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AbstratThis thesis deals with the use of onstrutive type theory as a programminglanguage. In partiular, it presents a method to translate general reursivefuntional programs into their type-theoreti equivalents.A key notion in funtional programming is reursion, whih allows that theobjet being de�ned refers to itself. Assoiated with reursion is the problem oftermination sine, in general, there is no guarantee that a reursive funtion willalways terminate. It is hene very important to have mehanisms to prove thata ertain funtion terminates or even to ensure the termination of the funtionby the form of its de�nition. Examples of the latter are struturally reursivede�nitions, where every reursive all is performed on a struturally smallerargument.Standard funtional programming languages impose no restritions on re-ursive programs and thus, they allow the de�nition of any general reursivefuntion. There exist, though, less onventional funtional programming lan-guages where only terminating reursive de�nitions are allowed. Construtivetype theory an be seen as one of them. In addition, logi an also be repre-sented in onstrutive type theory by identifying propositions with types andproofs with programs of the orresponding type. Therefore, a type an enodea omplete spei�ation, requiring also logial properties from an algorithm. Asa onsequene, algorithms are orret by onstrution or an be proved orretby using the expressive power of onstrutive type theory. This is learly anadvantage of onstrutive type theory over standard programming languages.A omputational limitation of type theory is that, to keep the logi onsistentand type-heking deidable, only struturally reursive de�nitions are allowed.Many important algorithms are general reursive. Although many suh al-gorithms an be proved to terminate, there is no syntati ondition that guar-antees their termination and thus, general reursive algorithms have no direttranslation into type theory.In this thesis, a method to formalise general reursive algorithms in typetheory that separates the omputational and logial parts of the de�nitions ispresented. As a onsequene, the resulting type-theoreti algorithms are lear,ompat and easy to understand. Given a general reursive algorithm, themethod onsists in de�ning an indutive speial-purpose aessibility prediatethat haraterises the inputs on whih the algorithm terminates. The type-theoreti version of the algorithm an then be de�ned by strutural reursion onthe proof that the input values satisfy this prediate. When formalising nestedalgorithms, the speial-purpose aessibility prediate and the type-theoretiversion of the algorithm muh be de�ned simultaneously beause they dependon eah other. Sine the method separates the omputational part from thelogial part of a de�nition, formalising partial funtions beomes also possible.
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General Reursion in Type TheoryAna BoveSeptember 2002
General IntrodutionFuntional programming is one of the di�erent programming styles and it hasbeome widely used in the last deade beause of, among other reasons, thesimpliity and elegane of its programs.In funtional programming, a program onsists of several funtions. Themain program is a funtion whih, in turn, is de�ned using other funtions.These funtions are very similar to mathematial funtions and they are usuallyde�ned by equations. To ompute a funtional program, the main funtion inthe program reeives the program's input as its arguments and produes theprogram's output as its result.A very simple funtional program is the program that doubles its input,whih an be de�ned as:double x = 2 * xThen, when we apply this funtion to the value 3 we obtain the value 6. Aproblem arises though if we want to apply the funtion double to the booleanvalue True, sine the operation 2 * True has no assoiated meaning. In thiskind of problems types beome of great help.A type is a olletion of values, suh as numbers or booleans. If we look atthe funtion double, it makes sense to double numbers but not boolean values.Funtions and types an be onneted by de�ning the funtions to operate onlyover partiular types. Hene, the funtion above an be instead be de�ned as:double :: Integer -> Integerdouble x = 2 * xTypes have been broadly aepted in programming beause of, among otherreasons, their help in the elimination of errors in the programs. Hene, mostof the more important programming languages are typed. Funtional program-ming languages are not an exeption and then, also most of the more importantfuntional programming languages are typed. Examples of typed funtionallanguages are Haskell [JHe+99℄ and Standard ML [MTHM97℄. Throughout this1



thesis we mainly use Haskell when we introdue examples in a funtional pro-gramming language.Typed programming languages usually provide a few basi types and a meh-anism that allows the de�nition of indutive data types. When de�ning a datatype, we have to introdue the onstrutors that generate the elements of thenew type together with the types of its arguments. An example of an indutivetype is the following, provided that Number, Origin and Destination are types.data Transport = Taxi | Bus Number Origin DestinationHere, the indutive type Transport has two ways of onstruting its elements.The �rst onstrutor, Taxi, takes no arguments while the seond onstrutor,Bus, takes the number of the bus, and its origin and destination as arguments.A key notion in funtional programming is the notion of reursion, whihallows that the objet being de�ned refers to itself. The notion of reursionapplies both to types and to funtions. A very well known indutive data typewhih is reursive is the type of natural numbers, whih an be de�ned as:data N = O | S NSome funtional programming languages have also the possibility of de�ningdata types with in�nite objets, suh as the type of in�nite lists of naturalnumbers de�ned as:data Stream = SCons N StreamHowever, we disregard suh possibility in this introdution and hene, everytype de�nition ontains only �nite elements.Funtions de�ned over indutive types are reursive funtions by nature.The fatorial funtion over natural numbers an be de�ned as below, where weuse the pattern mathing faility of Haskell.fa :: N -> Nfa O = S Ofa (S n) = (S n) * fa nAssoiated with reursion, we have the ruial problem of termination. Ingeneral, there is no guarantee that a reursive funtion will always terminate.For example, a small hange in the fatorial funtion above will make that thefuntion fails termination for positive inputs.fa' :: N -> Nfa' O = S Ofa' (S n) = (S n) * fa' (S n)It is hene very important to have mehanisms that allow us to prove thata ertain funtion terminates or even to ensure the termination of the funtionby the form of its de�nition. An example of the former are the so alled proofsby indution and of the latter are the struturally reursive de�nitions. A stru-turally reursive de�nition is suh that every reursive all is performed on a2



struturally smaller argument. In this way we an be sure that the reursionterminates. The de�nition of the funtion fa is an example of suh a de�ni-tion. Hene, the funtion fa terminates for any input. Another example of astruturally reursive de�nition is the insertion sort algorithm de�ned as:sort :: [N℄ -> [N℄sort [℄ = [℄sort (x:xs) = insert x (sort xs)insert :: N -> [N℄ -> [N℄insert n [℄ = [n℄insert n (x:xs) = if n < x then n:x:xselse x: insert n xsDe�nitions where the reursive alls are not required to be on struturallysmaller arguments, that is, where the reursive alls an be performed on anyargument are alled general reursive de�nitions.Standard funtional programming languages impose no restritions on reur-sive programs. Thus, they allow the de�nition of general reursive algorithmsand it is the responsibility of the programmer to write terminating programs.There exist though less onventional funtional programming languages whereonly struturally reursive de�nitions are allowed. Construtive type theory anbe seen as an example of suh a funtional programming language and hene,in type theory, all funtions are guaranteed to terminate.Exept for a hange in notation, the insertion sort algorithm an be writtenin type theory in the same way as above:sort 2 (List(Nat))List(Nat)sort(nil) = nilsort(ons(x; xs)) = insert(x; (sort(xs)))insert 2 (Nat; List(Nat))List(Nat)insert(n; nil) = ons(n; nil)insert(n; ons(x; xs)) =if then else(n < x; ons(n; ons(x; xs)); ons(x; insert(n; xs)))where if then else is a funtion that selets the seond or the third argument de-pending or whether the �rst argument evaluates to true or to false, respetively.However, onstrutive type theory is more expressive than standard pro-gramming languages thanks to the possibility of de�ning dependent types. Alear example where dependent data types in programming are very useful isthe de�nition of the type of vetors of ertain length. If Nat is the type of theelements in the vetor, the de�nition of suh a type would be as follows in typetheory: Vetor 2 (Nat)Setnilv 2 Vetor(0)onsv 2 (n 2 Nat;m 2 Nat; v 2 Vetor(n))Vetor(s(n))3



Aording to the Curry-Howard isomorphism [How80℄, logi an also berepresented in type theory by identifying propositions with types and proofswith programs of the orresponding types. Prediates and relations are thenseen in type theory as funtions yielding propositions as output. As an exampleof an indutively de�ned prediate in type theory we present the de�nition of theSorted prediate over lists of natural numbers. Given a list of natural numbersls , Sorted(ls) is true if ls is sorted, that is, we an �nd a proof of Sorted(ls) if lsis sorted.Sorted 2 (List(Nat))Setsortednil 2 Sorted(nil)sortedons 2 (n 2 Nat; l 2 List(Nat); p 2 Minimum(n; l);h 2 Sorted(l))Sorted(ons(n; l))where Minimum(n; l) is a proposition that is true if the number n is less than orequal to any element in the list l.We an now use the expressive power of onstrutive type theory to provethe orretness of our insertion sort algorithm. Let Perm(l; l0) be a propositionwhih is true if the list l0 is a permutation of the list l. The orretness theoremfor our sorting example an be stated as follows:8 l 2 List(Nat) : Sorted(sort(l)) ^ Perm(l; sort(l))where ^ represent the onjuntion of two propositions in type theory.Given a list of natural numbers ls and any proof p of the above statement,p(ls) is a proof that the list sort(ls) is sorted and that it is a permutation of theoriginal list ls . In this way, we have de�ned a sorting algorithm and then wehave proved that it produes the expeted result. This approah is known inthe literature as the external approah.An alternative way of obtaining our sorting algorithm is by the internal orintegrated approah. In the internal approah, we integrate the algorithm itselfwith its spei�ation. In this way, we enode in a type a omplete spei�ation,requiring also logial properties from an algorithm. A program satisfying suhspei�ation is simply an objet of the type in question. In other words, sinetheorems are represented as types in type theory then, a proof of a theorem is afuntion that, given proofs of the hypotheses of the theorem, omputes the proofof the thesis. In partiular, when a theorem states the existene of an objetwith ertain properties, the proof of the theorem omputes suh an objet fromthe given proofs of the hypotheses of the theorem. As a onsequene, whenusing the internal approah, algorithms are orret by onstrution.For our sorting example, the type of the integrated approah is:8 l 2 List(Nat) : 9 l0 2 List(Nat) : Sort(l0) ^ Perm(l; l0)Here, given a list of natural numbers ls and any proof p of the above statement,p(ls) is a pair of the form hl0; hi where l0 is a list of natural numbers and his a proof that the list l0 is sorted and that it is a permutation of the original4



list l. Thus, l0 is the output list and h is a term ontaining the algorithm anda proof of its orretness. A tehnique alled program extration allows us toseparate the algorithm itself from its orretness proof and hene, we an usethe extrated algorithm as in any funtional programming language.It is worth mentioning here that the above statement is not partiularlyassoiated to the insertion sort algorithm but to any sorting algorithm on listof natural numbers. Di�erent proofs of the statement would orrespond to thedi�erent sorting algorithms.The fat that algorithms are orret by onstrution or an be proved or-ret by using the expressive power of onstrutive type theory is learly anadvantage of onstrutive type theory over standard programming languages.A omputational limitation of type theory is that, to keep the logi onsistentand type-heking deidable, only struturally reursive de�nitions are allowed,as we have already mentioned.Many important and well known algorithms are not struturally reursivebut general reursive. Although many general reursive algorithms an beproved to terminate, there is no syntati ondition that guarantees their ter-mination and thus, general reursive algorithms have no diret formalisation intype theory.Coming bak to our sorting example, we might deide to implement a moreeÆient sorting algorithm known as quiksort. Its Haskell de�nition is as follows:quiksort :: [N℄ -> [N℄quiksort [℄ = [℄quiksort (x:xs) = quiksort (filter (< x) xs) ++x : quiksort (filter (>= x) xs)Although the reursive alls are made on non-struturally smaller argument, itis easy to see that the sizes of the lists on whih we perform the reursive allsare stritly smaller than the size of the original list. In this way, we an onvineourselves that the algorithm terminates for any input.The standard way of handling general reursion in onstrutive type theoryuses a well-founded reursion priniple derived from the aessibility prediateA (see [Az77, Nor88℄). The idea behind the aessibility prediate is thatan element a is aessible by a relation � if there exists no in�nite dereasingsequene starting from a. A set A is said to be well-founded with respet to � ifall its elements are aessible by �. Hene, to guarantee that a general reursivealgorithm that performs the reursive alls on elements of type A terminates,we have to prove that A is well-founded and that the arguments supplied to thereursive alls are smaller than the input.If we want to use the aessibility prediate for the formalisation of thequiksort algorithm, we have to mix the algorithm itself with proofs that thesizes of the lists filter (< x) xs and filter (>= x) xs are stritly smallerthan the size of the list (x:xs). However, these proofs have no omputationalontent and their only purpose is to provide the neessary onditions to allowthe reursive alls. 5



Sine A is a general prediate, it gives no information that an help us inthe formalisation of a spei� reursive algorithm. As a onsequene, its use inthe type-theoreti formalisation of general reursive algorithms often results inunneessarily long and ompliated odes. Moreover, its use adds a onsiderableamount of ode with no omputational ontent, that distrats our attention fromthe omputational part of the algorithm.To bridge the gap between programming in type theory and programmingin a funtional language, we developed a method to formalise general reursivealgorithms in type theory that separates the omputational and logial parts ofthe de�nitions. As a onsequene, the resulting type-theoreti algorithms arelear, ompat and easy to understand. They are as simple as their Haskell-likeversions, where there is no restrition on the reursive alls. Given a general re-ursive algorithm, our method onsists in de�ning an indutive speial-purposeaessibility prediate that haraterises the inputs on whih the algorithm ter-minates. The type-theoreti version of the algorithm an then be de�ned bystrutural reursion on the proof that the input values satisfy this prediate.Sine our method separates the omputational part from the logial part of ade�nition, formalising partial funtions beomes possible. Proving that a er-tain funtion is total amounts to proving that the orresponding aessibilityprediate is satis�ed by every input.If we want to use our method in the type-theoreti formalisation of thequiksort algorithm, we �rst have to onstrut the speial-purpose aessibilityprediate assoiated with the algorithm. To onstrut this prediate, we analysethe Haskell ode and haraterise the inputs on whih the algorithm terminates.Thus, we distinguish the following two ases:� The algorithm quiksort terminates on the input [℄;� Given a natural number x and a list xs of natural numbers, the algorithmquiksort terminates on the input (x:xs) if it terminates on the inputs(filter (< x) xs) and (filter (>= x) xs).From this desription, we de�ne the type-theoreti indutive prediate qsAover lists of natural numbers by the introdution rules we give below.qsA(nil) qsA(�lter((< x); xs)) qsA(�lter((> x); xs))qsA(ons(x; xs))We formalise this prediate in type theory as follows:qsA 2 (zs 2 List(Nat))Setqs anil 2 qsA(nil)qs aons 2 (x 2 Nat;xs 2 List(Nat);h1 2 qsA(�lter((< x); xs));h2 2 qsA(�lter((> x); xs)))qsA(ons(x; xs))We de�ne the quiksort algorithm by strutural reursion on the proof that6



the input list of natural numbers satis�es the prediate qsA.quiksort 2 (zs 2 List(Nat); qsA(zs))List(Nat)quiksort(nil; qs anil) = nilquiksort(ons(x; xs); qs aons(x; xs; h1; h2)) =quiksort(�lter((< x); xs); h1) ++ ons(x; quiksort(�lter((> x); xs); h2))Finally, as the quiksort algorithm is total, we an proveallQsA 2 (zs 2 List(Nat))qsA(zs)and use that proof to de�ne the type-theoreti funtion QuikSort.QuikSort 2 (zs 2 List(Nat))List(Nat)QuikSort(zs) = quiksort(zs; allQsA(zs))At this point, we would like to draw the reader's attention to the simpliityof this translation. The aessibility prediate an be automatially generatedfrom the reursive equations of the funtional program and the type-theoretiversion of the algorithm looks very similar to the original program, exept for theextra proof argument. If we suppress the proofs of the aessibility prediate,we get almost exatly the original algorithm.This method was �rst introdued in Simple General Reursion in Type The-ory (paper I). Here, we illustrate the method to translate simple general re-ursive algorithms into type theory. By simple here we mean non-nested andnon-mutually reursive algorithms. In Programming in Martin-L�of Type The-ory: Uni�ation - A non-trivial Example (paper V), we use the method for sim-ple algorithms to formalise a uni�ation algorithm over lists of pairs of terms.There, we present both the internal and the external approah of the example.In addition, we present the formalisation of the uni�ation algorithm using thestandard aessibility prediate A and we ompare the resulting algorithms.The method has been extended to treat nested reursion in Nested Gen-eral Reursion and Partiality in Type Theory (paper II), whih was a jointwork with Venanzio Capretta. When we want to formalise nested algorithms,the speial-purpose aessibility prediate and the type-theoreti version of thealgorithm depend on eah other and thus, they must be de�ned simultane-ously. This kind of de�nitions is not allowed in ordinary type theory, but itis provided in type theories extended with Dybjer's shema for simultaneousindutive-reursive de�nitions [Dyb00℄. In addition, in paper II, we show thatpartial funtions an also be formalised in type theory using our method.Later, in Mutual General Reursion in Type Theory (paper III), the methodhas been extended to treat mutually reursive funtions, nested or not. Whenwe have mutually reursive algorithms, the termination of one funtion dependson the termination of the others and hene, the aessibility prediates are alsomutually reursive. If, in addition to mutual reursion, we have nested alls,we again need to de�ne the prediates simultaneously with the algorithms. Inorder to do so, we need to extend Dybjer's shema for ases where we have sev-eral mutually reursive prediates de�ned simultaneously with several funtions.Suh a generalisation is also presented in this paper.7



In the papers I, II and III, we have presented our method by means of ex-amples. The purpose of paper IV, Modelling General Reursion in Type Theorywhih is also a joint work with Venanzio Capretta, is to give a general pre-sentation of the method. We start by giving a haraterisation of the lass ofreursive de�nitions that we onsider, whih is a sublass of ommonly usedfuntional programming languages like Haskell. This lass, whih we prove tobe Turing omplete, onsists of funtions de�ned by reursive equations that arenot neessarily well-founded. Then, we formally desribe how we an translateany funtion in that lass into type theory using our speial-purpose aessibilityprediates.To summarise, this thesis deals with the use of onstrutive type theory asa programming language. In partiular, it presents a method to write generalreursive programs in type theory or more preisely, to translate general reur-sive funtional programs into their type-theoreti equivalents. Throughout thisthesis, by onstrutive type theory we primarily understand Martin-L�of typetheory [ML84℄. However, some of the ideas presented here an also be appliedin other type theories as for example the Calulus of Construtions [CH88℄.As a �nal remark, we would like to add that writing programs in onstrutivetype theory amounts to writing ompletely formal proofs of often omplex theo-rems. This makes the pratial appliability of type theory strongly dependenton the availability of adequate programming environments, usually known asproof assistants. For the examples we have presented throughout this thesis, wehave used the proof assistant ALF [Mag92, AGNvS94, MN94℄ and some timesalso the proof assistant Coq [oq99, oq01℄.Referenes[Az77℄ P. Azel. An Introdution to Indutive De�nitions. In J. Barwise,editor, Handbook of Mathematial Logi, pages 739{782. North-Holland Publishing Company, 1977.[AGNvS94℄ T. Altenkirh, V. Gaspes, B. Nordstr�om, and B. von Sydow.A User's Guide to ALF. Chalmers University of Teh-nology, Sweden, May 1994. Available on the WWWftp://ftp.s.halmers.se/pub/users/alti/alf.ps.Z.[CH88℄ T. Coquand and G. Huet. The Calulus of Construtions. Infor-mation and Computation, 76:95{120, 1988.[oq99℄ Coq homepage. http://pauilla.inria.fr/oq/, 1999.[oq01℄ The Coq development team. Logial projet. The Coq proof assis-tant referene manual. Version 7.2, 2001. INRIA.[Dyb00℄ P. Dybjer. A general formulation of simultaneous indutive-reursive de�nitions in type theory. Journal of Symboli Logi,65(2), June 2000. 8
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Simple General Reursion in Type TheoryAna BoveDepartment of Computing SieneChalmers University of TehnologySE-412 96 G�oteborg, Swedenbove�s.halmers.seJanuary 2001AbstratGeneral reursive algorithms are suh that the reursive alls are per-formed on arguments satisfying no ondition that guarantees termination.Hene, there is no diret way of formalising them in type theory.The standard way of handling general reursion in type theory uses awell-founded reursion priniple. Unfortunately, this way of formalisinggeneral reursive algorithms often produes unneessarily long and ompli-ated odes. On the other hand, funtional programming languages likeHaskell impose no restritions on reursive programs, and then writinggeneral reursive algorithms is straightforward. In addition, funtionalprograms are usually short and self-explanatory. However, the existingframeworks for reasoning about the orretness of Haskell-like programsare weaker than the framework provided by type theory.The goal of this work is to present a method that ombines the advan-tages of both programming styles when writing simple general reursivealgorithms. The method introdued here separates the omputational andlogial parts of the de�nition of an algorithm, whih has several advan-tages. First, the resulting type-theoreti algorithms are ompat and easyto understand; they are as simple as their Haskell versions. Seond, total-ity is now a separate task and hene, this method an also be used in theformalisation of partial funtions. Third, the method presented here alsosimpli�es the task of formal veri�ation. Finally, it an easily be extendedto treat nested and mutual reursion.The main feature of the method is the introdution of an indutiveprediate, speially de�ned for the algorithm to be formalised. This pred-iate an be thought of as haraterising the set of inputs for whih thealgorithm terminates. It ontains an introdution rule for eah of theases that need to be onsidered and provides an easy syntati onditionthat guarantees the termination of the algorithm.13



1 IntrodutionFollowing the Curry-Howard isomorphism [How80℄, onstrutive type theory(see for example [ML84, CH88℄) an be seen as a programming language wherespei�ations are represented as types and programs as objets of the types.Hene, when a spei�ation states the existene of an objet with ertain prop-erties, any program that satis�es the spei�ation omputes suh an objet.In addition, one an use the expressive power of type theory to reason aboutprogram orretness. This learly is an advantage of onstrutive type theoryover standard programming languages, and therefore the use of type theory inprogramming has been the objet of several studies.Simple general reursive algorithms (by simple we mean non-nested andnon-mutually reursive) are de�ned by ases where the reursive alls are onnon-struturally smaller arguments. In other words, the reursive alls are per-formed on objets satisfying no ondition that guarantees termination. As aonsequene, there is no diret way of formalising them in type theory.The standard way of handling general reursion in type theory uses a well-founded reursion priniple derived from the aessibility prediate Acc (see[Az77, Nor88℄). The prediate Acc aptures the idea that an element a of typeA is aessible by a relation � if there exists no in�nite dereasing sequenestarting from a. A set A is said to be well-founded with respet to � if all itselements are aessible by �.When using this prediate to write the type-theoreti version of a generalreursive algorithm that performs the reursive alls on elements of type A, weguarantee that the algorithm terminates if A is well-founded and if we provideproofs showing that the arguments on whih we perform the reursive alls aresmaller than the initial input argument. These proofs, although essential toguarantee the termination of the algorithm, add a onsiderable amount of odeand distrat our attention sine they do not have any omputational ontent.As the standard aessibility prediate is a general prediate, it ontains noinformation that an help us in the formalisation of a partiular algorithm.Consequently, this way of formalising general reursive algorithms in type theoryoften results in unneessarily long and ompliated odes.Writing general reursive algorithms is not a problem in funtional program-ming languages like Haskell [JHe+99℄ sine this kind of language imposes no re-stritions on reursive programs. Therefore, writing general reursive algorithmsin Haskell is straightforward. In addition, funtional programs are usually shortand self-explanatory. However, the existing frameworks for reasoning about theorretness of Haskell-like programs are weaker than the framework providedby type theory, and it is basially the responsibility of the programmer to onlywrite programs that are orret.In this work, we take a step towards ombining the advantages of bothprogramming styles when writing general reursive algorithms. To this purpose,we present a method to formalise simple general reursive algorithms in typetheory that results in short and self-explanatory odes. Afterwards, these odesan be proven orret by using the expressive power of the theory.14



