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Abstract

This chapter discusses decision making under uncertainty. More spéyifit
offers an overview of efficient Bayesian and distribution-free algoritfior mak-
ing nearly-optimal sequential decisions under uncertainty about theament.
Due to the uncertainty, such algorithms must not only learn from their ictiera
with the environment, but also perform as well as well as possible whilaitear
is taking place.
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1 Introduction

It could be argued that automated decision making is the main applicatioaillom
of artificial intelligence systems. This includes tasks from selecting movas in
game of chess and choosing the best navigation route in a road netwmk to
sponding to questions posed by humans, playing a game of poker pludiley
other planets of the solar system. While chess playing and navigation bothenv
accurate descriptions of the problem domain, the latter problems invober-un
tainty about both the nature of the environment and its current statex&apde,

in the poker game, the nature of the other players (i.e. the strategiesihis nst
known. Similarly, the state of the game is not known perfectly —i.e. theitscare
not known, but it might be possible to make an educated guess.

This chapter shall examine acting under uncertainty in environments wigh sta
wherein asequencef decisions must be made. Each decision made has an effect
on the environment, thus changing the environment’s state. One typecef-un
tainty arises when it is not known how the environment works, i.e. thatagm
observe the state of the environment but is not certain what is the effeetch
possible action in each state. The decision making agent must thergfiloeee
the environment, but not in a way that is detrimental to its performancs. bEti-
ancing act is commonly referred to as the exploration-exploitation tréd&-oe
chapter gives an overview of current methods for achieving neatiynal online
performance in such cases.

Another type of uncertainty arises when the environment’s state canenot b
observed directly, and can only be inferred. In that case, the state iz hid-
den or partially observable. When both types of uncertainty occur sinealtesty,
then the problem’s space complexity increases polynomially with time, becagl
must maintain all the observation history to perform inference. Thel@mobe-
comes even harder when there are multiple agents acting within the eneintnm
However, we shall not consider this case in this chapter.

The remainder of this chapter is organized as follows. Firstly, we givetes
duction to inference and decision making under uncertainty in both thesizaye
and distribution-free framework. Section 3 introduces some sequeletiddion
making problems under uncertainty. These problems are then forchalitiein
the framework of Markov decision processes in Section 4, which carseé to
make optimal decisions when the uncertainty is only due to stochasticity,lien w
the effects of any decisions are random, but arise from a knowrapilitly distri-
bution that is conditioned on the agent’s actions and the current state. rSBctio
discusses the extension of this framework to when these probability digiribu
are not known. It is shown that the result is another Markov decisiocgss with
an infinite number of states and various methods for approximately sathvamg
discussed. When the states of the environment are not directly odstreerob-
lem becomes much more complex: this case is examined in Section 6. Finally,
Section 7 identifies open problems and possible directions of futurercbsea



1.1 Notation

We shall writel {X} for the indicator function that equals 1 whenis true and

0 otherwise. We consider actiomsc </ and contexts (states, environments or
outcomes)lu € .. We shall denote a sequence of observations from som&’set
asx! £xq,...,%, Withx, € 2.

In general P(X) will denote the probability of any eveix selected from na-
ture andE to denote expectations. When observations, outcomes or events are
generated via some specific procggswve shall explicitly denote this by writing
P(-|u) for the probability of events. Frequently, we shall use the shorthgndo
denote probabilities (or densities, when there is no ambiguity) under tivegso
U. With this scheme, we make no distinction between the name of the proakss an
the distribution it induces. Thus, the notatigii-) may imply a marginalisation.

For instance, if a procegsdefines a probability densify(x,y) over observations
Xe Z,ye€ %, we shall writeu(x) for the marginalf, 11(x,y) dy. Finally, expec-
tations under the process will be writtenBg(-) or equivalentlyE(-|u). In some
cases it will be convenient to employ equality relations of the type = x), to
denote the density atat timet under procesg.

2 Decision making under uncertainty

Imagine an agent acting within some environment and let us supposié hiaat
decided upon a fixed plan of action. Predicting the result of any givéonac
within the plan, or the result of the complete plan, may not very easy, tiece
can be many different sources of uncertainty. Thus, it might be toeedaluate
actions and plans and consequently, to findgp@malaction or plan. This section
will focus in the case where only a single decision must be made.

The simplest type of uncertainty arises when events that take place within the
world can be stochastic. Those may be (apparently) truly random eseruis
as which slit will a photon will pass through in the famous two-slit experiment,
or events that can be considered random for all practical purpeseh, as the
outcome of a die roll. A possible decision problem in that setting would be wheth
to accept or decline a particular bet on the outcome of one die roll: if the acd
favorable, we should accept, otherwise decline.

The second source of uncertainty arises when we do not know exaetlyhie
world works. Consider the problem of predicting the movement of plagieen
their current positions and velocities. Modelling their orbits as circular, vill o
course result in different predictions to modelling their orbits as elliptic. i® th
problem the decision taken involves the selection of the appropriate model.

Estimating which model, or set of models, best corresponds to ourvabse
tions of the world becomes harder when there is, in addition, some @lserv
stochasticity. In the given example, that would mean that we would nadblee@
directly observe the planets’ positions and thus it would be harder to detethe
best model.

The model selection problems that we shall examine in this section involve
two separate, well-defined, phases. The first phase involves colletdtag and
the second phase involves making a decision about which is the besit Milzahy
statistical inference problems are of this type, such as creating a clagsifie
categorical data. The usual case is that the observations have desadgollected
and now form a fixedlataset We then define a set of classification models and
the decision making task is to choose one or more classifiers from the ggie
of models. A lot of recent work on classification algorithms is in fact\dti
from this type of decision making framework Blumer et al. [1989]; iaga000];
Vapnik. and Chervonenkis [1971]. A straightforward extension ofghablem



to online decision making resulted in the boosting algorithm Freund and Behap
[1997]. The remainder of this section discusses making single decisiuer
uncertainty in more detail.

2.1 Utility, randomness and uncertainty

When agents (and arguably, humans Savage [1972]) make decigiepslo so
on the basis of some preference order among possible outcomes. &Wigttp
information, the rational choice is easy to determine, since the probabilapyf
given outcome given the agent’s decision is known. This is a commortisitua
in games of chance. However, in the face of uncertainty, establishirgfergnce
order among actions is no longer trivial.

In order to formalize the problem, we allow the agent to select some action
a from a set of«Z of possible choices. We furthermore define a set of contexts,
states, or environmentg/, such that the preferred action may differ depending
which is the current context € .. If the context is perfectly known, then we can
simply take the most preferred action in that context.

One way to model this preference is to define a utility function x .# — R
mapping from the set of possibleanda to the real numbers.

Definition 2.1 (Utility) For any contexit € .#, and actions g a; € <, we shall
say that weprefera; to a and write a > ap, if and only if U(a, 1) > U (ap, 1).
Similarly, we write that a = ay iff U (ag, u) = U (a, ).

