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Formalization and answers by Thierry Coquand
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7.1 Statement

primep — noether A (multiplep) — isNotSquare p

7.2 Definitions

Definition of noether

noether (A € Set, R € rel A) € Type

noether AR =

(P € predA) — (z € A) — ((y € A) - (Ryz — Py) — Pz) — (z € A) — Pz
Definition of multiple

multiple (p € A) € rel A

multiplep = Azy — (p- 2) ==y

Definition of prime

prime € pred A

prime = Ap — (z,y € A) — (p| (z- y)) — (pl2) V (p|y)
Definition of isNotSquare

isNotSquare € pred A
isNotSquare = Ap — (z,y € A) — = ((p- squarez) == squarey)

7.3 Proof
File noether.alfa
some general logical concepts and principles

rel (A € Set) € Type
relA=A — A — Set

pred (A € Set) € Type
predA = A — Set

exists € (A € Set,B € A — Set) — Set
exists = AA B — data { Witness (u € A,v € Bu) }

existsElim € (h1 € exists AB,h2 € (x € A) - Bz — C) — C
(A € Set,Be A — Set,C € Set)
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existsBlim = Ah1 h2 — case hl of {Witness UV — h2uv}

A (A,B € Set) € Set
A A B =data {Pair(a € A,b € B)}

andElimLeft € (A N B) — A (A, B € Set)
andElimLeft = A h — case h of {Pair ab — a}

andElimRight € (A AN B) — B (A, B € Set)
andElimRight = A h — case hof {Pairab — b}

V (A,B € Set) € Set

_ Inl(a € A)
AVB:data{Inr(be B)}

orElime (A — C) - (B— C) - (AV B) - C (A, B, C € Set)

L Inla — hila
orElim = AXh1h2h3 — case h3of {Inrb - th}

noether (A € Set, R € rel A) € Type
noether AR =
(P € predA) — (z € A) — ((y € A) - (Ryz — Py) — Pz) — (z € A) — Pz

1L € Set
1 = data {}

- (A € Set) € Set
A=A — L

The principle of infinite descent, following Fermat

infiniteDescent (A € Set,R € rel A, P € pred A) €

noether AR — (z € A) — (Pz — existsAAzl — Rzlz AN Pzl) — (z € A) —» = (Px)

infiniteDescent ARP = Ah1h2z — hiAy — — (Py) Azh3h{ —
existsElim (h2zh4) Ayh5 — h3y (andElimLeft h5) (andElimRight h5) x

File 1lem.alfa

import noether.alfa
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Definition of commutative monoid; for the main proof, it will be the monoid N*

for multiplication

AbMonoid (A € Set,== € rel A) € Set
AbMonoid A (==) =
ref€ (z € A) —» z==1
sym€ (z,y € A) — (z==y) — y===x
trans € (z,y,2z € A) — (z== =
sig{ ssc A — A — A

cong € (z1,z2,yl,y2 € A) — (21 ==122) — (yl==y2) — (z1- yl) == (22- y2)
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assoc € (z,y,z € A) — (z- (
comm € (z,y € A) — (z-y) == (y- x)

A beginning of the theory of commutative monoid

package ThAbMonoid (A € Set,== € relA,m € AbMonoid A (==))
with
open m use ref, sym, trans, cong, -, assoc, comm

square (z € A) € A
squarer = - T
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multiple (p € A) € rel A
multiplep = Azy — (p- z) ==y

congLeft € (y==2) — (y- ) == (2 z) (z,y,2 € A)
congLeft = ANh — congh (refx)

congRight € (y==2) — (z- y) == (z- 2) (z,y,2 € A)
congRight = Ah — cong (refz) h

lemmal € (z==2) — (y==2) — z==y (z,y,2 € A)
lemma0 = AXhh’ — transh (symyzh’)

lemma2 € (x==y) — squarez == squarey (z,y € A)
lemma2 = Ah — conghh

lemma3 € (z- (y- 2)) == (y- (z- 2)) (z,y,2 € A)
lemma3 = lemma0 assoc (trans assoc (congLeft comm))

lemma4 € (z- (z- squarey)) == square (z- y) (z,y € A)
lemma4 = trans (congRight lemma3) assoc

lemmas € ((p- y1) ==y) — (p- (p- squareyl)) == squarey (p,y,yl € A)
lemmad = A h — translemmaj (lemma2h)