Given the Haskell version of a general reursive algorithm f alg, the mainfeature of our method is the introdution of an indutive prediate alled fAcc,speially de�ned for f alg. We onstrut this prediate diretly from f alg andit an be thought of as haraterising the set of inputs on whih the algorithmterminates. The prediate has an introdution rule for eah of the ases thatneed to be onsidered in the algorithm and provides an easy syntati onditionthat guarantees termination. In this way, we an formalise f alg in type theory bystrutural reursion on the proof that the input of f alg satis�es fAcc, obtaininga ompat and readable formalisation of the algorithm.Here, we use Martin-L�of's type theory [ML84, NPS90℄ as our onstrutivetype theory. In addition, we use the proof assistant ALF [AGNvS94, MN94℄for presenting our examples. However, our method an also be used in othertype theories suh as the Calulus of Construtions [CH88℄, and then we oulduse the proof assistant Coq [DFH+91℄ for presenting the examples. In whatfollows, sometimes we use \type theory" as an abbreviation for \Martin-L�of'stype theory". This paper summarises the work presented in [Bov99℄.The rest of the paper is organised as follows:Although this paper is intended for readers who have some basi knowledgeof Martin-L�of's type theory, in Setion 2 we give a brief introdution to thistheory and to its interative proof assistant ALF.In Setion 3, we illustrate our method by formalising two general reur-sive algorithms: the modulo algorithm over natural numbers and a uni�ationalgorithm over lists of pairs of terms.Finally, in Setion 4 we present some onlusions and related work.2 Martin-L�of's type theory and ALF2.1 Brief introdution to Martin-L�of's type theoryThe basi notion in Martin-L�of's type theory (see [ML84, NPS90℄) is that oftype. A type is explained by saying what its objets are and what it means fortwo of its objets to be equal. We write a ∈� for \a is an objet of type �".Martin-L�of's type theory has a basi type and two type formers.The basi type is the type of sets and we all it Set. Sets are indutivelyde�ned. In onformity with the explanation of what it means to be a type, weknow that A is an objet of Set if we know how to form its anonial elementsand when two anonial elements are equal.The �rst type former onstruts the type of the elements of a set: for eahset A, the elements of A form a type alled El(A). However, for simpliity, if ais an element of A, we say that a has type A, and thus we simply write a ∈Ainstead of a ∈ El(A). Sine every set is indutively de�ned, we know how tobuild its elements.The seond type former onstruts the types of dependent funtions. Let �be a type and � be a family of types over �, that is, for every element a in �,�(a) is a type. We write (a ∈�)�(a) for the type of dependent funtions from15



� to �. If f has type (a ∈�)�(a), then, when we apply f to an objet a of type�, we obtain an objet f(a) of type �(a).A (non-dependent) funtion is onsidered a speial ase of a dependent fun-tion, where the type � does not depend on a value of type �. When this is thease, we may write (�)� for the funtion type from � to �.In type theory, prediates and relations are seen as funtions yielding propo-sitions as output. As well as sets, propositions are indutively de�ned. Aproposition is interpreted as a set whose elements represent its proofs. To provea proposition P , we have to onstrut an objet of type P . In other words,a proposition is true if we an build an objet of type P and it is false if thetype P is not inhabited. The way propositions are introdued allows us to iden-tify propositions and sets, and then we write Set to also refer to the type ofpropositions.2.2 Brief introdution to ALFALF (see [AGNvS94, MN94℄) is an interative proof assistant for Martin-L�of'stype theory extended with pattern mathing [Coq92℄. In Martin-L�of's typetheory, theorems are identi�ed with types and a proof is an objet of the type.ALF ensures that the onstruted objets are well-formed and well-typed. Sineproofs are objets, heking well-typing of objets amounts to heking orret-ness of proofs.In ALF, any indutive de�nition is introdued as a onstant A of type(x1 ∈�1; : : : ; xn ∈�n)Set, for �1; : : : ; �n types. Afterwards, we introdue theonstrutors that generate the elements of A(a1; : : : ; an) by giving their type,for a1 ∈�1; : : : ; an ∈�n.Abstrations are written in ALF as [x1; : : : ; xn℄ e and theorems are intro-dued as dependent types of the form (x1 ∈�1; : : : ; xn ∈�n)�(x1; : : : ; xn). Ifthe name of a variable is not important, one an simply write (�) instead of(x ∈�). Whenever (x1 ∈�; x2 ∈�; : : : ; xn ∈�) ours, ALF displays instead(x1; x2; : : : ; xn ∈�).A funtion an be de�ned by performing pattern mathing over one (ormore) of its arguments. The user should then selet the desired argument overwhih to perform the pattern mathing and run the pattern mathing option.The various ases in the pattern mathing are exhaustive and mutually disjoint.Moreover, they are omputed by ALF aording to the de�nition of the setto whih the seleted argument belongs. In general, theorems are proven byprimitive reursion on one of its arguments. Unfortunately, ALF does not hekwell-foundedness when working with reursive proofs. However, for the proofswe present here termination is guaranteed beause we always apply the reursionon a struturally smaller argument. In this way, heking well-foundedness inour proofs is easy|although rather tedious|to perform manually.Sometimes, it is useful to de�ne a funtion by doing ase analysis on anelement a of type A. For this, we an use ALF's case expression. The result ofonsidering ases on a ∈A is similar to the result of performing pattern mathingover a. The di�erene is that, when we do ase analysis on a, a does not need16



to be an argument of the funtion we want to de�ne but any proof of A. Hene,we an use any other previously de�ned funtion to onstrut the proof a ofA. One again, the various ases in the ase analysis are exhaustive, mutuallydisjoint and omputed by ALF aording to the de�nition of the set A.In partiular, if we do ase analysis on a proof a of absurdity (that is, a ∈ ⊥)or on a proof that a ∈A when A is isomorphi to absurdity, we do not obtainany ase to study sine there does not exist any proof of absurdity.2.3 Working with ALFAll of the ALF de�nitions and proofs we present here and in later setions havebeen pretty printed by ALF itself. That is, all of them have been heked inALF. In addition, we have made use of the layout faility of ALF that allowsus to hide the delaration of some parameters, in the de�nitions of both setsand theorems. However, this has only been done when the hidden parametersdo not ontribute to the understanding of the de�nition.We now present some general set formers and onstrutors in Martin-L�of'stype theory. See �gure 1 for the ALF de�nitions of the sets presented in thefollowing setions, together with the type of the main operators, funtions andproperties for those sets.2.3.1 Logial onstantsIn �gure 1, ⊥ represents absurdity, ∧ onjuntion, ∨ disjuntion, ⇒ impliationand ¬ negation. The universal quanti�er is represented by ∀ and the existentialquanti�er by ∃.2.3.2 Some useful general prediates
= : Represents propositional equality. Its only onstrutor states that an objetis equal to itself.Although the following two prediates are not as general as the previous one,they play an important role in the following setions.
Acc : Represents the standard aessibility prediate, whih is the standard wayto handle general reursion in type theory (see [Az77, Nor88℄).Given a set A, a binary relation � on A and an element a in A, we an formthe set Acc(A;�; a). This set is inhabited if, given ai in A for 1 6 i, there existsno in�nite desending sequene : : : �a2� a1�a. If this is the ase, we say thata is in the well-founded part of � in A or that a is aessible by � in A.Construtively, we say that an element a in A is aessible if all elementssmaller than a are aessible. In partiular, if there is no x in A suh that x� a,then a is aessible. This idea an be expressed by the following rule:a ∈A p ∈ (x ∈A; h ∈x� a)Acc(A;�; x)

acc(a; p) ∈ Acc(A;�; a)17



Notie that, in this way, we are able to apture the notion of in�nite desendingsequene in a single rule.The elimination rule assoiated with the aessibility prediate, also knownas the rule of well-founded reursion, is the following:a ∈A h ∈ Acc(A;�; a)e ∈ (x ∈A; h0 ∈ Acc(A;�; x); p ∈ (y ∈A; h1 ∈ y�x)P (y))P (x)
wfrec(a; h; e) ∈P (a)and its omputation rule is the following:

wfrec(a; acc(a; p); e) = e(a; a(a; p); [y; h℄wfrec(y; p(y; h); e)) ∈P (a)If all the elements in A are aessible by �, we say that the set A iswell-founded by �.
Dec : We an think of this prediate as the set of deidable propositions.The set former has two onstrutors, depending on whether a proposition or itsnegation an be proven.

⊥ ∈ Set
∧ ∈ (A, B ∈ Set) Set

∧I ∈ (a ∈ A; b ∈ B) ∧(A, B)
fst ∈ (∧(A, B)) A
snd ∈ (∧(A, B)) B
∨ ∈ (A, B ∈ Set) Set

∨L ∈ (a ∈ A) ∨(A, B)
∨R ∈ (b ∈ B) ∨(A, B)

⇒ ∈ (A, B ∈ Set) Set
⇒I ∈ (f ∈ (A) B) ⇒(A, B)

⇒E ∈ (f ∈ ⇒(A, B); a ∈ A) B
⇒trans ∈ (⇒(A, B); ⇒(B, C)) ⇒(A, C)
¬ ∈ (A ∈ Set) Set

¬ ≡ [A]⇒(A, ⊥)
∀ ∈ (A ∈ Set; B ∈ (A) Set) Set

∀I ∈ (f ∈ (a ∈ A) B(a)) ∀(A, B)
∀E ∈ (∀(A, B); a ∈ A) B(a)
∃ ∈ (A ∈ Set; B ∈ (A) Set) Set

∃I ∈ (a ∈ A; b ∈ B(a)) ∃(A, B)
witness ∈ (∃(A, B)) A
proof ∈ (h ∈ ∃(A, B)) B(witness(h))
= ∈ (a, b ∈ A) Set

refl ∈ (a ∈ A) =(a, a)
=symm ∈ (=(a, b)) =(b, a)
=trans ∈ (=(a, b); =(b, c)) =(a, c)
=cong1 ∈ (f ∈ (A) B; =(a1, a2)) =(f(a1), f(a2))
=subst1 ∈ (=(a, b); P(a)) P(b)

Acc ∈ (A ∈ Set; less ∈ (A; A) Set; a ∈ A) Set
acc ∈ (a ∈ A;

(x ∈ A; less(x, a)) Acc(A, less, x)
) Acc(A, less, a)

WF ∈ (A ∈ Set; less ∈ (A; A) Set) Set
wfrec ∈ (a ∈ A;

Acc(A, less, a);
e ∈ (x ∈ A;

Acc(A, less, x);
(y∈A;less(y, x))P(y)

) P(x)
) P(a)

Dec ∈ (Set) Set
yes ∈ (h ∈ P) Dec(P)
no ∈ (h ∈ ¬(P)) Dec(P)

List ∈ (A ∈ Set) Set
[] ∈ List(A)
: ∈ (l ∈ List(A); a ∈ A) List(A)

++ ∈ (l1, l2 ∈ List(A)) List(A)
∈L ∈ (a ∈ A; l ∈ List(A)) Set
∉L ∈ (a ∈ A; l ∈ List(A)) Set
Disjoint ∈ (l, l1 ∈ List(A)) Set
⊆ ∈ (l1, l2 ∈ List(A)) Set
N ∈ Set

0 ∈ N
s ∈ (n ∈ N) N

+ ∈ (n, m ∈ N) N
< ∈ (n, m ∈ N) Set
≤ ∈ (n, m ∈ N) Set
Pair ∈ (A, B ∈ Set) Set

. ∈ (a ∈ A; b ∈ B) Pair(A, B)Figure 1: ALF de�nition of the logial onstants, and general prediates anddata types. 18



2.3.3 Some useful general data typesIn �gure 1, List(A) represents the set of lists over a set A, N the set of naturalnumbers and Pair(A;B) the set of pairs over the sets A and B.3 Formalising general reursive algorithmsHere, we illustrate our method by formalising two general reursive algorithms:the modulo algorithm over natural numbers and a uni�ation algorithm overlists of pairs of terms. In both examples we follow the same approah. First, weintrodue the Haskell version of the algorithm. If neessary, we also give an in-formal explanation of its termination. Afterwards, we desribe how we an writethe algorithm in Martin-L�of's type theory by using the standard aessibilityprediate to handle the reursive alls, and we point out the problems with thisformalisation. Finally, we present a speial-purpose aessibility prediate forthe example we are onsidering and we show how we an use this prediate towrite our type-theoreti version of algorithm.3.1 First example: The modulo algorithm3.1.1 The Haskell version of the algorithmIn the Haskell de�nition of the modulo algorithm we use the set Nat of naturalnumbers, the subtration operation <-> and the less-than relation << over Nat,de�ned in Haskell in the usual way. We also use Haskell's data type Maybe A,whose elements are Nothing and Just a, for any a of type A.Now, the Haskell version of the modulo algorithm an be de�ned as follows(we ignore eÆieny aspets suh as the fat that the expression n << m isomputed twie):mod :: Nat -> Nat -> Maybe Natmod n 0 = Nothingmod n m | n << m = Just n| not(n << m) = mod (n <-> m) mIt is easy to see that this algorithm terminates on all inputs. However, thereursive all is made on the argument n�m that is not struturally smallerthan the argument n, although the value of n�m is less than n.3.1.2 Using the standard aessibility prediate for the formalisationBefore introduing the type-theoreti version of the algorithm that uses thestandard aessibility prediate, we give the ALF types of the subtration op-eration and the less-than relation over natural numbers, and the ALF types oftwo lemmas that we use later on:
− ∈ (n, m ∈ N) N
< ∈ (n, m ∈ N) Set

<dec ∈ (n, m ∈ N) Dec(<(n, m))
-< ∈ (n, m ∈ N; ¬(<(n, s(m)))) <(- (n, s(m)), n)19



The �rst lemma states that it an be deided whether a natural number is lessthan another. The seond lemma establishes that if the natural number n is notless than the natural number s(m), then the result of subtrating s(m) from nis less than n.Instead of the Maybe type of Haskell, we use the logi onnetive ∨ and asingleton set Errorwhose only element is error.Now, we present the type-theoreti version of the modulo algorithm thatuses the standard aessibility prediate Acc to handle the reursive all.
modacc ∈ (n, m ∈ N; Acc(N, <, n)) ∨(N, Error)

modacc(n, 0, h) ≡ ∨R(error)
modacc(n, s(m1), acc(_, h1)) ≡

case <dec(n, s(m1)) ∈ Dec(<(n, s(m1)))  of
yes(h) ⇒ ∨L(n)
no(h) ⇒ modacc(- (n, s(m1)), s(m1), h1(- (n, s(m1)), -<(n, m1, h)))

endThis algorithm is de�ned by reursion on the proof that the �rst argument of themodulo operator is aessible by <. To de�ne the algorithm, we �rst onsiderases on m. If m is zero, we return an error sine the modulo zero operation isnot de�ned. If m is equal to s(m1) for some natural number m1, we onsiderases depending on whether or not n is less than s(m1). If so, we return thevalue n. Otherwise, we subtrat s(m1) from n and we all the modulo algorithmreursively with the values n� s(m1) and s(m1). To the reursive all, we haveto supply a proof that the value n� s(m1) is aessible, whih is given by theexpression h1(�(n; s(m1)); −<(n;m1; h)).Finally, if the funtion allaccN takes a natural numbers and returns a proofthat the natural number is aessible by <, we an de�ne the following funtion:
Modacc ∈ (n, m ∈ N) ∨(N, Error)

Modacc(n, m) ≡ modacc(n, m, allaccN(n))The main disadvantage of this formalisation of the modulo algorithm is thatwe have to supply a proof that n� s(m1) is aessible by < to the reursiveall. This proof has no omputational meaning and its only purpose is to serveas a struturally smaller argument on whih to perform the reursion and, inthis way, guarantee the termination of the modulo algorithm. Notie that, evenfor suh a small example, this aessibility proof distrats our attention andenlarges the ode of the algorithm.3.1.3 Using a speial-purpose aessibility prediate for the formal-isationTo overome the problem desribed above, we de�ne a speial-purpose aessi-bility prediate for the modulo algorithm, that we all ModAcc. This prediateontains useful information that an help us to write a new version of the algo-rithm in type theory.To onstrut our speial-purpose aessibility prediate we ask ourselves thefollowing question: on whih inputs does the modulo algorithm terminate? To20



�nd the answer to this question, we inspet the Haskell version of the moduloalgorithm, putting speial attention on the input values, the onditions thatshould be satis�ed in order to give a basi result or to perform a reursive all,and the values on whih we perform the reursive all. We distinguish threeases:� if the input numbers are n and 0, then the algorithm terminates;� if the input number n is less than the input number m, then the algorithmterminates;� if the number n is not less than the number m and m is not zero (observethat this ondition is not needed in the Haskell version of the algorithm dueto the way Haskell proesses the equations that de�ne an algorithm), thenthe algorithm an only terminate on the inputs n and m if it terminateson the inputs n�m and m.Following this desription, the ALF de�nition of the indutive prediate
ModAcc over pairs of natural numbers is the following:

ModAcc ∈ (n, m ∈ N) Set
modacc0∈ (n ∈ N) ModAcc(n, 0)
modacc< ∈ (<(n, m)) ModAcc(n, m)
modacc≤ ∈ (¬(=(m, 0)); ¬(<(n, m)); ModAcc(- (n, m), m)) ModAcc(n, m)We an now use this prediate to formalise the modulo algorithm in typetheory as follows:

mod ∈ (n, m ∈ N; ModAcc(n, m)) ∨(N, Error)
mod(n, _, modacc0(_)) ≡ ∨R(error)
mod(n, m, modacc<(h1)) ≡ ∨L(n)
mod(n, m, modacc≤(h, h1, h2)) ≡ mod(- (n, m), m, h2)This funtion is de�ned by strutural reursion on the proof that the inputpair of numbers satis�es the prediate ModAcc. To write the algorithm, we�rst perform pattern mathing over the proof that the input pair of numberssatis�es the prediate ModAcc. As a result of the pattern mathing we obtainthree equations, one for eah of the introdution rules of the prediate. The�rst equation onsiders the ase where m is zero, and then we should return anerror. The seond equation onsiders the ase where n is less than m being h1a proof of it, and we return the value n. The last equation onsiders the asewhere n is not less than m. Here, h is a proof that m is di�erent from zero, h1is a proof that n is not less than m and h2 is a proof that the pair (n�m; m)satis�es the prediate ModAcc. Then, we all the algorithm reursively with thevalues n�m and m. To the reursive all we have to supply a proof that thepair (n�m; m) satis�es the prediate ModAccwhih is given by h2.Now, we present the proof that the modulo algorithm terminates on allpossible inputs, that is, the proof that all pairs of natural numbers satisfy ourspeial-purpose aessibility prediate ModAcc.21



modaccaux ∈ (m, p ∈ N; Acc(N, <, p); f ∈ (q ∈ N; <(q, p)) ModAcc(q, m)) ModAcc(p, m)
modaccaux(0, p, h, f) ≡ modacc0(p)
modaccaux(s(m1), p, h, f) ≡

case <dec(p, s(m1)) ∈ Dec(<(p, s(m1)))  of
yes(h1) ⇒ modacc<(h1)
no(h1) ⇒ modacc≤(¬s=0(m1), h1, f(- (p, s(m1)), -<(p, m1, h1)))

end
Pn ∈ (n ∈ N) ∀(N, [m]ModAcc(n, m))

Pn(n) ≡ ∀I([m]wfrec(n, allaccN(n), modaccaux(m)))
allModAcc ∈ (n, m ∈ N) ModAcc(n, m)

allModAcc(n, m) ≡ ∀E(Pn(n), m)Notie that the skeleton of the proof of the funtion modaccaux is very similarto the skeleton of the algorithm modacc.We an use the previous funtion to write our �nal algorithm.
Mod ∈ (n, m ∈ N) ∨(N, Error)

Mod(n, m) ≡ mod(n, m, allModAcc(n, m))Notie that we were able to move the non-omputational parts from theode of the algorithm modacc into the proof that the prediate ModAcc holdsfor all possible inputs. Thus, we are able to separate the algorithmi part ofthe de�nition from the proof of its termination. In this way, the ode of thealgorithm is not louded with logial information, whih is not interesting froma programming point of view. This fat makes the version of the algorithm thatuses our speial prediate quite ompat and readable.3.2 Seond example: A uni�ation algorithm3.2.1 The Haskell version of the uni�ation algorithmIn order to present the Haskell version of the uni�ation algorithm, we need tointrodue a few de�nitions.To de�ne the set Termof terms, we assume two (possibly in�nite) sets: a set
Var of variables and a set Fun of funtion symbols. These sets are suh that foreah pair of variables and eah pair of funtion symbols, it is deidable whetheror not they are equal. We use x and y to range over variables, and f and g torange over funtion symbols.A term is either a variable or a funtion applied to a (possibly empty) listof terms. We use t and lt (possibly primed or subsripted) to range over termsand lists of terms, respetively.One we have de�ned the set of terms, we de�ne the set ListPT of lists ofpairs of terms and the set Substof substitutions. A list of pairs of terms is alist of pairs of the form (t1; t2). A substitution is a list of pairs of the form(x; t). Observe that, as part of the de�nition of a substitution, we impose norestritions on the variables that our in the left hand sides of the pairs. Weuse lp and sb (possibly primed or subsripted) to range over lists of pairs ofterms and substitutions, respetively.Given a substitution sb of the form [(x1; t1); : : : ; (xn; tn)℄ and a term t,the result of applying sb to t is denoted by sb(t) and it is de�ned as the par-22



allel substitution of ti for xi in t, for 1 6 i 6 n. Given a list of pairs ofterms lp and a substitution sb, we say that sb uni�es lp or that sb is a uni-�er of lp, if for eah pair of terms (t1; t2) in lp it holds that sb(t1) = sb(t2).We say that sb is a most general uni�er of lp if sb uni�es lp and for any othersubstitution sb0 that also uni�es lp, there exists a substitution sb1 suh thatsb0(t) = sb1(sb(t)) for all term t.The uni�ation algorithm we onsider here is a deterministi version ofthe �rst (non-deterministi) algorithm presented by Martelli and Montanari[MM82℄. Its Haskell version (one again, we ignore eÆieny aspets) is pres-ented in �gure 2. Given a list of pairs of terms, the algorithm returns a sub-stitution that uni�es the list if suh a substitution exists, or the speial valueNothing if there is no suh substitution.The funtions length, zip, elem, ++, == and && are prede�ned funtionsin Haskell: length takes a list and returns its length, zip takes two lists andreturns a list of orresponding pairs, elem is the membership funtion over lists,++ onatenates two lists, == is the equality funtion and && is the booleanfuntion and.type Var = Int; type Fun = Intdata Term = Var Var | Fun Fun [Term℄type PairS = (Var,Term); type Subst = [PairS℄type PairT = (Term,Term); type ListPT = [PairT℄unify_H :: ListPT -> Maybe Substunify_H lp = unify_h lp [℄unify_h :: ListPT -> Subst -> Maybe Substunify_h [℄ sb = Just sbunify_h ((Var x,Var y):lp) sb| x == y = unify_h lp sbunify_h ((Var x,t):lp) sb| x `elem` (varsT t) = Nothing| not(x `elem` (varsT t)) = unify_h (substLPT x t lp)((x,t):(substS x t sb))unify_h ((Fun f lt,Var x):lp) sb =unify_h ((Var x,Fun f lt):lp) sbunify_h ((Fun f lt1,Fun g lt2):lp) sb| f /= g || length lt1 /= length lt2 = Nothing| f == g && length lt1 == length lt2 =unify_h ((zip lt1 lt2)++lp) sbFigure 2: Haskell version of the uni�ation algorithm.23



