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A partitionof the planeinto convex
polygonalregions

A constandifferentialinclusionfor eachregion
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The“swimmer” is a hybrid system
Hybrid Automata?
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The“swimmer” is a hybrid system
Hybrid Automata?
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The“swimmer” is a hybrid system
Hybrid Automata?

We will usethe“geometric’representatiomsteadof
the hybrid automata
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MotivationandContrilutions
Algorithm for ReachabilityProblem(SPDIs)
Implementationt SPeeDI

Algorithm for PhasePortraitconstruction
(SPDIs)

Other2 dim Hybrid Systems
BetweenDecidabilityandUndecidability
Undecidabilityresults

Summaryof ResultsandPerspecties
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Moti vation and Contrib utions
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Scienti ¢ Context (Reachability)

reachability
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Planar 2-dim 3-dim dim
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Challenge

Non Extensions
deterministic of
reachability PCDs PCDs

Undecidable

Decidable
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Contrilutions(Reachabillity)

reachabiity y ..
Extensions
Undecidable of
-~ PCDs
EExtensions
Open | of
Problem ~ PCDs
SPDIs
Decidable -
Planar 2 dim 3dim dim
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Scienti ¢ Context (PhasdPortrait)

Phasd’ortraitfor PCDs

Numericalalgorithmsfor computingViability
Kernels
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Contributions(PhasdPortrait)

PhasdPortraitfor SPDIs
Viability Kernel
Controllability Kernel
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Reachability Analysisfor SPDIs

Algorithmic Analysisof PolygonalHybrid Systems- p.10/6



€4
e1
€9
€12 f
€10
€11
€5 ®
/ N
—

Algorithmic Analysisof PolygonalHybrid Systems-p.11/6




—

T~
i
< 3 //eg

€6 €7

éf
€9
€12
€10
€11

X0

Reachabilityproblem:is thereatrajectoryfrom x to x; ?
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1. Fromtrajectoriego simpli ed trajectories
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Theorem: If thereis anarbitrarytrajectorybetween
two pointsthenit alwaysexistsa straightened
nonzcrossindrajectorybetweerthem
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1. Fromtrajectoriego simpli ed trajectories
2. Fromsimpli ed trajectoriedo signatues
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1. Fromtrajectoriego simpli ed trajectories
2. Fromsimpli ed trajectoriedo signatues
3. Fromsignaturego factorizedsignatues
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We obtaintherepresentation:
= e160€3 (€4€16,63)°€565€768 (€9 €1365€7€8)° €15
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Representatiomheorem:Any edgesignature
= €, 6, ...;e, canberepresenteds

= 11(51)%r2(82)" 2 ;i rn(Sn) s
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Representatiomheorem:Any edgesignature
= €, 6, ...;e, canberepresenteds

= 11(51)%r2(82)" 2 ;i rn(Sn) s

Properties:
ri Is ased.of pairwisedifferentedges;
s; Isasimplecycle;
ri andr; aredisjoint
si ands; aredifferent

Proofbasedntopologicalpropertienf theplane
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—-romtrajectoriedo simpli ed trajectories
-romsimpli ed trajectoriedo signatues
~romsignaturegso factorizedsignatues
~romfactorizedasignaturedo typesof signatues

ol A
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Abstraction:Any edgesignature
= 11(51)%r2(82)" 2 i rn(Sn) s
belonggo atype

type( ) = r1;S1;r2,S0, .. n;Sn; M+t

Algorithmic Analysisof PolygonalHybrid Systems- p.20/6



Abstraction:Any edgesignature

= 11(S0)"r(S2) 2 1 (Sn) " rns
belonggo atype
type( ) = r1;S1;r2;S0;:::n;Sn; M+t

S1 So Sn

SAVERRY

1 ) I's n M+1
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Abstraction:Any edgesignature

