Cubical Type Theory

Interval and Face lattice

r,s u=0|1]i|1l—d|rAs|rVvs o) =01 (r=0)|(r=1) oA ]|V

The equality on the inverval I is the equality in the free bounded distributive lattice on generators
1,1 —i. The equality in the face lattice I is the one for the free distributive lattice on formal generators
(1 =0), (i = 1) with the relation (i =0)A (i =1) =0. We have [(rVs)=1]=(r=1)V(s=1) and
[(rAs)=1] = (r=1)A(s =1). An irreducible element of this lattice is a face, a conjunction of elements
(i=0) and (j = 1) and any element is a disjunction of irreducible elements (unique up to the absorption
law).

Contexts
AT == ()| T,z A|T,i: 1| T,
Semantics
Let C the following category. The objects are finite sets I,J,.... A morphism Hom(J,I) is a map

I — dM(J) where dM(/J) is the free de Morgan algebra on J. The presheaf I is defined by I(J) = dM(J).
The presheaf F is defined by taking F(.J) to be the free distributive lattice generated by formal elements
(j=0), (j =1) for j in J, with the relations (j =0) A (j =1) = 0.

We interpret context as presheaves over the category C. A dependent type I' - A is interpreted as
a family of sets Ap for each I and p € T'(I) together with restriction maps Ap — Apf, u — uf for
f:J — I, satisfying ul; = u and (uf)g = u(fg) €e T(K) if g: K — J. Anelement I' - a : A is
interpreted by a family ap € Ap for I and p € I'(I), such that (ap)f = a(pf) € Apf if f:J — I.

If ' - A, we interpret ',z : A as the cubical set defined by taking (T',z : A)(I) to be the set of
element p,z = u such that p € T'(I) and u € Ap. If f : J — I the restriction map is defined by

(px=u)f=pfx=uf.
Ifl,z: A-r Band 't a: A we define I' - B(z = a) by taking B(z = a)p to be the set B(p,x = ap).

IfTF ¢ : F then pp € F(I) for each p € I'(I). We define (I', ¢)(I) to be the set p € I'(I) such that
op = 1. (In particular (T',0)(I) is empty.)

Basic typing rules

A 'k I'Fe:F I'tr:I 'Er:1
Dx: AF Li:IF Lok 'F(r=1):F 'k(r=0):F
N , re .
z: A+ B Mz:Akt: B Ftt:(x:A)—B Thu:A
'(z:A)—B FFXxx:A t:(x:A)— B PHtwu: Bu)

The following observation will be useful for defining composition for glueing.



Lemma 0.1 IfT',i: 1+ ¢ : F we can build I - Vi.@ : F such that, if I' - ¢ we have ¢ < Vi.p iff ) < ¢

We shall then use the fact that if a judgement is valid in a context I',i : I, ¢ then it holds in the
context I',Vi.p, i : T as well, and that I' - (Vi.p) = 1 if we have T',i : T+ p = 1.

Sigma types

z: A+ B 'a:A TFb:B(a) 'kz:(z:AB) 'kz:(x: A B)
'k (z: A, B) 'k (a,b):(z: A B) '-z1:4 'k 22:B(z1)
Path types
I'FA TFap:A I'ka;:A 'kA Ii:IFt:A
I'F Path ag a1 'k (i)t : Path A (i0) t(il)
I't¢:Path A ap a1 I't¢:Path Aay aq
I'tt0=ap: A I'Ftl=a;:A

We define 1, : Path A a a as 1, = (i)a.

With these rules we also can justify function extensionality

Ptt:(x:A)— B F'tu:(xz:A)—B Fkp:(xz:A) — Path B (t z) (u x)
FF{@@Ax:A pxi:Path (z:A) = B)tu

We also can justify the fact that any element in (x : A, Path A a z) is equal to (a,1,)

I'Fa:A THFHb:A I'kp:Path Aab
CH{)(pi, (g)p (i ANj)): Path (z: A, Path A a x) (a,1,) (b,p)

For justifying the transitivity of equality, we need A to have composition operations.