The funtion varsT returns the list of variables in a term, and the funtionssubstLPT and substS substitute a term for a variable in all the terms of a listof pairs of terms and a substitution, respetively. These funtions have thefollowing types:varsT :: Term -> [Var℄substLPT :: Var -> Term -> ListPT -> ListPTsubstS :: Var -> Term -> Subst -> SubstThe algorithm works as follows: given a list of pairs of terms, the funtionunify H omputes a substitution that uni�es the list, if suh a substitutionexists, by using the auxiliary funtion unify h. The funtion unify h takestwo arguments: a list of pairs of terms lp and a substitution sb. Then, if theset of variables in lp and the set of variables in sb are disjoint, the substitutionthat results from the exeution of unify h lp sb will be the smallest extensionof sb that uni�es lp. As the �rst time the funtion unify h is alled, it is alledwith the empty substitution [ ℄, the substitution that results from the exeutionof unify H lp will be the most general uni�er of the input list lp. To de�nethe algorithm unify h we distinguish whether or not the input list is empty.If the input list is not empty, we onsider four ases depending on the form ofthe terms in the �rst pair in the list. These ases are exhaustive and mutuallydisjoint.3.2.2 Termination of the uni�ation algorithmAs one an see from the de�nition given in �gure 2, the reursion performed inthe algorithm is not always on struturally smaller arguments. Thus, there is noeasy syntati ondition that guarantees the termination of the algorithm. Toshow that our uni�ation algorithm always terminates we de�ne a funtion thatmaps lists of pairs of terms into triples of natural numbers. This mapping, whihwe all LPTtoN3, is suh that, in every reursive all, the triple that orrespondsto the list on whih we perform the reursion is stritly smaller than the triplethat orresponds to the input list of pairs of terms. This funtion LPTtoN3 is asimpli�ation of the funtion F presented in [MM82℄ to show the terminationof their (non-deterministi) algorithm.Consider the set N of natural numbers and the inequality relation < over Nwith its usual meaning. Consider now the set N3 of triples of natural numbersand the standard lexiographi order <N3 over triples. As the set of naturalnumbers is well-founded by <, it an be proven that the set N3 of triples ofnatural numbers is well-founded by <N3.To de�ne the funtion LPTtoN3, we use three auxiliary funtions that takea list of pairs of terms and return a natural number. The �rst funtion, alled
#varsLPT, takes a list of pairs of terms and returns the number of di�erent vari-ables that our in the list. The seond funtion, alled #funsLPT, takes a listof pairs of terms and returns the number of funtion appliations that ourin the list. The last funtion, alled #eqsLPT, takes a list of pairs of terms and24



ounts the number of pairs of the form (x; x) or (f(lt); x) that appear in thelist. Thus, we de�ne the funtion LPTtoN3 as follows:
LPTtoN3 :: ListPT! N3
LPTtoN3(lp) = (#varsLPT(lp); #funsLPT(lp); #eqsLPT(lp))The termination of the uni�ation algorithm is guaranteed sine the followinginequalities (whose proofs are straightforward) hold:

LPTtoN3(lp) <N3 LPTtoN3((x; x) : lp)
LPTtoN3(lp [x:=t℄) <N3 LPTtoN3((x; t) : lp) if x∉L varsT(t)

LPTtoN3((x; f(lt)) : lp) <N3 LPTtoN3((f(lt); x) : lp)
LPTtoN3((zip lt1 lt2) ++ lp) <N3 LPTtoN3((f(lt1); f(lt2)) : lp)where lp [x:=t℄ denotes the funtion that substitutes the term t for the variablex in the list of pairs of terms lp, varsT is the funtion that returns the setof variables in a term and ∉L is the non-membership relation over lists (thesefuntions orrespond to the funtions substL, varsT and the negation of thefuntion elem respetively, in the algorithm of �gure 2).3.2.3 Terms, lists of pairs of terms and substitutions in ALFIn order to formalise the set Termof terms in ALF, we use the notion of vetors ofa ertain length instead of the lists used in the Haskell version of the algorithm.A vetor is either empty and has length 0, or it has length n+ 1 and isformed by adding an element to a vetor of length n. The type of vetors intype theory is the following:

Vector ∈ (n ∈ N; A ∈ Set) SetAs the sets Var of variables and Fun of funtion symbols we use the set ofnatural numbers. Then, the deidability of the equality of variables and funtionsymbols beomes the deidability of equality of natural numbers.
Var ∈ Set

Var ≡ N
Vardec ∈ (x, y ∈ Var) Dec(=(x, y))

Fun ∈ Set
Fun ≡ N

Fundec ∈ (f, g ∈ Fun) Dec(=(f, g))Terms and vetors of terms are de�ned in ALF as follows:
Term ∈ Set

var ∈ (x ∈ Var) Term
fun ∈ (f ∈ Fun; lt ∈ Vector(n, Term)) Term

VTerm ∈ (n ∈ N) Set
VTerm(n) ≡ Vector(n, Term)We now de�ne the set ListPT of lists of pairs of terms and the set Substofsubstitutions:

PairT ∈ Set
PairT ≡ Pair(Term, Term)

ListPT ∈ Set
ListPT ≡ List(PairT)

PairS ∈ Set
PairS ≡ Pair(Var, Term)

Subst ∈ Set
Subst ≡ List(PairS)In ALF, we write :=T, :=LPT and :=S for the funtions that substitute a termfor a variable in a term, in a list of pairs of terms and in a substitution respe-tively; we write varsT, varsLPT and varsS for the funtions that return the list of25



variables that our in a term, in a list of pairs of terms and in a substitutionrespetively.To �nish this setion, we present the types of the ALF lemmas that or-respond to the four inequalities over lists of pairs of terms presented in theprevious setion.
<LPTvar_var ∈ (x ∈ Var; lp ∈ ListPT) <N3(LPTtoN3(lp), LPTtoN3(:(lp, .(var(x), var(x)))))
<LPT:=var_term ∈ (lp ∈ ListPT;

∉L(x, varsT(t))
) <N3(LPTtoN3(:=LPT(x, t, lp)), LPTtoN3(:(lp, .(var(x), t))))

<LPTvar_fun ∈ (f ∈ Fun;
x ∈ Var;
lt ∈ VTerm(n);
lp ∈ ListPT

) <N3(LPTtoN3(:(lp, .(var(x), fun(f, lt)))), LPTtoN3(:(lp, .(fun(f, lt), var(x)))))
<LPTzip_fun_fun ∈ (f, g ∈ Fun;

lt1, lt2 ∈ VTerm(n);
lp ∈ ListPT

) <N3(LPTtoN3(++(zip(lt1, lt2), lp)), LPTtoN3(:(lp, .(fun(f, lt1), fun(g, lt2)))))3.2.4 Using the standard aessibility prediate for the formalisationIn order to write the algorithm Unifyacc, whih is the type-theoreti versionof the uni�ation algorithm that uses the standard aessibility prediate tohandle the reursive alls, we �rst de�ne a binary relation <LPT over lists ofpairs of terms as follows:
<LPT ∈ (lp1, lp2 ∈ ListPT) Set

<LPT ∈ (<N3(LPTtoN3(lp1), LPTtoN3(lp2))) <LPT(lp1, lp2)As the set N3 is well-founded by <N3, it is easy to prove that the set ListPT iswell-founded by <LPT. Hene, we de�ne a funtion allaccLPT that given a list ofpairs of terms returns a proof that the list is aessible by <LPT.Given a list of pairs of terms lp, the uni�ation algorithm Unifyacc returnseither a substitution that uni�es lp or the value error, if there does not existsuh substitution. As in the Haskell version, the algorithm Unifyacc alls theauxiliary algorithm unifyaccwith the list lp and the empty substitution, but nowit also supplies a proof that the list lp is aessible by <LPT, for whih we usethe funtion allaccLPT.
Unifyacc ∈ (lp ∈ ListPT) ∨(Subst, Error)

Unifyacc(lp) ≡ unifyacc(lp, [] , allaccLPT(lp))The algorithm unifyacc is de�ned by reursion on the proof that the inputlist is aessible by <LPT. By performing pattern mathing on the proof that thelist lp is aessible by <LPT, we obtain the following (inomplete) ALF ode:
unifyacc ∈ (lp ∈ ListPT; sb ∈ Subst; Acc(ListPT, <LPT, lp)) ∨(Subst, Error)

unifyacc(lp, sb, acc(_, h1)) ≡ ?unify_acc.0.0.Ewhere h1 is the funtion that takes a list lp0 and a proof that lp0 is smaller thanlp, and returns a proof that lp0 is aessible by <LPT.26



In order to obtain the ases we are interested in, we have to perform a fewpattern mathings on the list lp and a few ase analyses.After �lling in the basi results, it only remains to �ll in the ases where thereursive alls are performed. In the reursive alls, the �elds that orrespondto the lists of pairs of terms and the substitutions are the same as in the Haskellversion of the algorithm. In addition, we have to supply proofs that the liststo be uni�ed are aessible. To obtain these proofs, we use the funtion h1. Ineah of the reursive alls, to the funtion h1 we have to supply the list to beuni�ed and a proof that this list is smaller than the original list. We use theALF lemmas presented in the previous setion for the proofs of the inequalitiesthat we supply to the funtion h1.In �gure 3, we present the omplete formalisation of the algorithm unifyacc.Problems of this formalisationIf we ompare the algorithms in �gures 2 and 3, it is easy to see that the latteris muh longer than the former, whih makes the reading and the understandingof the algorithm in �gure 3 more diÆult. This, of ourse, reates an impor-tant gap between programming in a Haskell-like programming language andprogramming in Martin-L�of's type theory.While the Haskell version of the algorithm ontains only the neessary infor-mation for performing the omputations, the type-theoreti version needs extrainformation in order to handle the reursive alls. In the type-theoreti versionof the algorithm, the proofs that the lists to be uni�ed are aessible serve asa struturally smaller argument on whih to perform the reursion but theyare omputationally irrelevant. Moreover, these proofs are usually long, whihontribute to distrat our attention from the atual algorithmi part.3.2.5 Using a speial-purpose aessibility prediate for the formal-isationTo overome the problems desribed above, we de�ne a speial-purpose aessi-bility prediate, whih we all UniAcc. This prediate ontains useful informa-tion that allows us to perform the reursive alls of the uni�ation algorithm ina simple way.Intuitively, we an think of the prediate UniAcc as haraterising the setof lists of pairs of terms on whih our uni�ation algorithm terminates. Inother words, a list of pairs of terms lp satis�es the prediate UniAcc if ouralgorithm terminates on the input list lp. Observe that, if for the input list lpthe uni�ation algorithm performs a reursive all on the list lp0, the uni�ationalgorithm an only terminate on the input lp if it terminates on the input lp0.To de�ne this prediate, we study the equations in the de�nition of theHaskell version of the algorithm unify h, putting the emphasis on the input list,the lists on whih we perform the reursion (if any) and any extra onditions(if any) that should be satis�ed in order to produe a result or to perform areursive all. We identify seven ases:27



� if the input list is empty, then the algorithm terminates;� if the input list is of the form (x; x) : lp, then the algorithm an onlyterminate on the input list if it terminates on the list lp;� if the input list is of the form (x; t) : lp with x ∈ varsT(t) and x ≠ t (observethat this ondition is not neessary in the Haskell version of the algorithmdue to the way Haskell proesses the equations that de�ne an algorithm),then the algorithm terminates sine there does not exist a uni�er for theinput list;� if the input list is of the form (x; t) : lp with x∉L varsT(t), then the al-
unifyacc ∈ (lp ∈ ListPT; sb ∈ Subst; Acc(ListPT, <LPT, lp)) ∨(Subst, Error)

unifyacc([] , sb, acc(_, h1)) ≡ ∨L(sb)
unifyacc(:(lp1, .(var(x), var(x1))), sb, acc(_, h1)) ≡

case Vardec(x, x1) ∈ Dec(=(x, x1))  of
yes(refl(_)) ⇒ unifyacc(lp1, sb, h1(lp1, <LPT(<LPTvar_var(x1, lp1))))
no(h) ⇒

unifyacc(:=LPT(x, var(x1), lp1),
:(:=S(x, var(x1), sb), .(x, var(x1))),
h1(:=LPT(x, var(x1), lp1), <LPT(<LPT:=var_term(lp1, ∉:(∉[](x), h)))))

end
unifyacc(:(lp1, .(var(x), fun(f, lt))), sb, acc(_, h1)) ≡

case ∈dec(x, varsT(fun(f, lt))) ∈ Dec(∈L(x, varsT(fun(f, lt))))  of
yes(h) ⇒ ∨R(error)
no(h) ⇒

unifyacc(
:=LPT(x, fun(f, lt), lp1),
:(:=S(x, fun(f, lt), sb), .(x, fun(f, lt))),
h1(:=LPT(x, fun(f, lt), lp1), <LPT(<LPT:=var_term(lp1, ¬∈to∉(varsT(fun(f, lt)), h)))))

end
unifyacc(:(lp1, .(fun(f, lt), var(x))), sb, acc(_, h1)) ≡

unifyacc(:(lp1, .(var(x), fun(f, lt))),
sb,
h1(:(lp1, .(var(x), fun(f, lt))), <LPT(<LPTvar_fun(f, x, lt, lp1))))

unifyacc(:(lp1, .(fun(f1, lt1), fun(f2, lt2))), sb, acc(_, h1)) ≡
case Fundec(f1, f2) ∈ Dec(=(f1, f2))  of

yes(refl(_)) ⇒
case Ndec(n1, n2) ∈ Dec(=(n1, n2))  of

yes(refl(_)) ⇒
unifyacc(++(zip(lt1, lt2), lp1),

sb,
h1(++(zip(lt1, lt2), lp1), <LPT(<LPTzip_fun_fun(f2, f2, lt1, lt2, lp1))))

no(h2) ⇒ ∨R(error)
end

no(h) ⇒ ∨R(error)
end Figure 3: ALF de�nition of the algorithm unifyacc.28



gorithm an only terminate on the input list if it terminates on the listlp [x:=t℄;� if the input list is of the form (f(lt); x) : lp, then the algorithm an onlyterminate on the input list if it terminates on the list (x; f(lt)) : lp;� if the input has the form (f(lt1); g(lt2)) : lp with length(lt1)≠ length(lt2) orf ≠ g, then the algorithm terminates sine there does not exist a uni�erfor the input list;� if the input has the form (f(lt1); g(lt2)) : lp with length(lt1)= length(lt2)and f = g, then the algorithm an only terminate on the input list if itterminates on the list (zip lt1 lt2) ++ lp.Notie that these seven ases are exhaustive and mutually disjoint.Following this desription, the ALF de�nition of the indutive prediate
UniAcc is the following:

UniAcc ∈ (lp ∈ ListPT) Set
uniacc[] ∈ UniAcc([] )
uniaccvar_var ∈ (x ∈ Var;

UniAcc(lp)
) UniAcc(:(lp, .(var(x), var(x))))

uniaccvar_term ∈ (lp ∈ ListPT;
∈L(x, varsT(t));
¬(=(var(x), t))

) UniAcc(:(lp, .(var(x), t)))
uniacc:=var_term ∈ (∉L(x, varsT(t));

UniAcc(:=LPT(x, t, lp))
) UniAcc(:(lp, .(var(x), t)))

uniaccvar_fun ∈ (UniAcc(:(lp, .(var(x), fun(f, lt))))
) UniAcc(:(lp, .(fun(f, lt), var(x))))

uniaccfun_fun ∈ (lt1 ∈ VTerm(n1);
lt2 ∈ VTerm(n2);
lp ∈ ListPT;
∨(¬(=(f, g)), ¬(=(n1, n2)))

) UniAcc(:(lp, .(fun(f, lt1), fun(g, lt2))))
uniacczip_fun_fun ∈ (f ∈ Fun;

UniAcc(++(zip(lt1, lt2), lp))
) UniAcc(:(lp, .(fun(f, lt1), fun(f, lt2))))Observe that the lists of terms are delared as vetors of terms. In addition, asthe delarations of the vetors of terms do not play an important role we anoften hide them. Notie that the Haskell funtion zip is not exatly the samefuntion as the ALF funtion zip sine the former is de�ned for any two listswhile the latter is only de�ned for two lists of terms of the same length. For thisreason, in the last ALF onstrutor both vetors of terms should be delaredwith the same length. Finally, notie that in the last onstrutor, we diretlyuse the funtion symbol f twie instead of using both funtion symbols f andg and having f = g as part of the onstrutor.29



Given the de�nition of the prediate UniAcc, it is possible to de�ne a fun-tion allUniAccLPT showing that all lists of pairs of terms satisfy the prediate.This proof is based on the fats that the set N3 is well-founded and that theinequalities presented in Setion 3.2.2 hold. This proof, disussed in [Bov99℄,has the same skeleton as the formalisation of the uni�ation algorithm that usesthe prediate Acc to handle the reursive alls.We now desribe how we an write the algorithm Unify in type theory usingthe UniAcc prediate to handle the reursive alls of the uni�ation algorithm.As before, the algorithm Unify alls the algorithm unify, but now it has tosupply a proof that the input list satis�es the prediate UniAcc.
Unify ∈ (lp ∈ ListPT) ∨(Subst, Error)

Unify(lp) ≡ unify(lp, [] , allUniAccLPT(lp))The algorithm unify is de�ned by reursion on the proof that the list tobe uni�ed satis�es the prediate UniAcc. One we have performed patternmathing over the proof that the input list satis�es the prediate UniAcc, weobtain an inomplete ALF ode with seven equations, one equation for eah ofthe onstrutors of the prediate UniAcc. Notie that eah of these onstrutorsdetermines the form of the input list, whih is shown in ALF by replaing thevariable that denotes the input list with the symbol \ ". The �rst, third andsixth equations orrespond to the ases where the algorithm returns a basiresult and it is easy to �ll them in. In the rest of the equations we have toperform a reursive all, and thus we have to supply the new list to be uni�ed,the aumulated substitution and a proof that the new list to be uni�ed satis�esthe UniAcc prediate. Observe that in eah of the reursive equations, this proofis one of the parameters of the onstrutor that builds a proof that the originallist satis�es the prediate UniAcc.Below, we present the type-theoreti formalisation of the funtion unify.
unify ∈ (lp ∈ ListPT; sb ∈ Subst; UniAcc(lp)) ∨(Subst, Error)

unify(_, sb, uniacc[]) ≡ ∨L(sb)
unify(_, sb, uniaccvar_var(x, h1)) ≡ unify(lp1, sb, h1)
unify(_, sb, uniaccvar_term(lp1, h1, h2)) ≡ ∨R(error)
unify(_, sb, uniacc:=var_term(h1, h2)) ≡ unify(:=LPT(x, t, lp1), :(:=S(x, t, sb), .(x, t)), h2)
unify(_, sb, uniaccvar_fun(h1)) ≡ unify(:(lp1, .(var(x), fun(f, lt))), sb, h1)
unify(_, sb, uniaccfun_fun(lt1, lt2, lp1, h1)) ≡ ∨R(error)
unify(_, sb, uniacczip_fun_fun(f, h1)) ≡ unify(++(zip(lt1, lt2), lp1), sb, h1)Observe that the ALF ode of this version of the algorithm is short andonise. Notie also that we were able to eliminate all the proofs related to theinequalities of lists of pairs of terms from the ode of the algorithm.In [Bov99℄, we have also proven the partial orretness of this formalisation.In our experiene, this proof has also bene�tted from the way we de�ned theprediate UniAcc and the uni�ation algorithm. Most of the theorems we needin order to prove the partial orretness of the uni�ation algorithm are de�nedby reursion on the proof that the input list satis�es the prediate UniAcc, andthey are short and onise. 30



4 ConlusionsHere, we present some onlusions and related work.Our work is heavily based on indutive families, for whih ALF is verysuitable. However, the formalisation of general reursive algorithm following ourmethod an also be performed in other proof assistants that allow the de�nitionof indutive prediates like our speial-purpose aessibility prediate, as forexample the proof assistant Coq [DFH+91℄.We desribe a method to formalise simple general reursive algorithms intype theory that separates the omputational and logial parts of the de�nitionor, in other words, the omputational part and the proof of its total orretness.This fat has several advantages. First, the resulting type-theoreti algorithmsare ompat and easy to understand. They are as simple as their Haskell ver-sions, where there exists no restrition on the reursive alls. Seond, as totalityis now a separate task, we an also use this method to formalise partial funtionsas is shown in [BC01℄. Finally, our method also simpli�es the task of formalveri�ation. Often, in the proess of verifying omplex algorithms, the formali-sation of the algorithm is so ompliated and louded with logial information,that the formal veri�ation of its properties beomes very diÆult. If the algo-rithms are formalised as we propose, the simpliity of its de�nition would makethe task of formal veri�ation dramatially easier.Although we have de�ned our speial-purpose aessibility prediate man-ually, we have done so in a systemati way. Hene, we see no reason why thisproess annot be made automatially. This mehanisation would require somefurther work sine some minor deisions should be taken in order to de�ne thespeial prediates from the Haskell algorithms.The method we present here an be used with no problems in the formalisa-tion of mutually general reursive algorithms. The extension of our method fornested reursive algorithms is, though, not that straightforward. If we wouldfollow the method we desribe here to formalise a nested algorithm f alg, wewould obtain a speial-purpose prediate fAcc where the result of f alg wouldappear in the premises of the rules of fAcc. This would at �rst seem to benot possible sine fAcc would need f alg to be de�ned and we would use fAccto de�ne f alg. However, Dybjer's shema on simultaneous indutive-reursivede�nitions [Dyb00℄ gives us the means to de�ne fAcc and f alg in a simultane-ous way. In [BC01℄, we show how we an formalise nested reursive algorithmsusing Dybjer's shema. The method for formalising nested algorithm is atuallyvery similar to the one presented here for formalising simple general reursivealgorithms.4.1 Related workThere are not many studies on formalising general reursion in type theory, asfar as we know. Nordstr�om [Nor88℄ uses the prediate Acc for that purpose.Balaa and Bertot [BB00℄ use �x-point equations to obtain the desired equalitiesfor the reursive de�nitions in Coq, but one still has to mix the atual algorithm31



with proofs onerning the well-foundedness of the reursive alls.Slind [Sli96℄ has studied the problem of de�ning general reursive funtionsin lassial higher order logi. As his framework is quite di�erent from ours, hedoes not fae the same kind of problem as we do. In [Sli96℄, Slind develops areursive indution priniple for general reursive de�nitions. The power givenby this indution priniple is equivalent to strutural indution over our speial-purpose prediate.Uni�ation algorithms have been the entre of several studies. Here webriey disuss only those that are more relevant. See [Bov99℄ for a more om-plete disussion of the related work on uni�ation.Paulson [Pau85℄ losely follows the work by Manna and Waldinger [MW81℄to verify the uni�ation algorithm in LCF [GMW79℄. However, although Mannaand Waldinger synthesise a program, Paulson states the uni�ation algorithmand then proves it. Rouyer [Rou92℄ has presented a veri�ation of a �rst-orderuni�ation algorithm using the Coq proof assistant. A speial attention shouldbe paid to MBride's formalisation (see [MB99℄) of a uni�ation algorithm inLego [LP92℄, where he exploits the use of dependent types in programming. Theway in whih MBride de�nes terms and substitutions permits a reformulationof the uni�ation problem in a strutural way with a lexiographi reursivestruture. In this way, MBride does not need to impose either an externaltermination ordering or an aessibility argument.Aknowledgements. We want to thank two anonymous referees for arefullyreading and ommenting on a previous version of this paper.Referenes[Az77℄ P. Azel. An Introdution to Indutive De�nitions. In J. Barwise,editor, Handbook of Mathematial Logi, pages 739{782. North-Holland Publishing Company, 1977.[AGNvS94℄ T. Altenkirh, V. Gaspes, B. Nordstr�om, and B. von Sydow.A User's Guide to ALF. Chalmers University of Teh-nology, Sweden, May 1994. Available on the WWWftp://ftp.s.halmers.se/pub/users/alti/alf.ps.Z.[BB00℄ A. Balaa and Y. Bertot. Fix-point equations for well-founded re-ursion in type theory. In J. Harrison and M. Aagaard, editors,Theorem Proving in Higher Order Logis: 13th International Con-ferene, TPHOLs 2000, volume 1869 of Leture Notes in ComputerSiene, pages 1{16. Springer-Verlag, 2000.[BC01℄ A. Bove and V. Capretta. Nested general reursion and partiality intype theory. In R. J. Boulton and P. B. Jakson, editors, TheoremProving in Higher Order Logis: 14th International Conferene,TPHOLs 2001, volume 2152 of Leture Notes in Computer Siene,Springer-Verlag, pages 121{135, September 2001.32
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Nested General Reursion and Partiality in TypeTheoryAna BoveDepartment of Computing SieneChalmers University of Tehnology412 96 G�oteborg, Swedene-mail: bove�s.halmers.setelephone: +46-31-7721020, fax: +46-31-165655Venanzio CaprettaComputing Siene Institute, University of NijmegenPostbus 9010, 6500 GL Nijmegen, The Netherlandse-mail: venanzio�s.kun.nltelephone: +31+24+3652647, fax: +31+24+3553450September 2001AbstratWe extend Bove's tehnique for formalising simple general reursivealgorithms in onstrutive type theory to nested reursive algorithms.The method onsists in de�ning an indutive speial-purpose aessibilityprediate, that haraterises the inputs on whih the algorithm termi-nates. As a result, the type-theoreti version of the algorithm an bede�ned by strutural reursion on the proof that the input values satisfythis prediate. This tehnique results in de�nitions in whih the ompu-tational and logial parts are learly separated; hene, the type-theoretiversion of the algorithm is given by its purely funtional ontent, similarlyto the orresponding program in a funtional programming language. Inthe ase of nested reursion, the speial prediate and the type-theoretialgorithm must be de�ned simultaneously, beause they depend on eahother. This kind of de�nitions is not allowed in ordinary type theory,but it is provided in type theories extended with Dybjer's shema for si-multaneous indutive-reursive de�nitions. The tehnique applies also tothe formalisation of partial funtions as proper type-theoreti funtions,rather than relations representing their graphs.37



