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Hybrid Systems
� Hybrid Systems:interactionbetweendiscreteand

continuousbehaviors
� Examples:thermostat,automatedhighway

systems,air traf�c managementsystems,robotic
systems,chemicalplants,etc.

Model: Hybrid Automata
label
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dynamics

guard reset
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Hybrid Systems
Example:Swimmerin awhirlpool
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Polygonal Differ ential Inclusion
Systems(SPDIs)

� A partitionof theplaneinto convex
polygonalregions

� A constantdifferentialinclusionfor eachregion

_x 2 \ b
a if x 2 Ri
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Polygonal Differ ential Inclusion
Systems(SPDIs)

� A partitionof theplaneinto convex
polygonalregions

� A constantdifferentialinclusionfor eachregion
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Polygonal Differ ential Inclusion
Systems(SPDIs)

� The“swimmer” is ahybrid system
� Hybrid Automata?

Algorithmic Analysisof PolygonalHybrid Systems– p.5/66



Polygonal Differ ential Inclusion
Systems(SPDIs)

� The“swimmer” is ahybrid system
� Hybrid Automata?

e3 e2

e4

e5

e9
e12 e1

e8

e11

e7e6

e10

Algorithmic Analysisof PolygonalHybrid Systems– p.5/66



Polygonal Differ ential Inclusion
Systems(SPDIs)

� The“swimmer” is ahybrid system
� Hybrid Automata?
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Polygonal Differ ential Inclusion
Systems(SPDIs)

� The“swimmer” is ahybrid system
� Hybrid Automata?

_x = a7 _x = a8

_x = a4

Inv( ` 2 )
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R 2
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Polygonal Differ ential Inclusion
Systems(SPDIs)

� The“swimmer” is ahybrid system
� Hybrid Automata?

Wewill usethe“geometric”representationinsteadof
thehybrid automata

Algorithmic Analysisof PolygonalHybrid Systems– p.5/66



Overview of the presentation
� MotivationandContributions
� Algorithm for ReachabilityProblem(SPDIs)
� Implementation± SPeeDI
� Algorithm for PhasePortraitconstruction

(SPDIs)
� Other2 dim Hybrid Systems

� BetweenDecidabilityandUndecidability
� Undecidabilityresults

� Summaryof ResultsandPerspectives
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Moti vation and Contrib utions
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Moti vation and Contrib utions
Scienti�c Context (Reachability)

dim

reachability

Planar 2-dim

Decidable

Undecidable

3-dim
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Moti vation and Contrib utions
Scienti�c Context (Reachability)
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reachability
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Piecewise Constant Derivative System

e3 e2

e4

e5

e9
e12 e1

e8

e11

e7e6

e10

Algorithmic Analysisof PolygonalHybrid Systems– p.8/66



Moti vation and Contrib utions
Scienti�c Context (Reachability)

dim

reachability

PCDs

Planar 2�dim

Decidable

Undecidable

3�dim

Algorithmic Analysisof PolygonalHybrid Systems– p.8/66



Moti vation and Contrib utions
Scienti�c Context (Reachability)

dim

reachability

PCDs

PCDs

Planar 2�dim

Decidable

Undecidable

3�dim

Algorithmic Analysisof PolygonalHybrid Systems– p.8/66



Moti vation and Contrib utions
Scienti�c Context (Reachability)

dim

reachability

PCDs

PCDs

Planar 2�dim

Decidable

Undecidable

3�dim

Algorithmic Analysisof PolygonalHybrid Systems– p.8/66



Moti vation and Contrib utions
Challenge
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Moti vation and Contrib utions
Contributions(Reachability)

dim
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Moti vation and Contrib utions
Scienti�c Context (PhasePortrait)

� PhasePortraitfor PCDs
� Numericalalgorithmsfor computingViability

Kernels
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Moti vation and Contrib utions

Contributions(PhasePortrait)

� PhasePortraitfor SPDIs
� Viability Kernel
� ControllabilityKernel
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Reachability Analysis for SPDIs
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The Reachability Problem for
SPDIs
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Reachabilityproblem:Is therea trajectoryfrom x 0 to xf ?
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Solving the Reachability Prob-
lem

