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Abstract

Parallel prefix circuits are parallel prefix algorithms on the combinational circuit model. A prefix circuitawitputs is depth-size
optimal if its depth plus size equala 2 2. Smaller depth implies faster computation, while smaller size implies less power consumption,
less VLSI area, and less cost. To be of practical use, the depth and fan-out of a depth-size optimal prefix circuit should be small. A circuit
with a smaller fan-out is in general faster and occupies less VLSI area. In this paper, we present a new algorithm to design parallel prefix
circuits, and construct a class of depth-size optimal parallel prefix circuits, n&iwédvith fan-out 4. Whem > 30, SU4has the smallest
depth among all known depth-size optimal prefix circuits with fan-out 4.
© 2005 Elsevier Inc. All rights reserved.
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1. Introduction programming[13] and implemented in hardware in the
thinking machines CM-5 [39].

Prefix computation is a very useful and basic opera- Parallel prefix circuits are parallel prefix algorithms
tion [4]. Many have reported its important role in various for the combinational circuit model of computation [1].
applications, such as cryptography, binary addition, bio- Many parallel prefix circuits have been devised and studied
logical sequence comparison, design of silicon compilers, [3,5,6,12,14,16,18-20,23-26,28-30,33,37,43—45]. Combi-
image processing, job scheduling, loop parallelization, national circuits may be closely related to other parallel
polynomial evaluation, processor allocation, and sorting computing models. For example, some combinational cir-
[1-3,8,10,11,17-19,21,40,42,44,45]. The prefix operation cuits are known to have corresponding algorithms for other
can be defined as follows: Given valuesxi, xo, ..., x, parallel models [19,23]. On the other hand, prefix circuits
and an associative binary operati@n compute the: val- can be components of algorithms for other models, and can
uesx1 @ 12 ® --- ® x;, 1<i <n. Note that the associative be building blocks for other models [1].
binary operation performed in the prefix sums operation is  In this paper, we assume that the number of inpuis, is
arithmetic addition [8,22]; that is, the prefix sums operation unless otherwise stated. A prefix circuit is represented as a
is a special case of the prefix operation. directed acyclic graph containing input nodes; output

To accelerate the prefix operation, many parallel pre- nodes, at least— 1 operation nodes, and at least one dupli-
fix algorithms for various parallel computing models have cation node. As shown in Fig. 1, an operation node, repre-
also been proposed [1,7,9,15,17,19,22,23,27,31,32,34-36]sented by a black dot, performs tigeoperation on its two
In addition, the prefix operation is built in for MPI parallel inputs, having indegree 2 and outdegree 1 or more. A dupli-

cation node has indegree 1 and outdegree at least 2, denoted
"+ Corresponding author. Fax: +886 22730 1081. by a small circle also in Fig. 1; it takes an input to produce
E-mail addressyclin@computer.ordY.-C. Lin). multiple copies of the input as output. Because only the
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" y y maximum fan-out of all nodes i®. For examplefo(S) =
\K K 2. A circuit should have a small bounded fan-out for it to be
of practical use.
* * For ease of presentation, l&tj represent the result of
Xgy = Xoy Y y computingx; @x; 41®- - -®x;, wherei < j. We usda(D) =
a to denote that line 1 of prefix circu® has a duplication
node at levela and has no duplication nodes at any level

less thara. In addition, we usé(D) = b to denote that line
n of D obtains 1z at levelb.

Fig. 1. Operation node and duplication node.

1 2 3 n This paper is on designing new optimal parallel prefix cir-
Level cuits with fan-out 4 and the smallest depth. Such prefix cir-
1 12 cuits are equivalent to the fastest parallel prefix algorithms
2 1:3 on a fully connected multicomputer af nodes, in which
a node can at most receive a message and send out three
- n messages in a communication step and the number of com-

munication steps plus the number of messages equals the
Fig. 2. Sequential prefix circui§(n). lower bound 2 — 2 [23]. Many previous parallel prefix cir-

cuits are briefly reviewed in [26]. A recent paper constructs

new depth-size optimal prefix circuits with the minimum
duplication node has indegree 1 and outdegree at least 2, idepth; however, they have unbounded fan-out [43]. So far,
need not and will not be explicitly represented by a small WE4andZ4 are optimal prefix circuits with fan-out 4 that
circle. Similarly, input and output nodes will not be explic- have depths less than or equal to those of all the other pre-
itly represented by any shape, because they can be easilywiously known optimal prefix circuits with the same fan-out
identified. For ease of presentation, in this paper, all the di- [24,25]. It is not easy or impossible, depending on the value
rected edges are assumed to be downward; thus, the arrowsf r, to devise optimal prefix circuits with fan-out 4 and a

need not be shown. smaller depth, even only decreasing the depth by one. This
A serial prefix circuitS(n) is shown in Fig.2, in which paper introduces some new prefix circuits, and then system-
vertical edges from left to right are named line 1, line 2, atically constructs a new optimal parallel prefix circuit with

line n, respectively. Input nodes are on the top of a circuit fan-out 4, name®U4 whose depth is less than or equal to

and have indegree 0 and outdegree 1, representing inputhose oWE4andZ4, for n > 30. A new algorithm is also in-

items. The input node on linerepresents input;. Output troduced because of its important role in build@g4 The

nodes are at the bottom and have indegree 1 and outdegrealgorithm can construct an infinite number of prefix circuits