1 IntrodutionConstrutive type theory (see for example [ML84, CH88℄) an be seen as a pro-gramming language where spei�ations are represented as types and programsas elements of types. Therefore, algorithms are orret by onstrution or anbe proved orret by using the expressive power of onstrutive type theory.Although this paper is intended mainly for those who already have someknowledge of type theory, we reall the basi ideas that we use here. The basinotion in type theory is that of type. A type is explained by saying what itsobjets are and what it means for two of its objets to be equal. We write a 2 �for \a is an objet of type �".We onsider a basi type and two type formers.The basi type omprises sets and propositions and we all it Set. Both setsand propositions are indutively de�ned. A proposition is interpreted as a setwhose elements represent its proofs. In onformity with the explanation of whatit means to be a type, we know that A is an objet of Set if we know how toform its anonial elements and when two anonial elements are equal.The �rst type former onstruts the type of the elements of a set: for eahset A, the elements of A form a type. If a is an element of A, we say that ahas type A. Sine every set is indutively de�ned, we know how to build itselements.The seond type former onstruts the types of dependent funtions. Let �be a type and � be a family of types over �, that is, for every element a in �,�(a) is a type. We write (x 2 �)�(x) for the type of dependent funtions from� to �. If f has type (x 2 �)�(x), then, when we apply f to an objet a of type�, we obtain an objet f(a) of type �(a).A set former or, in general, any indutive de�nition is introdued as a on-stant A of type (x1 2 �1; : : : ; xn 2 �n)Set, for �1; : : : ; �n types. We must spe-ify the onstrutors that generate the elements of A(a1; : : : ; an) by giving theirtypes, for a1 2 �1,. . . ,an 2 �n.Abstrations are written as [x1; : : : ; xn℄e and theorems are introdued asdependent types of the form (x1 2 �1; : : : ; xn 2 �n)�(x1; : : : ; xn). If the nameof a variable is not important, one an simply write (�) instead of (x 2 �), bothin the introdution of indutive de�nitions and in the delaration of (dependent)funtions. We write (x1; x2; : : : ; xn 2 �) instead of (x1 2 �;x2 2 �; : : : ;xn 2 �).General reursive algorithms are de�ned by ases where the reursive allsare performed on objets that satisfy no syntati ondition guaranteeing ter-mination. As a onsequene, there is no diret way of formalising them in typetheory. The standard way of handling general reursion in type theory usesa well-founded reursion priniple derived from the aessibility prediate A(see [Az77, Nor88, BB00℄). The idea behind the aessibility prediate is thatan element a is aessible by a relation � if there exists no in�nite dereasingsequene starting from a. A set A is said to be well-founded with respet to �if all its elements are aessible by �. Formally, given a set A, a binary relation� on A and an element a in A, we an form the set A(A;�; a). The only38



introdution rule for the aessibility prediate isa 2 A p 2 (x 2 A; h 2 x � a)A(A;�; x)a(a; p) 2 A(A;�; a)The orresponding elimination rule, also known as the rule of well-founded re-ursion, is a 2 Ah 2 A(A;�; a)e 2 (x 2 A; hx 2 A(A;�; x); px 2 (y 2 A; q 2 y � x)P (y))P (x)wfre(a; h; e) 2 P (a)and its omputation rule iswfre(a; a(a; p); e) = e(a; a(a; p); [y; q℄wfre(y; p(y; q); e)) 2 P (a)Hene, to guarantee that a general reursive algorithm that performs thereursive alls on elements of type A terminates, we have to prove that A iswell-founded and that the arguments supplied to the reursive alls are smallerthan the input.Sine A is a general prediate, it gives no information that an help usin the formalisation of a spei� reursive algorithm. As a onsequene, itsuse in the formalisation of general reursive algorithms often results in longand ompliated ode. On the other hand, funtional programming languageslike Haskell [JHe+99℄ impose no restritions on reursive programs; therefore,writing general reursive algorithms in Haskell is straightforward. In addition,funtional programs are usually short and self-explanatory. However, there isno powerful framework to reason about the orretness of Haskell-like programs.Bove [Bov01℄ introdues a method to formalise simple general reursive al-gorithms in type theory (by simple we mean non-nested and non-mutually re-ursive) in a lear and ompat way. We believe that this tehnique helps tolose the gap between programming in a funtional language and programmingin type theory.This work is similar to that of Paulson in [Pau86℄. He de�nes an orderingassoiated with the reursive steps of an algorithm, suh that the inputs onwhih the algorithm terminates are the objets aessible by the order. Thenhe de�nes the algorithm by indution on the order. The proof of termination forthe algorithm redues to a proof that the order is well-founded. Bove's idea is atranslation of this in the framework of type theory in a way more onvenient thanthe straightforward translation. Given the Haskell version of an algorithm f alg,the method in [Bov01℄ uses an indutive speial-purpose aessibility prediatealled fA. We onstrut this prediate diretly from f alg, and we regard itas a haraterisation of the olletion of inputs on whih f alg terminates. Ithas an introdution rule for eah ase in the algorithm and provides a syntationdition that guarantees termination. In this way, we an formalise f alg intype theory by strutural reursion on the proof that the input of f alg satis�esfA, obtaining a ompat and readable formalisation of the algorithm.39



However, the tehnique in [Bov01℄ annot be immediately applied to nestedreursive algorithms. Here, we present a method for formalising nested reursivealgorithms in type theory in a similar way to the one used in [Bov01℄. Thus,we obtain short and lear formalisations of nested reursive algorithms in typetheory. This tehnique uses the shema for simultaneous indutive-reursivede�nitions presented by Dybjer in [Dyb00℄; hene, it an be used only in typetheories extended with suh shema.The rest of the paper is organised as follows. In setion 2, we illustrate themethod used in [Bov01℄ on a simple example. In addition, we point out theadvantages of this tehnique over the standard way of de�ning general reursivealgorithms in type theory by using the prediate A. In setion 3, we adaptthe method to nested reursive algorithms, using Dybjer's shema. In setion 4,we show how the method an be put to use also in the formalisation of partialfuntions. Finally, in setion 5, we present some onlusions and related work.2 Simple General Reursion in Type TheoryHere, we illustrate the tehnique used in [Bov01℄ on a simple example: themodulo algorithm on natural numbers. In addition, we point out the advantagesof this tehnique over the standard way of de�ning general reursive algorithmsin type theory by using the aessibility prediate A.First, we give the Haskell version of the modulo algorithm. Seond, we de-�ne the type-theoreti version of it that uses the standard aessibility prediateA to handle the reursive all, and we point out the problems of this formal-isation. Third, we introdue a speial-purpose aessibility prediate, ModA,spei�ally de�ned for this ase study. Intuitively, this prediate de�nes the ol-letion of pairs of natural numbers on whih the modulo algorithm terminates.Fourth, we present a formalisation of the modulo algorithm in type theory bystrutural reursion on the proof that the input pair of natural numbers satis�esthe prediateModA. Finally, we show that all pairs of natural numbers satisfyModA, whih implies that the modulo algorithm terminates on all inputs.In the Haskell de�nition of the modulo algorithm we use the set N of naturalnumbers, the subtration operation <-> and the less-than relation << over N,de�ned in Haskell in the usual way. We also use Haskell's data type Maybe A,whose elements are Nothing and Just a, for any a of type A. Here is the Haskellode for the modulo algorithm1:mod :: N -> N -> Maybe Nmod n 0 = Nothingmod n m | n << m = Just n| not(n << m) = mod (n <-> m) mIt is evident that this algorithm terminates on all inputs. However, the reursiveall is made on the argument n�m, whih is not struturally smaller than the1For the sake of simpliity, we ignore eÆieny aspets suh as the fat that the expressionn << m is omputed twie. 40



argument n, although the value of n�m is smaller than n.Before introduing the type-theoreti version of the algorithm that uses thestandard aessibility prediate, we give the types of two operators and twolemmas2:� 2 (n;m 2 N)N less-de 2 (n;m 2 N)De(n < m)< 2 (n;m 2 N)Set min-less 2 (n;m 2 N;:(n < s(m)))(n� s(m) < n)On the left side we have the types of the subtration operation and the less-than relation over natural numbers. On the right side we have the types of twolemmas that we use later on. The �rst lemma states that it is deidable whethera natural number is less than another. The seond lemma establishes that ifthe natural number n is not less than the natural number s(m), then the resultof subtrating s(m) from n is less than n 3.In plae of Haskell's Maybe type, we use the type-theoreti disjuntion ofthe set N of natural numbers and the singleton set Error whose only element iserror. The type-theoreti version of the modulo algorithm that uses the standardaessibility prediate A to handle the reursive all is4moda 2 (n;m 2 N;A(N; <; n))N _ Errormoda(n; 0; a(n; p)) = inr(error)moda(n; s(m1); a(n; p)) =ase less-de(n; s(m1)) 2 De(n < s(m1)) ofinl(q1) ) inl(n)inr(q2) ) moda(n� s(m1); s(m1); p(n� s(m1);min-less(n;m1; q2)))endThis algorithm is de�ned by reursion on the proof that the �rst argument ofthe modulo operator is aessible by <. We �rst distinguish ases on m. If m iszero, we return an error, beause the modulo zero operation is not de�ned. If mis equal to s(m1) for some natural numberm1, we distinguish ases on whether nis smaller than s(m1). If so, we return the value n. Otherwise, we subtrat s(m1)from n and we all the modulo algorithm reursively on the values n�s(m1) ands(m1). The reursive all needs a proof that the value n � s(m1) is aessible.This proof is given by the expression p(n� s(m1);min-less(n;m1; q2)), whih isstruturally smaller than a(n; p).We an easily de�ne a funtion allaN that, applied to a natural number n,returns a proof that n is aessible by <. We use this funtion to de�ne thedesired modulo algorithm:Moda 2 (n;m 2 N)N _ ErrorModa(n;m) = moda(n;m; allaN(n))2De is the deidability prediate: given a proposition P , De(P ) � P _ :P .3The hypothesis (n � s(m) < n) is neessary beause the subtration of a larger numberfrom a smaller one is set to be 0 by default.4The set former _ represents the disjuntion of two sets, and inl and inr the two onstrutorsof the set. 41



The main disadvantage of this formalisation of the modulo algorithm is that wehave to supply a proof that n � s(m1) is aessible by < to the reursive all.This proof has no omputational ontent and its only purpose is to serve as astruturally smaller argument on whih to perform the reursion. Notie that,even for suh a small example, this aessibility proof distrats our attentionand enlarges the ode of the algorithm.To overome this problem, we de�ne a speial-purpose aessibility prediate,ModA, ontaining information that helps us to write a new type-theoretiversion of the algorithm. To onstrut this prediate, we ask ourselves thefollowing question: on whih inputs does the modulo algorithm terminate? To�nd the answer, we inspet losely the Haskell version of the modulo algorithm.We an diretly extrat from its struture the onditions that the input valuesshould satisfy to produe a basi (that is, non reursive) result or to perform aterminating reursive all. In other words, we formulate the property that aninput value must satisfy for the omputation to terminate: either the algorithmdoes not perform any reursive all, or the values on whih the reursive allsare performed have themselves the property. We distinguish three ases:� if the input numbers are n and zero, then the algorithm terminates;� if the input number n is less than the input number m, then the algorithmterminates;� if the number n is not less than the number m and m is not zero5, thenthe algorithm terminates on the inputs n and m if it terminates on theinputs n�m and m.Following this desription, we de�ne the indutive prediate ModA overpairs of natural numbers by the introdution rules (for n and m natural num-bers)ModA(n; 0) n < mModA(n;m) :(m = 0) :(n < m) ModA(n�m;m)ModA(n;m)This prediate an easily be formalised in type theory:ModA 2 (n;m 2 N)Setmoda0 2 (n 2 N)ModA(n; 0)moda< 2 (n;m 2 N;n < m)ModA(n;m)moda� 2 (n;m 2 N;:(m = 0);:(n < m);ModA(n�m;m))ModA(n;m)We now use this prediate to formalise the modulo algorithm in type theory:mod 2 (n;m 2 N;ModA(n;m))N _ Errormod(n; 0;moda0(n)) = inr(error)mod(n;m;moda<(n;m; q)) = inl(n)mod(n;m;moda�(n;m; q1; q2; h)) = mod(n�m;m; h)5Observe that this ondition is not needed in the Haskell version of the algorithm due tothe order in whih Haskell proesses the equations that de�ne an algorithm.42



This algorithm is de�ned by strutural reursion on the proof that the inputpair of numbers satis�es the prediate ModA. The �rst two equations arestraightforward. The last equation onsiders the ase where n is not less thanm; here q1 is a proof that m is di�erent from zero, q2 is a proof that n is notless than m and h is a proof that the pair (n�m; m) satis�es the prediateModA. In this ase, we all the algorithm reursively on the values n�m andm. We have to supply a proof that the pair (n�m; m) satis�es the prediateModA to the reursive all, whih is given by the argument h.To prove that the modulo algorithm terminates on all inputs, we use theauxiliary lemma modaaux. Given a natural number m, this lemma provesModA(i;m), for i an aessible natural number, from the assumption thatModA(j;m) holds for every natural number j smaller than i. The proof pro-eeds by ase analysis on m and, when m is equal to s(m1) for some naturalnumber m1, by ases on whether i is smaller than s(m1). The term nots0(m1)is a proof that s(m1) is di�erent from 0.modaaux 2 (m; i 2 N;A(N; <; i); f 2 (j 2 N; j < i)ModA(j;m))ModA(i;m)modaaux(0; i; h; f) = moda0(i)modaaux(s(m1); i; h; f) =ase less-de(i; s(m1)) 2 De(i < s(m1)) ofinl(q1) ) moda<(i; s(m1); q1)inr(q2) ) moda�(i; s(m1); nots0(m1); q2;f(i� s(m1);min-less(i;m1; q2)))endNow, we prove that the modulo algorithm terminates on all inputs, that is, weprove that all pairs of natural numbers satisfy ModA6:allModA 2 (n;m 2 N)ModA(n;m)allModA(n;m) = wfre(n; allaN(n);modaaux(m))Notie that the skeleton of the proof of the funtion modaaux is very similarto the skeleton of the algorithm moda.Finally, we an use the previous funtion to write the �nal modulo algorithm:Mod 2 (n;m 2 N)N _ ErrorMod(n;m) = mod(n;m; allModA(n;m))Observe that, even for suh a small example, the version of the algorithmthat uses our speial prediate is slightly shorter and more readable than thetype-theoreti version of the algorithm that is de�ned by using the prediateA. Notie also that we were able to move the non-omputational parts fromthe ode of moda into the proof that the prediateModA holds for all possibleinputs, thus separating the atual algorithm from the proof of its termination.We hope that, by now, the reader is quite familiar with our notation. So, inthe following setions, we will not explain the type-theoreti odes in detail.6Here, we use the general reursor wfre with the elimination prediateP (n) � ModA(n;m). 43



3 Nested Reursion in Type TheoryThe tehnique we have just desribed to formalise simple general reursion an-not be applied to nested general reursive algorithms in a straightforward way.We illustrate the problem on a simple nested reursive algorithm over naturalnumbers. Its Haskell de�nition isnest :: N -> Nnest 0 = 0nest (S n) = nest(nest n)Clearly, this is a total algorithm returning 0 on every input.If we want to use the tehnique desribed in the previous setion to formalisethis algorithm, we need to de�ne an indutive speial-purpose aessibility pred-iate NestA over the natural numbers. To onstrut NestA, we ask ourselvesthe following question: on whih inputs does the nest algorithm terminate? Byinspeting the Haskell version of the nest algorithm, we distinguish two ases:� if the input number is 0, then the algorithm terminates;� if the input number is s(n) for some natural number n, then the algorithmterminates if it terminates on the inputs n and nest(n).Following this desription, we de�ne the indutive prediate NestA overnatural numbers by the introdution rules (for n natural number)NestA(0) NestA(n) NestA(nest(n))NestA(s(n))Unfortunately, this de�nition is not orret sine nest is not yet de�ned. More-over, the purpose of de�ning the prediate NestA is to be able to de�ne thealgorithm nest by strutural reursion on the proof that its input value satis�esNestA. Hene, the de�nitions of NestA and nest are loked in a viious irle.However, there is an extension of type theory that gives us the means tode�ne the prediate NestA indutively generated by two onstrutors orre-sponding to the two introdution rules of the previous paragraph. This extensionhas been introdued by Dybjer in [Dyb00℄ and it allows the simultaneous de�-nition of an indutive prediate P and a funtion f , where f has the prediateP as part of its domain and is de�ned by reursion on P . In our ase, given theinput value n, nest requires an argument of type NestA(n). Using Dybjer'sshema, we an simultaneously de�ne NestA and nest:NestA 2 (n 2 N)Setnest 2 (n 2 N;NestA(n))Nnesta0 2 NestA(0)nestas 2 (n 2 N;h1 2 NestA(n);h2 2 NestA(nest(n; h1)))NestA(s(n))nest(0; nesta0) = 0nest(s(n); nestas(n; h1; h2)) = nest(nest(n; h1); h2)44



This de�nition may at �rst look irular: the type of nest requires that theprediate NestA is de�ned, while the type of the onstrutor nestas of theprediate NestA requires that nest is de�ned. However, we an see that itis not so by analysing how the elements in NestA and the values of nest aregenerated. First of all, NestA(0) is well de�ned beause it does not depend onany assumption and its only element is nesta0. One NestA(0) is de�ned,the result of nest on the inputs 0 and nesta0 beomes de�ned and its valueis 0. Now, we an apply the onstrutor nestas to the arguments n = 0,h1 = nesta0 and h2 = nesta0. This appliation is well typed sine h2 mustbe an element in NestA(nest(0; nesta0)), that is, NestA(0). At this point,we an ompute the value of nest(s(0); nestas(0; nesta0; nesta0)) and obtainthe value zero7, and so on. Cirularity is avoided beause the values of nest anbe omputed at the moment a new proof of the prediate NestA is generated;in turn, eah onstrutor of NestA alls nest only on those arguments thatappear previously in its assumptions, for whih we an assume that nest hasalready been omputed.The next step onsists in proving that the prediate NestA is satis�ed byall natural numbers: allNestA 2 (n 2 N)NestA(n)This an be done by �rst proving that, given a natural number n and a proofh of NestA(n), nest(n; h) � n (by strutural reursion on h), and then usingwell-founded reursion on the set of natural numbers.Now, we de�ne Nest as a funtion from natural numbers to natural numbers:Nest 2 (n 2 N)NNest(n) = nest(n; allNestA(n))Notie that by making the simultaneous de�nition of NestA and nest wean treat nested reursion similarly to how we treat simple reursion. In thisway, we obtain a short and lear formalisation of the nest algorithm.To illustrate our tehnique for nested general reursive algorithms in moreinteresting situations, we present a slightly more ompliated example: Paul-son's normalisation funtion for onditional expressions [Pau86℄. Its Haskellde�nition isdata CExp = At | If CExp CExp CExpnm :: CExp -> CExpnm At = Atnm (If At y z) = If At (nm y) (nm z)nm (If (If u v w) y z) = nm (If u (nm (If v y z))(nm (If w y z)))7Sine nest(s(0); nestas(0; nesta0; nesta0)) = nest(nest(0; nesta0); nesta0) =nest(0; nesta0) = 0 45



To de�ne the speial-purpose aessibility prediate, we study the di�erentequations in the Haskell version of the algorithm, putting the emphasis on theinput expressions and the expressions on whih the reursive alls are performed.We obtain the following introdution rules for the indutive prediate nmA(for y; z; u; v and w onditional expressions):nmA(At)nmA(y) nmA(z)nmA(If(At; y; z)) nmA(If(v; y; z))nmA(If(w; y; z))nmA(If(u; nm(If(v; y; z)); nm(If(w; y; z))))nmA(If(If(u; v; w); y; z))In type theory, we de�ne the indutive prediate nmA simultaneously withthe funtion nm, reursively de�ned on nmA:nmA 2 (e 2 CExp)Setnm 2 (e 2 CExp; nmA(e))CExpnma1 2 nmA(At)nma2 2 (y; z 2 CExp; nmA(y); nmA(z))nmA(If(At; y; z))nma3 2 (u; v; w; y; z 2 CExp;h1 2 nmA(If(v; y; z));h2 2 nmA(If(w; y; z));h3 2 nmA(If(u; nm(If(v; y; z); h1); nm(If(w; y; z); h2))))nmA(If(If(u; v; w); y; z))nm(At; nma1) = Atnm(If(At; y; z); nma2(y; z; h1; h2)) = If(At; nm(y; h1); nm(z; h2))nm(If(If(u; v; w); y; z); nma3(u; v; w; y; z; h1; h2; h3)) =nm(If(u; nm(If(v; y; z); h1); nm(If(w; y; z); h2)); h3)We an justify this de�nition as we did for the nest algorithm, reasoning aboutthe well-foundedness of the reursive alls: the funtion nm takes a proof thatthe input expression satis�es the prediate nmA as an extra argument and itis de�ned by strutural reursion on that proof, and eah onstrutor of nmAalls nm only on those proofs that appear previously in its assumptions, forwhih we an assume that nm has already been omputed.One again, the next step onsists in proving that the prediate nmA issatis�ed by all onditional expressions:allnmA 2 (e 2 CExp)nmA(e)To do this, we �rst show that the onstrutors of the prediate nmA useindutive assumptions on smaller arguments, though not neessarily struturallysmaller ones. To that end, we de�ne a measure that assigns a natural numberto eah onditional expression:jAtj = 1 and jIf(x; y; z)j = jxj � (1 + jyj+ jzj)46