1. Fromtrajectoriesto simpli�ed trajectories
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1. Simpli�cation of trajectories
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Theorem: If thereis anarbitrarytrajectorybetween
two pointsthenit alwaysexistsastraightened
non±crossingtrajectorybetweenthem
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Solving the Reachability Prob-
lem

1. Fromtrajectoriesto simpli�ed trajectories
2. Fromsimpli�ed trajectoriesto signatures
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2. Abstraction into signatures
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� = e1e2e3 : : : e5e6e7 : : : e13e6e7e8e15
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Solving the Reachability Prob-
lem

1. Fromtrajectoriesto simpli�ed trajectories
2. Fromsimpli�ed trajectoriesto signatures
3. Fromsignaturesto factorizedsignatures
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3. Factorization of Signatures
For � = e1e2e3 : : : e5e6e7 : : : e13e6e7e8e15
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Weobtaintherepresentation:
� = e1e2e3 (e4e1e2e3)2e5e6e7e8 (e9 � � � e13e6e7e8)2 e15
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3. Canonical Factorization of
Signatures
RepresentationTheorem:Any edgesignature
� = e1; e2; : : : ; en canberepresentedas

� = r1(s1)k1r 2(s2)k2 : : : r n(sn)kn r n+1

� Properties:
� r i is aseq.of pairwisedifferentedges;

� si is asimplecycle;

� r i andr j aredisjoint

� si andsj aredifferent

Proofbasedon topologicalpropertiesof theplane

Algorithmic Analysisof PolygonalHybrid Systems– p.18/66



3. Canonical Factorization of
Signatures
RepresentationTheorem:Any edgesignature
� = e1; e2; : : : ; en canberepresentedas

� = r1(s1)k1r 2(s2)k2 : : : r n(sn)kn r n+1

� Properties:
� r i is aseq.of pairwisedifferentedges;

� si is asimplecycle;

� r i andr j aredisjoint

� si andsj aredifferent

Proofbasedon topologicalpropertiesof theplane

Algorithmic Analysisof PolygonalHybrid Systems– p.18/66



Solving the Reachability Prob-
lem

1. Fromtrajectoriesto simpli�ed trajectories
2. Fromsimpli�ed trajectoriesto signatures
3. Fromsignaturesto factorizedsignatures
4. Fromfactorizedsignaturesto typesof signatures
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4. Typesof Signatures
Abstraction:Any edgesignature

� = r1(s1)k1r 2(s2)k2 : : : r n(sn)kn r n+1

belongsto a type

type(� ) = r1; s1; r2; s2; : : : r n; sn; rn+1

Prop. Thesetof typesof signaturesis �nite
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� = r1(s1)k1r 2(s2)k2 : : : r n(sn)kn r n+1

belongsto a type

type(� ) = r1; s1; r2; s2; : : : r n; sn; rn+1

In thepreviousexample:

type(� ) =
e1e2e3; e4e1e2e3; e5e6e7e8; e9 � � � e13e6e7e8; e15

Prop. Thesetof typesof signaturesis �nite
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Solving the Reachability Prob-
lem

1. Fromtrajectoriesto simpli�ed trajectories
2. Fromsimpli�ed trajectoriesto signatures
3. Fromsignaturesto factorizedsignatures
4. Fromfactorizedsignaturesto typesof signatures
5. Analysisof eachtypeof signature(computing

successors)
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Computing Successors(for � )
Onestep(� = e1e2)
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x

I 2
[a1x + b1; a1x + b1]
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Computing Successors(for � )
Severalsteps(� = e1e2e3)

� � � � � � � � � � � � � � � � � �

� � � � � � � � � � � � � � � � � �

� � � � � � � � � � � � � � � � � �

� � � � � � � � � � � � � � � � � �

� � � � � � � � � � � � � � � � � �

� � � � � � � � � � � � � � � � � �

� � � � � � � � � � � � � � � � � �

� � � � � � � � � � � � � � � � � �

� � � � � � � � � � � � � � � � � �

� � � � � � � � � � � � � � � � � �

e4

e5

e11

e12

e9

e10

e2
e3

e1

e13

e8

e7
e6

I 3

x

I 3 = Succ� (x) = [a2x + b2; a0
2x + b0

2] \ e3
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Computing Successors(for � )
Severalsteps(� = e1e2e3e4e5)
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� � � � � � � � � � � � � � � � � � � � � � � � � �

