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Introduction

Operational semantics are often specified
as relations:

» Small-step.
» Big-step.
This talk:
» Operational semantics as total functions.
» Using the partiality monad.
» Small-step or big-step.



A language which allows loops and crashes

data Tm (n : N) : Set where
con : N - Tmn
var : Finn — Tmn
A Tm(sucn) - Tmn
—+Tmn - Tmn - Tmn



Closures:

mutual
data Value : Set where

con : N — Value
A V{n} - Tm(suc n) - Envn — Value

Env : N — Set
Env n = Vec Value n



Relational, big-step semantics

data _+_|_{n} (p : Envn) :
Tmn — Value — Set where

var : pkvar x | lookup x p

con : pkconi | coni

A rpEAEd Atp

app @ pt; $ Atp - pkEta |V -
ViepbkEtlv - pbti-t v



Relational, big-step semantics

data _F ff {n} (p : Envn) : Tmn — Set where
app' 1 o (pkt; ft) = pkt;-to
app" cpFt; dv o oo(pkt ) —
pEtr-to
app : pbtp d Atp = pEt |V -
oo (VipkEtf) - pktr-to

4 :V{n} - Envn - Tmn - Set
phts = @BAv = pEtlv)x—=(pkt )



Relational, big-step semantics

_FlJ_:Envn - Tmn — Value — Set
1N :Envn - Tmn — Set
_F_4 :Envn - Tmn — Set

Code duplication.

Risk of forgetting rules.
Deterministic?
Executable?

Awkward interface:

vV vV v v vV

exec : Vpt - (IAv - pHtdv) W
pEtN W pkEty



Codata.
Partiality monad.

v

v

Semantics using the partiality monad.

v

v

Virtual machine with small-step semantics.

v

Compiler correctness.



Codata



oo A : Suspended computations of type A.
f_ : Suspends a computation.
b : Forces a suspended computation.

i {A: Set} - A - xA
b {A: Set} - 0cA - A



Partiality
monad



Partiality monad
A L~ vX. A+ X:

data | (A : Set) : Set where
now : A - A
later : 00 (A1) - AL

never : V{A} - A,
never = later (¢ never)

>=_ :V{AB} - A, - (A->B,) > B,
nowx >= f = f x
later x >= f = later (1 (b x >= f))



Weak bisimilarity:

data _ {A Set} : A, - A, — Set where

now : — NOW V & NOW V
later : oo (b x=~by) — later x = later y
later” : xXby - x = later y
later! bx~ y — later x = y

_>=_preserves equality.



Functional
semantics



Functional, big-step semantics

-] :vV{n} - Tmn — Envn — (Maybe Value) |
[coni] p = return (con i)
[var x] p = return (lookup x p)
[At] p = return (At p)
[ti-t2]p=1[ti]p>=Av; -
[to]lp >= Avo -
Vi @ Vo

o : Value - Value — (Maybe Value) |

gor?i o v, — fail
ANty pevy = later (8 ([ t; ] (v2:: p)))



Functional, big-step semantics

» Maybe monad transformer applied to
partiality monad.

» Not guarded. Easy to work around (AIM IX).



Functional, big-step semantics

» Deterministic.
» Can be executed directly (inefficiently).

» Equivalent (classically) to
relational big-step semantics:

pFt v & [t]p~returnv
pEtf & [t]p~ never
pEt} & [t] p=fail



Functional, big-step semantics

» Operational semantics:
_e_ defined in terms of [_].

» Can define denotational semantics:

I} : v{n} - Tmn - Envn -
(Maybe Value) | | _~_
[ti- ] p=Ff({[t]lp({[t2]r

where

fxy =x>= vy —
y >= AVvo —
Vi ® Vs

f preserves equality.



Virtual
machine



Virtual machine

Instruction set: Instr : N — Set
Code: Code n = List (Instr n)
States: State : Set

Initial state: init : Code 0 — State
Values: Valueyn : Set

v

v

v

v

v

Compiler:

v

comp :V{n} - Tmn — Coden
comp, : Value — Valueyy



Relational, small-step semantics

_—_ : State — State — Set

_Is_ : State — Valueyy — Set

syv = 3s.s > N A ANSsy
s = s =

s = 3s.s > AN s b ANPBv.sisv

v

Avoids rule duplication.
Exhaustive?

v

Deterministic?

v

Executable?

v



Functional, small-step semantics

data Result : Set where
continue : State — Result
done . Valueyy — Result
crash : Result

step : State — Result

exec : State — (Maybe Valueyw) 1
exec s with step s

.| continue s’ = later (# exec s')
. | donev = return v
.| crash = fail



Functional, small-step semantics

v

Equivalent to relational semantics:

sl v & execs = returnv
s & exec s & never
S & exec s = fail

Still possible to forget a case in step:

v

step _ = crash

Deterministic.

v

v

Executable.



Compiler
correctness



Compiler correctness statement

“The compiler preserves the semantics.”

For relational semantics:

[t v & init (compt) |} comp, v
[JFtf < init (compt) {
1

[1Ft4 & init (comp t)

<« often omitted.



Compiler correctness statement

“The compiler preserves the semantics.”
For relational semantics:
[JFt{ v < init (compt)

Y
[IFt 1 < init (compt) 1
[[Ft4 < init (comp t) 4

comp,, v

<« often omitted.

For functional semantics:

exec (init (comp t)) ~
[t][] >= Av — return(comp, v)



Easy to
reason
about?



_~_ not “infinitely transitive"

_/_is an equivalence relation.
Let us postulate transitivity:

data _~_{A : Set} : A, - A, — Set where

now ; — NOW V &2 NOW V
later oo (bx=by) — later x = later y
later” Xhy - x = later y
later! bx~ y — later x ~ y
~()_ VX o XRY o> YyRZ 5 XXZ



_~_ not “infinitely transitive"

_[1: Proof of reflexivity.

trivial : {A : Set} (xy : A1) - x=y

trivial x y =
X ~( later" (x O) )
later (£ x) ~( later (§ trivial x y) )
later (1 y) ~( later! (y O) )
y 0

Compare the problem of “weak bisimulation up to".

Only a problem for infinite proofs.



_~_ not “infinitely transitive"

One possible workaround:

() i Yx = xZy

Y

yRZ = XX Z

data _~_{A : Set} : A, - A, — Set where
now ; — NOW V & now Vv
later c 00 (b x~by) — later x = later y
later” ; XRhy = X = later y
later! bx~ y — laterx ~ y
—
—

>V V¥x - xRy - y<z - x~z

Y

X 2 y: y terminates faster than x, or both loop.

Similar to _—>: x =" y =% = x —%.



Wrapping up



Related work

» Rutten, A note on Coinduction and Weak
Bisimilarity for While Programs.

» Capretta, General Recursion via Coinductive
Types.

» Nakata and Uustalu, Trace-Based Coinductive
Operational Semantics for While.



Conclusions

» Exhaustive pattern matching =
harder to forget rules.

» Deterministic monad =
deterministic semantics.

» Executable semantics.
» Small-step or big-step.
» Less scope for abstraction.

» Other drawbacks?
» Future work: Non-determinism, concurrency.






_~_ not “infinitely transitive"

Can reduce need for transitivity by using
continuation-passing style.

Goal (comp’ t c = comp t H c):

exec (init (comp’ t [])) =~
[t][] >= Av — return(comp, v)

Generalisation:

(Vv - exec (... c ... v ...
exec (... comp'tc ... p ...
[t]p>=f

R

KPR
Q

fv) —



