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Introduction

Garding and Skau have given a modern account [5] of Abel’s approach to the analysis of solvable
equation. In particular, they present a proof that the degree of any primitive solvable equations
has to be primary (a power of a prime number), and the general form of the root of a solvable
equation of prime degree (see also [4]). This presentation however does not really follow Abel’s
arguments. Instead the approach there is similar to a modification of the argument already
suggested by Sylow in his comments on Abel’s paper [3]. Similarly, H. Edwards more recent
and complete analysis of solvable equations of prime degree [6] does not follow Abel.

The goal of this note is to reconstruct Abel’s argument [3], trying to understand Abel’s
work in terms as close to Abel’s as possible, deviating thus from both Sylow and Garding’s
presentations. We feel that this argument gives a better explanation of the form of the root of
solvable equations of prime degree. An analysis of Abel’s approach is also contained in the thesis
of Sgrensen [8], which refers to Sylow’s comments on [3]. Sgrensen has a discussion on the “highly
computation based mathematical style of the 18th century, to which Abel had also adhered”
which was marked by “lengthy, rather concrete, and painstaking algebraic manipulation”. The
present paper gives such a “computational” analysis of the problem of characterising solvable
equation of prime degree, which can be compared with the modern account of [5]. The key
Lemma is Lemma 5.1, which comes from Abel and shows that, for an irreducible solvable
equation of prime degree, all roots are rational functions of the Lagrange resolvent of the
equation.

1 Some Lemmas about radical extension

Let L be a field of characteristic 0 and ¢ a prime number. We assume that L contains a primitive
gth root of unity a? = 1 and b is an element of L which is not a ¢qth power in L. Abel proves
the following results.

Lemma 1.1 The polynomial X9 — b is irreducible.

Proof. Let P a non constant polynomial of minimal degree in L[X] that divides X9 — b. Then
all polynomials P(«’X) for i =1,...,q — 1 divides also X9 — b and so the polynomials P(a‘X)
fori=0,...,q— 1 cannot be all pairwise coprime. So they are all equal to X% — b. O

The extension L[v] = L[X]/(X? — b) is called a radical extension. The field L[v] is a vector
space over L of dimension [L[v] : L] = ¢ and a basis is 1, v,..., v?7L.



Lemma 1.2 Let P(X,v) be an irreducible polynomial in L[v|[X]| which is not in L[X]. The
polynomial

q—1
Q(X) =[] P(x,dw)
=0

is in L[X] and is irreducible in L[v]. In particular, if w = ag + a1v + ... + ag—1v9" ! is in L[v]
and not in L the minimal polynomial of w over L is

q—1

H(X — (ap + a10dv + ... 4 ag_ oMy 1Y)

1=0
Proof. All polynomial P(X, a‘v) are irreducible for i = 0, ..., ¢—1 and they are pairwise distinct
since P(X,v) is not in L[X]. If R is a non constant polynomial in L[X] that divides @ then
R cannot be coprime to all P(X,a’v), so it is divisible by one, and hence by all P(X, a‘v), for
1=0,...,qg — 1. Since they are coprime, it is divisible by their product Q. O

Lemma 1.3 If w is an element in L[v] which is not in L then L{w] = L[v].

Proof. Indeed w is of degree ¢ over L by the previous Lemma. (The elements v, 1,w,...,w9"*
that can be written as L linear combinations of 1,v,...,v9"! have a non trivial linear relations,
which gives an expression of v as a L-linear combination of 1,w,...,w?!.) O

2 Normal and cyclic polynomials

If g is a irreducible polynomial over K of degree m, we can consider the extension K[r] =
K[X]/(g) where we add formally one root r of g. We say that g is a normal polynomial
iff g has m roots r, ri, ..., rm—1 in K[r]. In such a situation, we can define the maps
h(r) — h(r;), which are automorphisms of K[r] for ¢ =0, ..., m — 1. (The construction of
similar automorphisms plays a crucial role in the paper [2], and of course, in Galois’ presentation
of his theory, and this is where the notion of irreducibility appears.) If s = h(r) is an element of

K|[r] the conjugates of s are the elements s, s; = h(ry), ..., Sm—1 = h(rm—1). If these elements
are all distinct then we have K[s| = K[r|. Indeed, if ¢ is in K[X] and ¢(s) = 0 then g(h(r)) =0
and so q(h(r;)) =0fori=0, 1, ..., m — 1. It follows that the minimal polynomial of s over
K is

m—1

l:I(X—Sl)
0

=
If § is the automorphism h(r) — h(r1) then 6(r) is a root of g, and so are 6%(r), 63(r), ...
In the case where this enumerates all roots of h, that is, when all r, 0(r), ..., 6™ !(r) are
distinct, we say that g is a cyclic polynomial. (Abel shows in [2] that a cyclic polynomial is
solvable.)