� � � � � � � � � � � � � � � � � � � � � � � � � �

� � � � � � � � � � � � � � � � � � � � � � � � � �
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� � � � � � � � � � � � � � � � � � � � � � � � � �

� � � � � � � � � � � � � � � � � � � � � � � � � �

� � � � � � � � � � � � � � � � � � � � � � � � � �
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� � � � � � � � � � � � � � � � � � � � � � � � � �

� � � � � � � � � � � � � � � � � � � � � � � � � �
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Computing Successors(for � )
Onecycle (� = s = e1e2 � � � e8e1)

� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �

� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �

� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �

� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �

� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �

� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �
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Computing Successors(for � )
Onecycle (� = s = e1e2 � � � e8e1)
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Computing Successors(for � )
� = (s)� e13 (s = e1e2 � � � e8e1)
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Computing Successors

Lemma: Successorshave theform

Succ� (l , u) = [a1l + b1, a2u + b2] \ J if [l ; u] � S

Lemma: Fixpointequations

[a1l � + b1; a2u� + b2] = [l � ; u� ]

canbeexplicitely solved(without iterating).
Wehave that(I = [l ; u]):

Succ�� (I ) = [l � , u� ] \ J
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Reachability Algorithm

for eachtypeof signature� do
checkwhetherReach� (x0; xf )

To testwhetherReach� (x0; xf ) for

� = r1(s1)� � � � (sn)� r n+1

ComputeSuccr
Accelerate(Succs)�
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Reachability: Main Result

� Thecapabilityof computing�xpoints for simple
cycles(acceleration)

� Thesetof typesof signaturesis �nite

Reachabilityis decidablefor SPDI
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SPeeDI: a Tool for SPDIs
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Implementation: SPeeDI
� Wehave implementedthereachabilityalgorithm

for SPDIs:SPeeDI(joint work with Gordon
Pace)

� Language:Haskell

<trace><type_of_signature> simsig2figsimsigreachable <file.fig>

NO

YES

<file.spdi> 

<input interval>

<exit interval>
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Implementation: SPeeDI
� Wehave implementedthereachabilityalgorithm

for SPDIs:SPeeDI(joint work with Gordon
Pace)

� Language:Haskell

<trace><type_of_signature> simsig2figsimsigreachable <file.fig>

NO

YES

<file.spdi> 

<input interval>

<exit interval>
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Implementation: SPeeDI

Animate
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Implementation: SPeeDI

Animate

Algorithmic Analysisof PolygonalHybrid Systems– p.28/66



Implementation: SPeeDI

Animate
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Implementation: SPeeDI

Animate
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PhasePortrait of SPDIs
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PhasePortrait

PhasePortrait:apictureof importantobjectsof a
dynamicalsystem
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PhasePortrait

PhasePortrait:apictureof importantobjectsof a
dynamicalsystem

e3

e9
e12

e2

e6 e7

e4

e5

e8

e1

e10 e11

Algorithmic Analysisof PolygonalHybrid Systems– p.30/66



PhasePortrait

PhasePortrait:apictureof importantobjectsof a
dynamicalsystem

e3

e9
e12

e2

e6 e7

e4

e5

e8

e1

e10 e11

Algorithmic Analysisof PolygonalHybrid Systems– p.30/66



PhasePortrait

PhasePortrait:apictureof importantobjectsof a
dynamicalsystem

e3

e9
e12

e2

e6 e7

e4

e5

e8

e1

e10 e11

Algorithmic Analysisof PolygonalHybrid Systems– p.30/66



PhasePortrait

PhasePortrait:apictureof importantobjectsof a
dynamicalsystem
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Viability Kernel
Viab(� ): Is thegreatestsetof initial pointsof
trajectorieswhichcancycle forever in �
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Viability Kernel
Viab(� ): Is thegreatestsetof initial pointsof
trajectorieswhichcancycle forever in �

Example:� = e1e2 : : : e8e1
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Viability Kernel
Viab(� ): Is thegreatestsetof initial pointsof
trajectorieswhichcancycle forever in �

