify :re"&cl
Normalisation tm*Ton . {t : r |_ T} N Tm* t — r }_ T Normalisation
Equali _ _ _ _ _ Equalit
N tm ToTmEq: (t~: Tm t) — tm ToTmt™ = t e
Type Type

checker tmToTm™ : (t TE T) — Tm t checker



Normal forms Context extensions
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data Atom: I+ 7 — Set where Contexts Somexts
varae = (v: T 5 7) — Atom (var v) s data Ctxt* (I: Ctxt) : Set where Vares
(@At) . Atom t; — NF t, — Atom (t1©t2) i: - et Cixtt T -
(13) 1 Atomty — t = tp — Atom tp R ) (M:Cxttl) — Ty (T#T1") — Cext™ T Implicit
substitutions substitutions
data NPT 7 Sowhere o (#): (' Coxt) = Coxt* T Cox Sy
INF : : — — : » r He -r
atomfL : {t:THEIt'} — Atomt — NF t Sl T (Mot r)=T 47

>\NF NFt—>NF()\t)

il Equality
(I\7F) NFt; - =t — NFt, Type Type
checker checker

Environments
Meta Meta
language language
data Val: T =1 — Set where Qbiect Bis
(ZZVQ/)Z Valt; — t1 =~ t, — Val b ex Contexts

e c{t:TEx} — Atomt — Val t

data Env:T = A — Set wh
Elvy :{t:THEt} — Atomt — Val t atatnv:l = 8 7 et where

Ogny :Env Equliy
I-IVa/ . {;1 '. r }_l_,n 7(:_1 T2+} r Implicit (DE,,V) : {p = A} — {t AFo / p} Implicit
— ( : ( .. txt /) . substinjtiorfs N Envp s Valt — Env (ﬂ > t) suhstituAtimfs
= At T [ wk™ T} ol (:£n) Env p1 — p1 =2 pp — Env p, Rl
— (v:Val tp) m
— Val ((t - wk™ T")@t,)) lookup : (v:T >7) — Envp — Val (var v | p)
— Val ty
Equality Equality
(Oyay): Val t; — Val t, — Val (t,0t,) e e

wky, @ Valt — (I": Ctxtt T) — Val (t f wk™T")

Evaluation reify + reflect
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language language
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language language
o reify : (t:TyT) —» {t:TH7} — Valt — NFt
[]:Tm t — Envp — Val (t } p) reify (N 71 72) (Mya f) = ‘
[var” vy = lookup v y =7 M (reify (2 / —/ -) ez
[ty © t; ]y = [ty ]y Cvar [t 1) ivar - Implicit (f (e > m) Loeiccl
[t =2 eqly=[t7]7 tvar - :“’“":""{f‘s (reflect (71 / —) (varar vz) v -..))) :“’““:“"t’_‘s
Doaly =M (A — ) W S
ty || (wkz AN weny (Vo ivar ... n
[::\1/3],] ( . Env’Y) e (2 21-)) ﬁi’fmﬂami‘n reflect : (7: Ty ) — {t:TH7} — Atomt — Val t iy 4
Equlity reflect (M 7 ) at =My, (\["' v — Equaiity
e reflect (12 / — | _) (wkiy, at T’ @u reify (71 / ) v)) [EW8

checker checker



Normalisation Equality
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language language
Object Object
language i i i language
. ) Contexs NFs Strip casts, check syntactic equality. Contexs
idgny : ([ : Ctxt) — Env (id T) Topes P _ y q Y e
Simltons Terms Normalise, then check. Sobtitios
. ) Equali Equality
normal/.se (t: re T) — NF t Why .7 Types Check structurally. Why ...7
normalise t = reify _ ([tmToTm" t] idgn, v -.) o
. . Normalisation| 2 ) . ) Normalisation
normaliseEq : (t :T = 7) — nfToTm (normalise t) = t Rk data Ti’_,l-’:_q- (Tl Ty M) (2 7:’—}1’:_r§) - Set where Hormat s
normaliseEq t = nfToTmEq (normalise t) Enironments equally =T =« T2 — IYEqI T T2 Enironments
reify + reflect notEqualTy : TyEq7 T1 T2 reify + reflect
Normalisation Normalisation
Equality ) Equality
. Type =):(m,m2:TyT) — TyEq? 1y 7 Type
» The completeness proof is under way. checker (=):(m,72: Ty T) yEq? 11 72 Twe

Type checker Discussion
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» Raw terms (RawTm). = T
Terms Terms
» Lambdas annotated with raw types. gl‘" » Internal method advantage: gl"'
quxf'“'y" Types give a lot of info. qu':'f'n'y"
mplicit . ) ) mplicit
data [sTm? (I : Ctxt) : RawTm — Set where S Example: No de Bruijn index arithmetic. substtutions
I'sTm : T T I_ — t: I_ '_ T — t— Tm* t Normalisation| . Normalisation|
( 7‘y ) ( _ _ ) ( ) Normal forms » Dlsadva ntage: Normal forms
— IsTm 7T (eraseTmt7) e : : s
noTm (e : RawTm) : IsTir 7T e s Sometimes things become very dependent coin
Normalisation on each Other. Normalisation
. _ _ Equality Equality
inferTmi~ = (T : Ctxt) — (e: RawTm) — IsTmi?T e
Type Type
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