3 Lagrange resolvent

Let k be a field and K = k[a] the extension of k by a primitive p-root of unity o = 1, where
p is a prime number. (We can have K = k if k contains already a primitive p-root of unity.)
If o € G, is a permutation of 0,...,p — 1 we define

151
Uy = — Z ailXU(l)
p =0



This is a polynomial in K[Xo, ..., X,—1]. We shall see that Abel’s analysis of solvable equations
explains in a natural way why considering this element, the Lagrange resolvent.
We write S, ..., Sp—1 the elementary symmetric polynomials in X, ..., X, 1

50:X0+...—|—Xp_1 Sp—1:X0~~-Xp—1

Lemma 3.1 If R is a polynomial in k[X]| the element

b= Z R(UJ)XU(l)

€6y,

is in K[So, ..., Sp—1], and the element pyg is in k[Sp, ..., Sp—1].

Proof. 1t is clear that p; is a symmetric polynomial in Xy, ..., X,_1 and hence it belongs to
k[, So, - - ., Sp—1]. Furthermore, py is invariant by the change of a to o fori =1,...,p—1 and
hence pg is in k[So, ..., Sp—1]. O

4 Solvable equations

Let k be a field of characteristic 0 and K the extension of k obtained by adding all roots of
unity. We consider a polynomial equation f(z) = 0 over k. We say that this equation is solvable
iff there exists a sequence of radical extensions

K, = Klu1], Ko = Ki[ug], ..., K, = K,_1[uy]
uf' € K, ub? € Klw], ... ,ublr € Klug, ..., up1]
with p1,...,p, prime and w;4+1 not in K; = K[uy,...,u;] such that f has a root zp in K.

K11 is a vector space over K; of dimension [K;1; : K;] = p; and the dimension of K,, over
Kis [K,:K|=p,...p1.
Notice that we have an explicit basis of K,, over K which is given by all monomials

with i1 < p1, ..., in < pn.
We have an element z( in K,, such that f(xzg) = 0. If xq is already in K,,_; we can shorten
the sequence u1, ..., u,. In this way, we can assume that zg is in K,, but not in K,,_;.

We can write
pn—1

To = Q0 + qutn + Qup, + - .. + Gp, 1Y
with qq, q1,... in K,,_1. Since xg is not in K,,_1, some of the term ¢1, ¢2, ...is # 0. We have
K, 1[u,] = K,,_1[qul] by Lemma 1.3 if ¢; # 0. Let us write w = qul,. Since wP is in K,_1,
and not in K,,_1, we can write

2 -1
x0 =co+crw+ cow” + ...+ cp, 1w

The equality

o+ 1w + cow® + .. 4 cp1wP T = o + qrun + goud 4+ o+ g ul

shows, by comparing the coefficient of u!, in both expressions, that we have ¢; = 1. Thus, by
replacing u, by qul,, we can thus assume that we can write

pn—1

Lo = qo + Un + QU + ...+ Gy, —1UY



5 Solvable equations of prime degree

Assume now that the equation f(x) = 0 is monic, irreducible and of prime degree p. Abel
proves in this case that p,, = p in the following way.
Since K,,—1[zg9] = K,, the minimal polynomial of xy over K,,_; is by Lemma 1.2

p—1
TT(X = (@0 + abyun + goflud + ...+ ol Digy, qubn )
=0

with o =
This polynomial is in K,,_1[X]. We take iy < n minimal such that it can be written in
K, [X]. Being irreducible in K,,_;[X] this polynomial is irreducible in K;, [X] as well, and can
be written Q(X,u;,) with coefficients in K;, 1. The polynomial
pi; —1
H Q(X’ aéluil)
1=0

is irreducible in K;, —1[X] by Lemma 1.2 and is in K;, [ X] for some i3 < i1, and of degree p,p;, .
In this way, one shows that the degree of the minimal polynomial of zg over K has to be of
the form p,pi, pi, .... But since f(xo) = 0 and f is irreducible of degree p one should have
D = PnPiyPiy - - .- Since p is prime this is only possible if p, = p and

p—1
FX) = [T = (@0 + abun + 07 u + ..+ ol Vg, qubr ™))
=0

We write a = ay, and u = u,,. In K,, the polynomial f has p roots

= qo + ddu+ @i + ..+ qp_la(i”*l)lup*1

for I =0,...,p— 1. It follows that we have
1
U= E(xo tale 4o o Py, )

We see that w is in k[, zo,...,2p—1]. The element u is the (Lagrange) resolvent of the
equation f(z) = 0. We see that Abel’s analysis explains where this resolvent comes from. We
follow now Abel in showing that zo,...,zp—1 are in k[a, u], so that klo, u| = k[a, zo, ..., zp—1]
and x¢ is in kfu].