= 11(51)%r2(82)" 2 i rn(Sn) s

belonggo atype

type( ) = r1;S1;r2,S0, .. n;Sn; M+t

In the previous example:

type( ) =
€16263, €4€162€3, 6565€7€3, €9  €13E5E7€3, €15
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Abstraction:Any edgesignature

= 11(51)%r2(82)" 2 i rn(Sn) s

belonggo atype

type( ) = r1;S1;r2,S0, .. n;Sn; M+t

Prop. Thesetof typesof signhaturess nite
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. Fromtrajectoriedo simpli ed trajectories

. Fromsimpli ed trajectoriedo signatues

. Fromsignaturego factorizedsignatues

. Fromfactorizedsignaturedo typesof signatues

. Analysisof eachtypeof signaturg.computing
Successors)
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Severalsteps = e;6,63)

e,

|3 = Succ(x) = [ax + bp;adx + B]\ e
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Severalstepy = e;e,e3e465)

./
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Onecycle( =s=ee ege)

./

lo = Succ(x) = [agx + bg;agx + B]\ e
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Onecycle( =s=ee ege)

./

| =al + by U =au + by

| = Succ(X)=1[,u]\ g
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Onecycle iterated solutionof xpoint equation
(acceleation): 1°= Sucg,e,, Sucg, o Sucg(x)
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Lemma: SuccessorBave theform

Succ(l,u) = [agl + by, apu+ ]\ Jif [l;u] S

Lemma: Fixpointequations

[aal + bp;apu + ] =l ;u]

canbeexplicitely solved (withoutiterating)
We have that(l = [I; u]):

Succ(1) =l ,u]\ J
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for eachtypeof signature do
checkwhetherReach (Xg; X¢)

To testwhetherReach (Xq; X ) for
=r1(s1)  (Sn) I+

ComputeSuce
Acceleratg Sucg)
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Thecapabilityof computing xpoints for simple
cycles(acceleration)

Thesetof typesof signhaturess nite

Reachabilityis decidableor SPDI
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SPeeDl: a Tool for SPDIs
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We have implementedhereachabilityalgorithm

for SPDIs:SPeeDI(joint work with Gordon
Pacq

LanguageHaslell
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We have implementedhereachabilityalgorithm
for SPDIs:SPeeDI(joint work with Gordon

Pacq
LanguageHaslell
e N
<file.spdi> ———= < ¢ sianaturel
<input interval> reachabl ypeY_I(E)S_Slgna ure; simsig <tracez| simsig2fig <file fi
<exit interval>
\ y,

NO
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PhasePortrait of SPDIs
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PhasdPortrait: a pictureof importantobjectsof a
dynamicalsystem
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PhasdPortrait: a pictureof importantobjectsof a
dynamicalsystem

AN
l Sec [t

e10 €11

€4

€5

Algorithmic Analysisof PolygonalHybrid Systems- p.30/6



PhasdPortrait: a pictureof importantobjectsof a
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Viab( ): Isthegreatessetof initial pointsof
trajectoriesvhich cancycle foreverin
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Viab( ): Isthegreatessetof initial pointsof
trajectoriesvhich cancycle foreverin

Example: = ee::.:.e36;

Theorem: Vial( ) = Pre (Dom(Succ))
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Cntr( ): Isthegreatessetof mutuallyreachable
pointsvia trajectorieghatremainin thecycle
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Cntr( ): Isthegreatessetof mutuallyreachable
pointsvia trajectorieghatremainin thecycle

Example: = ee:.:.:.e36;

S Rg

Algorithmic Analysisof PolygonalHybrid Systems- p.32/6



Cntr( ): Isthegreatessetof mutuallyreachable
pointsvia trajectorieghatremainin thecycle

Example: = ee:.:.:.e36;

S Rg

Theorem: Cntr( ) = (Succ \ Pre )(G( ))
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Algorithm: phaseportraitfor SPDIs

for eachsimplecycle do
ComputeVial( ) (viability kernel)
ComputeCntr( ) (contollability kernel
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Algorithm: phaseportraitfor SPDIs

for eachsimplecycle do
ComputeVial( ) (viability kernel)
ComputeCntr( ) (contollability kernel