0, representing outputs. For any operation node oniliae from a prefix circuit with certain properties.

level j, its left input is from a node at level — 1, while Section 2 reviews previous results, including the defini-

its right input is always from liné. In Fig. 2, a duplication  tion of a size optimal prefix circuit and related theorems,

node is on line 1 at level 0. The numbers at the left of a that will be used in later sections. Section 3 introduces two

prefix circuit denote the depth levels of the nodes to the new classes of size optimal prefix circuits. These circuits

right. When no confusion is caused, we may use siniply  are constructed by using our new algorithm. Section 3 also

for any prefix circuitD(p), wherep may be the number of  introduces some other new size optimal prefix circuits. Sec-

inputs or a parameter with another meaning. tion 4 defines the optimal prefix circutU4by composition
The size of a prefix circuiD, s(D), is the number of oper-  of prefix circuits given in previous sections. Section 5 com-

ation nodes iD, and the depth ob, d(D), is the maximum pares the depth d8U4with those ofWE4andZ4. Section

level of operation nodes i. Smaller depth implies faster 6 concludes this paper.

computation. Smaller size implies less power consumption

and less area in VLSI implementation and thus less cost.

Therefore, size and depth are important parameters of pre-2. Review of previous results

fix circuits. For any prefix circuiD, d(D) + s(D)>2n — 2

[37]. Thus, D is depth-size optimal, or optimal for short, if 2.1. Composition of prefix circuits

d(D) + s(D) = 2n — 2. For example, as Fig. 2 has shown,

s(S) = d(S) = n — 1; thus,S is optimal. Assume thatd and B are two prefix circuits withz; and
Fan-out is the third important parameter. The fan-out of n2 inputs, respectively. By merging the operation node on

a node is its outdegree. A node having a smaller fan-out isline n at levell(A) of A with the duplication node on line

faster and smaller in VLS| implementation [41]. A node has 1 at levelia(B) of B, A and B are composed into a larger

unbounded fan-out if the fan-out is not fixed and is a function prefix circuit, denoted byA « B, with n1 + n2 — 1 inputs

of n; otherwise, the fan-out of the node is a constant, or [37]. Fig. 3 gives an example of composition. Note that the

is bounded. The fan-out of prefix circul?, fo(D), is the composition operation of prefix circuits is associative.
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Fig. 3. Two example prefix circuits and their composition.

2.2. Size optimal prefix circuits

It has been shown that for amyinput prefix circuitA, if
ia(A) = a, andl(A) = b, thens(A) >2n — 2+ a — b [26].
Therefore, we have the following definition:

Definition 1 (Lin et al. [26]). For anyn-input prefix circuit
A, ifia(A) =a,l(A) = b, ands(A) = 2n —2+a — b, then
A is size optimal; we say that is SOPQn, a, b).

Theorem 2 (Lin et al. [26]). If A is SOPGn,0,b) and
d (A) = b, then A is optimal

Theorem 3 (Lin et al. [26]). If AandB are SOPCn1, a, b)
and SOP@nuy,c,d), respectively where b>¢, then
A(n1) e B(np) is SOPQni+n2—1, a, b—c+d) with depth
maxd(A), d(B) + b — ¢} and fan-outmax{fo(A), fo(B)}.

Theorem 4 (Lin et al. [26]). The sequential prefix circuit
S(n) is SOPQn, 0, n — 1) with fan-out 2 and depth — 1.

2.3. Layered prefix circuit P and its compacted version Q

A prefix circuit D can be defined with sets of operation
nodes atlevel,i =1,2,...,d(D) [37]:

G; ={(x, y)|at leveli on line y there is an operation node
whose left input is the output of a node on linet
leveli — 1}.

Fig. 5. 0(13).

For example, for the prefix circuit shown in Fig, G3 =
{(4,8), (12, 13)}. If (x,y) € G;, the corresponding opera-
tion node can be denoted as y);.