If o0 € 6, is a permutation of 0,...,p — 1 we define

15~
Ug = — Z a_lzo(l)
pl:O

5.1 All roots are rational functions of the resolvent

We follow Abel, contrary to Netto [7], who uses Galois theory at this point. The polynomial
Px) = [ (X - u)
o€,

is in k[X] and such that P(u) = 0. If R = P/(X — u) we have R in k[u][X] and we claim that
R(u) # 0.



Lemma 5.1 If u, = u then o(l) =1 for all [.

Proof. Assume u, = u. This can be written as

—1 p—1
15 1
u=— Z a_l:ng(l) = - Z ago + a”Ou+ gea®Du? 4. 4 g, 1P DoDyp1)
P P
with qo,q2,...,¢p—1 in K, _1 and hence, comparing the coefficient of u in both side of this
equality
15
1=- Z ala”®
P
or
p—1
b= Z a-lao®
1=0
This equality is only possible if o(l) = [ for all . O

By Lemma 3.1, the element

R(u)xl = Z R(uo)xa(l)

o€,
is in k[a], since it is symmetric in o, ..., xp—1. Furthermore, also by Lemma 3.1, the element
R(u)z is in k.
Corollary 5.2 k[o,u] = k[a, xo, ..., zy—1] and z is in k[u].

We can write
21 = qo(v) + wlu + (v)w?u® + ..+ gy (v)w PP

with ¢; in k[X] and v = u”.
Since )
qo(v) = 5(1‘0 +. 4 xpo1)

we see that go(v) = qo is in k.
We write Q = k[a, u] = k[, 0, ..., Zp—1]. In modern term, Q is a normal extension of k.
Abel’s analysis consists precisely in looking at all conjugates of u in €2 and expressing that

zo = qo +u+ qv)u 4+ ... 4 gpo1(v)uP

has only p conjugates.

5.2 The conjugates of the resolvent

The root of the minimal polynomial F' of u over K are called the conjugates of u. They are all
in Q, since they are among the elements u,, 0 € &, and xo, z1, ..., Zp—1 are in ko, ul.

If v is a conjugate of u we define an automorphism of by extending the map k[u] —
Q, r(u) — r(u') to Q. For extending this map, we look at the minimal polynomial Q (X, u) of
a and we choose a root o of Q(X,u’). The conditions p(u) = v and p(a) = o defines then
an automorphism of Q. All automorphisms of {2/k can be obtained in this way and we get a
complete description of the elements of the group H of automorphisms of the extension Q/k.



Via an automorphism u — v/, a — o/, the element v = u? is sent to the element v/ = u'P.
I claim that we have k[a,v] = k[, v']. Indeed, if v" is not in k[, v] we have by Lemma 1.3,
k[a,v'] = Q, since Q is a radical extension of k[a,v], and this contradicts that «' is not in
kla, v'].1

Let G the minimal polynomial of v over k. We have F(X) = G(X?). We are going to see
that the degree v of G divides p — 1. Furthermore, there is a polynomial 6 in k[X] such that
the roots of G are exactly the element v, 0(v), ..., 6*71(v).

Since v’ is in = k[a, u] we can write

/ -1
W =cotcu+...+cpqu’

with co, ..., cp—1 in k[a, v]. Since u? is in k[a, v'] = k[er, v] we have by Lemma 1.2 a relation of
the form A ‘
o =co+cidu+ ...+ cp,loﬂ(p_l)up_l

and so
acy +crau + ...+ cp,lozup_l =cy+ciddu+... + cp,laj(p_l)up_l

It follows that ¢; = 0 if i # [ and v’ is necessarily of the form ¢u! with jl = 1 mod. p.
Since we have f(xg) = 0 where

To=qo+u-+ Q2(U)U2 +...+ qp—l(v)up_l

it follows that
qo +u' + g0 )u? + ..+ gy (V)P

is also a root of f and so we have for some k
g+t + @)+ .+ g (V)PTE = go + oFu+ g(v)a®Fu + L+ gy (0)aFPTD P

and since k[a, v'] = k[, v] and v’ = ¢u! it follows that we have ¢; = ¢;(v)a*'.
In conclusion, the roots of f can be written

T =qo + o'u+ g(v)a?u? + .+ gy (v)a PP

and the conjugates of u are necessarily of the form g (v)ula/.