The transitivity and completeness axioms of utility theory are satisfied byothesa
definition, since the utility function’s range are the real numbers. ThimtifU
and u are known, then the optimal action must exist antyisdefinitionthe one
that maximizes the utility for the given contepit

a'=argmaw(a, ).
acd
We can usually assignsubjective preferender each actiora in all i, thus mak-
ing the functionU well-defined. It possible, however, that we have some uncer-
tainty abouty. We are then obliged to use other formalisms for assigning prefer-
ences to actions.

2.2 Uncertain outcomes

We now consider the case whearas uncertain. This can occur whenis chosen
randomly from some known distribution with densjtyas is common in lotteries
and random experiments. It may be also chosen by some advevbasly,is usual
in deterministic games such as chess. In games of chance, sucltkgarbawn, it
is some combination of the two. Finally,could be neither randomly nor selected
by some adversary, but in fact, simply not precisely known: we méy lkarow a
set.# which containgu.

Perhaps the simplest way to assign preferences in the latter case is tohselec
action with the highest worst-case utility:

Definition 2.2 (Maximin utility) Our preference Va) for action a is:

V(a) £ Hieri//U(a,u). (2.2)



This is mostly a useful ordering for the adversarial setting. In the stticrsetting,

its main disadvantage is that we may avoid actions which have the highest utility
for most high-probability outcomes, apart for some outcomes with rexarprob-
ability, whose utility is small. A natural way to take the probability of outcomes
into account, is to use the notion of expected utility:

Definition 2.3 (Expected utility) Our preference Va) for action a is the expecta-
tion of the utility under the given distribution with density p of possible outcomes:

V(@) £EUIa) = | Ulamp(n)du. (22)

This is a good method for the case when the distribution from whichill be
chosen is known. Another possible method, which can be viewed as@aonise
between expected and maximin utility is to assign preferences to actiordsdrase
how likely they are to be close to the best action. For example, we can take the
action which has the highest probability of beglose to the best possible action,
with € > 0:

Definition 2.4 (Risk-sensitive utility)

V(ae) é/ﬁﬂ{u(a,u) >U@,p)—e v e/t p(u)dy.  (2.3)

Thus, an action chosen with the above criterion is guaranteed ¢eclise to the
actually best action, with probability(a; €). This criterion could be alternatively
formulated as the probability that the action’s utility is greater than a fixedhhres
old 6, rather than being-close to the utility of the optimal action. A further
modification involves fixing a small probabiligy > 0 and then solving foe, or 6

to choose the action which has the lowest regret the highest guaranteed utility
6, with probability 1— &. Further discussion of such issues, including some of the
above preference relations is given in Friedman and Savage [1988];1.uce
and Raiffa [1957]; Savage [1972].

The above definitions are not strictly confined to the case wié&eandom. In
Bayesianor subjectivistviewpoint of probability, we may also assign probabilities
to events which are not random. Those probabilities do not repressstbie
random outcomes, bubjective beliefsit thus becomes possible to extend the
above definitions from uncertainty about random outcomes to uncertiuyt
the environment.

2.3 Bayesian inference

Consider now that we are acting in one of many possible environments. With
knowledge of the true environment and the utility function, it would be trivial,
some sense, to select the utility-maximizing action. However, supposevéhat
do not know which of the many possible environments we are acting in. One
possibility is to use the maximin utility rule, but this is usually too pessimistic. An
arguably better alternative is to assigsuibjective probabilityo each environment,
which will represent our belief that it corresponds to redlitythen is possible to
use expected utility to select actions.

This is not the main advantage of using subjective probabilities, howdver.
is rather the fact that we can then use standard probabilistic inferertbedseo
update our beliefis we acquire more information about the environment. With

1This is mathematically equivalent to the case where the emviemt was drawn randomly from a
known distribution.



enough data, we can be virtually certain about which is the true enviranaresh
thus confidently take the most advantageous action. When the data is lf@w, a
of models have a relatively high probability and this uncertainty is reflectéukin
decision making.

More formally, we define a set of model# and a prior densit¥g defined
over its elementyt € .#. The prior&y(u) describes our initial belief that the
particular modelu is correct. Sometimes it is unclear how to best choose the prior.
The easiest case to handle is when it is known that the environment maxsméy
selected from a probability distribution ove# with some densityp: it is then
natural (and optimal) to simply ség = . Another possibility is to use experts to
provide information: then the prior can be obtained via formal proceglaf prior
elicitation Chen et al. [1999]; Dey et al. [1998]. However, when this igyossible
either due to the lack of experts or due to the fact that the number of pteesn
to be chosen is very large, then the priors can be chosen intuitively;,dicgdo
computational and convenience considerations, or with some automatedure:

a thorough overview of these topics is given by Berger [2006]; Galu$2906].
For now we shall assume that we have somehow chosen &prior

The procedure for calculating the beli&fat timet is relatively simple: Lek
denote our observations at timheFor each model in our set, we can calculate
the posterior probability;, 1 (u) from their prioré&; (u). This can be done via the
definition of joint densities, which is in this form known as Bayes' rule:

a _ HO9)E ()
R R PTETE Td @4

where we have used the fact tiatx |1) = 1 (%), since the distribution of obser-
vations for a specific model is independent of our subjective belief about which
models are most likely.

The advantage of using a Bayesian approach to decision making umzksr u
tainty is that our knowledge about the true environmerdt timet is captured
via the densityé; (1), which represents our belief. Thus, we are able to easily uti-
lize any of the action preferences outlined in the previous section by reglte
densityp with &;.

As an example, consider the case where we have obtaiokskervations and
must choose the action that appears best. Aftebservations, we will have
reached a belief; (¢t) and oursubjectivevalue for each action is simply:

V(@) 2 EUfa &) = [ Ulan&u)du. (25)

At this point, perhaps some motivation is needed to see why this is a goad idea
Let pu* be the true model, i.e. in fa&(U |a) =U (a, u*) and assume that* € .Z.
Then, under relatively lax assumptidni can be shown (c.f. Savage [1972]) that
liMt—e & () = 0(u — ™), whered is the Dirac delta function. This implies that
the probability measure that represents our belief concentratesndu*.

There are, of course, a number of problems with this formulation. Theidi
that we may be unwilling or unable to specify a prior. The second is thaethaty
ing model may be too complicated for practical computations. Finally, adhdtu
is relatively straightforward to compute the expected utility, risk-sensitvep-
tations are hard in continuous spaces, since they require calculating timte
a maximum. In any such situation, distribution-free bounds may be usezhih

2|f the true model is not in the set of models, then we may in factje.
3To prove that in more general terms is considerably more diffitult has been done recently by
Zhang Zhang [2006].



2.4 Distribution-free bounds

When we have very little information about the distribution, and we do not wish
to utilize “uninformative” or “objective” priors Berger [2006], we catill express
the amount of knowledge acquired through observation by the judiciseisofi
distribution-free concentration inequalities. The main idea is that, while weotan
accurately express the possible forms of the underlying distributionawaleays
imagine a worst possible case.