Example:� = e1e2 : : : e8e1

R 6 R 8

R 4

R 3

R 7

R 1R 5

R 2

e5

e4

e3 e2

e1

e8

e7e6

Theorem: Viab(� ) = Pre� (Dom(Succ� ))
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Controllability Kernel
Cntr(� ): Is thegreatestsetof mutuallyreachable
pointsvia trajectoriesthatremainin thecycle
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Example:� = e1e2 : : : e8e1

R 6 R 8

R 3

R 7

R 4 R 2

R 1R 5

l u

e2e3

e1

e7e6

e4

e8e5
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Controllability Kernel
Cntr(� ): Is thegreatestsetof mutuallyreachable
pointsvia trajectoriesthatremainin thecycle

Example:� = e1e2 : : : e8e1

R 6 R 8

R 3

R 7

R 4 R 2

R 1R 5

l u

e2e3

e1

e7e6

e4

e8e5

Theorem: Cntr(� ) = (Succ� \ Pre� )(CD(� ))
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Viability Kernel

Algorithm: phaseportraitfor SPDIs

for eachsimplecycle � do
ComputeViab(� ) (viability kernel)
ComputeCntr(� ) (controllability kernel)
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Viability Kernel

Algorithm: phaseportraitfor SPDIs

for eachsimplecycle � do
ComputeViab(� ) (viability kernel)
ComputeCntr(� ) (controllability kernel)

Bothkernelsareexactly computedby non-iterative
algorithms!
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Propertiesof the Kernels
Theorem: Any viabletrajectoryin � convergesto
Cntr(K � )

R 6 R 8

R 4 R 2

R 3

R 7

R 5 R 1

e6 e7

e8

e1

e2
e3

e4

e5

� ControllabilityKernel:ªWeakºanalogof limit cycle

� Viability Kernel:Its ªlocalºattractionbasin
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ConvergenceProperties
Every trajectory with in®nite signaturewithout
self-crossingsconvergesto the controllability
kernel of somesimpleedge-cycle

R 5

R 4

R 3

R 2

R 11

R 12

e12

R 13

R 14R 15

R 1
R 8

R 7

R 6

e5

e4

e3 e2

e1

e8

e7e6

e15

e14

e13

e11

e10
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BetweenDecidableand
Undecidable
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Mor ecomplex2-dim systems
Whathappensif . . .

� . . .we allow jumps?
� . . . thePCDis ona2-dim surface/manifold?
� . . .?

Answer:Reachabilityis equivalentto awell known
openproblem
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Our ReferenceModel
1-dimPiecewiseAf�ne Maps(PAMs):
f : R ! R, f (x) = ai x + bi for x 2 I i

Reachability? Openproblem!
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Our ReferenceModel
1-dimPiecewiseAf�ne Maps(PAMs):
f : R ! R, f (x) = ai x + bi for x 2 I i

I 3

R

I 5I 2

a1x + b1

I 4I 1

Reachability? Openproblem!
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Our ReferenceModel
1-dimPiecewiseAf�ne Maps(PAMs):
f : R ! R, f (x) = ai x + bi for x 2 I i

I 3

R

I 5I 2

a1x + b1

a5x + b5

I 4I 1
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Our ReferenceModel
1-dimPiecewiseAf�ne Maps(PAMs):
f : R ! R, f (x) = ai x + bi for x 2 I i

I 3

R

I 5I 2

a4x + b4

a1x + b1

a5x + b5

I 4I 1

Reachability? Openproblem!
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Our ReferenceModel
1-dimPiecewiseAf�ne Maps(PAMs):
f : R ! R, f (x) = ai x + bi for x 2 I i

I 3

R

a2x + b2

I 5I 2

a4x + b4

a1x + b1

a5x + b5

I 4I 1

Reachability? Openproblem!
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Our ReferenceModel
1-dimPiecewiseAf�ne Maps(PAMs):
f : R ! R, f (x) = ai x + bi for x 2 I i

I 3

R

a2x + b2

I 5I 2

a4x + b4

a1x + b1

a5x + b5

I 4I 1

Reachability? Openproblem!
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PCD on 2-dim manifolds (PCD2m)
Example:Torus

R2

R1

R3 R4

Reachability?

Theorem: PCD2m � PAM
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PCD on 2-dim manifolds (PCD2m)
Example:Torus

R2

R1

R3 R4

Reachability?