Notice that if ¢(u) = g;(v)u'a’ then we have ¢(x¢) = z} such that [k = j mod. p.

Any automorphism ¢ of Q/k necessarily sends u to an element of the form p(u) = ¢ (v)ula/.
If we have another automorphism 1) which sends « to an element 1) (u) = ¢;(v)u’a¥, the element
¥(p(u)) has to be of the form gs(v)u®a! and s is the product It modulo p.

We thus have a group morphism H — (Z/pZ)* of the group of automorphism of Q/k into
the multiplicative group of the nonzero elements mod. p. Let g be a primitive root modulo p
and choose k = ¢! mod. p which generates the image of this morphism. We know that  divides

p — 1 and we write lv = p — 1. We have
0(u) = qp(v)uFal

and we can assume j = 0 since the conjugates of u are closed under multiplication by a. (We
have used only in a superficial way the modern notion of group of automorphisms to simplify
the exposition, but all these last steps were clear to Abel.)

!This is the step which is not completely clear in either Netto or Abel [3, 7]. Sylow suggests a modification of
Abel’s argument, which is followed in [5], involving normal closures.



We know that 6(zg) is a root of the polynomial f. Also, since 8(u) = qx(v)u*w® we have

necessarily 0(zg) = z¢. We have then
92(“) = Gk (v)uk27 93(“) = k3 (U)uk37 e

with k" = k,, mod. p.
The conjugates of u are then exactly the elements gz, (v)uPra’. Hence u has exactly pv
conjugates and v is the degree of v.
We have
0(v) = 0(u?) = g (v)"0"

and the conjugates of v are 0(v), 6%(v), ..., ~(v) and 6 (v) = v. We see that v is the root
of a cyclic polynomial of degree v which divides p — 1.

Let us write (i) for g**. We can write 8(u) = hu(") and h in k[v] has for conjugates h =
ho, h1, ..., hy—_1. We then have

02(u) = 0(h)(0(u)) D = hyhHu®
and more generally
O(u) = huV, 02(u) = hyh§Pu®@, . 0¥ (u) = u=hy_1h, BT U™

We can choose g such that (v) — 1 = np and n is not divisible by p: if g?~! — 1 is divisible
by p?, then (g + p)P~! — 1 is not divisible by p? and we can change g to g + p. We have

1= hy_1ht, R Dyn

U9

and we can then find ¢ and s such that nt + 1 = ps, so that

v = (vs)prl(jo_)lrl(,l_)Q e 7“(()”_1)
W1 r = . e elements r =719, 1, ..., Tp—1 Nave 1O De palrwise distinct since v 1S not o
ith hf. The el t have to be pairwise distinct si is not of

pth power in k[, v]. Tt follows? that we have k[rg] = k[v] and so we can write v® = 1)(r). Also
the element w = u/1y(r) satisfies

1 v—1
W -

We have

v =1(rp)? r,(jo_)lrl(,l_)z . 7’(()”_1) cee vy = P(ry)P rl(,o_)2rl(,l_)3 . T(V_ll)

v—

6 Summary of the analysis

In order to build the roots of a solvable irreducible polynomial of prime degree p, we take a
divisor v of p — 1 and a cyclic polynomial of degree v with roots r = rg, 71, ..., 7,_1. We
assume that p—1 = [v. We choose a primitive root g mod. p. We consider the elements, where
(i) denotes g"

(l/—l)rgl/—2)

s=rg .. .7‘1(91 = rgy_l)rg’_m e r(()y_l) cee Spy_1= rl(,l/__ll)r((]y_2) e rl(f'__zl)

ZNetto does not observe that we must have k[v] = k[r] but states this as an extra hypothesis. On the contrary,
Sylow in his analysis of Abel’s paper [3], states that it is easy to see, “on voit facilement”, that r is of degree v
over k.