Perhaps the most famous such inequality is Markov's inequality, whitdsho
for any random variablX and alle > 0:

E(X))

P(X| 2 8) < =

(2.6)

Such inequalities are of greatest use when applied to estimates of unk@ewn
rameters. Since our estimates are functions of our observations, areicandom
variables, the estimates themselves are also random variables. Perhdjest
way to see this is through the example of the following inequality, which applies
whenever we wish to estimate the expected value of a bounded randiaim ey
averagingn observations:

Lemma 2.1 (Hoeffding inequality) If %, £ % iL1 i, with x € [bi, b +hj] drawn
from some arbitrary distribution; fandx, = % YiE(xi), then, for alle > 0

. 2n2g2
P(|%n—Xn| > €) < 2exp< . 2) . (2.7
Yo h

The above inequality is simply interpreted as telling us that the probability of us
making a large estimation error decreases exponentially in the numbsmnpfes.
Unlike the Bayesian viewpoint, where the mean was a random variablepwe n
consider the mean to be a fixed unknown quantity, and our estimate to be the
random variable. So, in practice, such inequalities are useful for ahgaounds
on the performance of algorithms and estimates, rather than expressiegainty
per se

More generally, such inequalities operate on sets. For any mode#/sef
interest, we should be able to obtain an appropriate concentration fud¢tibm)
on subsetd! C ., with n € N being the number of observations, such that:

P(u & M) < 5(M,n), (2.8)

where one normally considegs to be a fixed unknown quantity arid to be a
random estimated quantity. As an example, the right hand side of thediueff
inequality can be seen as a specific instance of a concentration functiene w
M = {x:|%n —X| < €}. A detailed introduction to concentration functions in much
more general terms is given by Talagrand [Talagrand, 1996].

An immediate use of such inequalities is to calculate high probability bounds
on the utility of actions. Firstly, given the deterministic payoff functldfe, u),
and a suitablé® (M, n), let:

6(M,a) éyig{/lu(a,u), (2.9)

be a lower bound on the payoff of actiarin setM. It immediately follows that
the payoffU (a) we shall obtain for taking actioawill satisfy:

PU(a,u) < 8(M,a)] < 3(M,n),



since the probability of our estimated set not containing bounded by (M, n).
Thus, one may fix a séfl and then selea maximizing6(a,M). This will give a
guaranteed performance with probability at leastd(M, n).

Such inequalities are also useful to bound the expaegret Let the regret of
a procedure that has paydffrelative to some other procedure with paydff be
U* —U. Now consider that we want take an actathat minimizes the expected
regret relative to some maximum valué, which can be written as:

E(U*—Ula) =E(U* —Ula,u € M)P(u € M)+ E(U* —Ula, jt & M) P(i1 & M),
(2.10)

where the first term of the sum corresponds to the expected regretehatur
when the model is in the sit, while the right term corresponds to the case when
the model is not withiflM. Each of these terms can be bounded with (2.8) and
(2.9): the first term is bounded li(U* —U|a, u € M) <U* — (M, a) andP(u €

M) < 1, while the second term is boundedbBgy* —U|a,u ¢ M) <U* —inf(U)
andP(u ¢ M) < (M, n). Assuming that the infimum exists, the expected regret
for any actiona € </ is bounded by:

E(U*—Ula) < (U*—8(M,a)) + (U* —inf(U))5(M,n).  (2.11)

Thus, such methods are useful for taking an action which minimizesrechmu
the expected regret, that maximizes the probability its utility is greater than some
threshold, or finally that maximizes a lower bound on the utility with some at leas
some probability. However, they cannot be used to select actions thénire
expected utility, simply because the expectation cannot be calculated asnvoe d
have an explicit probability density function over the possible models. Vérists
two upper confidence bound based methods for bandit problemstiars82 and
for the reinforcement learning problem in section 5.5.

3 Sequential decision making under uncertainty

The previous section examined two complementary frameworks fisideenak-
ing under uncertainty. The task was relatively straightforward, as itiadoa
fixed period of data collection, followed by a single decision. This is famfem
uncommon situation in practice, since a lot of real-world decisions aree rimad
such a way.

In a lot of cases, however, decisions may involve future collection t@f. deor
example, during medical trials, data is continuously collected and asseBge
trial may have to be stopped early if the risk to the patients is deemed too great.
lot of such problems were originally considered in the seminal work déiWéald
[1947].

This section will present a brief overview of the three main types of sele
decision making problems: Stopping problems, which are the simplesthigpe
dit problems, which can be viewed as a generalization of stopping prebkemd
reinforcement learning, which is a general enough framework torapass most
problems in sequential decision making. The reader should also be aivtire
links of sequential decision making to classification Freund and Schd@ig¥],
optimization Auer et al. [2007]; Coquelin and Munos [2007]; Kall andlleéze
[1994] and control Agrawal [1995]; Bertsekas [2005, 2001].

3.1 Stopping problems

Let us imagine an experimenter, who needs to make a de@siow’, wheres is
the set of possible decisions. The effect of each different decisiibdepend on



botha and the actual situation in which the decision is taken. However, although
the experimenter can quantify the consequences of his decisionsfopessible
situation, he is not sure what the situation actually is. So, he first mustispen
some time to collect information about the situation before committing himself to
a specific decision. The only difficulty is that the information is not freausTithe
experimenter must decide at which point he matspcollecting data and finally
make a decision.

Suchoptimal stoppingoroblems arise in many settings: Clinical trials Cher-
noff [1966], optimization Boender and Rinnooy Kan [1987], detectingnges in
distributions Moustakides [1986], active learning Dimitrakakis and S&waln
[2008]; Roy and McCallum [2001], as well as the the problem of decigihgn
to halt an optimization procedure Boender and Rinnooy Kan [1987]. rege
introduction to such problems can be found in DeGroot [1970].

As before, we assume the existence afility function U(a, i) defined for all
U € #,where./ is the set of all possible universes of interest. The experimenter
knows the utility function, but is not sure which universe the experimetatking
place in. This uncertainty about whighe .# is true is expressed via a subjective
distribution&; (1) £ P(u|&), whereé&; represents the belief at tinie

The expected utility ofimmediatelytaking an action at timecan then be writ-
tenas/o(&) =maxay, U(a, p)é&i (1), i.e. the experimenter takes the action which
seems best on average. Now, consider that instead of making an iatenéeci-
sion, he has the opportunity to takenore observationBK = (dg,...,dy) from a
sample spacg, at a cost > 0 per observatich thus allowing him to update his
belief to

&ik(M|&) = & (u[Dy).

What the experimenter must do in order to choose between immediateiggraak
decisiona and continuing sampling, is to compare the utility of making a decision
now with the cost of makingx observations plus the utility of making a decision
afterk time-steps, when the extra data would enable a more informed choice.

The problem is in fact a dynamic programming problem. The utility of making
an immediate decision is

Vo(&) = max | Ul(a.u)é(k)du (3.1)

Similarly, we denote the utility of an immediate decision at any tireT by
Vo(&+1). The utility of taking at mosk samples before making a decision can be
written recursively as:

Vier1 (&) = max{Vo(& ), E[Vk(&t41)1&] — ¢}, (3.2)

where the expectation with respect&ais in fact taken over all possible observa-
tions under belie&;:

EM(&era)l&] = qz Vi(&t+1(H[d41)) &t (), 3.3)
+1€S
CAEY BTCEIMEN (34)

whereé; (u|d;1) indicates the specific next beliéf, 1 arising from the previous
belief & and the observatiord;, 1.