Let m = [lg n]; the n-input layered prefix circuitP (n)
is defined with the following sets of operation nodes [37]:

G, ={(k2' =271 min(n, k2)|k=1,2,...,
ln—1/2" +1/2)}, t=1,....m;
Guir ={(k2" 1 k2" 42" Yk =12 ...,
ln—1/2" " —1/2]}, t=1,....,m—1.

An example,P (13), has already been shown in Fig. 4.
P(n) can be compacted by an algorithm to B&n),

a prefix circuit with fan-out at most 4 and smaller depth

[25,26,29]. For exampleP(13) can be compacted to be

Q(13) with depth 5 shown in Fig. 5.

Theorem 5 (Lin and Shih[29]). The fan-out ofQ(n) is at
most4, and the depth o (n) is

flgn] whenn<7,
2r —2 whenr>3and2' <n < 3x 271,
2t —1 whent>3and3x 271<n < 201,

Theorem 6 (Lin et al.[26]). Q(n) is SOPGn, O, [Ig n1).
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3. Some new size optimal prefix circuits

In Sections3.1-3.3, we will construct size optimal prefix
circuitsSY, SZ andy, respectively. In Section 3.4, we define
two size optimal prefix circuit$sV and GW. These prefix
circuits will be used to construct our new optimal prefix
circuit SU4

3.1. SY: a size optimal prefix circuit with fan-out 4

Define a size optimal prefix circuiBY(5) as depicted
in Fig. 6. It has the following propertiesi{(SY(5)) = 8,
fo(SY(5)) = 4,ia(SY5)) = 5,1(SY5)) = 6, ands(SY5)) =
49 =2 x 26— 2+ 5— 6. Therefore, by Definition 1SY(5)
is SOPQ26, 5, 6).

We can move down the operation node 26)s of SY(5)
by one level to becomél, 26)7, and move down all the
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(1,51)7, resulting in the circuitSY(6) shown in Fig.10
with fo(SY(6)) = 4 andia(SY(6)) = 6. It can be checked
that SY6) is SOPQ51, 6,7) with d(SY6)) = 10 and
1(SY6)) =7.

The procedure for derivinY(6) from SY(5) is general-
ized to be the following algorithm, which can be used re-
peatedly to derive an infinite number of prefix circuits from
any single prefix circuit with some simple attributes.

Algorithm A( D, n, t, d). Given a prefix circuitD(¢) that is
SOPQn, t, t + 1) with depthd, wherer +1 < d. Let N

be the set of nodes db(z) at levelst + 1 throughd. We can
obtain prefix circuitD(+ + 1) by the following procedures:

1. ConstructDA(t) by moving down the nodél, n),,1 of
D(r) by 1 level to becomél, n),,2, and moving down
all the other nodes iV by 2 levels.
2. ConstructD B(t) by moving down all the nodes iN of
D(t) by 2 levels.

. Delete the nodén, 2n — 1),,3 of DA(t)* DB(t), and
add nodesn, 2n — 1);11 and(Z, 2n — 1), 2, resulting in
D+ 1).

w

The above algorithm is an improvement on, and a gener-
alization of, two previous algorithn&5]. Either of the two
previous algorithms derives more prefix circuits from only
a particular one. Our new algorithm makes the two previous
algorithms obsolete.

Theorem 7. The prefix circuitD (r+1) derived by Algorithm
A(D,n,t,d)isSOPQ2n—1,t+1, t+2) with depthd + 2.

other operation nodes at levels 6—8 by two levels, to obtain Proof. SinceD(¢) is SOPQn,t,t + 1), ia(D(t)) =t and

theYA(5) shown in Fig. 7. It iSSOPG26, 6, 7) with fan-out
4 and depth 10.

I[(D(t)) =t + 1. That is, the first duplication node on line 1
of D(¢) is at levelt, and 1z is produced at level+ 1. This,

On the other hand, we can move down all the nodes atin turn, implies that line: has value 2: at levelt, and D(r)

levels 6-8 ofSY(5) by two levels to obtain th€B(5) depicted
in Fig. 8. It isSOPQ26, 7, 8) with fan-out 4 and depth 10.
Fig. 9 shows YA(5)«YB(5). By Theorem 3, it is
SOPG51, 6,8) with fan-out 4. If we delete the node
(26,515 of YA(5).YB(5) and add nodeg26,51)s and

has an operation nodé&, n);,1 to produce Iz at levelr + 1.

It can be checked thaPA(r) is SOPGn,r+ 1, t + 2)
with depthd + 2. In addition,D A(¢) has no operation nodes
at levelr+1, and has exactly one operation n@dlen), o at
levelz+2. On the other hand) B(¢) isSOPQGn, t+2, t+3)
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with depthd 4+ 2, andD B(t) has no operation nodes at levels thus,

t+1andr + 2.