We assume that the element s is not a pth power in K[r] so that the radical extension K[w]
with w? = s is of degree p over K[r]. We write () —1 = np and we define w; = w™ /7§ so that

w) = 51 and

wy = wi frt = w® /gt wg = wl? /1y = w® @ e,

and we have

wlsljl/rf_l =ww"/s" = w
The elements w, wiy, ..., wy—_1 are linearly independent over K[r] since v is not a pth power
in K[r] by hypothesis. (It follows from this that the elements s, s1, ..., s,_1 are pairwise

distinct and that s is of degree v over K.) The elements

v—1 v—1 v—1
-1
vo=qo+ Y to(rwi+ Y a(rw! +...+ > da(rw!
i=0 i=0 i=0

have exactly p conjugates (provided we have v;(r) # 0 for some j).
Furthermore, any solvable polynomial of degree p can be obtained in this way.
Notice that we don’t require that n is not divisible by p.
7 Example: solvable equations of degree 5
71 Casev=1
We take an arbitrary v in K which is not a 5th power and the general form of the root is
2 4 3
qo + u+ P1u” + Pou™ + Y3u

with qo in K, and 11, 19, 13 in K and u® = v.

7.2 Caserv =2

We take a cyclic polynomial of degree 2 and root 7, 7 such that r%r; is not a 5th power in

K[r]. Then if we consider the radical extension w® = r4ry and w; = w*/r3, so that w} = rjr.

For any polynomials 1y and 1; the element

20 = qo + to(r)w + vo(r1)wy + Y1 (r)w?® + 1 (r)w?

has 5 conjugates (provided ¥y(r) # 0 or ©1(r) # 0). On the other hand the element w has 10
conjugates of the form ofw and a‘w;. If w is sent to a’w then w® = 747y is not modified, so
that r is sent to » and w; = w4/r3 is sent to a*w; and x( is sent to

T; = qo+ @Do(r)aiw + ¢0(T1)a4iwl + 1 (r)a%w2 + 1 (Tl)OzBiw%
On the other hand, if w is sent to ow; then r is sent to r and xq is sent to

T4 = qo + wo(rl)aiwl + 1/10(7’)044iw + (rl)a%w% + 1 (T)Oz?’in



7.3 Casevrv=14

We take a cyclic polynomial of degree 4 and root r, ri, 79, r3 such that 7"87“‘117“%7“3 is not a 5th

power in K[r]. We consider the radical extension w® = r8r{r3rs and

wy = w? /3wy = w /rOr3, wz = w®/r2rlrs

Then for any ¥ (r) # 0 the element

o = qo + w(r)w + 1/1(7’1)11)1 + w(TQ)’LUQ + w(rg)w;g

is of degree 5 over K.

There is in the reference [9] an analysis of the form of the general cyclic equation of degree
4.

Notice that, in his letter to Crelle where Abel gives the general form of solvable equations
of degree 5, Abel seems to limit himself to the case v = 4. Similarly, Kronecker, in his 1853
note (where he announced what is now known as the Kronecker-Weber theorem), seems to limit
himself to the case where v = p — 1. (This is pointed out in the reference [6].)

8 Primitive solvable polynomials

Abel’s paper [3] goes further than the analysis of solvable irreducible equations of prime degree.
This is explained in [4, 5], using however Galois theory in an essential way. We think that
the main idea can be explained without using Galois theory, following Sylow’s explanations of
Abel’s paper. This consists in organising the sequence of radical extensions

K, K[ul], K[ul,u2],

in a special way. (This way appears in some drafts of Abel, according to Sylow.) First, we don’t
assume anymore that K contains all roots of unity and we start from the base field k, adding
roots of unity when needed. Second, at each stage, we have a normal extension K of k with a
complete description of all automorphisms of K/k. For the next stage, instead of adding only
one root of X? —q if a is in K is not a pth power, we add first a primitive p-root of unity o = 1
(if necessary) and then we add a root for each polynomial X? — a’ where a’ is a conjugate of a
over k. We thus obtain an extension

L =Ko, up,..., Uy

of K[a] of degree p™ for some m with u]* = a; in K is a conjugate of a. We still have a complete
description of the automorphisms of L /k. Given any automorphism ¢ of K/k, we explain how
to extend it to an automorphism of L/k. First we have to choose ¢(a) = o/. There are as
many choices as the degree of o over K. Then we choose a root v} in L of X? — ¢(a;). The
polynomial X? — ¢(az) as no root in K[a/, u}], since X? — az as no root in K[a, u1]. We choose
a root uhy in L of XP — p(ag). We define in this way ¢(u1) = u), @(ug) = ub, ...

As noted in [5], the group of automorphisms of the extension L/K][a] is commutative and
isomorphic to (Z/pZ)™.
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