Both kernelsareexactly computedoy non-iteratve
algorithms!
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Theorem: Any viabletrajectoryin corvergesto
Cntr(K )

Rg e3 - Ro
eq ¢ £L
Rs R1
€5 €s
Re £6 c7 | Rg

Controllability Kernel:2Weak®analogof limit cycle

Viability Kernel: Its 2local®attractionbasin
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Every trajectory with in®nite signature without
self-crossingscorvergesto the controllability
kernel of somesimple edge-cycle

Ry e Ru
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BetweenDecidableand
Undecidable
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Whathappensf ...
...we allow jumps?

...thePCDIs ona2-dim surface/manifold?
L7
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Whathappensf ...
...we allow jumps?

...thePCDIs ona2-dim surface/manifold?
L7

Answer:Reachabilitys equvalentto awell known
openproblem
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1-dim Piecavise Af ne Maps(PAMS):
f :R! R, f(x)=ax+ Ihforx2I,
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1-dim Piecavise Af ne Maps(PAMS):
f :R! R, f(x)=ax+ Ihforx2I,
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1-dim Piecavise Af ne Maps(PAMS):
f :R! R, f(x)=ax+ Ihforx2I,

aixX + by
aux + by
R /\ _____
1 a4 I3 w s
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1-dim Piecavise Af ne Maps(PAMS):
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aixX + by
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Reachability?
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Example:Torus
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Example:Torus
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Reachability?
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Example:Torus
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Example:Torus

Reachability?
Theorem:
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Reachability?
Theorem:
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Undecidable2-dim Systems
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HPCDswith OneCounter(HPCD 1)
HPCDswith In nite Partition(HPCD1 )
Origin-dependentateHPCDs(HPCD,)
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HPCDswith OneCounter(HPCD 1)
HPCDswith In nite Partition(HPCD1 )
Origin-dependentateHPCDs(HPCD,)

Reachability?

Theorem:
HPCD,.,, HPCD; andHPCD,

simulate
Turing machines
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Summary of Results
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A ----» B "Ais a particular case of B"
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_______

/ Reachability anal

. PCD77777 = SPD'\? PhasePortrait
e decidable

Exact comput:

Controllability kernel Abstraction
Viability kernel Acceleration
Convergence properties Poincare map
SPeeDI
A ----= B "Ais a particular case of B"
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A----=B

P

Reachabilityanaly

PED===77 = SPDI™. ©  PhasePortrait
... decidable ... ™
y

HPCD

"Ais a particular case of B"
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A----=B

P

HPCD r=- - - ~HpPCD

/

4
/

¥
HPCD 1c

"Ais a particular case of B"

Reachabilityanaly
PhasdPortrait

Algorithmic Analysisof PolygonalHybrid Systems- p.44/6



....

s . .
w N /
AN * *.
~ L e
N R
N /
N | 4

'TM —— HPCD -~ -HpCD

Fo
HPCD 1¢
“... undecidable
A ----= B "Ais a particular case of B"

"A is simulated by B"

A— B

Reachabilityanal
Phasd”ortrait
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....

Reachabilityanal

HPCD,. - PEP 7T = SPDI™-. . PhasePortrait
/////" > ./ decidable .-
.- AN (
TM—— = HPCD ==~ -"HpCD - - - - - - oo PCD2nm
' A R AN
7l ! N \\\ RA 1sk1sl

'
HPCDy o 5
“.._ undecidable " RAzi RAsme HPCDiso=—= LA

A ----= B "Ais a particular case of B"

A — B "Alis simulated by B"
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.....