This indicates that we can perform a backwards induction procedaréing
from all possible terminal belief statég, T to calculate the value of stopping im-
mediately. We would only be able to insert the payoff functibmlirectly when

4The case of non-constant cost is not significantly different



we calculaté/p. TakingT — o gives us the exact solution. In other words, one
should stop and make an immediate decision if the following holds fdr:alD:

Vo(&t) > V(&). (3.5)

Note that if the payoff function is bounded we can stop the procedureat 1.

A number of bounds may be useful for stopping problems. For instahe
expected value of perfect information to an experimenter, can beassadurro-
gate to the complete problem, and was examined by McCall McCall [19565)-
versely, lower bounds on the expected sample size and the regreexamnined
by Hoeffding Hoeffding [1960]. Stopping problems also appear in theext of
bandit problems, or more generally, reinforcement learning. Feariics the prob-
lem of finding a nearly optimal plan with high probability can be converted to a
stopping problem Even-Dar et al. [2006].

3.2 Bandit problems

We now consider a generalization of the stopping problem. Imagine thateu
perimenter visits a casino and is faced wittifferent bandit machines. Playing a
machine at time results in a random payoff € RC R. The average payoff of the
i-th machine igy. Thus, at time the experimenter selects a machine with index
i € {1,...,n} to receive a random payoff with expected vakigi|a; = i) = L,
which isfixed but unknownThe experimenter’s goal is to leave the casino with as
much money as possible. This can be formalized as maximizing the edsecte

of discounted future payoffs to time:

E (éykrt> , (3.6)

wherey € [0, 1] is a discount factor that reduces the importance of payoffs far in the
future as it approaches 0. The horiZbmay be finite or infinite, fixed, drawn from

a known distribution, or simply unknown. It is also possible that the exparier

is allowed to stop at any time, thus adding stopping to the set of possible aecisio
and making the problem a straightforward generalization of the stoppaixegon.

If the average payoffs are known, then the optimal solution is obviousijntays
take actiona® = argmax 4, no matter whay andT are and is thus completely
uninteresting.

This problem was typically studied in a Bayesian setting Chernoff [196i6]; G
tins [1989], where computable optimal solutions have been found foe special
cases Gittins [1989]. However, recently there have been algorithmsthave
optimal regret rates in a distribution-free setting. In particular, the UGgdrithm
by Auer et al Auer et al. [2002] selects the arm with highest empiricampus
an upper confidence bound, with an error probability schedule tunechievae
low regret. More specifically, let the empirical mean of th arm at timet be:

R ) 1 t t .
Elnja=il= = 5 n, n2 Y Ha=i}, 3.7)
i kag=i k=1

wheren} is the number of times arinhas been played until timte After playing
each arm once, the algorithm always selects the arm maximizing:

- . 2logt
Elrea =] + ntg . (3.8)

This guarantees a regret that only scales with@{tegT).

10



The setting has been generalized to continuous time Chernoff [1966], no
stationary or adversarial bandits Auer [2002], continuous spaces/d [1995];
Auer et al. [2007] and to trees Coquelin and Munos [2007]; KocsisSaegesari
[2006], while a collection of related results can be found in [Cesa-Biasati
Lugosi, 2006]. Finally, the bandit payoffs can also depend on a cowéeable.

If this variable cannot be affected by the experimenter, then it is suffitddearn
the mean payoffs for all contexts in order to be optimal. However, thblgno
becomes much more interesting when the experimenter’s actions alsencelu
the context of the game. This directly leads us to the concept of problétns w
state.

3.3 Reinforcement learning and control

We now generalize further to problems where the payoffs dependnhpba the
individual actions that we perform, but also on a context, or state. Thisasnmon
situation in games. A good example is blackjack, where drawing or stofftiiag
two possible actions in a game) have expected payoffs that dependioourcent
hand (the current state, assuming the croupier’'s hand is random ceypkimdent
of your own hand).

Both reinforcement learning and control problems are formally ideintioey-
ertheless, historically, classical control (c.f.Stengel [1994]) eskixd the case where
the objective is a known functional of the stat@nd actiona. Reinforcement
learning, on the other hand, started from the assumption that the objertaten
itself is unknown (though its functiondbrm is known) and must be estimated.
Both discrete-time control and reinforcement learning problems céorimalized
in the framework of Markov decision processes.

4 Markov decision processes

Definition 4.1 (Markov decision process)A Markov decision process (MDP) is
defined as the tuplg = (%, &/, 7,%) comprised of a set of state®, a set of
actions.«Z, a transition distribution.7 conditioning the next state on the current
state and action,

7 (s]s,@) = p(st11=S|s=s,a = a) (4.1)

satisfying the Markov property(st1 | &,a) = H(S+1 | & @, %-1,8&-1,--.), and
a reward distributionZ conditioned on states and actions:

Z(r|s,a) £ p(rey1=r | s=s a=a), (4.2)
with ac o7, s s €., r € R. Finally,

H(rer1, Svalso &) = p(recalss a) (S ralss a)- (4.3)

We shall denote the set of all MDPs.a&. We are interested in sequential decision
problems where, at each time stepghe agent seeks to maximize the expected
utility

Tt
z %E[rt+k| ']a
k=1

wherer is a stochastic reward ang is simply the discounted sum of future re-

wards. We shall assume that the sequence of rewards arises frarkavMieci-
sion process.
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In order to describe how we select actions, we define a pal&ya distribution
on actions conditioned on the current stafe|s). If we are interested in the
rewards to some horizoh, then we can define &-horizon value function for an
MDP u € . attimet as:

Tt
VT892 S VElr| s =smul, (4.4)
k=1

the expected sum of future rewards given that we are atstdtémet and select-
ing actions according to policg in the MDP u. Superscripts and subscripts\of
may be dropped when they are clear from context.

The value function of any policy can be calculated recursively by stairimg
the terminal states.

Vit (9) =Elrsa [ s=s. U+ p(s+1=S | s=s,a=a)V 1 1(5). (4.5)
s

The optimal value function, i.e. the value function of the optimal pofitycan be
calculated by a maximizing over actions at each stage:

ViiT(s) = QﬁegE[rwl | s=s,a=a, ] + vg H(s+1=S | s=s,a=a)V{ 1 7(5).
(4.6)

The recursive form of this equation is frequently referred to as the Bellre-
cursion and allows us to compute the value of a predecessor state frowf tha

a following state. The resulting algorithm is callbdckwards inductiorr value
iteration. When the number of states is finite, the same recursion allows us to com-
pute the value of states when the horizon is infinite, as ther’rhl,i(t;ﬁ/at,T = Vlf

for all finite t. Finally note that frequently we shall denc\t’gf;‘T simply byV*
when the environmental variables are clear from context.