Theorem: PCD2m � PAM
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Hierar chical PCDs(HPCD)

x := ax + b
y := 0

R1

R4R3

(a1 ; b1 )

(a4 ; b4 )(a3 ; b3 )

(a2 ; b2 )

R2
P CD 2

`3

`2
`1 `2

P CD 3

P CD 1

g

g
x := ax + b

g

y := 0

x := ax + b
y := 0

Reachability?

Theorem: HPCD� PAM
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Hierar chical PCDs(HPCD)

x := ax + b
y := 0

R1

R4R3

(a1 ; b1 )

(a4 ; b4 )(a3 ; b3 )

(a2 ; b2 )

R2
P CD 2

`3

`2
`1 `2

P CD 3

P CD 1

g

g
x := ax + b

g

y := 0

x := ax + b
y := 0

Reachability?

Theorem: HPCD� PAM
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Undecidable2-dim Systems
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Undecidability Results
� HPCDswith OneCounter(HPCD1c)
� HPCDswith In�nite Partition (HPCD1 )
� Origin-dependentrateHPCDs(HPCDx)

Reachability? UNDECIDABLE!

Theorem:
HPCD1c, HPCD1 andHPCDx

simulate
Turing machines

Algorithmic Analysisof PolygonalHybrid Systems– p.42/66



Undecidability Results
� HPCDswith OneCounter(HPCD1c)
� HPCDswith In�nite Partition (HPCD1 )
� Origin-dependentrateHPCDs(HPCDx)

Reachability?

UNDECIDABLE!

Theorem:
HPCD1c, HPCD1 andHPCDx

simulate
Turing machines

Algorithmic Analysisof PolygonalHybrid Systems– p.42/66



Undecidability Results
� HPCDswith OneCounter(HPCD1c)
� HPCDswith In�nite Partition (HPCD1 )
� Origin-dependentrateHPCDs(HPCDx)

Reachability? UNDECIDABLE!

Theorem:
HPCD1c, HPCD1 andHPCDx

simulate
Turing machines

Algorithmic Analysisof PolygonalHybrid Systems– p.42/66



Summary of Results
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PCD

A B "A is a particular case of B"
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Summary of Results

PCD

A B "A is a particular case of B"

SPDI

decidable

Controllability kernel

Convergence properties
Viability kernel

Exact computation
Abstraction
Acceleration
Poincare map
SPeeDI

Reachability analysis
PhasePortrait
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Summary of Results

TM HPCD

PCD

A

A B

B "A is a particular case of B"

"A is simulated by B"

SPDI

decidable

undecidable

HPCD x

HPCD 1

HPCD 1c
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PhasePortrait
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Summary of Results

TM HPCD

PCD

A

A B

B "A is a particular case of B"

"A is simulated by B"

SPDI

decidable

undecidable

HPCD x

HPCD 1

HPCD 1c
RA 2cl

PCD2m

HPCD iso

RA 1sk1sl

LA stRA 1cl1mc

Reachabilityanalysis
PhasePortrait
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Summary of Results

TM HPCD

PCD

A

A

PAM

B

B "A is a particular case of B"

"A is simulated by B"

SPDI

decidable

undecidable
do not know

HPCD x

HPCD 1

HPCD 1c

PAM inj

RA 2cl

PCD2m

HPCD iso

RA 1sk1sl

LA stRA 1cl1mc

Reachabilityanalysis
PhasePortrait
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Perspectives
� SPDIto approximatenon-lineardifferential

equations
� Conditionsfor decidabilityof PCDson2-dim

manifolds
� Applicationof thegeometricmethodto higher

dimensions
� Extensionof SPeeDI:algorithmfor viability and

controllability kernels
� SPeeDI:“Topological”optimizations
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Merci!

Gracias!

Obr igado!