Partial elements
TFe<y LykA F'Fe<y TykFu:A

Lok A Dobu:A
Tyt HAL .0 Ty Ag T, Apj - Ay = Aj
Loy V- Ve E 1Ay V- Vb Ay
Lppbu:Ar . ToplFue:dr DoAY FAi=A4; D AyiFui=u;:d

Lopr Ve Vb B hrug Voo Vobgug t 1 A1 VeV Ay
We can have k = 0 in which case we get a dummy element of type A in the context I, 0.
We also have Y1u; V- Vipur =u; : Aif ¢, =land 1 V-V Fu=viuV- -V ipu

IfT,pFu: AthenT'F a: Alp — u] is an abreviation for TFa: Aand T',o F a = u : A. In this
case, we see this element a as a witness that the partial element u (which is defined at least on the extent
©) is connected.

For instance if I',i : I A and I',i : I, F u : A where ¢ = (i = 0) V (i = 1) then the element w is
determined by two element I' - ag : A(i0) and T'F a; : A(i1) and an element I',i : T+ a : Ay — u] gives
a path connecting ag and a;.

We may write T'Fa : A[thy — up,..., 0 = ug] for THa: Alyy V- - Vb = rug V- - -V hgug]. This
means that 'Fa: Aand ¢, Fa=wu; : Afori=1,... k.



Composition operations

'y T,i:IFA T,i:LekFu:A TFag: A@0)[p — u(i0))
I' - comp? A [p — u] ag : A(il)[p — u(il)]

Kan filling operation
We recover Kan filling operation

L,i:THfill' A g u] ag = comp’ A(i Aj) [p— u(iAj),(i=0)— ao) ao: A
The element i : I+ v = fill' A [p — u] aq : A satisfies

I' Fv(i0) = ao : A(i0) I'F v(il) = comp® A [p + u] ag : A(il) Tobo(il)=u: A

Recursive definition of composition

The operation comp® A [¢ — u] ag is defined by induction on A.

Product type
In the case of a product type i : I+ (z: A) - B=C, wehave i : Lo pu: C with and F A\ : C(i0)[p —
1(i0)] and we define, for F u; : A(il)

(comp’ C [ = p] Xo) uy = comp’ B(z = v) [p = p v] (Ao o)

where i : T+ v = fill' A(1—14) [] uy: A and ug = v(i0) : A(i0).

Path type

In the case of path type ¢ : I+ Path A wv=C we have i : [, F p: C and F py : C(i0)[p — p(i0)]. We
define

comp’ C [+ p] po = (j)comp’ A [o = 1 j,(j =0) —u, (j = 1) = v] (po j)

Sum type

In the case of a sigma type i : IF (z: A, B) =C giveni: [, F w : C and F wq : C(i0)[p — w(i0)] we
define _ _ _
comp’ C [p — w] wy = (comp® A [p — w.1] wg.1,comp’ B(x = a) [p — w.2] wy.2)

where i : 1+ a =fill' A [p— w.1] we.1: A.

Example

If i : T+ A, composition for ¢ = 0 corresponds to a transport function A(i0) — A(:l).

If I is an object of C the lattice F(I) has a greatest element < 1 which is the disjunction of all
(i =0)V (i =1) for i in I. This element can be called the boundary of I. Composition w.r.t. this
boundary gives the usual operation of Kan composition, which witnesses the existence of a lid for any
open box.



Two derived operations

The first derived operation states that the image of a composition is path equal to the composition of
the respective images.

Lemma 0.2 If we have Ayi:IFo: T — A, AF¢ and Ayp,i: Tt : T with AF to: T(i0)[¢p — ¢(:0)]
then we can build

A& pres(o, [t + t],t) : Path A(i1) (comp’ A [t — a] ag) o(il) (comp® T [¢) +— t] to)
where At ag = 0(i0) to : A(i0) and A,i: 1,9 Fa =0 t: A. Furthermore, we have
A, ¢ = pres(o, [ — 1], to) = (j)a
We define the type of isomorphisms. Given ' f: A - Band '+ g : B — A we have

Thtu:(y:B)—PathB(f(gy)y TrFuv:(x:A) —Path A(g (f x))
'k (f,g,u,v) : Iso(A, B)

The second operation corresponds to the fact that any isomorphism defines an equivalence.