5 Belief-augmented Markov decision processes

When the MDP is unknown, we need to explicitly take into account our uncer-
tainty. In control theory, this is referred to as the problem of dual cof8tengel,
1994, Sec. 5.2]. This involves selecting actions (control inputs) ssithianprove
parameter (and state) estimation in order to hopefully reduce future cosis
behavior is called probing. At the same time, the control strategy musiegbéct

the minimization of the cost at the current time.

This type of dilemma in its simplest forms occurs in the already discussed
bandit problems, where we must strike an optimal balance betweerriexpid-
ternative bandits and exploiting the apparently best bandit. Any optimaiolu
must take into account the uncertainty that we have about the environmen

A natural idea is to use a Bayesian framework (c.f. Duff [2002]) mresent
our beliefs. As summarized in section 2.3, this involves maintaining a ldgkeE,
about which MDPu € . corresponds to reality. In a Bayesian setti&gu) is a
subjective probability density over MDPs.

5.1 Bayesian inference with a single MDP model class

We shall cover the case where it is known that the true MDRs in some set of
MDPs.#. For example, it may be known that the MDP has at nkostiscrete
states and that the rewards at each state are Bernoulli, but we knowr rieglae-
tual transition probabilities nor the reward distributions. Neverthelessaweise
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closed form Bayesian techniques to model our belief about which nmdetrect:
For discrete state spaces, transitions can be expressed as multinotrifaltiiss,
to which the Dirichlet density is a conjugate prior. Similarly, unknown Belihou
distributions can be modelled via a Beta prior. If we assume that the densities
are not dependent, then the prior over all densities is a product of irjshors,
and similarly for rewards. Then we only need a number of paramefeseder
O(|.7|?.<7|). The remainder of this section discusses this in more detail.

Let .# be the set of MDPs with unknown transition probabilities and state
space? of sizeK. We denote our belief at tintet+ 1 about which MDP is true as
simply our belief density at timeconditioned on the latest observations:

&a1(M) = &(U|res1 St 5a0) (5-19)

_ Hwosalsa)d() (5.1b)

L W (e, sealss @) & (p) dy’
We consider the case wher is an infinite set of MDPs, where each M= .#
corresponds to a particular joint probability distribution over the state-aptos.
We shall begin by defining a belief for the transition of each state action pair

s,a separately. Firstly, we denote by, € [0, 1JK the parameters of the multino-
mial distribution over th& possible next states, from a specific starting stated
actiona. Our belief will be a Dirichlet distribution — a function ofe RX with
[xll1 = 1 andx € [0,1]K, with parametergy>@ € NK. If we denote the parame-
ters of our beliefé; at timet by ¢S2(t), then the Dirichlet density over possible
multinomial distributions can be written as:

r(ws,a(t)) fl’isa(t) (5.2)

Gt(Tsa=x) = mlg’XI 7

where>? denotes theé-th component oiy32. The set of parametexg can be
written in matrix form as¥(t) to denote the.”||.«7| x || matrix of state-action-
state transition counts at timie The nitial parametersV(0) form a matrix that
defines tne parameters of our peibr Dirichlets distributions.

Thus, for any belie;, the Dirichlet parameters afey () :i,j € .7, a€ o/ }.
These values are initialised ¥(0) and are updated via simple counting:

Wij’a(t+ 1)= ll’ij"a(t) +{s1=irns =jra =a}, (5.3)

meaning that every time we observe a specific transgimm, &1, we increment
the corresponding Dirichlet parameter by one.

We now need to move from the distribution of a single state-action pair to the
set of transition distributions for the whole MDP. In order to do this easilyshne|
make the following simplifying assumption:

Assumption 5.1 Forany ss € . and ad € «7,

é(Tsa, Tsa) = €(Tsa)é (Ts a)- (5.4)

This assumption significantly simplifies the model but does not let us take into
advantage of the case where there may be some dependencies in #iteotran
probabilities. Now we shall denote the matrix of state-action-state trangitidm
abilities for a specific MDPu as #. Analogously tots s, we denote, for the
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specific MDP 1, the next state distribution multinomial parameter vector from

pair (s,a) to betdy, with téa(i) 2 p(s+1 =i | $=S a=a). Then we obtain:
&) = &(TH) = &(Tsa = ThaVs€ ¥, a€ o) (5.5a)
=1 [ &(tsa=Ttéa), (5.5b)
sc./ ac/
r(y=a() p WO
= o rosay Tsai ; (5.5¢)
sy atw Mies TWPAD) ||e_|/< S’a’l)

where we used Assumption 5.1. This means that the transition cuare a
sufficient statistic for expressing the density ov4f.

We can additionally modgl(ri+1|s,a) with a suitable belief (for example a
Beta, Normal-Gamma or Pareto prior) and assume independencen Haisvay
complicates the exposition for MDPs.

5.2 Constructing and solving BAMDPs

In order to optimally select actions in this framework, we need to consioer h
our actions will affect our future beliefs. The corresponding Bayepiacedure
is not substantially different from the optimal stopping procedure outlinel.
The approach outlined in this section was suggested originally in Bellman and
Kalaba [1959] under the name of Adaptive Control Processes asthwestigated
more fully in Duff and Barto [1997]; Duff [2002]. It involves the cité@n of an
augmentedviDP, with a state comprised of the original MDP’s stateand our
belief state;. We can then solve the probleim principle via standard dynamic
programming algorithms such as backwards induction, similarly to sectloV&
shall call such models BAMDPs (Belief-Augmented MDPs).

In BAMDPs, we are at some combined belief and environment state
(&t,s) at each point in time, which we call thehyper-state For every possible
actiona;, we may observe angt1 € . and any possible rewarmg,;; € RC R,
which would lead to a unique new beli&f, ; and thus a unique new hyper-state
W1 = (&t41,841)-

More formally, we may give the following definition:

Definition 5.1 (Belief-Augmented MDP) A Belief-Augmented MDR (BAMDP)
isan MDPv = (Q, o, 7', %') whereQ = .% x =, where= is an appropriate set
of probability measures o7, and 7', %’ are the transition and reward distribu-
tions conditioned jointly on the MDP statg the belief staté;, and the action a
Here the density @11/, r+1,S+1,%, &) is singular, since 1 is a determinis-
tic function ofé, ri11,%+1,%,&. Thus, we can define the transition

v(eiala, @), (5.6)

wherew £ (s, &).

It should be obvious that, & jointly form a Markov state in this setting, called
thehyper-stateIn general, we shall denote the components of a future hyper-state
o as(s,&l). However, in occasion we will abuse notation by referring to the
components of some hyper-stabeass,, &». We shall use#p to denote the set
of BAMDPs.

As in the MDP case, finite horizon problems only require looking at all fu-
ture hyper-states until the horizdn where we omit the subscriptfor the value
function:

Virr (@) = maxE[regfa, a, v]+y /Q\/til,r(am)v(mllwat)dam- 5.7)
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It is easy to see that the size of the set of hyper-states in general grposen-
tially with the horizon. Thus, we can not perform value iteration with bounded
memory, as we did for discrete MDPs. One possibility is to continue expgndin
the belief tree until we are certain of the optimality of an action. As has prskiou
been observed Dearden et al. [1998]; Dimitrakakis [2006], this isiplessince

we can always obtain upper and lower bounds on the utility of any policy fre
current hyper-state. In addition, we can apply such bounds on fhyyrer-states

in order to efficiently expand the tree.