By TheorenB3, DA(t)* DB(t) isSOPQ2n—1, t+1, t+
3) with depthd + 2, implyingia(DA(t)s DB(t)) =t + 1.
After deleting node(n, 2n — 1),43 of DA(zr)» DB(z) and
adding nodegn, 2n — 1);41 and (1, 2n — 1), it is easy
to see thaia(D(t + 1) =t+1andd(D(t + 1)) =d + 2.
Note that the transformation froMmA (1) e DB(¢) to D(t+1)
does not affect lines to obtain 1i, for 1<i<2n — 2.

In the process of obtaininf A(r) and D B(t), no nodes
at leveli, i <t, are moved; thus, line of either DA(z) or
D B(t) has value 21 at levelr. Therefore DA(¢) « DB(t) has
2:nonlinen atlevelt,and hast+1:22—1online 21 — 1 at
level t. After deleting noddn, 2n — 1),,3 and adding node
(n,2n—1);41, thereis 2:2 —1 online 22 — 1 at levelr + 1.
After adding nodg1, 2n — 1);42, D(t +1) has 1:2 — 1 on
line 2n — 1 at levelr + 2. Therefore/(D(t +1)) =t + 2
andD(t + 1) is a prefix circuit.

SinceDA(t)*DB(r) isSOPQ2n — 1, t +1, t +3), we
haves(DA(t)* DB(t)) = 2x (2n—1) =2+ (t+1) — (+3);

s(D(t + 1)) =s(DA(t)» DB(1)) — 1+ 2
=2x2n—1) -2+ (+1)—(t+2).

Therefore, by DefinitiorL, D(r + 1) is SOPG2n — 1, ¢ +
1, r+2. O

By Theorem 7, Algorithm A can be used repeatedly to
obtainD(z + ¢), for ¢ > 1. For example, we can use Algo-
rithm A(SY, 26, 5, 8) as the first application of Algorithm A
to obtainSY(t), for r > 6.

Lemma 8. Given a prefix circuitD () thatis SOPQn, ¢, t+

1) with depth d and fan-out,avherer +1 < d anda > 4. If
D(r) has at least two nodes with fan-outtaen the circuit
D(t + 1) obtained by using AlgorithPA(D, n, ¢, d) has a
fan-out of aand D(r 4+ 1) has at least two nodes with fan-
out a
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Proof. Since D(r) has at least two nodes with fan-oait
D(t) has a node with fan-oatthat is not on line 1 at level
Thus, the fan-out of bot A(r) andDB(r) isa. DA(t) has
at least one node with fan-oat and D B(¢) has at least two
nodes with fan-ou&. Therefore,DA(r) » D B(¢) has at least
three nodes with fan-owd. After deleting (n, 2n — 1);43,
the fan-out of the circuit is stilh, and the circuit now has at
least two nodes with fan-oat Adding two operation nodes
does not increase the fan-out of the circuit; therefore, the
fan-out of D(r +1) isa, andD(r + 1) has at least two nodes
with fan-outa. [

Lemma 9. SY(¢) is SOPG25 x 22+ 1, ¢, t + 1) with
fan-out4 and depth2r — 2, for t >5.

Proof. The proof is by induction on. We have seen that
SY(5) is SOPQ26, 5, 6) with depth 8.

Assume thaiSYK) is SOPQ25 x 285+ 1, k, k + 1)
with fan-out 4 and depthi2— 2. By Theoreni, SY (k + 1)
is SOPQ25 x 2¢=4 + 1, k + 1, k + 2) with depth Z.
In addition, sinceSY(5) has three nodes with fan-out 4, by
Lemma 8,SY(t) has at least two nodes with fan-out 4 and
its fan-out is 4 forr >5. O

3.2. SZ: a size optimal prefix circuit with fan-out 4

Define a size optimal prefix circuf846) as shown in
Fig. 11. It has the following propertiest(SZ(6)) = 9,
fo(SZ(6)) = 4, ia(SZ(B)) = 6, [(SZ(6)) = 7, and
s(SZ(6)) = 71=2x 37— 2+ 6 — 7. Therefore, by Def-
inition 1, SZ6) is SOPG37, 6, 7). By Theorem 7, we can
use Algorithm A to deriveSZ(¢), for t > 7, from SZ6).

Lemma 10. SZ(¢) is SOPG9 x 2~* + 1, 1, t + 1) with
fan-out4 and depth2r — 3, for t > 6.

Proof. The proof is by induction on. We have seen that
SZ6) is SOPQ37, 6, 7) with depth 9.

Assume thaBZk) is SOPQ9 x 264+ 1, k, k+1) with
fan-out 4 and depth2— 3. By Theorem7, SZ(k + 1) is
SOPQ9 x 283 + 1, k + 1, k + 2) with depth Z — 1.