Lemma 0.3 We have an operation
AFo:lso(T,A) AdFt:T Akra:Ald— ot
At equiv(o, [§ = t],a) : (x : T,Path A a (o 2))[0 — (¢, {j)a)]

Glueing

'-A T,pFT T,pko:lso(T,A)
N glue(A» [90 = (Tv U)]) Lotk glue(A, [SD — (T, O’)D =T
Tyobo:lso(T,A) T,pbt:T T'ka: Alp — ot
I+ glue(a, [0 — t]) : glue(4, [¢ = (T, 0)])[p — ]
If o = (f, g,u,v) we write oa for f a.

Composition for glueing

Assume I'ji : I Aand Ii: TF g and Ti : I, F o : Iso(T, A). We write B = glue(A, [¢ — (T,0)]).
Assume also I' F ¢ and T'yi : I,y = b = glue(a,[¢ — t]) : B and T' F by = glue(ag, [¢(i0) — to]) :
B(i0)[¢p — b(30)].

The goal is to build T' & by : B(i1)[¢) + b(i1)]. Furthermore, we should have b; = comp® T' [ — ] ¢
ifli:IFe=1.

We have I', ¢ F a(i0) = ag : A(10) and T', 9 A ¢(i0) & £(i0) = t¢ : T'(40). Furthermore I', ¢(i0) - ag =
o(i0)to : A(i0) and I'i : Lo Ay Fa=ot : A.

We define a} = comp® A [ +— a] ag so that T'F af : A(il) and T',9 @} = a(il) : A(il).
Take § = Vi.p. We have I',§,¢,i: IFa=0 t and T',0 F ag = 0(i0) to. Hence, using Lemma 0.2

[0 Fw=preso [t —t] tg: Path A(i1) a} (o(il) t})

where t| = comp® T [t +— t] tg. We can then define a} = comp’ A(il) [§ — w j,% > a(il)] a} so that
Pkaf:A(il) and T, ¢ - af = a(il) : A(il) and T, 6 F af = o(i1) t] : A(31).

We have T',p(il) F o(il) : T(il) — A(il) and T' F af : A(i1) and T,0 F of = o(il) ¢} and
D, Ap(il) Faf = a(il) = o(il) t(il). Using Lemma 0.3 we get

t1 = equiv(o(il),[d = t], = t(il)],ay).1 a = equiv(o(il), [§ — t], ¥ — t(il)],a?).2
so that T, (1) -ty : T(i1) and T, p(il) F « : Path A(il) af (o(il) t1). We then define
ay = comp? A(il) [p(il) = « j, 9 — a(il)] af by = (ay, [p(il) = t1])
We have ' I by : B(il)[s) +— b(il)] as required and, if T',i : [+ ¢ = 1 we have by = comp® T [¢ + t] to.



Identity types

We explain how to define an identity type with the required computation rule, following an idea due to
Andrew Swan.
We define a new type Id A ag a; with the introduction rule

Lpla: A 't w:Path A ag a1[p — (i)a]
'k (w,[o—a]):1d Aagay

We define (w,[pr—a))i=wi: A GivenT'Fa:ld Aax wedefineI',i: ITFa*(@):1d Aa (ai)
a*(i) = ((G)w(iNj),[e V(i = 0) = a])

This is well defined since T';i : I, (i = 0) F (Jw(i Aj) = (jlaand T,i : Lo - (jHw(i A §) = (j)a. We can
now define r(a) = ((j)a,[1 —a]): l1d A a a.

Ifwehave 'z : Aja:ldAaxz-CandTHb: Aand ' S:ld Aaband ' d : Cla,r(a)] we take,
for 8 = (w,[p — a]) '
Jb B d=comp' C[Bi,0"()] d[p—d:Cbp]

and we have J a r(a) d = d as desired.
Ifi:IFId Aaband pg = (wo, [tho — ao]) : Id A(i0) a(i0) b(i0) and ¢,i : IF ¢ = (w,[¥p — ¢]) : ld Aab
such that ¢ t ¢(i0) = py we define comp® (Id A a b) [¢ — q] po to be (v, [ A ¥ (il) — c(i1)]) where

v = (j)comp’ A (po j) [p— q 4, (j =0) > a,(j =1) — b]