File 1leml.alfa

import lem.alfa
Cancelative abelian monoid; N* is cancelative for the multiplication

isCancel (A € Set,== € rel A,m € AbMonoid A (==)) € Set
isCancel A (==) m = (z,y,2 € A) = (m.sszz==m.sszy) — z==y

package square (A € Set,== € relA,m € AbMonoid A (==), cancel € isCancel A (==) m)
with

open m use ref, sym, trans, cong, -, assoc, comm

open ThAbMonoid A (==) m use square, multiple

lemmal € ((p- u) ==w) — ((p- v) ==w) — u==v (pyu,v,w € A)
lemmal = AXh2h3 — canceluvp ((ThAbMonoid A (==) m).lemma0 (p- u) (p- v) wh2h3)

lemma2 € ((p- squarez) ==squarey) — ((p- y1) ==y) — (p- squareyl) ==squarex
(P79, y1 € A)
lemma2 = Ah1h2 — lemmal ((ThAbMonoid A (==) m).lemmadpyyl h2) hl

3 € pred A — Set
J = exists A

| € rel A

|[=Azy — F2((z- 2) ==vy)

prime € pred A

prime = Ap — (5,y € A) = (p| (- 1)) — (]7) V (0] 1)

lemma3 € primep — (p|squarez) — p|z (p,z € A)
lemma3 = Ah1h2 — orElimAh — hAh — h (hlzzh2)

lemmaj € primep — ((p- squarez) == squarey) —

Jy! (((p- y1) ==y) A ((p- squareyl) == squarex)) (pyz,y € A)
let | TEMEP |y

lemma4 = Ah1h2 — rem = lemma3 hl (Witness (squarex) h2)

in existsElimrem A y1 h8 — Witness yI (Pair h3 (lemma2h2hS))
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Square € rel A
Square = Apz — Jy ((p- squarex) == squarey)

lemmad (h2 € primep,x € A, h3 € Squarepz) € Jz1 (((p- z1) ==2z) A Squarepz1)
(p €4

lemmad h2zh8 = existsElimh3Ayhj — existsElim (lemma4 h2h4) Xyl hd —

reml € (p- yl) ==y

reml1 = andElimLeft h5

rem2 € (p- squareyl) == squarex

rem2 = andElimRight h5

let

rem3 € (p- zl) ==z

rem3 = andElimLeft h6

rem4 € (p- squarexl) == squareyl
rem4 = andElimRight h6

inWitness z! (Pair rem3 (Witness yIrem4))

in existsElim (lemma4 h2rem2) Azl h6 — let

isNotSquare € pred A
isNotSquare = Ap — (z,y € A) — — ((p- squarezx) == square y)
theorem (p € A) € primep — noether A (multiple p) — isNotSquare p
theoremp =
let | M E (r € A) — = (Squarepx)
Ah1h2 — rem = infiniteDescent A (multiple p) (Squarep) h2 (lemmab h1)
inAzyh3 — remzx (Witness yhS)

This is the main result; it applies to the case where A is N* and p is 2, but it
shows as well that any prime cannot be a square of a rational

7.4 System
What is the home page of the system?

<http://www.cs.chalmers.se/"catarina/agda/>

What are the books about the system? No book directly on the system, but it is
inspired by:

Nordstrom, Petersson, Smith, Programming in Type Theory, Oxford Uni-
versity Press.

What is the logic of the system? Described in Per Martin-Lof, ‘An intuitionistic
theory of types’, 1972. It can be found in:

G. Sambin and J. Smith (eds.), 25 years of constructive type theory,
Oxford University Press.

This is extended by general data type declaration and case notation.

What is the implementation architecture of the system? Described in <http:
//www.cs.chalmers.se/ catarina/agda/>.
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What does working with the system look like? 1t feels like programming in a func-
tional language with dependent types. The construction of the proof/program
can be done interactively with place-holders/meta-variables. Actually the syntax
is very close to the functional language Cayenne, designed by Lennart Augusts-
son, <http://www.cs.chalmers.se/ augustss/cayenne/>.

What is special about the system compared to other systems? ldentification of
proofs and functional programs with dependent types + meta-variables.

What are other versions of the system? A first version (1990) was written by
Thierry Coquand (caml) and Lennart Augustsson (C). Then (1992) version Lena
Magnusson (SML) and Johan Nordlander (C).

Alfa is the interface of the system. It has been written by Thomas Hall-
gren. There is also an Emacs interface, following ideas of Dan Synek, written by
Catarina Coquand,

Who are the people behind the system? The meta-variable idea comes from Bengt
Nordstrom, refined later by Thierry Coquand and Lena Magnusson. The previous
version Half was designed by Thierry Coquand (gofer) and Dan Synek (C). The
actual version is designed by Catarina Coquand (haskell).

What are the main user communities of the system? Peter Hancock and Anton
Setzer.

What large mathematical formalizations have been done in the system? Localic
version of Hahn-Banach was done by Jan Cederquist in Half.