With this measure, it is easy to prove thatjIf(v; y; z)j < jIf(If(u; v; w); y; z)j; jIf(w; y; z)j < jIf(If(u; v; w); y; z)jand jIf(u; v0; w0)j < jIf(If(u; v; w); y; z)jfor every v0; w0 suh that jv0j � jIf(v; y; z)j and jw0j � jIf(w; y; z)j. Therefore, toprove that the prediate nmA holds for a ertain e 2 CExp, we need to allnm only on those arguments that have smaller measure than e8.Now, we an prove that every onditional expression satis�es nmA by�rst proving that, given a onditional expression e and a proof h of nmA(e),jnm(e; h)j � jej (by strutural reursion on h), and then using well-foundedreursion on the set of natural numbers.We an then de�ne NM as a funtion from onditional expressions to ondi-tional expressions: NM 2 (e 2 CExp)CExpNM(e) = nm(e; allnmA(e))4 Partial Funtions in Type TheoryUntil now we have applied our tehnique to total funtions for whih totalityould not be proven easily by strutural reursion. However, it an also be putto use in the formalisation of partial funtions. A standard way to formalisepartial funtions in type theory is to de�ne them as relations rather than objetsof a funtion type. For example, the minimisation operator for natural numbers,whih takes a funtion f 2 (N)N as input and gives the least n 2 N suh thatf(n) = 0 as output, annot be represented as an objet of type ((N)N)N beauseit does not terminate on all inputs. A standard representation of this operatorin type theory is the indutive relation� 2 (f 2 (N)N;n 2 N)Set�0 2 (f 2 (N)N; f(0) = 0)�(f; 0)�1 2 (f 2 (N)N; f(0) 6= 0;n 2 N;�([m℄f(s(m)); n))�(f; s(n))The relation � represents the graph of the minimisation operator. If we indi-ate the minimisation funtion by min, then �(f; n) is inhabited if and only ifmin(f) = n. The fat that minmay be unde�ned on some funtion f is expressedby �(f; n) being empty for every natural number n.There are reasons to be unhappy with this approah. First, for a relation toreally de�ne a partial funtion, we must prove that it is univoal: in our ase,that for all n;m 2 N, if �(f; n) and �(f;m) are both nonempty then n = m.Seond, there is no omputational ontent in this representation, that is, weannot atually ompute the value of min(f) for any f .Let us try to apply our tehnique to this example and start with the Haskellde�nition of min:8We ould have done something similar in the ase of the algorithm nest by de�ning themeasure jxj = x and proving the inequality y < s(x) for every y � x47



min :: (N -> N) -> Nmin f | f 0 == 0 = 0| f 0 /= 0 = s (min (\m -> f (s m)))We observe that the omputation ofmin on the input f terminates if f(0) = 0or if f(0) 6= 0 and min terminates on the input [m℄f(s(m)). This leads to theindutive de�nition of the speial prediate minA on funtions de�ned by theintrodution rules (for f a funtion from natural numbers to natural numbersand m a natural number)f(0) = 0minA(f) f(0) 6= 0 minA([m℄f(s(m)))minA(f)We an diretly translate these rules into type theory:minA 2 (f 2 (N)N)Setmina0 2 (f 2 (N)N; f(0) = 0)minA(f)mina1 2 (f 2 (N)N; f(0) 6= 0;minA([m℄f(s(m))))minA(f)Now, we de�ne min for those inputs that satisfy minA:min 2 (f 2 (N)N;minA(f))Nmin(f;mina0(f; q)) = 0min(f;mina1(f; q; h)) = s(min([m℄f(s(m)); h))In this ase, it is not possible to prove that all elements in (N)N satisfy thespeial prediate, simply beause it is not true. However, given a funtion f , wemay �rst prove minA(f) (that is, that the reursive alls in the de�nition ofmin are well-founded and, thus, that the funtion min terminates for the inputf) and then use min to atually ompute the value of the minimisation of f .Partial funtions an also be de�ned by ourrenes of nested reursive alls,in whih ase we need to use simultaneous indutive-reursive de�nitions. Weshow how this works on the example of the normal-form funtion for terms ofthe untyped �-alulus. The Haskell program that normalises �-terms isdata Lambda = Var N | Abst N Lambda | App Lambda Lambdasub :: Lambda -> N -> Lambda -> Lambdanf :: Lambda -> Lambdanf (Var i) = Var inf (Abst i a) = Abst i (nf a)nf (App a b) = ase (nf a) ofVar i -> App (Var i) (nf b)Abst i a' -> nf (sub a' i b)App a' a'' -> App (App a' a'') (nf b)The elements of Lambda denote �-terms: Var i, Abst i a and App a b denotethe variable xi, the term (�xi:a) and the term a(b), respetively. We assume48



that a substitution algorithm sub is given, suh that (sub a i b) omputesthe term a[xi := b℄.Notie that the algorithm ontains a hidden nested reursion: in the seondsub-ase of the ase expression, the term a', produed by the all (nf a),appears inside the all nf (sub a' i b). This sub-ase ould be written in thefollowing way, where we abuse notation to make the nested alls expliit:nf (App a b) = nf (let (Abst i a') = nf a in (sub a' i b))Let � be the type-theoreti de�nition of Lambda. To formalise the algo-rithm, we use the method desribed in the previous setion with simultaneousindution-reursion de�nitions. The introdution rules for the speial prediatenfA, some of whih use nf in their premises, are (for i natural number, and a,a0, a00 and b �-terms)nfA(Var(i)) nfA(a) nfA(b) nf(a) = Var(i)nfA(App(a; b))nfA(a)nfA(Abst(i; a)) nfA(a) nf(a) = Abst(i; a0) nfA(sub(a0; i; b))nfA(App(a; b))nfA(a) nfA(b) nf(a) = App(a0; a00)nfA(App(a; b))To write a orret type-theoreti de�nition, we must de�ne the indutiveprediate nfA simultaneously with the funtion nf, reursively de�ned onnfA:nfA 2 (x 2 �)Setnf 2 (x 2 �; nfA(x))�nfa1 2 (i 2 N)nfA(Var(i))nfa2 2 (i 2 N; a 2 �;ha 2 nfA(a))nfA(Abst(i; a))nfa3 2 (a; b 2 �;ha 2 nfA(a);hb 2 nfA(b); i 2 N; nf(a; ha) = Var(i))nfA(App(a; b))nfa4 2 (a; b 2 �;ha 2 nfA(a); i 2 N; a0 2 �;nf(a; ha) = Abst(i; a0); nfA(sub(a0; i; b)))nfA(App(a; b))nfa5 2 (a; b 2 �;ha 2 nfA(a);hb 2 nfA(b);a0; a00 2 �; nf(a; ha) = App(a0; a00))nfA(App(a; b))nf(Var(i); nfa1(i)) = Var(i)nf(Abst(i; a); nfa2(i; a; ha)) = Abst(i; nf(a; ha))nf(App(a; b); nfa3(a; b; ha; hb; i; q)) = App(Var(i); nf(b; hb))nf(App(a; b); nfa4(a; b; ha; i; a0; q; h)) = nf(sub(a0; i; b); h)nf(App(a; b); nfa5(a; b; ha; hb; a0; a00; q)) = App(App(a0; a00); nf(b; hb))49



5 Conlusions and Related WorkWe desribe a tehnique to formalise algorithms in type theory that separatesthe omputational and logial parts of the de�nition. As a onsequene, the re-sulting type-theoreti algorithms are ompat and easy to understand. They areas simple as their Haskell versions, where there is no restrition on the reursivealls. The tehnique was originally developed by Bove for simple general reur-sive algorithms. Here, we extend it to nested reursion using Dybjer's shemafor simultaneous indutive-reursive de�nitions. We also show how we an usethis tehnique to formalise partial funtions. Notie that the proof of the spe-ial prediate for a partiular input is a trae of the omputation of the originalalgorithm, therefore its strutural omplexity is proportional to the number ofsteps of the algorithm.We believe that our tehnique simpli�es the task of formal veri�ation. Of-ten, in the proess of verifying omplex algorithms, the formalisation of thealgorithm is so ompliated and louded with logial information, that the for-mal veri�ation of its properties beomes very diÆult. If the algorithm isformalised as we propose, the simpliity of its de�nition would make the task offormal veri�ation dramatially easier.The examples we presented have been formally heked using the proof as-sistant ALF (see [AGNvS94, MN94℄), whih supports Dybjer's shema.There are not many studies on formalising general reursion in type theory,as far as we know. In [Nor88℄, Nordstr�om uses the prediate A for that pur-pose. Balaa and Bertot [BB00℄ use �x-point equations to obtain the desiredequalities for the reursive de�nitions, but one still has to mix the atual al-gorithm with proofs onerning the well-foundedness of the reursive alls. Inany ase, their methods do not provide simple de�nitions for nested reursivealgorithms. Both Giesl [Gie97℄, from where we took some of our examples, andSlind [Sli00℄ have methods to de�ne nested reursive algorithms independentlyof their proofs of termination. However, neither of them works in the frameworkof onstrutive type theory. Giesl works in �rst order logi and his main on-ern is to prove termination of nested reursive algorithms automatially. Slindworks in lassial higher order logi. He uses an indutive priniple not avail-able in type theory but losely similar to strutural indution over our speialpurpose aessibility prediate.Some work has been done in the area of formalising partial funtions. Usuallytype theory is extended with partial objets or nonterminating omputations.This is di�erent from our method, in whih partiality is realized by adding anew argument that restrits the domain of the original input; the funtion isstill total in the two arguments. In [Con83℄, Constable assoiates a domainto every partial funtion. This domain is automatially generated from thefuntion de�nition and ontains basially the same information as our speial-purpose prediates. However, the de�nition of the funtion does not depend onits domain as in our ase. Based on this work, Constable and Mendler [CM85℄introdue the type of partial funtions as a new type onstrutor. In [CS87℄,Constable and Smith develop a partial type theory in whih every type has a50
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Paper IIIMutual General Reursion in Type Theory





Mutual General Reursion in Type TheoryAna BoveDepartment of Computing SieneChalmers University of Tehnology412 96 G�oteborg, Swedene-mail: bove�s.halmers.setelephone: +46-31-7721020, fax: +46-31-165655May 2002AbstratWe show how the methodology presented by Bove for the formalisa-tion of simple general reursive algorithms and extended by Bove andCapretta to treat nested reursion an also be used in the formalisation ofmutual general reursive algorithms. The methodology onsists of de�n-ing speial-purpose aessibility prediates that haraterise the inputson whih the algorithms terminate. Eah algorithm is then formalisedin type theory by strutural reursion on the proof that its input satis-�es the orresponding speial-purpose aessibility prediate. When themutually reursive algorithms are also nested, we make use of a generali-sation of Dybjer's shema for simultaneous indutive-reursive de�nitions,whih we also present in this work. Hene, some of the formalisations wepresent in this work are not allowed in ordinary type theory, but they anbe arried out in type theories extended with suh a shema. Similarlyto what happens for simple and nested reursive algorithms, this method-ology results in de�nitions in whih the omputational and logial partsare learly separated also when the algorithms are mutually reursive.Hene, the type-theoreti version of the algorithms is given by its purelyfuntional ontent, similarly to the orresponding program in a funtionalprogramming language.1 IntrodutionFollowing the Curry-Howard isomorphism [How80℄, onstrutive type theory(see [ML84, CH88℄) an be seen as a programming language where spei�ationsare represented as types and programs as objets of those types. Therefore,algorithms are orret by onstrution or an be proved orret by using theexpressive power of onstrutive type theory. This is learly an advantage ofonstrutive type theory over standard programming languages.55



General reursive algorithms are de�ned by ases where the reursive allsare on non-struturally smaller arguments. In other words, the reursive allsare performed on objets satisfying no syntati ondition that guarantees ter-mination. As a onsequene, there is no diret way of formalising this kind ofalgorithms in type theory.The standard way of handling general reursion in type theory uses a well-founded reursion priniple derived from the aessibility prediate A (see[Az77, Nor88℄). However, the use of this prediate in the type-theoreti for-malisation of general reursive algorithms often results in unneessarily longand ompliated odes. Moreover, its use adds a onsiderable amount of odewith no omputational ontent that distrats our attention from the atual om-putational part of the algorithm (see for example [Bov99℄, where we present aformalisation of a uni�ation algorithm over pairs of terms using the standardaessibility prediate A).On the other hand, writing general reursive algorithms is not a problem infuntional programming languages like Haskell [JHe+99℄, sine this kind of lan-guage imposes no restritions on reursive programs. Therefore, writing generalreursive algorithms in Haskell is straightforward. In addition, funtional pro-grams are usually short and self-explanatory. However, the existing frameworksfor reasoning about the orretness of Haskell-like programs are weaker thanthe framework provided by type theory, and it is basially the responsibility ofthe programmer to only write programs that are orret.In order to give a step towards losing the existing gap between program-ming in type theory and programming in a funtional language, we have de-veloped a methodology to formalise general reursive algorithms in type the-ory that separates the omputational and logial parts of the de�nitions. Asa onsequene, the resulting type-theoreti algorithms are lear, ompat andeasy to understand. They are as simple as their Haskell versions, where thereis no restrition on the reursive alls. Given a general reursive algorithm,the methodology onsists of de�ning an indutive speial-purpose aessibilityprediate that haraterises the inputs on whih the algorithm terminates. Thetype-theoreti version of the algorithm an then be de�ned by strutural reur-sion on the proof that the input values satisfy this prediate. If the algorithmhas nested reursive alls, the speial prediate and the type-theoreti algorithmmust be de�ned simultaneously, beause they depend on eah other. This kindof de�nitions is not allowed in ordinary type theory, but it is provided in typetheories extended with Dybjer's shema for simultaneous indutive-reursivede�nitions (see [Dyb00℄).Originally, this methodology was introdued in [Bov01℄ to formalise simplegeneral reursive algorithms in type theory (by simple we mean non-nested andnon-mutually reursive) and extended in [BC01℄ to treat nested reursion. Inorder to be able to formalise any general reursive algorithm in type theoryusing the same methodology, it remains to study how to formalise mutuallyreursive algorithms (nested and not nested). This is the purpose of this work.In what follows we assume that the reader is familiar with the main on-epts of onstrutive type theory. A short desription of the main onepts of56



type theory is given both in [Bov01℄ and [BC01℄. For a more omplete pre-sentation of onstrutive type theory the reader is referred to [ML84, CH88,NPS90, CNSvS94℄. In addition, we assume that the reader fully understandsthe methodology introdued in [Bov01, BC01℄ to formalise simple and nestedgeneral reursion respetively.The rest of the paper is organised as follows. In setion 2, we show, with thehelp of very simple examples, how to formalise mutually reursive algorithmsusing the methodology presented in [Bov01, BC01℄. In setion 3, we present theformalisation of more interesting nested and mutually reursive algorithms. Insetion 4, we disuss some onlusions. Finally, in appendix A, we introduea generalisation of Dybjer's shema of simultaneous indutive-reursive de�ni-tion for the ases where we have several mutually reursive prediates de�nedsimultaneously with several funtions whih, in turn, are de�ned by reursionon those prediates.2 Mutual ReursionIn [Bov01℄ and [BC01℄, we present how simple and nested general reursivealgorithms, respetively, an be formalised in type theory in an easy way. Withthe help of some simple examples, we show here how to formalise mutuallyreursive algorithms using the methodology presented in [Bov01, BC01℄.We start by presenting a non-struturally smaller version of the algorithmsthat determine whether a natural number is even or odd1. Following the sameapproah as in [Bov01, BC01℄, we start by introduing the Haskell version ofthe algorithms2.even :: N -> Booleven Z = Trueeven (S n) = odd nodd :: N -> Boolodd Z = Falseodd (S n) = not (even (S n))Following the methodology presented in [Bov01, BC01℄ and in order to writethe type-theoreti version of these algorithms, we �rst onstrut the speial-purpose aessibility prediates assoiated with the algorithms. To onstrutthose prediates, we study the Haskell ode in order to haraterise the inputsfor whih the algorithms terminate. Therefore, we distinguish the followingases:� if the input is 0, the algorithm even terminates;1Usually, the struturally smaller version of these algorithms is used. However, that versionis of no interest for us in this work. Thus, we have modi�ed it slightly in order to onsider itas a simple ase example.2Here, we onsider the set of natural numbers de�ned as data N = Z | S N in Haskell.57



� if the input is s(n), for some natural number n, the algorithm even termi-nates if the algorithm odd terminates for the input n;� if the input is 0, the algorithm odd terminates;� if the input is s(n), for some natural number n, the algorithm odd ter-minates if the algorithm even terminates for the same input, that is, if itterminates for s(n).Given this desription, we an easily de�ne the indutive prediates evenAand oddA over natural numbers by the following introdution rules (for n anatural number):evenA(0) oddA(n)evenA(s(n)) oddA(0) evenA(s(n))oddA(s(n))Observe that, whenever we have mutually reursive algorithms, the termi-nation of one algorithm depends on the termination of the other(s). Hene,the speial-purpose aessibility prediates assoiated with those algorithms arealso mutually reursive.Now, we an easily formalise the prediates evenA and oddA in typetheory. evenA 2 (m 2 N)Setevena0 2 evenA(0)evenas 2 (n 2 N;h 2 oddA(n))evenA(s(n))oddA 2 (m 2 N)Setodda0 2 oddA(0)oddas 2 (n 2 N;h 2 evenA(s(n)))oddA(s(n))The algorithms an then be easily de�ned in the theory by strutural reur-sion on the speial-purpose prediates evenA and oddA as follows:even 2 (m 2 N; evenA(m))Booleven(0; evena0) = Trueeven(s(n); evenas(n; h)) = odd(n; h)odd 2 (m 2 N; oddA(m))Boolodd(0; odda0) = Falseodd(s(n); oddas(n; h)) = not(even(s(n); h))Observe the simpliity of this type-theoreti version of the algorithms andits similarity with the Haskell presentation of the algorithms that we intro-dued above. The reader is enouraged to write the type-theoreti version ofthe algorithms that uses the standard aessibility prediate A and ompareafterwards the two type-theoreti versions.Let us onsider another simple example. Below, we have a mutually reursiveversion of the algorithm nest presented in [BC01℄.58



f :: N -> Nf Z = Zf (S n) = f (g n)g :: N -> Ng Z = Zg (S n) = g (f n)Notie that we an easily prove that both f and g are equivalent to thefuntion that returns 0 for any input n, for n a natural number. That is,8n 2 N:f(n) = 0 ^ g(n) = 0.Observe the nested alls of the algorithms f and g. Thus, if we want to de-�ne the speial-purpose aessibility prediates fA and gA we fae the sameproblems as we faed in [BC01℄ when we wanted to formalise the algorithmnest; namely, we need to know about the algorithms f and g in order to be ableto de�ne the speial-purpose prediates whih, in turn, allow us to de�ne thealgorithms f and g. As it is explained in [BC01℄, when we have nested reursivealgorithms we need to de�ne the speial-purpose prediates and the funtionssimultaneously. In order to do so, in [BC01℄ we make use of Dybjer's shemafor simultaneous indutive-reursive de�nitions and thus, we formalise the al-gorithms in type theories extended with suh a shema. Sine our algorithmsare also mutually reursive, we have to de�ne several prediates simultaneouslywith several funtions (two in the example we present above). If we look atDybjer's shema of simultaneously indutive-reursive de�nitions, we see thatDybjer only onsiders the ase of one prediate and one funtion. Hene, in or-der to be able to formalise nested and mutually reursive algorithms, we need toextend Dybjer's shema so it an onsider several indutive prediates de�nedsimultaneously with several funtions de�ned by reursion on those prediates.We present suh a generalisation of Dybjer's shema in appendix A. In the restof this work, we use this generalisation to formalise our nested and mutuallyreursive algorithms.We now return to the example introdued above where we have a mutualand nested de�nition of the algorithms f and g. To de�ne the speial-purposeaessibility prediates we study the equations in the Haskell version of thealgorithms, putting emphasis on the input expressions and the expressions onwhih we perform the reursive alls. We obtain then the following introdutionrules for the indutive prediates fA and gA (for n a natural number):fA(0) gA(n) fA(g(n))fA(s(n)) gA(0) fA(n) gA(f(n))gA(s(n))Formally, in type theory we de�ne the indutive prediates fA and gAsimultaneously with the algorithms f and g, reursively de�ned on the predi-ates. 59



fA 2 (m 2 N)Setfa0 2 fA(0)fas 2 (n 2 N;h1 2 gA(n);h2 2 fA(g(n; h1)))fA(s(n))gA 2 (m 2 N)Setga0 2 gA(0)gas 2 (n 2 N;h1 2 fA(n);h2 2 gA(f(n; h1)))gA(s(n))f 2 (m 2 N; fA(m))Nf(0; fa0) = 0f(s(n); fas(n; h1; h2)) = f(g(n; h1); h2)g 2 (m 2 N; gA(m))Ng(0; ga0) = 0g(s(n); gas(n; h1; h2)) = g(f(n; h1); h2)We an easily prove now that8n 2 N:8h1 2 fA(n):8h2 2 gA(n):f(n; h1) = 0 ^ g(n; h2) = 03 Two Other ExamplesWe present in this setion the formalisation of more interesting nested andmutually reursive algorithms. The reader an hek that the type-theoretiformalisations follow the shema presented in appendix A. One again, thereader is enouraged to write the type-theoreti version of the algorithms thatuses the standard aessibility prediate A and ompare afterwards the twotype-theoreti versions.3.1 Terms Uni�ationThe �rst example is a very well known and useful algorithm: a uni�ationalgorithm over terms, where a term is either a variable or a funtion appliedto a list of terms. We assume that the set of variables and the set of funtionsare both in�nite sets and that equality is deidable over them. Let us start byintroduing some de�nitions in Haskell3.3Here, we de�ne both the set of variables and the set of funtions as the set of naturalnumbers. Any other de�nition that ensures the assumptions made over those sets is alsopossible. 60



type Var = Ntype Fun = Ndata Term = Var Var | Fun Fun [Term℄type ListPT = [(Term, Term)℄type Subst = [(Var, Term)℄vars :: Term -> [Var℄vars t = ....appSb :: Subst -> ListPT -> ListPTappSb sb lpt = ....where vars is the funtion that returns the list of variables in a term t andappSb is the funtion that applies a substitution sb to eah of the terms of alist of pair of terms lpt. Now, the algorithm that uni�es a pair of terms an bede�ned as follows:unifyPT :: (Term, Term) -> Maybe SubstunifyPT (Var x, t) = if x `elem` vars tthen Nothingelse Just [(x,t)℄unifyPT (t, Var x) = if x `elem` vars tthen Nothingelse Just [(x,t)℄unifyPT (Fun f lt1, Fun g lt2) = if f /= g ||length lt1 /= length lt2then Nothingelse unifyLPT (zip lt1 lt2)unifyLPT :: ListPT -> Maybe SubstunifyLPT [℄ = [℄unifyLPT (p:lpt) = ase unifyPT p ofNothing -> NothingJust sb -> ase unifyLPT (appSb sb lpt) ofNothing -> NothingJust sb' -> Just (sb ++ sb')where /= is the inequality operator in Haskell, || is the boolean disjuntion,length omputes the length of a list and zip takes two lists and returns a listof orresponding pairs.The algorithm unifyPT returns a substitution that uni�es a pair of terms ptif suh a substitution exists or the value Nothing otherwise. Observe that thealgorithms unifyPT and unifyLPT are mutually reursive algorithms. Notiethe indiret nested reursive all in the de�nition of the algorithm unifyLPTsine the expression unifyLPT (appSb sb lpt) is equivalent to the expres-sion unifyLPT (appSb (fromJust (unifyPT p)) lpt) when we know thatunifyPT p results in a substitution. 61