Factorization

The same idea of Andrew Swan can be used to factorize a map

'rf:A— B 'f:A—=B T,pFa:A Tkrb:Blp— fd
I'EG(f) ' [p—ad]):G(f)

We define pg : G(f) — B by pa(b, [p — a]) = b and c(a) = (f a,[1 — a]) and we have a factorization of
the map f =pgoc.
The composition for G(f) is defined by

comp’ G(f) [ = (b, [ = a])] (bo, [0 = ao]) = (comp® B [p = b] bo, [0 A4(i1) = a(il)])
Here is one application of the type G(f). Suppose that we have a dependent type D(v) (v : B) with

a section g(v) : C(v) (v: B) and h(a) : C(f a) (a: A) with w(a) : Path C(f a) g(f a) h(a) (a: A). We
can define a new section g(u) : C'(pg w) (u: G(f)) such that g(c a) = h(a) (a : A). The definition is

9(b,[p = a]) = comp’ C(b) g(b) [y > w(a) ]

It can be checked that ¢ has the lifting property w.r.t. any trivial fibrations. Also pg is a trivial
fibration, since G(f) can be defined as the sigma type (b: B, Ty (b)) where Ty(b) is the contractible type
of element ¢ — a with I',opFa: Aand I',o - fa=0b:B.



Appendix 1: definition of the derived operations

A definition of equiv

We assume given
Abo:lso(T,A) AFd AdHE:T Aba:Alde 1
where 0 = (f, g,u,v) and
Abu:(y:A)—=PathA(f(gy)y ArFov:(z:T)—=PathT (g (fz)) =z

We define _
Ai:TEO=AfI"T[0—vti](ga):T

so that 0(i0) =g a and 8,7 : I F 6 =v t i. We write A+t =0(il) : T such that A, § -t =+.
We define next

Ai:TFO =comp! T[(i=0)r=ga,(i=1)—vt (1—5),0—=vt(iA1—3)]0
so that #'(i0) = g a, 0'(il) =g (f ') and 6 - 6 = g (f t) and

Ai:TFO" =comp’ A[(i=0)—wuaj(i=1)u(ft)jid—u(ft)j(fe)
and we can take equiv(a, [0 > t],a) = (¢, (i)0").

A definition of pres

We assume given A,i:IFo:T - A AF¢and Aj¢,i:TH¢: T with AFtg: T(i0)[¢ — t(i0)]. We
define A F ag = 0(i0) to : A(i0) and A,i: L,y Fa=0t: A, and

Avi:TFu=fill' A —alag: A Ayi:TFo=Ffilll' T [tprt]ty:T

We define then pres(a, [t — t],t9) = (j)comp® A [tp — o t,(j =0) = o v,(j = 1) = u] ag



Appendix 2: self-contained operational semantics

We use «, 3,7,... for the “faces”, irreducible elements of the distributive F. If we restrict context as
follows

' o= ()|Tz:A|,i: 1| T«
then any partial element in such a context is equal to a total element. This follows from the fact that
faces are irreducible element. To test a judgement in a context I', ¢ is then reduced to test the judgement
in the context I', a for all irreducible component a of .

r-A '+ 'y F '+ . I Lo
Tx:AF T,i:1F F,ZI— TFe a@AmD) g (@hind)
Iz:AFB z:AFt:B 'tt:(z:A)— B F'u:A
't(z:A)—-B PkXe:At:(z:A)—B I'ktu:Bu)

z: A+ B 'a:A TFb:B(a) 'kz:(z: A B) Pkz:(x: A B)
'k (z: A, B) 'k (a,b):(z: A B) 'kz1:A4 'k 22:B(z1)
I'tA Tthap:A I'ka : A 'A Ti:IFt: A
[+ Path ag a1 'k (i)t : Path A ¢(i0) t(:1)

I't¢:Path A ap a1 I't¢:Path A aqy aq
I'Ft0=ap: A I'Ftl=a;:A

'y Tyi:IFA T,i:LeFu:A TFag: A@0)p — u(i0)]
'k comp? A [p — u] ag : A(i1)[p — u(il)]