(BrasilPenta-Campeão!)
Thank you!
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Theorem dePoincaré-Bendixson

A non-emptycompactlimit setof C1 planar
dynamicalsystemthatcontainsnoequilibriumpoints
is acloseorbit.
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Comparisonwith HyTech
Example:

(1 ; � 2)

( � 1; � 2)

( � 1; 9
10 )

(1 ; 1)

( � 1; 1
10 )

Fixpoint: I � = ( 200
9 ; 200)
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Comparisonwith HyTech

Final Point HyTech SPeeDI Reachable

199 overflow 0.05 sec Yes

200 overflow 0.05 sec No

201 overflow 0.01 sec No

210 overflow 0.05 sec No

5 0.04 sec 0.05 sec No

20 0.07 sec 0.05 sec No

200
9 0.10 sec 0.05 sec Yes

201
9 overflow 0.03 sec Yes

199
9 0.07 sec 0.04 sec Yes

1
2 0.06 sec 0.05 sec No
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Comparisonwith HyTech
Simulationof reachabilityfor xf = 201

9

l 1 = 203
10l � = 200

9
I f = 201

9
u 1 = 118

5
3 4
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K �

e6 e7

e2e3

e4

e5

R 6

R 7

R 8

R 1

R 2

R 3

R 4

R 5

e8

e1
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Compositionof TAMFs
TAMFs areclosedundercomposition:
For

F1(x) = F1(f xg \ S1) \ J1

and
F2(x) = F2(f xg \ S2) \ J2

wehave that

F2 � F1(x) = FF 0;S0;J 0(x)

with
F 0= F2 � F1,
J 0 = J2 \ F2(J1 \ S2) and
S0 = S1 \ F � 1

1 (J1 \ S2)
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Reachability Algorithm (Exam-
ple)

e5

e4

e3

e2

e1

e8
e7e6

R 1

R 5

R 4

R 8R 6

x 0 = 1
2

R 2R 3

R 7

x f = 4
5

� Typeof signature:� = (e1 � � � e8)�

� Successorfor theloops = e1 : : : e8:

Succs(l ; u) = [ l
2 � 1

20;
u
2 + 23

60] \ ( 1
5; 1)

if [l ; u] � (0; 1)
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Reachability Algorithm (Exam-
ple)

� Fixpoint equation:Succe1:::e8(I
� ) = I �

� Solution:I � = [l � ; u� ] = [1
5; 23

30]

� Hence:Succe1:::e8(x0) � [1
5; 23

30]

...
e4

e3

e2

e6

e1

e8

e7

e5

u � = 23
30

x f = 4
51

5
x 0 = 1

2

Conclusion:xf 62[1
5; 23

30]).

Hence,xf 62Reach(x0)
Note: thesolutionwasfoundwithout iterating(by
acceleration).
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Viability Kernel
K

A

Viab(K ) = A [ B
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Viability Kernel
K

B
A w

x

z

Viab(K ) = A [ B

� M is aviability domainif 8x 2 M , 9 at leastone
trajectory� , startingin x andremainingin M

� Viab(K ): Viability kernelof K is thelargest
viability domainM containedin K

Algorithmic Analysisof PolygonalHybrid Systems– p.53/66



Viability Kernel for SPDIs
� WecaneasilycomputetheViability Kernelfor

onecycle,which is apolygon

� Theorem: Viab(K � ) = Pre� (Dom(Succ� ))
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Viability Kernel for SPDIs
� WecaneasilycomputetheViability Kernelfor

onecycle,which is apolygon

e6 e7

e2e3

e4

e5

R 6

R 7

R 8

R 1

R 2

R 3

R 4

R 5

e8

e1

� Theorem: Viab(K � ) = Pre� (Dom(Succ� ))
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Viability Kernel for SPDIs
� WecaneasilycomputetheViability Kernelfor

onecycle,which is apolygon

R 6 R 8

R 4

R 3

R 7

R 1R 5

R 2

e5

e4

e3 e2

e1

e8

e7e6

� Theorem: Viab(K � ) = Pre� (Dom(Succ� ))
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Controllability Kernel

A

K

Cntr(K ) = A

� M is controllable if 8x; y 2 M , 9 a trajectory
segment� startingin x thatreachesanarbitrarily
smallneighborhoodof y without leaving M

� Controllability kernelof K , denotedCntr(K ), is
thelargestcontrollablesubsetof K
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Controllability Kernel

A

K
x

w

z

Cntr(K ) = A

� M is controllable if 8x; y 2 M , 9 a trajectory
segment� startingin x thatreachesanarbitrarily
smallneighborhoodof y without leaving M

� Controllability kernelof K , denotedCntr(K ), is
thelargestcontrollablesubsetof K
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Controllability Kernel for SPDIs

e6 e7

e2e3

e4

e5

R 6

R 7

R 8

R 1

R 2

R 3

R 4

R 5

e8

e1

� Theorem: Cntr(K � ) = (Succ� \ Pre� )(CD(� ))
(We know how to computethespecialinterval
CD (� ) = [l ; u])
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Controllability Kernel for SPDIs