For larity sake and in order to make our point more expliit, we atuallyonsider a simpli�ation of the uni�ation algorithms presented above. Let usassume we already know that the algorithm unifyPT returns a substitution,in other words, let us assume we already know that the input pair of terms isuni�able. Then, we an present the algorithms introdued above in the followingway4:unifyPT :: (Term, Term) -> SubstunifyPT (Var x, t) = [(x,t)℄unifyPT (t, Var x) = [(x,t)℄unifyPT (Fun f lt1, Fun g lt2) = unifyLPT (zip lt1 lt2)unifyLPT :: ListPT -> SubstunifyLPT [℄ = [℄unifyLPT (p:lpt) = unifyPT p ++unifyLPT (appSb (unifyPT p) lpt)To de�ne the speial-purpose aessibility prediates assoiated with thealgorithms we follow the same methodology as before. We inspet the Haskellversion of the algorithms in order to haraterise the set of inputs for whihthe algorithms terminate, putting emphasis on the relation between the inputexpressions and the expressions on whih we perform the reursive alls. Thus,the introdution rules for the indutive prediates unifyPTA and unifyLPTAare as follows:unifyPTA(pair(var(x); t)) unifyPTA(pair(fun(f; lt); var(x)))unifyLPTA(zip(lt1; lt2))unifyPTA(pair(fun(f; lt1); fun(g; lt2))) unifyLPTA(nil)h 2 unifyPTA(p) unifyLPTA(appSb(unifyPT(p; h); lpt))unifyLPTA(ons(p; lpt))where x is a variable, f and g are funtions, t is a term, lt; lt1 and lt2 are lists ofterms, p is a pair of terms and lpt is a list of pairs of terms. Observe that in theseond rule, the shape of the left term di�ers from the orresponding term inthe Haskell equations. In Haskell, the equations are onsidered in the order inwhih they are presented. Thus, the seond equation of the algorithm unifyPTwill never be exeuted when the left term of the input pair is a variable. Hene,it is not neessary to speify that as a ondition. However, this is not the asein type theory and then, we need to be expliit about whih kind of term weare onsidering in eah ase. As the left term in the seond rule annot be avariable, it has to be a funtion applied to a list of terms.Before introduing the type-theoreti formalisation of our uni�ation algo-rithms, let us �rst translate same Haskell de�nitions and funtions into their4We ignore here eÆieny aspets suh as the fat that some expressions are omputedtwie. 62



type-theoreti equivalents. We start by presenting the de�nition of pairs andlists in type theory.Pair 2 (A;B 2 Set)Setpair 2 (#A; #B 2 Set; a 2 A; b 2 B)Pair(A;B)List 2 (A 2 Set)Setnil 2 (#A 2 Set)List(A)ons 2 (#A 2 Set; a 2 A; l 2 List(A))List(A)The down arrow in front of a set A within a de�nition, as in #A, indiatesthat we have hidden the set A in the de�nition. This is a layout faility providedby some proof assistants and it is usually exploited by the user when the hiddenargument an be easily dedued from the ontext. In the rest of this setion,we make full use of this faility and we hide some arguments. In this way, wehope to simplify the reading of the ode.length 2 (List(A))Nlength(nil) � 0length(ons(a; l)) � s(length(l))zip 2 (l1 2 List(A); l2 2 List(B))List(Pair(A;B))zip(nil; l2) � nilzip(ons(a; l); nil) � nilzip(ons(a; l); ons(a0; l0)) � ons(pair(a; a0); zip(l; l0))++ 2 (l1; l2 2 List(A))List(A)++ (nil; l2) � l2++ (ons(a; l); l2) � ons(a;++ (l; l2))After presenting the general de�nitions, we introdue some de�nitions thatare partiular to our ase example.Var 2 SetVar � NFun 2 SetFun � NTerm 2 Setvar 2 (x 2 Var)Termfun 2 (f 2 Fun; lt 2 List(Term))TermListPT 2 SetListPT � List(Pair(Term;Term))Subst 2 SetSubst � List(Pair(Var;Term))appSb 2 (Subst; ListPT)ListPTappSb(sb; lpt) � ::::We an now present the type-theoreti version of our simpli�ed uni�ationalgorithm over pair of terms. 63



unifyPTA 2 (p 2 Pair(Term;Term))Setupta1 2 (x 2 Var; t 2 Term)unifyPTA(pair(var(x); t))upta2 2 (x 2 Var; f 2 Fun; lt 2 List(Term))unifyPTA(pair(fun(f; lt); var(x)))upta3 2 (f; g 2 Fun; lt1; lt2 2 List(Term); unifyLPTA(zip(lt1; lt2)))unifyPTA(pair(fun(f; lt1); fun(g; lt2)))unifyLPTA 2 (lpt 2 ListPT)Setulpta1 2 unifyLPTA(nil)ulpta2 2 (p 2 Pair(Term;Term); lp 2 ListPT;h1 2 unifyPTA(p);h2 2 unifyLPTA(appSb(unifyPT(p; h1); lp)))unifyLPTA(ons(p; lp))unifyPT 2 (p 2 Pair(Term;Term); unifyPTA(p))SubstunifyPT(pair(var(x); t); upta1(x; t)) � ons(pair(x; t); nil)unifyPT(pair(fun(f; lt); var(x)); upta2(x; f; lt)) �ons(pair(x; fun(f; lt)); nil)unifyPT(pair(fun(f; lt1); fun(g; lt2)); upta3(f; g; lt1; lt2; h)) �unifyLPT(zip(lt1; lt2); h)unifyLPT 2 (lpt 2 ListPT; unifyLPTA(lpt))SubstunifyLPT(nil; ulpta1) � nilunifyLPT(ons(p; lp); ulpta2(p; lp; h1; h2)) �unifyPT(p; h1) ++unifyLPT(appSb(unifyPT(p; h1); lp); h2)3.2 List ReversalOur seond example is an algorithm to reverse the order of the elements in alist and it has been taken from [Gie97℄. Although this is a very well knownand ommon task, the approah we introdue here is not the standard one.Furthermore, it is a very awkward and ineÆient approah. However, it is aninteresting example if we just take the reursive alls into aount.rev :: [a℄ -> [a℄rev [℄ = [℄rev (x:xs) = last x xs : rev2 x xsrev2 :: a -> [a℄ -> [a℄rev2 y [℄ = [℄rev2 y (x:xs) = rev (y : rev (rev2 x xs))last :: a -> [a℄ -> alast y [℄ = ylast y (x:xs) = last x xs 64



In this example, the algorithm rev reverses a list with the help of the algo-rithms last and rev2. The algorithm last is a struturally smaller reursivealgorithm and its formalisation in type theory is straightforward. The algo-rithms rev and rev2 are nested and mutually reursive. In the rest of thissetion, we just pay attention to the two general reursive algorithms rev andrev2 and we assume that we already have a type-theoreti translation of thealgorithm last.As usual, we �rst present the introdution rules for the speial-purpose in-dutive prediates revA and rev2A. Notie that, sine the algorithms revand rev2 are nested, the two prediates need to know about the two algorithms.revA([ ℄) rev2A(x; xs)revA(x : xs)
rev2A(y; [ ℄) rev2A(x; xs)revA(rev2(x; xs))revA(y : rev(rev2(x; xs)))rev2A(y; (x : xs))Finally, in type theory we formalise the indutive prediates revA andrev2A simultaneously with the algorithms rev and rev2, reursively de�nedon the prediates. We again make use of the layout faility that allows us tohide arguments. In addition, we use the type-theoreti formalisation of listspresented in the previous setion.revA 2 (zs 2 List(A))Setreva1 2 revA(nil)reva2 2 (x 2 A;xs 2 List(A);h 2 rev2A(x; xs))revA(ons(x; xs))rev2A 2 (y 2 A; zs 2 List(A))Setrev2a1 2 (y 2 A)rev2A(y; nil)rev2a2 2 (y; x 2 A;xs 2 List(A);h1 2 rev2A(x; xs);h2 2 revA(rev2(x; xs; h1));h3 2 revA(ons(y; rev(rev2(x; xs; h1); h2))))rev2A(y; ons(x; xs))rev 2 (zs 2 List(A); revA(zs))List(A)rev(nil; reva1) � nilrev(ons(x; xs); reva2(x; xs; h)) � ons(last(x; xs); rev2(x; xs; h))rev2 2 (y 2 A; zs 2 List(A); rev2A(y; zs))List(A)rev2(y; nil; rev2a1(y)) � nilrev2(y; ons(x; xs); rev2a2(y; x; xs; h1; h2; h3)) �rev(ons(y; rev(rev2(x; xs; h1); h2)); h3)65



4 ConlusionsWe show here how the methodology presented in [Bov01℄ for the formalisation ofsimple general reursive algorithms and extended in [BC01℄ to treat nested gen-eral reursion an also be used in the formalisation of mutual general reursivealgorithms. This methodology onsists of de�ning speial-purpose aessibilityprediates that haraterise the inputs on whih the algorithms terminate. Eahalgorithm is then formalised in type theory by strutural reursion on the proofthat its input satis�es the orresponding speial-purpose aessibility prediate.As the algorithms we onsider in this work are mutually reursive, the termina-tion of one algorithm depends on the termination of the others and hene, thespeial-purpose aessibility prediates are also mutually reursive.When the mutually reursive algorithms are also nested, we need to de�nethe speial-purpose aessibility prediates and the type-theoreti version of thealgorithms simultaneously, beause they depend on eah other. This kind of def-initions is not allowed in ordinary type theory, but it an be arried out in typetheories extended with the general shema for simultaneous indutive-reursivede�nitions that we present in appendix A. This shema is a generalisation ofDybjer's shema for simultaneous indutive-reursive de�nitions introdued in[Dyb00℄. While Dybjer onsiders the ase with only one prediate and one fun-tion in his work, we present here a generalisation of the shema for the aseswhere we have several mutually reursive prediates de�ned simultaneously withseveral funtions whih, in turn, are de�ned by reursion on those prediates.Similarly to what happens for simple and nested reursive algorithms, thismethodology results in de�nitions in whih the omputational and logial partsare learly separated also when the algorithms are mutually reursive. Hene,the type-theoreti version of the algorithms is given by its purely funtionalontent, similarly to the orresponding program in a funtional programminglanguage. As a onsequene, the resulting type-theoreti algorithms are ompatand easy to understand. We �rmly believe that our methodology also helps inthe proess of formal veri�ation sine the simpliity of the de�nitions of thetype-theoreti algorithms usually simpli�es the task of their formal veri�ation.The examples we presented in this work have been formally heked usingthe proof assistant ALF (see [AGNvS94, MN94℄), whih supports the shema inappendix A.A Generalisation of Dybjer's Shema for Simul-taneous Indutive-Reursive De�nitionsA.1 Preliminary CommentsIn [Dyb00℄, Dybjer de�nes an shema for simultaneous indutive-reursive def-initions in type theory. In the shema, Dybjer onsiders the ase with onlyone prediate and one funtion. We generalise here Dybjer's shema for theases where we have several mutually reursive prediates de�ned simultane-66



ously with several funtions, whih in turn are de�ned by reursion on thoseprediates. The presentation we introdue here is by no means the most generalone. However, it gives us the neessary theoretial strength in order to formalisenested and mutually reursive algorithms with the methodology we desribedin previous setions of this work.Here, we assume that a de�nition is always relative to a theory ontaining therules for previously de�ned onepts. Thus, the requirements on the di�erentparts of the de�nitions are always judgements with respet to that theory.In order to make the reading easier, we use Dybjer's notation as muh aspossible. Then, (a :: �) is an abbreviation of (a1 : �1) � � � (ao : �o) and a smalltype is a type that does not ontain ourrenes of Set. In addition, to help withthe understanding of our generalisation, we follow losely the formalisation ofthe mutually reursive algorithms f and g introdued in setion 2 through thedi�erent setions of this appendix.A.2 Formation RulesWe desribe here the formation rules for the simultaneous de�nition of m in-dutive prediates and n funtions de�ned by reursion over those prediates.In order to present the formation rules for prediates and funtions, let� 1 6 k 6 m, 1 6 w 6 m and m+ 1 6 l 6 m+ n;� � be a sequene of types;� �k[A℄ and �w[A℄ be sequenes of small types under the assumption (A :: �);�  l[A; a℄ be a type under the assumptions (A :: �; a :: �w[A℄).Thus, if fl is de�ned by reursion over a ertain prediate Pw, the formationrules for prediates and funtions are of the form:Pk : (A :: �)(a :: �k[A℄)Setfl : (A :: �)(a :: �w[A℄)( : Pw(A; a)) l[A; a℄Note that eah funtion fl atually determines whih is the prediate Pw neededas part of the domain of its formation rule. If we want to be totally formal here,we should indiate this by indexing the w's with l's as in Pwl . However, for thesake of simpliity we will not do so. The reader should keep this dependene inmind when reading the rest of this appendix.Observe also that, in the formation rules stated above, we have assumedthat all prediates and funtions have a ommon set of parameters (A :: �). Inase eah prediate and funtion has its own set of parameters (Ah :: �h), wetake (A :: �) as the union of the (Ah :: �h), for 1 6 h 6 m+ n.If we arefully analyse the assumptions stated above, we see that none ofour indutive prediates or reursive funtions is known when we onstrut thesequenes of small types �'s and the types  's. Hene, no one of our prediatesor funtions an be mentioned in those sequenes or types, sine they are not yet67



de�ned. As a onsequene, no one of our prediates an have any of the otherprediates or funtions as part of its formation rule. On the other hand, eahfuntion is de�ned by reursion on one of our indutive prediates and thus, thisprediate must be part of the domain of the funtion. However, no other of ourprediates or funtions an be part of the formation rule of the funtion.In our example, the formation rules of the prediates fA and gA (P1 andP2 respetively) and of the funtions f and g (f3 and f4 respetively) are asfollows: fA 2 (m 2 N)SetgA 2 (m 2 N)Setf 2 (m 2 N; fA(m))Ng 2 (m 2 N; gA(m))NHere, the sequene � is the empty sequene, the sequenes of small types �'sonsist of the sequene (m 2 N) and the types  's are the set of natural numbersN.A.3 Introdution RulesBefore presenting the shema for the introdution rules of the prediates, wereall the notions of the di�erent premises presented in [Dyb00℄. Then, a premiseof an introdution rule is either non-reursive or reursive.A non-reursive premise has the form (b : �[A℄), where �[A℄ is a small typedepending on the assumption (A :: �) and previous premises of the rule.A reursive premise has the form u : (x :: �[A℄)Ph(A; p[A; x℄), where �[A℄ is asequene of small types under the assumption (A :: �) and previous premises ofthe rule, p[A; x℄ :: �h[A℄ under the assumptions (A :: �;x :: �[A℄) and previouspremises of the rule and 1 6 h 6 m. If �[A℄ is empty, the premise is alledordinary and otherwise it is alled generalised.Now, the shema for the jth introdution rule of the kth prediate is thefollowing:introkj : (A :: �) : : : (b : �[A℄) : : : (u : (x :: �[A℄)Pi(A; p[A; x℄)) : : : Pk(A; qkj [A℄)where� 1 6 k 6 m, 1 6 j and 1 6 i 6 m;� The b's and the u's an our in any order. The b's and/or the u's analso be omitted;� Eah reursive premise might refer to several prediates Pi. Observe thateah Pi an our in several reursive premises of the introdution rule;� qkj [A℄ :: �k[A℄ under the assumption (A :: �) and previous premises of therule. 68



Note that eah pair kj atually determines the �'s, �'s, Pi's and p's thatour in the introdution rule introkj . If we want to be more formal about thisdependene as well as about the fat that there might be several b's and severalu's, we should give the following more preise shema for the jth introdutionrule of the kth prediate:introkj : (A :: �) : : : (bd : �kjd[A℄) : : : (ur : (x :: �kjr [A℄)Pikjr (A; pkjr [A; x℄)) : : :Pk(A; qkj [A℄)where d indiates the dth non-reursive premise and r indiates the rth reursivepremise of the introdution rule, with 0 6 d and 0 6 r. However, for the sakeof simpliity we will not do so and hene, in the rest of this appendix we willnot write extra indies. The reader should keep this in mind when reading therest of the setion.In our example, the introdution rules for the prediates fA and gA areas follows:fa0 2 fA(0)fas 2 (n 2 N;h1 2 gA(n);h2 2 fA(g(n; h1)))fA(s(n))ga0 2 gA(0)gas 2 (n 2 N;h1 2 fA(n);h2 2 gA(f(n; h1)))gA(s(n))Here, fa0 is an introdution rule with no premises. The premises of theintrodution rule fas are as follows: (n 2 N) is a non-reursive premise,(h1 2 gA(n)) is an ordinary reursive premise (that is, the orresponding �is empty) whih depends on the previous non-reursive premise and �nally,(h2 2 fA(g(n; h1))) is also an ordinary reursive premise whih depends onthe previous two non-reursive and reursive premises, respetively. The intro-dution rules of the prediate gA are similar to those of the prediate fA.A.4 Possible DependeniesWe now spell out the typing riteria for �[A℄ in the shema above. The riteriafor �[A℄, p[A; x℄ and qkj [A℄ are analogous.We write �[A℄ = �[A; : : : ; b0; : : : ; u0; : : :℄ to expliitly indiate the dependeneon previous non-reursive premises b0 : �0[A℄ and reursive premises of the formu0 : (x :: �0[A℄)Pg(A; p0[A; x℄), for 1 6 g 6 m. The dependene on a previousreursive premise an only our through an appliation of one of the simulta-neously de�ned funtions ft, for m+ 1 6 t 6 m+ n. Formally, we have:�[A; : : : ; b0; : : : ; u0; : : :℄ = �̂[A; : : : ; b0; : : : ; (x)ft(A; p0[A; x℄; u0(x)); : : :℄where �̂[A; : : : ; b0; : : : ; v0; : : :℄ is a small type in the ontext(A :: �; : : : ; b0 : �0[A℄; : : : ; v0 : (x :: �0[A℄) t[A; p0[A; x℄℄; : : :)5:5Note that this ontext is obtained from the ontext of � by replaing eah reursivepremise of the form u0 : (x :: �0[A℄)Pg(A; p0[A;x℄) by v : (x :: �0[A℄) t[A; p0[A;x℄℄.69



In our example, the reursive premise (h2 2 fA(g(n; h1))) of the prediatefA depends on the reursive premise (h1 2 gA(n)). This dependene oursthrough the appliation of the simultaneously de�ned funtion g. Similarly, ifwe study the dependene on previous reursive premises in the introdutionrules of the prediate gA, we observe that they our through the appliationof the funtion f.That the dependene on previous reursive premises an only our throughappliations of the simultaneous de�ned funtions ensures the orretness ofthe indutive-reursive de�nitions. In this way, whenever we apply a prediateto the result of one of the simultaneously de�ned funtions, we make sure thatsuh argument has been previously onstruted. In addition, observe that as thesimultaneous de�nition of the prediates and the funtions is not yet omplete,the appliation of any previously de�ned prediate or funtion to one of ourreursive premises would be inorret. We ome bak to this matter after wehave presented the equality rules for our example, that is, at the end of nextsetion.A.5 Equality RulesIf fy is de�ned by reursion on Pk, the shema for the equality rule for fy andintrokj is as follows, for m+ 1 6 y 6 m+ n and m+ 1 6 z 6 m+ n:fy(A; qkj [A℄; introkj(A; : : : ; b; : : : ; u; : : :)) =eyj(A; : : : ; b; : : : ; (x)fz(A; p[A; x℄; u(x)); : : :) :  y[A; qkj [A℄℄in the ontext(A :: �; : : : ; b : �[A℄; : : : ;u : (x :: �[A℄)Pi(A; p[A; x℄); : : :)where eyj(A; : : : ; b; : : : ; v; : : :) :  y[A; qkj [A℄℄ in the ontext(A :: �; : : : ; b : �[A℄; : : : ; v : (x :: �[A℄) z [A; p[A; x℄℄; : : :):In our example, the equality rules for the funtions f and g are as follows:f(0; fa0) = 0f(s(n); fas(n; h1; h2)) = f(g(n; h1); h2)g(0; ga0) = 0g(s(n); gas(n; h1; h2)) = g(f(n; h1); h2)Here, if we analyse the equality rules for f, we have that the funtion e31 is theonstant funtion 0 and the funtion e32 is the algorithm f itself. The ourreneof g in the right hand side of the seond equality rule for f orresponds to theourrene of fz as one of the arguments of the funtion eyj in the shema above.Similarly, we an analyse the equality rules for the funtion g.We now go bak to the dependene matter. We show the orretness of oursimultaneous de�nition by analysing the way the proofs of fA and gA are70



onstruted and the way the results of f and g are de�ned. First, we onstrutthe proofs fa0 and ga0 of fA(0) and gA(0), respetively. Now, we de-�ne both the result of f(0; fa0) and the result of g(0; ga0) as the onstant0. Then, we onstrut the proofs fas(0; ga0; fa0) and gas(0; fa0; ga0)of fA(s(0)) and gA(s(0)), respetively. Now, we de�ne both the result off(s(0); fas(0; ga0; fa0)) and the result of g(s(0); gas(0; fa0; ga0)) as theonstant 0. Reall that fa0 2 fA(0), ga0 2 gA(0), f(0; fa0) = 0 andg(0; ga0) = 0. We an now ontinue by onstruting the proofs of fA(s(s(0)))and of gA(s(s(0))) and subsequently, use those proofs in order to de�ne theresult of the funtions f and g on the natural number s(s(0)). In general, we�rst onstrut the proof h1 of fA(n) and the proof h2 of gA(n), and we thenuse those proofs to de�ne the result of f(n; h1) and of g(n; h1). Thereafter, weonstrut the proofs of fA(s(n)) and of gA(s(n)), whih in turn will be usedto de�ne the result of the funtions f and g on the natural number s(n), and soon.A.6 Reursive De�nitionsIn general, after the simultaneous de�nition of the m prediates and the nfuntions has been done, we may de�ne new funtions of the form:f 0y : (A :: �)(A0 :: �0)(a :: �k[A℄)( : Pk(A; a)) 0y [A;A0; a; ℄by reursion on Pk, where� 0 6 y;� �0 is a sequene of types;�  0y[A;A0; a; ℄ is a type under (A :: �;A0 :: �0; a :: �k[A℄;  : Pk(A; a)).Observe that f 0y might have a di�erent set of parameters than those neededfor the de�nitions of the m indutive prediates and the n reursive funtions6.Note also that both the indutive prediates and the reursive funtions areknown when we de�ne the funtion f 0y and hene, they an be mentioned aspart of the type  0y (ompare  0 here with the type  introdued in setion A.2;there  must be already known when stating the types of the prediates andfuntions we are about to de�ne).Now, the equality rules for the new funtions are as follows:f 0y(A;A0; qkj [A℄; introkj(A; : : : ; b; : : : ; u; : : :)) =e0yj(A;A0; : : : ; b; : : : ; u; (x)f 0z(A;A0; p[A; x℄; u(x)); : : :)in the ontext(A :: �;A0 :: �0; : : : ; b : �[A℄; : : : ;u : (x :: �[A℄)Pi(A; p[A; x℄); : : :)6Let us assume here that all the reursive funtions we de�ne afterwards have the sameset of parameters �0. If this is not the ase, we let �0 be the union of the sets of parametersneeded in order to de�ne the new funtions (see setion A.2 for a similar and more detailexplanation of how to onstrut � as the union of the di�erent sets of parameters).71



wheree0yj(A;A0; : : : ; b; : : : ; u; v; : : :) :  0y[A;A0; qkj [A℄; introkj(A; : : : ; b; : : : ; u; : : :)℄in the ontext(A :: �;A0 :: �0; : : : ; b : �[A℄; : : : ;u : (x :: �[A℄)Pi(A; p[A; x℄);v : (x :: �[A℄) 0z [A;A0; p[A; x℄; u(x)℄; : : :):Note that the riteria are idential for a simultaneously de�ned funtion fland a funtion f 0y de�ned afterwards, exept that the type  0y may depend on as well as on a. In addition, the right hand side of a reursion equation e0yjfor f 0y may depend on u as well as on v. This is simply beause these newdependenies an our only after the indutive prediates have been de�ned.In our example, after the de�nition of the prediates fA and gA and ofthe funtions f and g has been ompleted, we an de�ne the auxiliary funtionsf 0 and g0 (f 01 and f 02 respetively). These funtions ount the number of stepsthe funtions f and g need in order to ompute their result when applied to aertain natural number n. In addition, they are de�ned by reursion on the proofthat the input natural number satis�es the orresponding speial aessibilityprediate and have the following de�nitions:f 0 2 (m 2 N; fA(m))Nf 0(0; fa0) = 0f 0(s(n); fas(n; h1; h2)) = s(g0(n; h1))g0 2 (m 2 N; gA(m))Ng0(0; ga0) = 0g0(s(n); gas(n; h1; h2)) = s(f 0(n; h1))Here, both e011 and e021 are the onstant funtion 0 and both e012 and e022 are thesuessor funtion over natural numbers.Aknowledgements. We want to thank Bj�orn von Sydow for arefully read-ing and ommenting on previous versions of this paper. We are grateful toPeter Dybjer for useful disussions on the generalisation of his shema and forhis omments on the formalisation of the general shema that we present inappendix A.Referenes[Az77℄ P. Azel. An Introdution to Indutive De�nitions. In J. Barwise,editor, Handbook of Mathematial Logi, pages 739{782. North-Holland Publishing Company, 1977.[AGNvS94℄ T. Altenkirh, V. Gaspes, B. Nordstr�om, and B. von Sydow.A User's Guide to ALF. Chalmers University of Teh-nology, Sweden, May 1994. Available on the WWWftp://ftp.s.halmers.se/pub/users/alti/alf.ps.Z.72
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Modelling General Reursion in Type TheoryAna Bove� Venanzio CaprettaySeptember 2002AbstratConstrutive type theory is a very expressive programming language.However, general reursive algorithms have no diret formalisation in typetheory sine they ontain reursive alls that do not satisfy any synta-ti ondition that guarantees termination. We present a method to for-malise general reursive algorithms in type theory that uses an indu-tive prediate to haraterise termination and that separates the om-putational and logial parts of the de�nitions. As a onsequene, theresulting type-theoreti algorithms are lear, ompat and easy to under-stand. They are as simple as their equivalents in a funtional program-ming language, where there is no restrition on the reursive alls. Givena general reursive algorithm, our method onsists in de�ning an indu-tive speial-purpose aessibility prediate that haraterises the inputson whih the algorithm terminates. The type-theoreti version of the al-gorithm is then de�ned by strutural reursion on the proof that the inputvalues satisfy this prediate. We give a formal de�nition of the methodand disuss its power and its limitations.1 IntrodutionConstrutive type theory (see for example [ML84, CH88℄) is a very expressiveprogramming language with dependent types. Aording to the Curry-Howardisomorphism [How80, SU98℄, logi an also be represented in it by identify-ing propositions with types and proofs with terms of the orresponding type.Therefore, we an enode in a type a omplete spei�ation, requiring also log-ial properties from an algorithm. As a onsequene, algorithms are orret byonstrution or an be proved orret by using the expressive power of onstru-tive type theory. This is learly an advantage of onstrutive type theory overstandard programming languages. A omputational limitation of type theory isthat, to keep the logi onsistent and type-heking deidable, only strutural�Department of Computing Siene, Chalmers University of Tehnology, 412 96 G�oteborg,Sweden, e-mail: bove�s.halmers.se, telephone: +46-31-7721020, fax: +46-31-165655yINRIA Sophia Antipolis, Projet LEMME, e-mail: Venanzio.Capretta�sophia.inria.fr,telephone: +33+4+92385051, fax: +33+4+9238506077