In addition, sinceSZ6) has seven nodes with fan-out 4, by
Lemma 8,5SZ(r) has at least two nodes with fan-out 4 and
its fan-out is 4 forr >6. [

3.3. Y: a size optimal prefix circuit with fan-out 4

Define a size optimal prefix circuttas shown in Fig. 12.
Clearly,d(Y) =7, fo(Y) = 4,ia(Y) =5,1(Y) = 7, and
s(Y) =28=2x 16— 2+ 5— 7. Therefore, by Definition
1, we have the following lemma.

Lemma 11. Prefix circuit Y is SOPCL6, 5, 7) with fan-out
4 and depth7.
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3.4. GV and GW: size optimal prefix circuits with fan-out 4

Letr>6, we define two prefix circuits as follows:

GV(t)=SZ({t)*SZ(t — 1)e ---
GW(t)=SY([1)*GV ().

*SZ(6)eY,

Lemma 12. GV (¢) is SOPGQ9 x 2! 3 — 20, ¢, 2r — 3) with
depth2¢r — 3 and fan-out4, for r > 6.

Proof. By Lemmal0,SZ(r) is SOPGQ9x 2'~4+1, 1, t+1)
with fan-out 4 and depths2— 3, for ¢t >6. By Theorem 3,
SZ(t)+SZ(t—1)isSOPQIx 24 4+9x 2541 ¢, 14+2)
with depth 2—3. Using Theorem 3 repeatedly, we can obtain
that SZ(t)sSZ(t — 1)« --- «SZ(6) is SOPQ9 x 23 —
35, ¢, 2t — 5) with depth 2 — 3. Also by Theorem 3,
GV({t) = SZ@t)*SZ(t — 1)« --- «SZ(B) Y is SOPQQ x
2!=3 _ 20, t, 2t — 3) with depth 2 — 3.

Since the fan-out o5ZandY is 4, by Theorem 3, the
fan-out of GVis also 4. [J

Lemma 13. GW(¢) is SOPQ61 x 21— — 20, 1, 2t — 2)
with depth2r — 2 and fan-out4, for > 6.

Proof. By Lemma9, SYt) is SOPQ25x 2'~5+1, 1, t+1)
with fan-out 4 and depthr2- 2. By Lemma 12GV (¢) is
SOPQ9x2'—3-20, ¢, 2¢—3) with depth 2—3 and fan-out
4. Using Theorem 3, we know th&W () = SY (t) s GV (¢)
is SOPQ61 x 2~° — 20, ¢, 2t — 2) with depth 2 — 2.
Since the fan-out of Y () andGV (¢) is 4, that of GW (¢) is
also4. O

4. Optimal prefix circuit SU4 with fan-out 4

For n > 30, parallel prefix circuitSU4n) is defined as
follows:

1. When 36Kn <32 orn =47,

SUA(n) = Q(n — 16)+S(2) Y.
2. When 33 n <46 or 48<n <62,

SUA4n) = Q(n — 15)+Y.
When 63X n <72,

SU4(n) = Q(n —40)+SY(5)+Y.
When 7 n <84 orn = 115,
SUA(n) = Q(n —52)+S(2)+ GV (6).
When 85Xn <114 or 116<n <146,
SU4(n) = Q(n —51) <GV (6).

6. When 14K n <165,

SU4(n) = Q(n —10) - GW (6).
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7. When 1661 <188 orn = 251,
SUAn) = Q(n — 124)+S(2)*GV (7).
8. When 183 n <250 or 252 n <314,
SUAn) = Q(n — 123GV (7).
9. When 3151 <351,
SUA(n) = Q(n — 223 *GW(7).
10. When 93x 2'~7 — 20<n <13 x 2~* — 20 andr > 9,
SUAn) = Q(n —9x 2744200512+ GV(t — 1).
11. When 13x 2= — 19<n <2 andr>9,
SUA(n) = O(n —9x 274+ 21« GV (t — 1).

12. When 21 4+1<n<21x2075-22 n £ 17x 2521
andr > 10,

SUA() = Q(n —9x 2754+ 21« GV (1 — 2).

13. Whenn = 17 x 2/=° — 21 andr > 10,
SUAn) = Q272 —1)+S(2)+GV(r — 2).
14. When 21x 275 — 21<n <93 x 2~/ — 21 andr > 10,
SU4An) = Q(n —61x 217 +21) s GW(t — 2).

Note that, though not explicitly specified= [lg n7]. Fig.
13, as an example, show#/4(30) = Q(14)+S(2)+Y.