L,i:THfilll A g u] ag = comp’ A(i Aj) [p— u(iAj),(i=0)—ao) ao: A
Fori:IFC=(x:A)— B
(comp’ C [p = ] Ao) w1 = comp’ B(z =) [p + p v] (Ao ug)
where i : T+ v = fill' A(1—4) [] uy: A and ug = v(i0) : A(i0).
Fori:IFC =Path Auv
comp’ C' [p = p] po = (j)comp’ A [p = 11 j, (j = 0) = u, (j = 1) = v] (po j)
Fori:IFC=(x:A,B)
comp’ C' [ = w] wy = (comp® A [p = w.1] wp.1,comp’ B(z = a) [p — w.2] w.2)
where i : I+ a =fill' A [ w.1] we.1: A.
Ttu:(y:B)—PathB(f(gy)y TrFuv:(x:A) —Path A(g (fx))
Tk (f,g,u,v) : Iso(A, B)
'FA T,obT T,pko:lso(T,A)
I'Fglue(A,[o— (T,0)]) T,ot glue(A,[p— (T,0)]) =T
Ipko:lso(T,A) T,okFt:T I'ka: Alp— ot]
Tk glue(a, [p — t]) : glue(A, [p — (T,0)])[p — t]
For I'yi: I+ B = glue(A, [p — (T, 0)]) we define

comp’ B [tp — glue(a, [¢ — t])] glue(ag, [¢(i0) — to]) = glue(ay, [p(il) — t1])

where _
a; = comp? A(il) [p(il) — « j,v — a(il)] af r
t1 = equiv(o(il), [0 — ], — t(i1)],af).1 T, o(i1)
a = equiv(o(il), [0 — t, ¢ — t(il)],af).2 T, o(i1)
al! = comp? A(il) [0 = w j,¢ + a(il)] a} r
w = preso [t ty T
t, = comp' T [ —t] to r,o
ay = comp® A [~ al ag r
0 = Vi r



Appendix 3: propositional truncation

'+HA I'Fa:A I'Fug:inh A I'twuj:inh A I'kr:1I
I'inh A I'inca:inh A I' - squash(ug, u1,7) : inh A
I'Fug:inh A I'Fwup:inh A I'Fug:inh A I'Fwuy:inh A
I t squash(ug, u1,0) = ug : inh 4 I - squash(ug,u1,1) = ug : inh 4

Ip,i:ITFwu:inh A T Fug:inh Al — u(i0)]
I' F hcomp® [@ — u] ug : inh A

We can then define two operations

I'i:IFA TFug:inh A(:0) Ii:IFA T,i:IFwu:inh A
Tk transp ug : inh A(il) Tyi: T+ squeeze u : inh A(il)

satisfying

ri:IFA T,i:IFwu:inh A ri:IFA T,i:IFwu:inh A
T I (squeeze u)(i0) = transp u(i0) : inh A(il) I+ (squeeze u)(il) = u(il) : inh A(il)

by the equations

transp (inc a) = inc (comp’ A [] a)

transp (squash(ug,u1,7)) = squash(transp ug, transp uy, )

transp (hcomp’ [p = u] ug) = hcomp’ [ — transp u] (transp ug)
squeeze (inc a) = inc (comp’ A(iVj) [(i = 1) = a(il)] a)
squeeze (squash(ug,u1,)) = squash(squeeze ug, squeeze uy,T)
squeeze (hcomp’ [p > u] ug) = hcomp’ [p — squeeze u] (squeeze ug)

Using these operations, we can define

Ii:IFA T,pi:IFu:inh A T Fwug:inh A®60)[¢ — u(i0)]
I' F comp? [ — u] ug : inh A(i1)[p — u(il)]

by the equation
'+ comp’ [p + u] ug = hcomp® [ — squeeze u] (transp ug) : inh A(il)

GivenI'F Band '+ ¢q: (x y: B) —» Path Bz y and f : A — B we define g : inh A — B by the
equations

g (inc a) = fa
g (squash(uo,u1,7)) = q(guo) (gua)r
g (hcomp’ [p = u] ug) = comp’ B [p g u] (g uo)