5.3 Belief tree expansion

Let the current belief bé; and suppose we obsersg2 (s, 1, ,,a). This
observation defines a unique subsequent bé[ii+elf. Together with the MDP state
s, this creates a hyper-state transition fraxto cq' 41

By recursively obtaining observations for future beliefs, we can olaaion-
balanced tree with node{sqi+k tk=1,...,T;i=1,...}. However, we cannot
hope to be able to fully expand the tree. This is especially true in the case wher
observations (i.e. states, rewards, or actions) are continuouse wieerannot per-
form even a full single-step expansion. Even in the discrete case théepras
intractable for infinite horizons — and far too complex computationally foifithe
nite horizon case. However, had there been efficient tree expansithods, this
problem would be largely alleviated.

All tree search methods require the expansion of leaf nodes. Howegan-
eral, a leaf node may have an infinite number of children. We thus ne®ed so
strategies to limit the number of children. More formally, let us assumevikat
wish to expand in nodey = (&,4), with & defining a density over#. For
discrete state/action/reward spaces, we can simply enumerate all tit@gpoas
comes{q‘H}lj‘ZlX’“{XR‘, whereRis the set of possible reward outcomes. Note that
if the reward is deterministic, there is only one possible outcome per stiderac
pair. The same holds i7 is deterministic, in both cases making an enumeration
possible. While in general this may not be the case, since rewards, staietons
can be continuous, in this chapter we shall only examine the discrete case.

5.4 Bounds on the optimal value function

Let Q1 be the set of leaf nodes of the partially expanded belief treevatite
BAMDP process. If the values of the leaf nodes were known, then wiel @asily
perform the backwards induction procedure, shown in Algorithm 1 favBPs:
If one thinks of the BAMDP as a very large MDP, one can see that theitigor
(also called value iteration) is identical to equation (4.6), with the subtle differ
that the reward only depends on the next hyper-state.

The main problem is obtaining a good estimateVfgy i.e. the value of leaf
nodes. Lett* (1) denote the policy such that, for amy

VI Mg >Vi(s),  Vse.s.

Furihermore, let the mean MDP arising from the befieft hyper-stateo = (s, &)
be pg = E[p|E].

Proposition 5.1 The optimal value function ¥of the BAMPDv at any hyper-
statew = (s, &) is bounded by the following inequalities

SV @z wan= v (@) = [V 9Emdu. (5.8)
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Algorithm 1 Backwards induction action selection

1:

N o a

input Process, timet, leaf node€t, leaf node value¥;.
2. forn=T-1T-2,...,tdo
3:
4

for w e Q, do

*

() = argmax 5 v(e/|w A)E(I,w,v) + V()]
a WeQn,1

i(w)= 5 v(w|wa)E(ro,wVv)+Vy ()]

WeQni1

end for

: end for
return af

The proof is given in the appendix. In POMDPs, a trivial lower bound ba
obtained by calculating the value of the blind policy Hauskrecht [2000]ittsm
and Simmons [2005], which always takes théxadaction, i.e.a = a for all t.
Our lower bound is in fact the BAMDP analogue of the value of the blind paticy
POMDPs if we consider BAMDP policies are POMDP actions. The analogyds d
to the fact that for any policyr, which selects actions by considering only the MDP
state, i.e. such that(a|s, &) = n(a|s), it holds trivially thatV™(w) < V*(w),
in the same way that it holds trivially if we consider only the set of policies twhic
always take the same action. In fact, of cousgw) > V™(w) for any T, by
definition. In our case, we have made this lower bound tighter by comsider
rr*(ﬁg), the policy that is greedy with respect to the current mean estimate.
The upper bound itself is analogous to the POMDP value function boued giv
in Theorem 9 of Hauskrecht [2000]. The crucial difference is thaipincase, both
bounds can only be approximated via Monte Carlo sampling with somelgifiba
unless# is finite.

5.4.1 Leaf node lower bound

A lower bound can be obtained by calculating the expected value of any.pllic
order to have a tighter bound, we can perform value iteration in the mea® MD
Let us use; to denote thenean MDPfor belief &, with transition probabilities
T, @ and mean rewardgy, :

T = Hg(sty1ls,a) =E(TH|&) (5.9)
R 2 Hg (s+1ls,a) = E(%H]&). (5.10)

Similarly, Ietvﬂ be the column vector of the value function of the mean MDP, to
obtain:

VZ =Ry +y/z{;v££(u)du
Rty ( [ e )V
=Ry, +y§£V£.

This is now a standard Bellman recursion, which we can use to obtain thg pplic
which is optimal with respect to the mean MDP. Unfortunately the value fumctio
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Figure 1: lllustration of upper and lower bounds on the vdluction,
averaged over all states, as more observations are acgliioash be seen
that the , mean MDP value (crosses) is far from the boundsligit The
bounds were calculated by taking the empirical mean of 100°PMam-

ples from the current belief.
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of the mean MDP does not generally equal the expected value of the BAMD
VI #ENTE).

Nevertheless, the stationary policy that is optimal with respect to the medh MD
can be used to evaluate the right hand sideter rrﬁ which will hopefully result

in a relatively tight lower bound. This is illustrated in Figure 1, which displgys u
per and lower bounds on the BAMDP value function as observationcgrérad

in a simple maze task.

If the beliefsé can be expressed in closed form, it is easy to calculate the
mean transition distribution and the mean reward férfor discrete state spaces,
transitions can be expressed as multinomial distributions, to which the Dirichle
density is a conjugate prior. In that case, for Dirichlet parame{tqyfsa(f) ihje
Z,ac o/}, we have <a

— _ Yy (&)

HeE182) = o) G4y
Similarly, for Bernoulli rewards, the corresponding mean model ayiiom the
beta prior with parametersa>?(¢),B%%(¢) :se /,ac &/} is E[r|s,a, lg] =
as3(&)/(as3(&) + BS3(&)). Then the value function of the mean model can be
found with standard value iteration.

5.4.2 Bounds with high probability

In general, neither the upper nor the lower bounds cannot be egrgresslosed
form. However, the integral can be approximated via Monte Carlo sagplin

Let us be in some hyper-stade= (s, ). We can obtairt MDP samples from
the belief ate: p1,...,H4c ~ &(u). In order to estimate the upper bound, for
eachpy we can derive the optimal policg® (i) and estimate its value function

U £ V;:(“k) =Vj;- We may then average these samples to obtain

Ve(w) = %(9); (6.12)

1

Ol
3]

Py
Il

wheresis the state at hyper-state Letv*(w) = [ , & (u)Vj;(s)du. It holds that
liMc—w[Vc] = V¥(w) and thatE[Vc] = V*(w). Due to the latter, we can apply a
Hoeffding inequality

2ce?
P(|Vi(w) — Vi (w)| > €) < 2ex (77» 5.13
(1%(0) 7 (@)] > &) < 2exp( 7 ——— (5.13)
thus bounding the error within which we estimate the upper boundr;FEof0, 1]
and discount factoy, note thamax— Vimin < 1/(1—V).
The procedure for the lower bound is identical, but we only need to estimate
the valuevy év[,ﬁ M) of the mean-MDP-optimal policyr*(fig ) for each one of

the sampled MDPgl. Thus we obtain a pair of high probability bounds for any
BAMDP node.