Theorem 14. SU4(n) is an optimal prefix circuit with fan-
out4, and its depth is

2[lgn] —3 when30<n <32

2[lgn] —4 whend7<n<64, 115<n <128
or 251<n <256

2[lgn] —5 when33<n <46, 73<n<114
166<n <250, or 93x 2'~7 - 20<n <2
andt>9;
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2[lgn] —6 when65<n<72 129<n<165
257<n <351, or 17x27°—-21<n <93
x2!=7 21
andr>10;

2Mlgn] —7 when2 14+ 1<n<17x 27> —-22
andt>10.

Proof. The fan-out ofQ is at most 4, and the fan-out &fis
2. In addition, the fan-out d®Y, Y, GV, andGWis 4. Since
SU4is composed of these prefix circuits, by Theorgnthe
fan-out of SU4is 4.

Case 4. When 48n<62, letm = n — 15; thus,
33<m <47.

Case 5: When 63 n<64, letm = n — 40; thus,
23<m < 24.

Case 6: When 65<n<72, let m = n — 40; thus,
25<m <32.

Case 7: When 7Xn<84, letm = n — 52; thus,
21<m<32.

Case 8: When 8xn<114, letm = n — 51; thus,
34<m <63.

Case9: Whenn = 115, letm = 63.
Case10: When 11&n<128, letm = n — 51; thus,

We letr = [lg n] and distinguish the following 24 cases 65<m <77.

to obtain the depth o8U4 Because the proving processes

Casell: When 12%n <146, letm = n — 51; thus,

for these cases each are very similar, we will give details for 78<m <95.

the first three cases only and give tips for the others. More

details can be found in [38].

Case 1: When 3xn<32, letm = n — 16; thus,
14<m <16. By Theorem 5, we havesbd(Q(m)) <6. By
Theorem 6,Q0(m) is SOPGm, 0,4), and by Theorem 4,
S(2) is SOPQ2, 0, 1) with depth 1. Thus, by Theorem 3,
Q(m)+S(2) is SOPGm + 1,0, 5) with depth 5 or 6. By
Lemma 11Y is SOPQ16, 5, 7) with depth 7. By Theorem
3, SU4An) = Q(m)+S(2)+Y is SOPQn, 0, 7) with depth
7 = 2[lg n] — 3. Therefore, by Theorem ZU4n) is
optimal.

Case 2: When 33%Xn<46, letm = n — 15; thus,
18<m <31. By Theorem 5, we have 6d(Q(m))<7.
By Theorem 6, Q(m) is SOPQm,0,5). Since Y is
SOPQ16, 5, 7) with depth 7, by Theorem 3§U4(n) =
Q(@m)+Y is SOPQn, 0,7) with depth 7= 2[lg n] — 5.
Therefore, by Theorem ZU4(n) is optimal.

Case3: Whenn = 47, letm = 31. By Theorem 5,
d(Q@31)) = 7. By Theorem 6,0(31) is SOPG31, 0, 5).
Since §(2) is SOPQ2, 0, 1) with depth 1, by Theorem 3,
031 +S(2) is SOPG32 0,6) with depth 7. SinceY is
SOPQ16, 5, 7) with depth 7, by Theorem 3§U4(n) =
Q381 +S5(2)+Y isSOPQG47, 0, 8) with depth 8= 2[Ig n] —
4. Therefore, by Theorem 3U4(n) is optimal.

Casel2: When 14K n <165, letm = n — 101; thus,
46<m < 64.

Casel3: When 166{n <188, letm = n — 124; thus,
42<m <64.

Casel4: When 18%n <250, letm = n — 123; thus,
66<m <127.

Casel5: Whenn = 251, letm = 127.

Casel6: When 25X n <256, letm = n — 123; thus,

129<m <133.

Casel7: When 25&n <314, letm = n — 123; thus,
134<m < 191.

Casel18: When 31xXn <351, letm = n — 223; thus,
92<m <128.

Casel9: When 93x 20~/ — 20<n<13x 2~4 - 20 and
1>9, letm =n—9x2~4+4+20; thus, 21x 20 ' <m <22
andflgm] =r— 2.

Case20: When 13« 24 —19<n <2 andr > 9, letm =
n—9x 24421 thus, 22+2<m<7x 2%+ 21 and
Mlgm] =1t—1.

Case21: When 214+ 1<n<17x 2=5—22 andr > 10,
letm =n—9x 2754 21; thus, 7x 2024+ 22<m < 2!~2
andflgm] =r— 2.

Case22: Whenn = 17 x 2!=5— 21 andr > 10, letm =
2-2_ 1,
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Case23: When 17x 275 — 20<n <21 x 2/=° — 22 and
1>10,letm =n—9x2~°421;thus, 272 <m < 3x 23
andflgm] =r— 1.