reursive de�nitions are allowed, that is, de�nitions in whih the reursive allsmust have struturally smaller arguments.On the other hand, funtional programming languages like Haskell [JHe+99℄,Standard ML [MTHM97℄ or Clean [dMJB+01℄ are less expressive in the sensethat they do not have dependent types and they annot represent logi. More-over, the existing frameworks for reasoning about the orretness of Haskell-likeprograms are weaker than the framework provided by type theory, and it is theresponsibility of the programmer to write orret programs. However, funtionalprogramming languages are omputationally stronger beause they impose norestrition on reursive programs and thus, they allow the de�nition of generalreursive algorithms. In addition, funtional programs are usually short andself-explanatory.General reursive algorithms are de�ned by ases where the reursive allsare not required to have struturally smaller arguments. In other words, thereursive alls are performed on objets that satisfy no syntati ondition thatguarantees termination. As we have already mentioned, there is no diret wayof formalising this kind of algorithms in type theory.The standard way of handling general reursion in onstrutive type theoryuses a well-founded reursion priniple derived from the aessibility prediateA (see [Az77, Nor88, BB00℄). However, the use of this prediate in thetype-theoreti formalisation of general reursive algorithms often results in un-neessarily long and ompliated odes. Moreover, its use adds a onsiderableamount of ode with no omputational ontent, that distrats our attentionfrom the omputational part of the algorithm (see for example [Bov99℄, wherewe present the formalisation of a uni�ation algorithm over lists of pairs of termsusing the standard aessibility prediate A).To bridge the gap between programming in type theory and programmingin a funtional language, we developed a method to formalise general reursivealgorithms in type theory that separates the omputational and logial parts ofthe de�nitions. As a onsequene, the resulting type-theoreti algorithms arelear, ompat and easy to understand. They are as simple as their Haskell-likeversions, where there is no restrition on the reursive alls. Given a general re-ursive algorithm, our method onsists in de�ning an indutive speial-purposeaessibility prediate that haraterises the inputs on whih the algorithm ter-minates. The type-theoreti version of the algorithm an then be de�ned bystrutural reursion on the proof that the input values satisfy this prediate.If the algorithm has nested reursive alls, the aessibility prediate and thetype-theoreti algorithm must be de�ned simultaneously, beause they dependon eah other. This kind of de�nitions is not allowed in ordinary type theory, butit is provided in type theories extended with Dybjer's shema for simultaneousindutive-reursive de�nitions [Dyb00℄.This method was introdued by Bove [Bov01℄ to formalise simple general re-ursive algorithms in onstrutive type theory (by simple we mean non-nestedand non-mutually reursive). It was extended by Bove and Capretta [BC01℄to treat nested reursion and by Bove [Bov02℄ to treat mutually reursive algo-rithms, nested or not. Sine our method separates the omputational part from78



the logial part of a de�nition, formalising partial funtions beomes possible[BC01℄. Proving that a ertain funtion is total amounts to proving that theorresponding speial-purpose aessibility prediate is satis�ed by every input.So far, we have just presented our method by means of examples in [Bov01,BC01, Bov02℄. The purpose of this work is to give a general presentation of themethod. We start by giving a haraterisation of the lass of reursive de�nitionsthat we onsider, whih is a sublass of ommonly used funtional programminglanguages like Haskell, ML or Clean. This lass onsists of funtions de�nedby reursive equations that are not neessarily well-founded. Then, we showhow we an translate any funtion in that lass into type theory using ourspeial-purpose aessibility prediates.When talking about funtional programming, we use the terms algorithm,funtion and program as synonymous.The rest of the paper is organised as follows. In setion 2, we present a briefintrodution to onstrutive type theory. In setion 3, we illustrate our methodby formalising a few examples of general reursive algorithms in type theory. Insetion 4, we de�ne the lass FP of reursive de�nitions that an be translatedinto type theory by applying our method. In setion 5, we prove that this lassis large enough to allow the de�nition of any reursive funtion. In setion 6,we formally desribe our method to translate general reursive funtions intotype theory. In setion 7, we disuss the semantis of funtional programs andwe show that our method is sound with respet to a strit semantis for FP.Finally, in setion 8, we present some onlusions and related work.2 Construtive Type TheoryAlthough this paper is intended mainly for those who already have some knowl-edge of type theory, we reall the basi ideas and notions that we use. For a om-plete presentation of onstrutive type theory, see [ML84, NPS90, CNSvS94℄.For imprediative type theory, that we do not use but only mention in setion3, see [CH88℄. A general formulation of type systems and their use in formalveri�ation an be found in [Bar92℄ and [BG01℄.Construtive type theory omprises a basi type alled Set and two typeformers, that is, two ways of onstruting new types.The �rst type former onstruts the type of the elements of a set. Everyelement of Set is an indutively de�ned type. It is usual to all the elements ofSet small types, and the types that are not elements of Set, like Set itself, largetypes. Aording to the Curry-Howard isomorphism [How80, SU98℄, proposi-tions are also objets in Set and their elements are proofs of the orrespondingproposition.A set former or, in general, any indutive de�nition is introdued as a on-stant A of type (x1 2 �1; : : : ;xn 2 �n)Set, for �1, . . . , �n sets. For eahset former, we must speify the onstrutors that generate the elements ofA(a1; : : : ; an) by giving their types, for a1 2 �1; : : : ; an 2 �n.The seond type former allows the onstrution of dependent funtion types.79



Given a type � and a family of types indexed on �, that is a type � dependingon a variable x 2 �, we an form the dependent funtion type (x 2 �)�. Theelements of funtion types are �-abstrations. If b is an element of � dependingon a variable x 2 �, then [x 2 �℄b is an element of (x 2 �)�. If the type of theabstrated variable is lear from the ontext, we write [x℄b. If f is an elementof (x 2 �)� and a an element of �, the appliation of f to a, f(a), is an elementof �[x := a℄ (� where every free ourrene of x is substituted by a). In thease where � does not depend on x, we an omit the referene to the variableand simply write (�)� for (x 2 �)�. We usually write sequential funtion typesas (x1 2 �1; : : : ;xn 2 �n)� and sequential �-abstrations as [x1; : : : ; xn℄b. Wewrite (x1; x2; : : : ; xn 2 �) instead of (x1 2 �;x2 2 �; : : : ;xn 2 �).A partiularly important Set is the set for propositional equality, also alledintensional equality. Given a set � and two elements a and b in �, Id(�; a; b) isthe set that expresses that a and b are equal elements of type �. As the type �an usually be inferred from the ontext, we just write a = b to refer to the setthat expresses the propositional equality of a and b. The only way to introdueelements in this set is through the onstrutor re. If a 2 �, then re(a) is aproof that a is equal to itself. Hene, re(a) 2 a = a.Beside propositional equality, we also use dependent produt and sum sets,and disjoint unions.The elements of dependent produts sets are dependent funtions. Formally,if � is a set and � a family of sets over �, that is, �(x) is a set provided x 2 �, wean form the dependent produt set �(�; �). If f is a dependent funtion from �to � then �(f) is a anonial element in �(�; �). Given an element h in �(�; �)and an element a in �, apply(h; a) yields an element in �(a). If the value of h is�(f) then the value of apply(h; a) is f(a). In order to redue the notation in thetype-theoretis programs, in what follows we simply write the usual funtionnotation for the dependent produt sets, their elements and the appliation oftheir funtional elements. Therefore, we write (�)� for the produt set �(�; �),�-abstrations for its elements and the usual funtion appliation instead of thenon-anonial onstant apply.If � is a set and � a family of sets depending on a variable x 2 �, we anform the dependent sum set �x 2 �:�. The anonial terms of the �-sets arepairs ha; bi, where a 2 � and b 2 �[x := a℄. In the ase that � does not dependon x, �x 2 �:� is alled the Cartesian produt of � and � and it is simplydenoted by �� �.If � and � are sets, the disjoint union of � and � is denoted by � + �. Ifa 2 � and b 2 �, then inl(a) and inr(b) are anonial elements in �+ �.Open terms, that is, terms in whih not all the variable ourrenes areabstrated, are valid in a ontext in whih types are assigned to variables. Weuse the apital Greek letters �;�;� and � to range over ontexts. A ontext� is a sequene of variable assumptions: � � x1 2 �1; : : : ;xn 2 �n, where thevariable names x1, . . . , xn are pairwise distint and eah type �i, for 1 6 i 6 n,may ontain the variables with indies smaller that i. If � is a ontext, asequene of variable assumptions � is alled a ontext extension of � if �;� is aontext. If there is no plae for onfusion, we might refer to ontext extensions80



simply as ontexts or as extensions. In addition, we might simply say that � isan extension whenever the ontext � of whih � is an extension an be easilydedued.We extend produt and sum sets, and disjoint unions to more than two sets.If � is a ontext and � a set whose free variables are among the ones as-sumed in �, we write (�)� for the dependent produt of all the sets in � over�. Formally it is de�ned by reursion on the length of �. If � is empty, then()� � �. If � � x 2 �; �0, then (x 2 �; �0)� � (x 2 �)((�0)�). Abusing notationone more, we write onseutive dependent produts as (x1 2 �1; : : : ;xn 2 �n)�,(x1; x2; : : : ; xn 2 �)� instead of (x1 2 �;x2 2 �; : : : ;xn 2 �)� and their fun-tional elements as [x1; : : : ; xn℄b.Similarly, �(�) is the sum of all the sets in �, for a non-empty ontext�. Formally, it is de�ned by reursion on the length of �. If � � x 2 �, then�(x 2 �) � �. If � � x 2 �; �0, then we have that �(x 2 �; �0) � �x 2 �:�(�0).If � has n assumptions, that is, if � � x1 2 �1; : : : ;xn 2 �n, we use n-tuplenotation for its anonial elements and then we write ha1; a2; : : : ; an�1; ani forha1; ha2; : : : ; han�1; ani � � � ii.The disjoint union of n sets �1; : : : ; �n is denoted by �1+: : :+�n and de�nedas (� � � (�1+�2)+ : : :+�n). For the sake of simpliity, we all the orrespondingonstrutors in1; in2; : : : ; inn.3 Some ExamplesWe illustrate our method for formalising general reursive algorithms in typetheory by desribing the formalisation of a few easy examples. More detaileddesriptions and more examples an be found in [Bov01℄ (for simple reursivealgorithms), [BC01℄ (for nested algorithms and partial funtions) and [Bov02℄(for mutually reursive algorithms).All the auxiliary funtions that we use in the examples below are well-knownstruturally reursive funtions de�ned in the usual way. That is, the reursivealls in those funtions are on struturally smaller argument. Therefore, theyan be straightforwardly translated in type theory and we an use their trans-lation in the formalisation of the orresponding example. Unless we state theontrary, we assume that the type-theoreti translation of an auxiliary funtionshas the same name as in the funtional program.The �rst example is a simple general reursive algorithm: the quiksortalgorithm over lists of natural numbers. We start by introduing its Haskellde�nition. Here, we use the set N of natural numbers, the inequalities < and>= over N de�ned in Haskell in a struturally reursive way, and the funtionsfilter and ++ de�ned in the Haskell prelude.quiksort :: [N℄ -> [N℄quiksort [℄ = [℄quiksort (x:xs) = quiksort (filter (< x) xs) ++x : quiksort (filter (>= x) xs)81



The �rst step in the de�nition of the type-theoreti version of quiksort isthe onstrution of the speial-purpose aessibility prediate assoiated withthe algorithm. To onstrut this prediate, we analyse the Haskell ode andharaterise the inputs on whih the algorithm terminates. Thus, we distinguishthe following two ases:� The algorithm quiksort terminates on the input [℄;� Given a natural number x and a list xs of natural numbers, the algorithmquiksort terminates on the input (x:xs) if it terminates on the inputs(filter (< x) xs) and (filter (>= x) xs).From this desription, we de�ne the indutive prediate qsA over lists ofnatural numbers by the introdution rules we give below. To avoid onfusion inwhat follows, the type-theoreti translation of the boolean funtions < and >=are alled � and <, respetively. We do not use the symbols < and > for theformalisation of those funtions beause, later on, we use the symbols > and 6to denote relations in type theory, that is, terms of type (N;N)Set, while in thisexample we need terms of type (N;N)Bool. The de�nition of qsA is thenqsA(nil) qsA(�lter((� x); xs)) qsA(�lter((< x); xs))qsA(ons(x; xs))where (� x) denotes the funtion [y℄(y � x) as in funtional programming,similarly for <. We formalise this prediate in type theory as follows:qsA 2 (zs 2 List(N))Setqs anil 2 qsA(nil)qs aons 2 (x 2 N;xs 2 List(N);h1 2 qsA(�lter((� x); xs));h2 2 qsA(�lter((< x); xs)))qsA(ons(x; xs))We de�ne the quiksort algorithm by strutural reursion on the proof thatthe input list of natural numbers satis�es the prediate qsA.quiksort 2 (zs 2 List(N); qsA(zs))List(N)quiksort(nil; qs anil) = nilquiksort(ons(x; xs); qs aons(x; xs; h1; h2)) =quiksort(�lter((� x); xs); h1) ++ ons(x; quiksort(�lter((< x); xs); h2))Finally, as the algorithm quiksort is total, we an proveallQsA 2 (zs 2 List(N))qsA(zs)and use that proof to de�ne the type-theoreti funtion QuikSort.QuikSort 2 (zs 2 List(N))List(N)QuikSort(zs) = quiksort(zs; allQsA(zs))In the next example, we onsider the simple partial funtion given by thefollowing Haskell de�nition: 82



f :: N -> Nf O = Of (S n)| even n = f(div2 n) + 1| odd n = f(n + 4)where even and odd are mutually reursive funtions that tell whether a naturalnumber is even or odd, respetively, + is the addition operation and div2 isdivision by two over natural numbers. All of these funtions are de�ned in astruturally reursive way.Following the desription given above, we de�ne the speial-purpose aessi-bility prediate fA that haraterises the inputs on whih the algorithm f ter-minates. In this example, we have onditional reursive equations depending onthe boolean expressions1 (even n) and (odd n). These expressions are trans-lated using the prediates Even and Odd in type theory and they are added asarguments of the orresponding onstrutor of the aessibility prediate. Hereis the type-theoretial de�nition of the aessibility prediate:fA 2 (m 2 N)Setf a0 2 fA(0)f as1 2 (n 2 N; q 2 Even(n);h 2 fA(div2(n)))fA(s(n))f as2 2 (n 2 N; q 2 Odd(n);h 2 fA(n+ 4))fA(s(n))We use this prediate to de�ne the type-theoretial version of f by struturalreursion on the proof that the input natural number satis�es the prediatefA. f 2 (m 2 N; fA(m))Nf(0; f a0) = 0f(s(n); f as1(n; q; h)) = f(div2(n); h) + 1f(s(n); f as2(n; q; h)) = f(n+ 4; h)In this example we annot prove 8m 2 N:fA(m), simply beause it is nottrue. However, for those m 2 N that have a proof h 2 fA(m), we an omputef(m;h). This example shows that the formalisation of partial reursive funtionsin type theory is not a problem.Our method applies also to the formalisation of nested reursive algorithms.Here is the Haskell ode of MCarthy's f91 funtion [MM70℄.f_91 :: N -> Nf_91 n| n > 100 = n - 10| n <= 100 = f_91 (f_91 (n + 11))where - is the subtration operation over natural numbers, and <= and > areinequalities over N de�ned in the usual way. The funtion f_91 omputes thenumber 91 for inputs that are less than or equal to 101 and for other inputs n,it omputes the value n� 10.1Conditional expressions are usually alled guards in Haskell literature.83



Following our method, we would onstrut the prediate f91A de�ned bythe following introdution rules (for n a natural number):n > 100f91A(n) n 6 100 f91A(n+ 11) f91A(f91(n+ 11))f91A(n)Unfortunately, this de�nition is not orret in ordinary type theory, sine thealgorithm f91 is not de�ned yet and, therefore, annot be used in the de�nitionof the prediate. Moreover, the purpose of de�ning the prediate f91A is tobe able to de�ne the algorithm f91 by strutural reursion on the proof that itsinput value satis�es f91A, so we need f91A to de�ne f91. However, there is anextension of type theory that gives us the means to de�ne the prediate f91Aand the funtion f91 at the same time. This extension has been introdued byDybjer in [Dyb00℄ and it allows the simultaneous de�nition of a prediate P anda funtion f , where f has P as part of its domain and is de�ned by reursionon P . Using Dybjer's shema, we an de�ne f91A and f91 simultaneously asfollows: f91A 2 (n 2 N)Setf91a>100 2 (n 2 N; q 2 (n > 100))f91A(n)f91a6100 2 (n 2 N; q 2 (n 6 100);h1 2 f91A(n+ 11);h2 2 f91A(f91(n+ 11; h1)))f91A(n)f91 2 (n 2 N; f91A(n))Nf91(n; f91a>100(n; q)) = n� 10f91(n; f91a6100(n; q; h1; h2)) = f91(f91(n+ 11; h1); h2)Mutually reursive algorithms, with or without nested reursive alls, analso be formalised with our method. If the mutually reursive algorithms arenot nested, their formalisation is similar to the formalisation of the quiksortalgorithm in the sense that we �rst de�ne the aessibility prediate for eahfuntion and then, we formalise the algorithms by strutural reursion on theproofs that the input values satisfy the orresponding prediate. When we havemutually reursive algorithms, the termination of one funtion depends on thetermination of the others and hene, the aessibility prediates are also mutu-ally reursive. If, in addition to mutual reursion, we have nested alls, we againneed to de�ne the prediates simultaneously with the algorithms. In order to doso, we need to extend Dybjer's shema for ases where we have several mutuallyreursive prediates de�ned simultaneously with several funtions (originally,Dybjer's shema onsiders one prediate and one funtion). This extension andits appliation to the formalisation of mutually reursive funtions in type the-ory was given in [Bov02℄. Let us onsider a simple example where we de�ne twomutually reursive algorithms. In Haskell we write them as follows2:2We ignore eÆieny aspets suh that the fat that some expressions are omputed morethan one. 84



f :: N -> Nf O = Of (S n)| g n <= n = f(g n) + n| g n > n = Og :: N -> Ng O = 1g (S n)| f n <= n = g(f n) + f n| f n > n = f n + nIn the type-theoreti translation, we need to de�ne two mutually reursiveprediates fA and gA simultaneously with two mutually reursive algorithmsf and g that, in turn, are de�ned by strutural reursion on the orrespondingaessibility prediate. Here is the type-theoretial version of our example:fA 2 (m 2 N)Setf a0 2 fA(0)f as1 2 (n 2 N;h1 2 gA(n); q 2 (g(n; h1) 6 n);h2 2 fA(g(n; h1)))fA(s(n))f as2 2 (n 2 N;h1 2 gA(n); q 2 (g(n; h1) > n))fA(s(n))gA 2 (m 2 N)Setg a0 2 gA(0)g as1 2 (n 2 N;h1 2 fA(n); q 2 (f(n; h1) 6 n);h2 2 gA(f(n; h1)))gA(s(n))g as2 2 (n 2 N;h1 2 fA(n); q 2 (f(n; h1) > n))gA(s(n))f 2 (m 2 N; fA(m))Nf(0; f a0) = 0f(s(n); f as1(n; h1; q; h2)) = f(g(n; h1); h2) + nf(s(n); f as2(n; h1; q)) = 0g 2 (m 2 N; gA(m))Ng(0; g a0) = 1g(s(n); g as1(n; h1; q; h2)) = g(f(n; h1); h2) + f(n; h1)g(s(n); g as2(n; h1; q)) = f(n; h1) + nPartial funtions may also be de�ned by ourrenes of nested and/or mu-tually reursive alls. This fat is irrelevant to our method and hene, theirformalisations present no problem.As a �nal remark, we draw the reader's attention to the simpliity of thetranslations. The aessibility prediates an be automatially generated fromthe reursive equations and the type-theoreti versions of the algorithms lookvery similar to the original programs exept for the extra proof argument. If85



we suppress the proofs of the aessibility prediate we get almost exatly theoriginal algorithms.3.1 Neessary RestritionsIn the following setions, we show that our method is of general appliability.Spei�ally, we de�ne a large lass of funtional programs to whih it an beapplied.However, we need to impose some restritions on that lass. Here, we illus-trate the need of those restritions by showing a few funtional programs thatannot be translated using our method.The �rst restrition is that, in the de�nition of a funtion f, any ourreneof f should always be fully applied. Let us onsider the following de�nitionf :: N -> Nf O = Of (S n) = (iter f n n) + 1where iter is an iteration funtion suh that when applied to a funtion f anda number n gives fn as a result. Here, the de�ned funtion f appears in theright-hand side of the seond equation without being applied to any argument.Although it is easy to see that f omputes the identity, we do not know at themoment how to translate this de�nition in type theory using our speial-purposeaessibility prediates. Hene, in what follows, we do not allow this kind ofde�nitions.The reason why we need to impose this restrition beomes lear when wetry to apply our method to the funtion above. For the formalisation of thisfuntion, we have to de�ne a prediate fA and a funtion f with types:fA 2 (m 2 N)Setf 2 (m 2 N; fA(m))NWhat should the onstrutors of fA look like? Our method requires thatevery argument to whih the funtion f is applied satis�es the prediate fA.But the ourrene of f in the right-hand side of the seond equation in thede�nition of f is not diretly applied to an argument, so we do not know howto formulate the type of the orresponding onstrutor of fA. For this reason,we require every ourrene of f in the right-hand side of a reursive equationand in the onditional expression orresponding to the equation (if any) to befully applied. If the funtion f is one of the funtions being de�ned in a mutualreursive de�nition, then f should always our fully applied within the mutualreursive de�nition.A funtional programmer ould have the idea of replaing the ourrene off with its �-expansion:f (S n) = (iter (\x -> (f x)) n n) + 186



In this way the ourrene of f is applied to the variable x, thus satisfying therestrition. However, sine the variable is bound inside the right-hand side ofthe equation, the onstrutor of fA would have to require that every possiblevalue of the variable x satis�es fA:f as 2 (n 2 N;H 2 (x 2 N)fA(x))fA(s(n))This learly makes it impossible to prove fA(s(n)), sine we would �rst needto prove the totality of fA to dedue it. In setion 7, we will further disussthe treatment of �-abstrations in the right-hand side of reursive equations.Another restrition is that eah funtion de�nition should be self-standing,by whih we mean that it should not all other previously de�ned funtionsunless they are struturally reursive funtions that introdue no partiality.That is, the funtions that an be freely used inside other de�nitions are suhthat the reursive alls on those funtions are performed on struturally smallerarguments, they are de�ned for all inputs and they do not have internal allsto any general reursive funtion. In what follows, we shortly refer to thesefuntions as struturally reursive funtions, but the reader should keep in mindthat struturally reursive funtions should be suh that they do not introduepartiality.Then, if f is a general reursive funtion, it should be translated in typetheory as a pair onsisting of a prediate fA and a funtion f. Thus, we annotall it inside the de�nition of another funtion g. This restrition is imposedby type-heking requirements and it will beome learer below. If, instead,f is struturally reursive, it an be diretly translated in type theory as astruturally reursive funtion f, without the need of our auxiliary prediatefA. In this ase, the use of f inside the de�nition of another funtion g isallowed, as it has been seen throughout this setion.We illustrate the reason for this restrition with the following example.nub_map :: (N -> N) -> [N℄ -> [N℄nub_map f [℄ = [℄nub_map f (x:xs) = f x : nub_map f (filter (/= x) xs)f :: N -> Nf O = Of (S n) = f (S (S n))g :: [N℄ -> [N℄g xs = nub_map f xswhere /= is the inequality operator in Haskell.When we apply our method to eah of the funtions in this program, we �rstget the translation of nub_map:nub mapA 2 (f 2 (N)N ; l 2 List(N))Setnub map 2 (f 2 (N)N; l 2 List(N); nub mapA(f; l))List(N)87



