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Discussion

Finally. ..

» Looks horribly complicated?

Remember that the types used are
very precise:

» Hence guiding the programmer.
> And limiting the amount of possible errors.

» But it's not something you hack up in an
afternoon.
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» For more details, see paper:

A Formalisation of a Dependently Typed
Language as an Inductive-Recursive Family.

» Source code available to play with.

data (F): (I: Ctxt) — Ty — x where

var >

A Zr\>7’1|_7'2

@) Zrl‘nTsz — (tzZrFTl)
F

w):TEn — TL =% T2

—

—

—

—

M=
F=MNm
rFTz/SUbtz
r}_TQ

) TET = (p:T=A)—>AF7/p

Simple
example

Object
language
Contexts
Types

Terms
Variables
Substitutions
Equality

Interpreter
Soundness
Interesting

Type
checker

Discussion

Object
language

Terms
Variables
Substitutions
Term equality

Interpreter
Implicit
substitutions
Normal forms
Values
Environments
Evaluation
Normalisation

data (3): (I': Ctxt) — Ty T — * where
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data (=) : Ctxt — Citxt — * where

sub: T —I>7=>T
wk :(c:TyT) - T=Tpo
id :T=T

(@) T=A—-A=X—-T=X

M: (p:T=A)—>(c:TyTl)
—T>o= Av(o/p)
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Term equality

data(=.):T1F 71 — ok — % where

-- Equivalence. UL e
refl. (t:THT) > t=t b
sym_ =1t — b=14 \E/: nts
transy 1t = th — th = t3 — t1 = 13 i‘;

-- Congruence.

Valcong - V1 =3 Vo — var vi =y var v,

Mong ti=rth = Ati=r b

(Ccong) : ti =+ 2 — t3 = t7 — 10t = t}0t2
(/Fcong) =t = pr=app = b pr=r b fop2
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-- Substitution application axioms.

At fp = A(t f plm)

(t:0)  fep = (&1 - p)O(t2 /- p)

t /F id =t

t b (p1© p2) =t fp1f p2

var v - wk o = var (vs v)

var vz /- sub t =t

var (vs v) /- sub t =L varv

varvz  f(pTo) =¢varvz

var (vsv) o (pT o) =rvarv fpfowk(o/p)

Normal forms

data Atom: =7 — x where
vara: @ (v:T 3 7) — Atom (var v)
(©ar) = Atom t; — NF t, — Atom (t,Qt,)
(::ar) 1 Atomty — t = tp — Atom tp

data NF :T =7 — * where
atomye - {t:TH*x} — Atomt — NFt
atomEt - {t:THEIt'} — Atomt — NF t
ME NFI‘—?NF(AI’)
(ZZNF) . NF t, — 1 = b — NF ty
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data (=.):T1F71 — k71 — *x where
-- Cast, beta and eta equality.
castEqg, : (t - eq) =- t
,6 . ()\ tl)@tQ = b /F sub tr
n (i TEN 7 7)
— A ((t - wk 11)Qvar vz) = t
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Implicit substitutions

data Tm :T 7 — *x where
var- :(v:T>7) — Tm (varv) eterie
X {t:Tenbmn} i
— Ty nn— Tm t
— T (A t)
(@) :Tm ty — Tm t, — Tm (,0t,)
(=) Tm ty > = tn — Tm &

Normal fc

tmiToTm {t:Tk7} = Tmt—>TtFT

tm ToTmEq: (¢t~ : Tmi t) — tm ToTmt™ = t
(t:ThHT) > T t

tmToTni™
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data Ctxt™ (I : Ctxt) : * where
et L Ctxtt T
M) (M:Cxtt ) — Ty (FT#T1") — Cext™ T

(#):(F: Cixt) — Cixtt T — Cext
M4et =TI
r4Metr)=T#M>r7



data Val: T -7 — % where
(Ziva/)i Val th = = bh — Val tr
e c{t:TEx} — Atomt — Val t
Elg {t:THEt} — Atomt — Val t
My, - {tlzr}—I'ITsz}
— (f : (M:Ctxt™ )
- {t:THI"E7n /wk" T’}
— (va: Val tp)
— Val ((tl /F wk”* r’)@tz))
— Val t1

(©yay): Val t; — Val t, — Val (t;0t,)
wky, @ Valt — (I Cixtt T) — Val (¢t f wk™ ")

Evaluation

[]:Tm t — Envp — Val (t } p)
[var- v]y = lookup v~
[tr @ ]y = ([t 17 Ovar [ ]7) var -
[t~ - eqy=[t"17 tvar -
Xty =My \A" v, —
[ty T (wWkE,, v A ey (Vo ivar-22)) Svar - B02)

Evaluation
Normalisation

Environments

0 e= A
») (pT=A)—-AFT/p—=Terr=A

data Env:[ = A — x where
Peny Env®
(»ew): {p:T=A} - {t:AFoc/p}
— Envp — Valt — Env(p»t)
(venv)  Env pr — p1 =2 po — Env py

lookup: (v:T > 7) — Envp — Val (var v [ p)

Normalisation

idgn, (T Ctxt) — Env (id T)

normalise : (t: T +171) — NF t
normalise t = reify _ ([tmToTmi t]idey “var---)

normaliseEq : (t: T+ 7) — nfToTm (normalise t) = t
normaliseEq t = nfToTmEq (normalise t)