5.5 Discussion and related work

Employing the above bounds together with efficient search methodsifin@and
Munos, 2007; Dimitrakakis, 2008, 2009; Hren and Munos, 2008] isoansing
direction. Even when the search is efficient, however, the complexitgiram
prohibitive for large problems due to the high branching factor and thertency
on the horizon.
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Poupart et al Poupart et al. [2006] have proposed an analytic sotot®ayesian
reinforcement learning. They focus on how to efficiently approximate)( More
specifically, they use the fact that the optimal value function is the uppetare
of a set of linear segments

Vi (@) = maxa (),
’ acl

with
a(w)= /ﬂ &(m)a(s,p)dy.

They then show that thk+ 1-horizona-function can be computed from tle
horizona-function via the following backwards induction:

a(@) = Y H(sa=i |52 (@) ER] sia=i,5.a (@) +va(ed ),
(5.14)
VK (w) = max a(w), (5.15)

aclrk+t

whereoqi+l denotes the augmented state resulting from starting, ahking action
a“(«r) and transiting to the MDP stateHowever, the complexity of this process
is still exponential with the planning horizon. For this reason, the auth@sus
projection of thea-functions. This is performed on a set of belief points selected
via sampling a default trajectory. The idea is that one may generalize tirem
set of sample beliefs to other, similar, belief states. In fact, the approxivatue
function they derive is a lower bound on the BAMDP value function. It i®pan
question whether or when the bounds presented here are tighter.

At this point, however, it is unclear under what conditions efficient online
methods would outperform approximate analytic methods. Perhapstzration
of the two methods would be of interest: i.e. using the online search amdibau
order to see when the point-based approximation has become too ia@ccline
online search could also be used to sample new belief points.

It should be noted that online methods break down wpen 1 because the
belief tree can not in general be expanded to the required depth.t/nHaonly
currently known methods which are nearly optimal in the undiscountesl s
based on distribution-free bounds Auer et al. [2008]. Similarly to thelibbaase,
it is possible to perform nearly optimally in an unknown MDP by considering u
per confidence bounds on the value function. Auer et al [Auer e2@08] in
fact give an algorithm which achieves reg@tD|.”|/|</|T) after T steps for
any unknown MDP with diameteD. In exactly the same way as the Bayesian
approach, the algorithm maintains couktover observe state-action-state tran-
sitions. In order to obtain an optimistic value function, the authors consider a
augmented MDP which is constructed from a set of plausible MiaP&hereM
is such thaP(W|u ¢ M) < &. Then, instead of augmenting the state space, they
augment the action space by allowing the simultaneous choice of aetiong’
and MDPsu € M. The policy is then chosen by performing average value itera-
tion [c.f. Puterman, 2005] in the augmented MDP.

There has not been much work yet for Bayesian methods in the undiscb
case, with the exception of Bernoulli bandit problems Kelly [1981]. lymaeell
be that in fact naive look-ahead methods are impractical. In order Hieac
O(D|.#|+/|</|T) regret with online methods Dimitrakakis [2009] requires an in-
stantaneous regretsuch thalztT & < VT, = & < 1/1. If we naively bound our
instantaneous regret by discounting, then that would require our Inoizgrow

SIntuitively, the maximin expected time needed to reach ang $tatn any other state, where the max
is taken over state pairs and the min over policies. See [Pater2005] for details.

19



with rate O(log, /,v/t/(1 — y)), something which seems impractical with current
online search techniques.

6 Partial observability

A useful extension of the MDP model can be obtained by not allowing teatag
to directly observe the state of the environment, but an observation heanjathat

is conditioned on the state. This more realistic assumption is formally defged a
follows:

Definition 6.1 (Partially observable Markov decision process)A partially observ-
able Markov decision procegs(POMDP) is defined as the tuple= (', </, 0, T , %)
comprised of a set of observatiod, a set of states”, a set of actions,

a transition-observation distributiorZ conditioned the current state and action
U(sy1=19,011 = 0| = s,& = a) and a reward distributionz?, conditioned on
the state and actiop(ry 11 =r|s =s,& = a), withac &/, s € .#,0€ 0, reR.

We shall denote the set of POMDPs.&. For POMDPs, it is often assumed that
one of the two following factorizations holds:

H(S41,0t41]S,8) = M(St41/S, @) (O 11]St41) (6.1)
H(St1,0p1lS,8) = H(Stralss @) H(ora s, @) (6.2)

The assumption that the observations are only dependent on a singlerstate
single state-action pair is a natural decomposition for a lot of practichlgmss.

POMDPs ardormally identicalto BAMDPs. More specifically, BAMDPSs cor-
respond to a special case of a POMDP in which the state is split into two pars: O
fully observable dynamic part and one unobservable, continuousstationary
part, which models the unknown MDP. Typically, however, in POMDP applic
tions the unobserved part of a state is dynamic and discrete.

The problem of acting optimally in POMDPs has two aspects. The first is state
estimation, and the second is acting optimally given the estimated state. As far a
the first part is concerned, given an initial state probability distributiodatipg
the belief for a discrete state space amounts to simply maintaining a multinomial
distribution over the states. However, the initial state distribution might not be
known. In that case, we may assume an initial prior density over the muli@ho
state distribution. It is easy to see that this is simply a special case of anwnkn
state transition distribution, where we insert a special initial state which is only
visited once. We shall, however, be concerned with the more genelofdull
exploration in POMDPs, where all state transition distributions are unknown.

6.1 Belief POMDPs

Itis possible to create an augmented MDP for POMDP models, by endoény

with an additional belief state, in the same manner as MDPs. However now the
belief state will be a joint probability distribution ove#p and.”. Nevertheless,
each(a;, 0;,1) pair that is observed leads to a unique subsequent belief state. More
formally, a belief-augmented POMDP is defined as follows:

Definition 6.2 (Belief POMDP) A Belief POMDP v (BAPOMPD) is an MDP

v=(Q,,0,7' %) whereQ = ¢ x %, where¥ is the set of probability mea-
sures onY, 4 is the set of probability measures o#p, .7’ %' are the belief

20



state transition and reward distributions conditioned on the belief sfatand the
action a such that the following factorizations are satisfied foralt .#p, & € £

P(strals a1, 1) = H(Sr1ls,a)  (6.3)
p(ot|s, a0 1,.--, 1) = H(ot|s,a) (6.4)

p(EtH\otH,au&):/% P(&r1lH, 01,8, &) St1(M[O 41,8, &)du (6.5)

We shall denote the set of BAPOMDPs wit#gp. Again, (6.5) simply assures that
the transitions in the belief-POMDP are well-defined. The Markov Fdie, &)

now jointly specifies a distribution over POMDPs and st4tés.in the MDP case,

in order to be able to evaluate policies and select actions optimally, we neest to fi
construct the BAPOMDP. This requires calculating the transitions fromutrerat
belief state to subsequent ones according to our possible future atisesy as
well as the probability of those observations. The next section goes intinthis
more detail.