Reachabilityanal

HPCD X P/CD _____ = SPDI Phas@ortralt
/ \\._‘ /’ decidable
: \\ ’/
TM———— HPCDI“;":I]IPCD<—>PAI\/I <--- PAM iy PCDnm
: VAR B N
,?/ ! N N N RA 1sk1sl
/ .: / \ AN
HPCDy \ )
. - HPCD sg«—»
undecidable R'A\ch RA]_d]_mc ISO LA st
A ----»= B "Ais a particular case of B"

A — B "Alis simulated by B"
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SPDIto approximatenon-lineardifferential
equations

Conditionsfor decidabilityof PCDson 2-dim
manifolds

Applicationof thegeometricmethodto higher
dimensions

Extensionof SPeeDl:algorithmfor viability and
controllability kernels

SPeeDI Topological”optimizations
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Mercl!
Gracias!
Obrigado!

(Brasil Campeéao
Thank you!
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A non-emptycompactimit setof C* planar
dynamicalsystemthatcontainsno equilibriumpoints
IS a closeorbit.
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Example:

(1; 2)\

Fixpoint: | = (3%, 200)
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Final Point HyTedh SRkeeDI Reathable
199 overflow 0.05 sec Yes
200 overflow 0.05 sec No
201 overflow 0.01 sec No
210 overflow 0.05 sec No
5 0.04 sec | 0.05 sec No
20 0.0/ sec | 0.05 sec NoO
e 0.10 sec | 0.05 sec Yes
e overflow | 0.03 sec Yes
= 0.07 sec | 0.04 . SEC..buworronYEShisssed

ms-p.48/6



— 201

Simulationof reachabilityfor x; = 55
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TAMFs areclosedundercomposition:

For

Fl(X) = Fl(fxg\ Sl)\ Jl
and

Fz(X) = Fz(fxg\ Sz)\ Jz
we have that

Fo Fi(X) = Frosejo(X)
with
FO= F, Fy,

JO= Jz\ Fz(Jl\ Sz) and
SO: Sl\ Fl 1(J1\ 82)
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N = .

Re R~ Rsg

Typeof signature: = (e; €g)
Successolor theloops = e; :::€g:

Sucg(l;u) =[5 &9+ 2\ (31)

if [l;u]  (0;1)
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Fixpointequation:Sucg, e, (1 ) = |

Solution:I =l ;u]= [%;5—3
Hence:Sucg, e, (Xo) [%;5—8

€4

1. 23]).

Conclusion:xs 64z; 55
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Viab(K) = A[ B
M Is aviability domainif 8x 2 M, 9 atleastone
trajectory , startingin x andremainingin M

Viah(K ): Viability kernelof K is thelargest
viability domainM containedn K
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We caneasilycomputethe Viability Kernelfor
onecycle,whichis apolygon
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We caneasilycomputethe Viability Kernelfor
onecycle,whichis apolygon
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We caneasilycomputethe Viability Kernelfor
onecycle,whichis apolygon

Theorem: Viab(K ) = Pre (Dom(Succ))
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Cntr(K) = A

M Is contollableif 8x;y 2 M, 9 atrajectory
seggment startingin x thatreachesanarbitrarily

smallneighborhoomf y withoutleaving M

Contmwollability kernelof K, denotedCntr(K), is
thelargestcontrollablesubsebf K
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Theorem: Cntr(K ) = (Succ \ Pre (G ( ))
(We know how to computethe specialintenal

G( )= [liu])
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A

(%% y) = (e;aiéx + b;0)
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>
i

= ax+b;y=0
17 x 21

<
[
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A
: Xx=a(x 1)+b;y=0

(e°;x;y)=(e;§i(x 1) + b;0) y=1rx 121,
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PCD;j
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(b)



whereb; = Cj + Bjaj andb; = Cj + Bj a;
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€2 R,
/ N
€s &1
N /
€4
Rs Ra
PCD; PCD,PCD/®
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TM-stateqg:

(
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
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€2
} 0:f (xo) = ( 1)°2x0°)

€1

----- . s >

J ©:f (xo) = ( 1)P200)
€3

1 If frac, <
1 otherwise

NI

T(x)=
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