Case24: When 21x 2/=5 - 21<n<93x 2~/ — 21 and
1>10, letm = n—61x2'~7421; thus, 2% 2~/ <m <22
andflgm] =1r— 2.

By Case 1, when 3@n <32, d(SU4) = 2[lgn]—3. By
Cases 3-5, when 47n <64, d(SU4) = 2[lg n] — 4. By
Cases 9 and 10, when 1&m <128 d(SU4) = 2[lg n] —
4. By Cases 15 and 16, when 284 <256, d(SU4) =
2[lg n] — 4. By Cases 2, 7, and 8, when 83 <46 or
73<n<114,d(SU4) = 2[lg n] — 5. By Cases 13 and 14,
when 166<n <250,d(SU4) = 2[lg n] — 5. By Cases 19
and 20, when 9% 2/~7 — 20<n<2" andt >9, d(SU4) =
2[lg n]1 — 5. By Cases 6, 11, and 12, when b <72,
129<n <165,d(SU4) = 2[lgn] — 6. By Cases 17 and 18,
when 25K n <351,d(SU4) = 2[lg n] — 6. By Cases 22—
24, when 17x 2/7° — 21<n <93 x 2/~7 — 21 andr >10,
d(SU4) = 2[Ign]—6. By Case 21, whenf21+1<n <17x
20=5 _ 22 andr>10,d(SU4) = 2[lgn] —7. O

Note that the definition o8U4can be compacted as fol-
lows:

1. When 36K<n <32 orn =47,
SU4A(n) = Q(n — 16)+S(2) Y.
2. When 33X n <46 or 48<n <62,
SU4(n) = Q(n — 15)+Y.
3. When 63n <72,
SU4(n) = Q(n — 40)+ SY (5)+Y.

4. When 93x 2273 — 20<n<13x 22 — 20 orn = 17 x
2¢ —21 andz >3,

SUA() = Q(n — 9 x 2+ 20)+S(2)+ GV (z + 3).

5. When 13x 22 —19<n<21x 28 —-22,n # 17x 2 =21
andz >3,

SUA(M) = Q(n — 9 x 2 +21)+GV(z + 3).
6. When 21x 2¢ — 21<n <93 x 2:-2 — 21 andz >3,
SUA(M) = O(n — 61 x 22+ 21)«GW(z + 3).

5. Comparisons of optimal prefix circuits

In this sectionSU4is compared with two optimal prefix
circuits, WE4[25] andZ4 [24]. They all have the same fan-
out 4. The depth of eith&WE4or Z4 is less than or equal to

those of all the other previous optimal prefix circuits with

the same fan-out. The depths \WE4 and Z4 are between

Table 1

The numbers of inputs that three representative optimal parallel prefix
circuits with specific depths can process

Depth Su4 WE4 Z4

7 30-46 29-46 30-44

8 47-72 47-64 45-67

9 73-114 65-102 68-98

10 115-165 103-138 99-145

11 166-250 139-214 146-208
12 251-351 215-286 209-303
13 352-522 287-438 304-430
14 523-723 439-582 431-621
15 724-1066 583-886 622-876
16 1067-1467 887-1174 877-1259
17 1468-2154 1175-1782 1260-1770
18 2155-2955 1783-2358 1771-2537
19 2956-4330 2359-3574 2538-3560
20 4331-5931 35754726 3561-5095

From Table 1, we see that, when 30n<5931,
d(WE4) — 1<d(SU4 <d(WE% andd(Z4) — 1<d(SU9H
<d(Z4%). In fact, we can show analytically that the above
relations do hold when >513 as follows.

From [25], wherm >513,d(WE9) is

2[lgn] —4
2[lgn] —5

when 7x 273 —9<n <2 andr>10;
when 37x 2076 —9<n<7x 23 - 10
andr > 10;

2[lgn] —6 when 271 < <37 x 26— 10 andr >10.
From Theoreml4, whenn >513,d(SU9) is
2[lgn] —5 when 93x 2~/ — 20<n <2 andr>10;

2[lgn] —6 when 17x 275 —21<n<93x 2~7 - 21
andt > 10

2[lgn] —7 when 21 < n<17x 2-5—-22 andr >10.

Therefore, it can be checked that whek 513, d(WE4) —
1<d(SU4 <d(WE$ [38].
From [24], wherm >513,d(Z4) is

2[lgn] —4
2[lgn] —5

when 7x 273 — 2t < n<2' andr > 10;
when 5x 2073 — 2t 4+ 2<n<7 x 273 — 2t
andr > 10;

2[lgn] —6 when 271<n<5x2'~2 — 2r+1 andr > 10.