6.2 The belief state

In order to simplify the exposition, in the following we shall assume firstly that
each POMDP has the same number of states. Ekgn=s|u) describes the prob-
ability that we are in state at timet given some belie€ and assuming we are in
the POMDPu. Similarly, & (st =s, u) is the joint probability given our belief. This
joint distribution can be used as a state in an expanded MDP, which caivbd so
via backward induction, as will be seen later. In order to do this, we ntast s
with an initial belieféy and calculate all possible subsequent beliefs. The belief
at timet 4 1 depends only on the belief timeand the current set of observations
r+1,0t+1,8. Thus, the transition probability froid to & 1 is just the probability

of the observations according to our current belégfri;1,0t+1/a). This can be
calculated by first noting that given the model and the state, the probabitiye o
observations no longer depends on the belief, i.e.

& (re11,0t41,| S8, 1) = H(req1, 0041 | @,%) = H(rega | @G s)H(0t1 | @, ).
(6.6)

The probability of any particular observation can be obtained by integratiag
all the possible models and states

E(rie1 0 | &) = /% /yll(rt+1,0t+1 la,9)&(ns)duds.  (6.7)

Given that a particular observation is made from a specific belief stateowe
need to calculate what belief state it would lead to. For this we need to compute
the posterior belief over POMDPs and states. The belief over POMDRseis gy

EI+1(“) £ Et(“ ‘ rt+l70[+17a(a) (68)
&0 a | & (1K)
B & (ri1,0t41,a) (6.9)

= #//VIJ(VHLOHL& [st41,%)ét(St+1,% | H)dg41ds  (6.10)

6The formalism is very similar to that described in Ross et &I0B], with the exception that we do not
include the actual POMDP state in the model.
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whereZ = & (ry,1,0111,a) is a normalizing constant. Note tha{(s 11,5 | U) =
U(s+1 | s)éi(s | 1), whereéi(s | () is our belief about the state in the POMDP
U. This can be updated using the following two steps. Firstly, the filtering step

&ra(s | W) 2 & (s | rev, 001,00 1) (6.11)
H(re1,01 | S a0)é (s | 1)

- : 6.12

&(rer1,041 | @, ) 7 (6.12)

where we adjust our belief about the previous state of the MDP basdden.we
must perform a prediction step

&1l M) = /;U(Swl | =9)é+1(s =s| u)ds (6.13)

where we calculate the probability over the current states given our séef b
concerning the previous states. These predictions can be used to talthdate a
new possible belief, since our current belief corresponds to a distniboNier. #p.

For each for each possible we determine how our beliefs would change as we
acquire new observations. The main difficulty is maintaining the joint distributio
over states and POMDPs.

6.3 Belief compression

Belief-augmented POMDPs in generally admit no compact representstiaur
current belief. This is due to the fact that there is a uncertainty both atfuah
POMDP we are acting in and about the state of each possible POMDP Ithiac
sufficient statistic for such a problem consistdted complete history of observa-
tions

This problem is not unique in reinforcement learning, however. A |aitbér
inference problems admit no compact posterior distributions. Gayssiaasses [Ras-
mussen and Williams, 2006], for example, have comple®itg®) in the number
of parameters.

For the specific case of BAPOMDPSs, Ross et al [Ross et al., 2008a]ag
fixed-sample approximation for the value function with a strict upper doam
the error. This work uses the ideamifvector backups employed in Poupart et al.
[2006] to evaluate the BAMDP value function on a finite POMDP. In addition
to the value function approximation, the authors also employ particle filters to
represent the belief. In very closely related work, Poupart and MIgsupart and
Vlassis, 2008] employ sampling from reachabkdiefstogether with an efficient
analytical approximation to the BAPOMDP value function.

7 Conclusion, future directions and open prob-
lems

Online methods for reinforcement learning have now reached a pbnetaiive
maturity, especially in the distribution-free framework. Methods for Iyeaypti-
mal reinforcement learning now exist in the discrete case Auer et@G08]2 The
continuous case is covered only for bandit problems, however Awdr R007];
Coquelin and Munos [2007]; Kocsis and Szep@s{2006]. The continuous-case
extension of the discrete framework may be relatively straightforwamtl,it is
nevertheless unclear whether a naive extension (by a simple discrefjsztibe
bounds in Auer et al. [2008] will be sufficient. Related results in policyregy in
continuous spaces Dimitrakakis and Lagoudakis [2008] show an ergiahde-
pendency on the number of dimensions, even though the policy iteraboagurre
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used therein is quite efficient. This however is probably due to the genedk-w
ness that interval-based methods have with dealing with high dimensiawsp
they require a number of partitionings of the state space exponential inithieen

of dimensions. Whether such methods can be further improved retodiersseen.

There are some approaches which use sparse sampling KearrniegimfllS98]
to deal with this problem. These methods have been employed in a Bagasiea
settings as well Wang et al. [2005], with promising results. Such methms,
ever, are unuseful when rewards are undiscounted: Kearmsespampling Kearns
and Singh [1998] method relies on the fact that the discount factor sets an-
plicit horizon. It is possible to employ average-reward value iteratioe fee
example Puterman [2005]) to obtain upper bounds on the optimal vahotida
at the leaf nodes of such a tree. However, the main problem with thadagpis
that the average-reward value iteration in general diverges: thus,itheo easy
way to calculate the value of predecessor states.

Current research to improve the performance in the online case is niostly
cused on improved methods for tree search Coquelin and Munos][2Di-
itrakakis [2008, 2009]; Hren and Munos [2008]; Kocsis and Szepe$2006];
Ross et al. [2008b]; Wang et al. [2005]. Offline methods have begloed in the
context of point-based approximations to analytic solutions Poupart [@08I6],
as well as in the context of linear programming Castro and Precup [2@8®h
approaches could be effective tools to reduce computation, by allowimgpaen-
eralize over belief states. This is an approach followed by Ross et al ®aH.
[2008a] and Poupart and Vlassis [Poupart and Vlassis, 2008]xfdomation in
POMDPs.

In summary, the following questions should be of interest to researahéne
field: (a) How well do value function approximations on BA(PO)MDPsegatize
to unseen belief states? (b) How to perform an effective discretisatitireafon-
tinuous space. Can we go beyond interval-based methods? (c) Havecample
MDP and belief states efficiently? (d) Can Bayesian methods be extendeel to
undiscounted case?
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Appendix

Proposition 5.1 By definition,V*(w) > V™(w) for all w = (s, &), for any policy
1. The lower bound follows trivially, since

VT () (o) 2 /vf@)(s)g(u)du. (7.1)

The upper bound is derived as follows. First note that for any fundtiomax, [ f(x,u) du<
J max f(x,u)du. Then, we remark that:

V(@) =max [ VT (9)& (1) d (7.23)
< [ maxv(9E (uydu (7.2b)
= [V 9z du. (7.20)
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