R 6 R 8

R 3

R 7

R 4 R 2

R 1R 5

l u

e2e3

e1

e7e6

e4

e8e5

� Theorem: Cntr(K � ) = (Succ� \ Pre� )(CD(� ))
(We know how to computethespecialinterval
CD (� ) = [l ; u])
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PAM simulateHPCD

e1

e5

e2e0

e4 e3

I 1

I 2

I 3

x0 = a3x + b3

x

e1 e2 e3 e4I 1 I 2 I 3

A 2x + B 2

A 3x + B 3

A 4x + B 4

e0

R
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HPCD simulatePAM

e0

e

 (e0; x; y) = (e;ai x + bi ; 0)

I i
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RA1cl1mcequivalent to PAM

_x = 0
_y = 1

0 � y � 1

y = 1 ^ x 2 I i

x := ai x + bi ; y := 0
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RA2cl equivalent to PAM

_x = 1
_y = 1

0 � y � 1

y = 1 ^ x � 1 2 I i

x := ai (x � 1) + bi ; y := 0

e0

e

 (e0; x; y) = (e; ai (x � 1) + bi ; 0)

I i + 1
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RA1sk1slequivalent to PAM

(a)

(b)

aj (u j � l j )
ai (u i � l i )

e0
i

ei

(� 1; ai )

ej

(1; aj )

e0
j

P CD j P CD i

ujl j l i ui

x = l i

y := 0; x := y + f i ( l i )_x = 1
_y = aj

0 � y � aj (u j � l j )

l j � x � u j

0 � y � ai (u i � l i )

_x = � 1
_y = ai

l i � x � u i

 (e0
i ; x; y ) = (ej ; y + f i ( l i ) ; 0)

` j ` i
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From RA1sk1slto LAst

Ci � y � D i Cj � y � D j

_x = 1
_y = ai

_x = 1
_y = aj

A j � x � B j
A i � x � B i

_x = 0
_y = 1

wherebi = C i + B i a i andbj = C j + B j a j

_x = 1
_y = 0

_x = 0
_y = 1

_x = 1
_y = 0

y = � a i x + bi y = � a j x + bj

y � � a i x + bi
C i � y � D i

x � B i

y � � a i x + bi

y � C i

A i � x � B i
y � � a j x + bj
A j � x � B j

y � C j

y � � a j x + bj
C j � y � D j

x � B j

y := Cj ; x := y + di

x = B i

y := C j ; x := y + di

x = B i
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PCD2m simulatePAMinj

(a) (b) (c)

a i x � a i l i

I j
i

I l
i

I k
i

I i
h I i

m

a i x + bi

v

e0

el i u i

v 0

f ( l i )

� f ( l i )

I i

I j
i

I l
i

I k
i

I j

I k

I l
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HPCD1c simulateTM

R2

e1

e2

R4R3

R1

R2
R1

R4
R3

e4

e3 e1e5

e6

e7

R6

R5

e2

v1
v2

e3

e4

e8

PCDi PCD 0
i ; PCD 00

i
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HPCD1c simulateTM
TM-stateqi :

P CD i

P CD 0
i

P CD 00
i

 (e1 ; �; c) = (e2; � + 1; c � 1)
g � e1 ^ c > 0

 (e1; �; c) = (e2; � + 1; c � 1)
g � e1 ^ c > 0

 (e2; �; c) = (e2; �; c)

g � e2 P CD j

P CD k

 (e1; �; c) = (e4; f 00(� ); c)

g � e1 ^ c = 0

g � e1 ^ c = 0

g � e1

 (e1; �; c) = (e4; � � 1; c + 1)

 (e3; �; c) = (e2; �; c)

g � e3

qi

` i

`00
i

`0
i ` j

` k

 (e1 ; �; c) = (e4; f 0(� ); c)
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HPCDx simulateTM

e2

e3

e1

(0; f (x0) = (� 1)b2x 0 c )

(0; f (x0) = (� 1)b2x 0 c )

f (x) =
�

1 if fracx < 1
2

� 1 otherwise
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