It can then be checked that when>513, d(Z4) —
1<d(SU4 <d(Z4) [38]. Together with Table 1, there-
fore, d\WE4 — 1<d(SUH<dWEH and d(Z4) -
1<d(SU4 <d(Z4), for n>30.

6. Conclusion

In this paper, we have presented Algorithm A, which can

construct an infinite number of size optimal prefix circuits

2[lgn]—6 and Zlg n] — 3. For easy and exact comparisons, from a size optimal prefix circuit with some simple proper-
Table 1 gives the numbers of inputs that can be processedies. TherebySY and SZ are obtained; together with other

by the three parallel prefix circuits with specific depths.

prefix circuits, they are used to compaSe&4 an optimal
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parallel prefix circuit with fan-out 4. The algorithm and our [11] A. Ferreira, S. Ubeda, Parallel complexity of the medial axis
approach may contribute to the design of more novel pre- computation, in: Proceedings of International Conference on Image
fix circuits with any fixed fan-outSU4 makes obsolete all " Erl‘z’cis_si‘”gl’\l"o"bz' Wgsr}'”g“’”’ IEI)? 19:_’5’ Pp- _105_‘10;3' i

. . . . . _ .E. FICh, New bounds Tor parallel prefix circuits, In: Proceedings
the other optlma! parallel 'preflx circuits with fan-out 4 for of the 15th Symposium on the Theory of Computing, 1983, pp.
n > 30, because its depth is the smallest of all the depths of  190_109.

known optimal parallel prefix circuits with the same fan-out. [13] W. Gropp, E. Lusk, A. Skjellum, Using MPI: Portable Parallel

A question arises naturally. Can we systematically con- Programming with the Message-Passing Interface, MIT Press,
struct new optimal parallel prefix circuits with fan-out 4 and Cambridge, MA, 1994. » _ ,
smaller depths’? From our experience, it is very probable [14] T. Han, DA Carlson, Fast grea—eff|0|entVL$Iadders, in: Proceedings

. R of the Eighth Computer Arithmetic Symposium, Como, ltaly, 1987,
whenn is very large, but there is little or no hope for a small Dp. 49-56.
n. Our approach serves a basis for achieving this when [15] D.R. Helman, J. JaJa, Prefix computations on symmetric
huge. Specifically, we will need to devise new size optimal multiprocessors, J. Parallel Distrib. Comput. 61 (2001) 265-278.

prefix circuits to replac&Y, SZ andY; these new size op- [16] P.M. Kogge, H.S. Stone, A parallel algorithm for the efficient solution
timal prefix circuits will take many more inputs than their of a general class of recurrence equations, IEEE Trans. Comput.

counterparts, respectively. All the other procedures will be C-22 (1973) 783-791.
P ! P Y- P [17] C.P. Kruskal, L. Rudolph, M. Snir, The power of parallel prefix,

similar, including the application of Algorithm A. Without IEEE Trans. Comput. C-34 (1985) 965-968.
the insight gained from our approach, it would be difficult [18] R.E. Ladner, M.J. Fischer, Parallel prefix computation, J. ACM 27
to have another heuristics that can lead to an optimal prefix (1980) 831-838.

circuit with fan-out 4 and a smaller depth for anythat is [19] S. Lakshmivarahan, S.K. Dhall, Parallel Computing Using the Prefix
huge Problem, Oxford University Press, Oxford, UK, 1994.

A final note: thi hi inl th tical studv. | [20] S. Lakshmivarahan, C.M. Yang, S.K. Dhall, On a new class of
g Inal note: this research 1S main ya_ eorelica S udy. In optimal parallel prefix circuits with(size+ depth = 2n — 2 and
spite of the fact that, for standard-cell implementations, the fogn] < depth< (2[logn] — 3), in: Proceedings of International

depth and the size of a prefix circuit are in general closely Conference on Parallel Processing, St. Charles, IL, 1987, pp. 58-65.
related to the cell delay and cell area, respectiy4B}, the [21] F.T. Leighton, Introduction to Parallel Algorithms and Architectures:
assumption of relationships between, for example, size and ~ ATrays. Trees, Hypercubes, Morgan Kaufmann, San Mateo, CA,

el 1992.
VLSI area as well as depth and computation time, may not ), o~/ ir k. Nakano, S. Olariu, M.C. Pinotti, J.L. Schwing, A.Y.

be correct for certain implementations. Zomaya, Scalable hardware-algorithms for binary prefix sums, IEEE
Trans. Parallel Distrib. Systems 11 (2000) 838—850.
[23] Y.-C. Lin, Optimal parallel prefix circuits with fan-out 2 and
Acknowledgments corresponding parallel algorithms, Neural Parallel Scientific Comput.
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- : : i [24] Y.-C. Lin, J.-N. Chen, Z4: A new depth-size optimal parallel prefix
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