Similarly, the partial funtion f is translated as:fA 2 (m 2 N)Setf 2 (m 2 N; fA(m))NThe problem arises when we try to translate g. The translation should be givenby a prediate and a funtion with the following types:gA 2 (l 2 List(N))Setg 2 (l 2 List(N); gA(l))List(N)Even though g is not reursive (it does not all itself), it inherits a terminationondition from nub_map. Thus, we have to translate g with a prediate gA anda funtion g. The diÆulty now onsists in how to formulate the onstrutors ofgA and the equations that de�ne g. The problem here is that the translationof the term (nub_map f xs) would not type-hek beause f does not have thetype (N)N anymore.For this reason, we require that the only previously de�ned funtions allowedin a new funtion de�nition are the struturally reursive ones. In reality, thisondition ould be relaxed by allowing any funtion that an be proved total intype theory. As we have seen in the formalisation of the quiksort algorithm,we an sometimes de�ne a total funtion that does not depend on the speialaessibility prediate anymore, even when the algorithm is a general reursiveone. The funtion QuikSort is an example of suh a funtion. It would be safeto also allow these funtions inside the de�nition of other funtions. Then, thelass of funtions to whih our method would apply would depend on what wean prove in type theory. To keep the de�nition of this lass of funtions simple,we hoose not to follow this path. Although this is a severe restrition, we showin setion 5 that the lass of funtions that we onsider still allows us to de�neall reursive funtions.One might think that a possible way around this problem ould be to de�nenub_map, f, and g as mutually dependent funtions. However, this does notwork for this partiular example beause we would fall into the �rst restrition.The funtion f is one of the funtions being de�ned and the ourrene of finside g is not fully applied and thus disallowed.A solution to the problem stated above an be given if we adopt an impred-iative type system. Using imprediativity, we an de�ne the type of partialfuntions from � to � by making the domain prediate part of the objet:� * � � � P 2 (�)Set:(x 2 �;P (x))�Thus, an objet of type � * � is a pair hP; fi onsisting of a prediate P over� and a funtion f de�ned over the elements of � that satisfy the prediate. Tobe preise, we should also require, as a third omponent, a proof that f doesnot depend on its seond argument, that is, a proof that f(x; h1) = f(x; h2)for x in � and any two proofs h1 and h2 of P (x). For the sake of simpliity,we leave this third omponent out sine it is not neessary in the de�nition of88



the translation, but just to guarantee that the funtion does not depend on theproof of the prediate.Having de�ned the type of partial funtions, we an translate funtional pro-grams into type theory by onsistently interpreting any funtional type A -> Bas � * �, where � and � are the interpretation of A and B, respetively. Then,the funtion nub_map beomes:nub mapA 2 (p 2 (N* N)� List(N))Setnub map 2 (p 2 (N* N)� List(N); nub mapA(p))List(N)NubMap 2 (N* N)� List(N)* List(N)NubMap = hnub mapA; nub mapiThe funtion f is translated as above, exept that now we an eventually pakits speial aessibility prediate and its strutural funtion de�nition into oneobjet of a partial funtion type:fA 2 (m 2 N)Setf 2 (m 2 N; fA(m))NF 2 N* NF = hfA; fiFinally, we are able to give a translation for g:gA 2 (N)Setg a 2 (l 2 List(N); nub mapA(hF; li))gA(l)g 2 (l 2 N; gA(l))List(N)g(l; g a(l; h)) = nub map(hF; li; h)G 2 List(N)* List(N)G = hgA; giSine in this work we use prediative type theory, we want to avoid suhimprediative de�nitions. This is the reason why we deide to restrit the useof general reursive funtions inside other funtion de�nitions.4 General Reursive De�nitionsIn this setion, we speify the lass FP of funtional programs that we onsider.It is a sublass of the lass of funtions that an be de�ned in any funtionalprogramming language like Haskell, ML or Clean.In the previous setion we explained that we must impose some restritionson this sublass. Here, we formalise these restritions, namely, we require thatall reursive alls in a reursive de�nition are fully applied and that only stru-turally reursive funtions an be used inside the de�nition of a funtion.89



4.1 The Class of TypesFirst of all, let us haraterise the lass of types that an appear in a program.These may be basi types, that are either variable types or indutive data types,or funtion types.Let us assume that we have an in�nite set of type variables T V. The lassof types that are allowed in our programs are indutively de�ned by:� All elements of T V are types.� Indutive data types are types. An indutive data type is introdued bya de�nition of the formIndutive T ::= 1 �11 : : : �1k1 j...o �o1 � � � �okowhere 0 6 o and 0 6 ki for 0 6 i 6 o. Here, if we onsider T as a typevariable, then every � is a type with the extra ondition that T ours onlystritly positively in it. This means that in every � , the type T an onlyour to the right of arrows.� If � and � are types, then � ! � is a type.In what follows, � and � denote types.With eah type �, we assoiate an in�nite set of variables. For simpliity, weassume that the sets of variables assoiated with two di�erent types are disjoint.Besides types, we also use spei�ations of the form�1; : : : ; �m ) �If e has the above spei�ation, it must be interpreted as follows: e is an ex-pression that, when applied to arguments a1; : : : ; am of type �1; : : : ; �m, respe-tively, produes a term e(a1; : : : ; am) of type � . The expression e itself is nota term of any type; in partiular, it is not an element of the funtional type�1 ! � � � ! �m ! � . We introdue spei�ations to be able to formalise therequirement, explained in the previous setion, that a funtion must be fullyapplied to be allowed to appear in the right-hand side of any of the equationswithin the blok that de�nes the funtion. As we explain below, we also usespei�ations to fore onstrutors to be fully applied.In what follows, we write a : A to denote that a is an expression of type Aor that a has the spei�ation A.Given a : �, the reader should keep in mind the di�erene between f(a), thatdenotes the appliation of a funtion f with spei�ation � ) � to a, and (f a),that denotes the appliation of a funtion f of type � ! � to a.The de�nition of the indutive data type above introdues not only the newtype T but also its onstrutors:i : �i1; : : : ; �iki ) T90



Hene, we are not allowed to use i applied only to a few of its arguments. Thisis why we do not diretly give to i the type �i1 ! � � � ! �iki ! T.As examples, we show how to de�ne some ommon indutive data types.The types of boolean values and of natural numbers are de�ned asIndutive Bool ::= true j false and Indutive Nat ::= 0 j s Nat;respetively.Type variables an appear in an indutive data type de�nition. Then, wehave a parametri data type. Usually, the type variables are expliitly writtenin the left-hand side of the de�nition:Indutive T 1 � � � w ::= 1 �11 � � � �1k1 j...o �o1 � � � �okowhere 1; : : : ; w are type variables, for 1 6 w. Here, every ourrene of T inthe � 's must be of the form (T 1 � � � w).To instantiate the above de�nition, we simply write (T �1 � � � �w) for spei�types �1; : : : ; �w . This expression denotes the type obtained by substitutingeah g by �g in the de�nition of T, for 1 6 g 6 w.Let  and Æ be type variables. A typial example of a parametri data typeis the type of lists, de�ned asIndutive List  ::= nil j ons  (List ):Produt and sum types an also be seen as parametri data types. Here, wewrite the type onstrutors � and + with in�x notation:Indutive  � Æ ::= pair  Æ and Indutive  + Æ := inl  j inr Æ:We an diretly translate any of the types that an our in a funtionalprogram into type theory. The equivalent type-theoreti de�nitions are almostthe same, exept for a hange in notation.4.2 Terms and PatternsFuntional programs are de�ned by pattern mathing. In addition, eah funtionis de�ned by a sequene of reursive equations. Here, we formally de�ne patternsand the terms that are allowed in the equations.De�nition 1. Let T be a type. A pattern of type T is an expression built upaording to the following two rules.� A variable of type T is a pattern of type T.� If T is an indutive type,  : �1; : : : ; �k ) T is one of its onstrutors andp1, . . . , pk are patterns of type �1, . . . , �k, respetively, then (p1; : : : ; pk)is a pattern of type T. 91



Variables ourring in a pattern are alled pattern variables . A pattern is linearif every pattern variable ours only one in the pattern.We onsider here only linear patterns. Usually, we say just pattern when werefer to a linear pattern.De�nition 2. A sequene of patterns p1 � � � pm of type T is said to be exlusive ifit is not possible to obtain the same term by instantiating two di�erent patterns,that is, by substituting the pattern variables in those patterns by other terms.The sequene is alled exhaustive if every value of type T is an instane ofat least one of the patterns. By value we mean a losed term that annot befurther redued aording to the redution rules that we present later on.The terms that are allowed in a reursive de�nition depend on three param-eters: the variables that an our free in the terms, the funtions being de�ned,whih an be used in the reursive alls, and the previously de�ned funtionsthat we allow within a de�nition. Let us assume that we have a lass F of fun-tions together with their types suh that every element f : �1 ! � � � ! �m ! �in F an be translated into type theory with the same funtional type. Inwhat follows, we assume that F ontains all struturally reursive funtionsthat introdue no partiality, as desribed in setion 3.1. As we have alreadymentioned, it is possible to extend F to a larger lass of funtions by addingall the funtions that an be proved total in type theory. As we an onsiderthe lass F to be �xed, below we give the de�nition of the terms that we allowin a reursive de�nition onsidering only as parameters the variables that anour free in the terms and the funtions being de�ned. Let X be the set ofvariables that an our free in a term together with their types. The idea isthat, when de�ning an equation, this set only ontains the pattern variables ofthe equation together with their orresponding types. Let SF be the set of thenames of the funtions being de�ned together with their spei�ations. Whende�ning a single funtion, SF ontains only one funtion name and its spei�-ation. When de�ning several funtions within a mutually reursive blok, SFontains a funtion name and its spei�ation for eah of the funtions beingmutually de�ned. Formally, we de�ne terms as follows.De�nition 3. Let X be a set of variables together with their types. Let SF bea set of funtion names together with their spei�ations, that is, every elementof SF is of the form f : �1; : : : ; �m ) � . Let the set of names of the variables inX , the set of names of the funtions in SF and the set of names of the funtionsin F be disjoint. The lass of valid terms with respet to X and SF is built upaording to the rules below. When the sets of variables and of funtions nameand their spei�ations remain the same, we simply refer to the terms in thelass as valid terms. Below, together with the de�nition of the valid terms wegive their orresponding types. If � is the type of the valid term t, we say \t isa valid term of type �" or \t : � is a valid term", indistintly.92



� The variables in X are valid terms of the orresponding type.� The funtions in F are valid terms of the orresponding type.� If f : �1; : : : ; �m ) � is an element of SF and if a1, . . . , am are valid termsof type �1, . . . , �m, respetively, then f(a1; : : : ; am) is a valid term of type� .� If  : �1; : : : ; �k ) T is one of the onstrutors of the indutive data type Tand if a1 : �1, . . . , ak : �k are valid terms, then (a1; : : : ; ak) : T is a validterm.� Let x : � be a variable and its type. Let (X=x) be the set X withoutany assoiation for the variable x. If b : � is a valid term with respet to(X=x)Sfx : �g and SF , then [x℄b : � ! � is a valid term.� If f : � ! � and a : � are valid terms, then (f a) : � is a valid term. Ifthere is no plae for onfusion, we might just write f a for the appliationof the funtion f to the argument a.� Let t be a valid term of an indutive data type T. Let 0 6 v and 0 6 s 6 v.Let p1, . . . , pv be exlusive patterns of type T and let Ys be the set ofpattern variables in ps together with their types. Finally, let e1, . . . , evbe valid terms of type � with respet to (X ;Y1); : : : ; (X ;Yv),respetively,and SF . Then, the ase expressionCases t of 8><>: p1 7! e1...pv 7! evis a valid term of type � .Notie that we do not require the patterns in a ase expression to be ex-haustive. This is to be onsistent with the fat that we allow partiality in thede�nitions. We ould also drop the requirement that the patterns should beexlusive and just say that, in a ase expression, the �rst mathing pattern isused, whih is usually done in funtional programming. However, this makesthe semantis of ase expressions depend on the order of the patterns and itompliates their interpretation in type theory. Requiring that the patterns aremutually exlusive does not seriously limit the expressiveness of the de�nitions.We adopt a strit semantis to ompute the programs in FP (see setion7 for further disussion on this matter). This said, the omputation rules forterms are the usual ones. Below, we give a brief overview of them.Let ; denote one step redution over terms and ;� its reexive and tran-sitive losure. Let t : � be a valid term, p be a pattern for � and y its patternvariables. We write t ;= p[y := b℄ whenever there exists a fully evaluated validterm t� : � and a sequene of terms b suh that t;� t�, t� mathes p, and [y := b℄93



is the substitution whih results from this mathing, that is, t� = ps[y := b℄ whenwe simultaneously substitute all pattern variables y by terms b.For a �-redex ([x℄b a), we have the �-redution rule ([x℄b a); b[x := a℄.The omputation behaviour of reursive alls is given in the next subsetion.Case expressions are omputed by pattern mathing. If t : T is the term onwhih we perform the ase analysis, we �rst need to redue it. If we have thatt ;= ps[y := a℄, for some s, then the omputation rule for ase expressions isCases t of 8><>: p1 7! e1...pv 7! ev ; es[y := a℄If t does not redue to an instane of any of the patterns, it is not possible tofurther redue the ase expression.A speial kind of ase expression ours when we onsider ases over the typeof booleans. Sine this is a partiularly ommon instane, some programminglanguages use the notationif b then e1 else e2 for Cases b of � true 7! e1false 7! e2:4.3 Fixed Point Funtion De�nitionWe de�ne the lass FP of reursive funtions that we want to translate intotype theory. These funtions are given by single or mutual �xed point equationssatisfying some onditions. The general form of a single reursive de�nition isfix f : �1; : : : ; �m ) �f p11 � � � p1m = e1...f pl1 � � � plm = elwhere p1u; : : : ; plu are patterns of type �u, for 0 6 u 6 m. We all a sequene ofpatterns p1 � � � pm of types �1; : : : ; �m, respetively, amultipattern for f. Usually,we just say pattern when referring to multipattern, if there is no onfusion. Weextend the notions of linearity, exlusivity, and exhaustivity from patterns tomultipatterns in the straightforward way. The multipatterns that appear inthe left-hand side of the de�nition of a funtion f must be linear and mutuallyexlusive. In this way, at most one equation in the de�nition of f an be appliedto ompute f on a given sequene of input arguments.Let 1 6 i 6 l and let Yi be the set of pattern variables that ours in theith equation together with their types. The right-hand sides of the equations inthe de�nition of f, that is, e1; : : : ; el, are valid terms of type � with respet toY1; : : : ;Yl, respetively, and ff : �1; : : : ; �m ) �g. Hene, eah ei an ontainsubterms of the form f(a1; : : : ; am), where a1; : : : ; am are valid terms of type�1; : : : ; �m, respetively. Eah au an, in turn, ontain ourrenes of f, givingrise to nested reursive de�nitions, for 1 6 u 6 m.94



Let us give some examples of reursive funtions de�ned in this way.The Fibonai funtion is de�ned asfix fib : Nat) Natfib 0 = s(0)fib s(0) = s(0)fib s(s(n)) = fib(n) + fib(s(n))where +: Nat! Nat! Nat is one of the funtions de�ned in the lass F .The onatenation of lists is de�ned asfix onat: List ; List  ) List onat nil l2 = l2onat ons(b; l1) l2 = ons(b; onat(l1; l2))Sine this funtion is atually de�ned by pattern mathing only on the �rstargument, it an also be de�ned asfix onat : List  ) List  ! List onat nil = [l2℄ l2onat ons(b; l1) = [l2℄ons(b; onat(l1; l2))In general, it is better to put to the left of the symbol) only the arguments thatplay an atual role in the reursion. This point will beome lear in setion 6when we desribe the method to translate the funtions in FP into type theory.The omputation rules for f are given by the di�erent equations in its def-inition. If we want to ompute the expression f(a1; : : : ; am), we �rst have toredue the sequene a1 � � � am. Let us have a ;= p[y := b℄, that is, we havethat a1 ;= p1[y := b℄, . . . , am ;= pm[y := b℄ for a multipattern p1 � � � pm in theleft-hand side of one of the equations de�ning f. Let f p1 � � � pm = e be theorresponding equation. Then, we have the following omputation rulef(a1; : : : ; am); e[y := b℄Otherwise, the funtion f is unde�ned on the input (a1; : : : ; am).The lass of funtions FP also ontains mutually reursive de�nitions. Thegeneral form for de�ning n mutually reursive funtions is as follows:mutual fix f1 : �11; : : : ; �1m1 ) �1f1 p111 : : : p11m1 = e11...f1 p1l11 : : : p1l1m1 = e1l1...fn : �n1; : : : ; �nmn ) �nfn pn11 : : : pn1mn = en1...fn pnln1 : : : pnlnmn = enln95



and de�nes n funtions f1, . . . , fn at the same time. Let Yji be the set ofpattern variables together with their types that ours in the ith equation ofthe jth funtion, for 1 6 j 6 n and 1 6 i 6 lj , and let SF be the set thatontains the spei�ations of the funtions f1; : : : ; fn. Then, eah right-handside eji must be a valid term of type �j with respet to Yji and SF . Thus, eahfuntion fj may only our fully applied on the right-hand side of any of theequations.The omputation rules for f1; : : : ; fn are de�ned as before. The di�ereneis that now, we have to �nd the mathing pattern within the de�nition of thefuntion that we want to ompute.4.4 Conditional equationsIn funtional programming, onditional equations are often allowed within �xedpoint equations. That is, equations of the following form are allowed:f p1 � � � pm = 8><>: e1 if 1...er if rIf Y is the set of pattern variables of the equation together with their types,then the onditions 1; : : : ; r are valid terms of boolean type with respet toY and ff : �1; : : : ; �m ) �g. Hene, they an ontain reursive alls to f. Alsoin this ase, we will require that the boolean expressions are exlusive. This isreally not a strong restrition sine we ould de�ne 01 � 1 and, for 2 6 s 6 r,0s � s ^ :s�1 ^ � � � ^ :1, and then replae the above equation with asimilar one that uses the onditional expressions 0 instead, where ^ and : arethe boolean operators for onjuntion and negation, respetively.The omputation rule assoiated with a onditional equation onsists simplyin reduing the appliation of the funtion to the branh orresponding to theonly ondition that evaluates to true, if any. Let us have that a ;= p[y := b℄. Ifs[y := b℄ evaluates to true, for some s, then we have the following omputationrule f(a1; : : : ; am); es[y := b℄If none of the onditional expressions evaluates to true, then f is unde�ned onthat sequene.We end this setion with the observation that a onditional equation an beseen as r equations of the formf p1 � � � pm = e1 if 1...f p1 � � � pm = er if rFor a sequene of arguments a1 � � � am mathing the pattern p1 � � � pm, at mostone of the onditions 1, . . . , r evaluates to true and hene, still only one96



equation an be applied to ompute f(a1; : : : ; am). To simplify the presentationof our method, in setion 6 we onsider this latter kind of onditional equations.Although the patterns in the de�nition of a funtion might not be exlusive ifone writes onditional equations in this way, the fat that still only one equationan be applied for a ertain input makes both ways of de�ning funtions withonditional equations semantially equivalent.5 Turing CompletenessWe prove that the lass FP of funtional programs allows the de�nition ofall partial reursive funtions. This is not immediately lear, beause of therestritions that we have imposed on the reursive de�nitions. In partiular,we do not have a general �xed point operator, that is, given any funtionalF : (� ! �) ! � ! � , we annot diretly de�ne a �xed point for it in ourformalism. The tentative de�nitionfix f : � ) �f a = F f ais not orret, sine the funtion f appears in the right-hand side of the aboveequation without being applied to an argument.On the other hand, the alternative de�nitionfix f : ) � ! �f = F fis a valid reursive de�nition in our formalism, but it does not de�ne the desiredfuntion sine, aording to the explanation that we give at the end of setion 7,it does not atually de�ne anything beause the objet f, whih is being de�ned,has the spei�ation f : ) � ! � and ours in the right-hand side of its ownde�nition.Therefore, the �xed point an be de�ned only when F f an be unfoldedinto an expression where f ours only fully applied.To show that every reursive funtion an be de�ned, we exploit Kleenenormal form theorem (see for example, Theorem 10.1 in [BM77℄ or Theorem1.5.6 in [Phi92℄). Below, let N be the mathematial set of natural numbers andA !? B the set of partial funtions from a set A to a set B. Prediates aretotal funtions into natural numbers that assume only the values 0, meaningfalse, and 1, meaning true.Theorem 1. [Kleene normal form℄ There exist primitive reursive prediatesT : Nn+2 ! N for every natural number n, and a primitive reursive funtionU : N ! N suh that, for every partial reursive funtion f : Nn !? N thereexists a natural number ef suh thatf x = U(�y:T (ef ; x; y))where � is the minimisation operator. 97



Sine both T and U are primitive reursive funtions, they an be pro-grammed in a funtional programming language by struturally reursive algo-rithms. Therefore, there are programs T : Natn+2 ! Bool and U : Nat! Nat inthe lass F , that we an use inside the reursive de�nition of f .In [BC01℄, we have already used our method to translate the minimisationfuntion in type theory. That formalisation ontained a �-abstration in theright-hand side. As we show in setion 7, the ourrene of �-abstrations inthe right-hand side of equations might ause problems in the translation, sohere we give a slightly di�erent formulation that avoids a �-abstration in theright-hand side of the de�nition. Sine only elements of F and reursive allsan our inside a reursive de�nition, we annot diretly use the minimisationfuntion in the de�nition of f. Instead, we de�ne a spei� minimisation funtionand f within a mutual reursive de�nition. This minimisation funtion does notreally depend on f, but the use of a mutual reursive de�nition is a trik to beable to use minimisation inside the de�nition of f.mutual fix minf : Natn; Nat) Natminf x y = � y if (T ef x y)minf(x; s(y)) if :(T ef x y)f : Natn ) Natf x = (U minf(x; 0))This de�nition shows that every funtion de�nable by a Kleene normal forman be implemented in our system.Theorem 2. Every (partial) reursive funtion is de�nable in FP.6 Translation into Type TheoryWe give a formal presentation of how to translate a general reursive de�nitionin type theory. The translation applies to the lass of funtions FP de�ned insetion 4.We assume that the user is familiar with onstrutive type theory and knowshow to translate types and expressions from funtional programming into theirtype-theoreti equivalents. All types in funtional programming have a orre-sponding type de�ned in type theory in the same way, exept for the di�erenein notation. Hene, the values in those types have a type-theoreti equivalent.Struturally reursive funtions, that is, the elements of the lass F , an alsobe diretly translated in type theory with the orresponding types. If A is atype or an expression in funtional programming, we denote its orrespondingtranslation into type theory by bA.Let f be a general reursive funtion in FP . Thus,f : �1; : : : ; �m ) �98



and f is de�ned by a sequene of reursive equations. There are two possiblekind of equations, with or without onditionals. They have the following shapes,respetively: f p1 � � � pm = e f p1 � � � pm = e if  (�)Notie that the equation on the left is a speial ase of the equation on theright, where the ondition  is onstantly true. For this reason, we only onsideronditional equations in the rest of this setion.Let �1; : : : ; �m, and b� be the type-theoreti translation of �1; : : : ; �m, and� , respetively. To translate f into type theory, we de�ne a speial-purposeaessibility prediate fA and the type-theoreti version of f, whih we all fand that has the prediate fA as part of its domain. These two omponentshave the following types:fA 2 (x1 2�1; : : : ;xm 2 �m)Setf 2 (x1 2�1; : : : ;xm 2 �m;h 2 fA(x1; : : : ; xm))b� (�0)The funtion f is de�ned by strutural reursion on the argument h. Hene, wehave one equation in f for eah onstrutor of fA.If the funtion f is de�ned by nested reursion, we should de�ne fA andf simultaneously using Dybjer's shema for simultaneous indutive-reursivede�nitions [Dyb00℄. Otherwise, we �rst de�ne fA and then use that prediateto de�ne f.Let us start by disussing how to de�ne the prediate fA. This prediatehas at least one onstrutor for eah of the equations in the de�nition of thefuntion f. The number of onstrutors assoiated with eah equation dependson the struture of the expressions  and e in the equation. All onstrutorsassoiated with the equation (�) produe a proof of fA( bp1; : : : ; pm), where puis the straightforward translation3 of pu, for 1 6 u 6 m. The type of eahof the onstrutors assoiated with the equation (�) depends on the strutureand on the reursive alls that our in  and in e. The fat that at most oneequation an be used for the omputation of f(a1; : : : ; am), with au : �u, andthe way we break down the struture of  and e to establish the type of eahonstrutor, guarantees that at most one onstrutor an be used to build aproof of fA( ba1; : : : ; am), where eah au is the type-theoreti translation of au.Case expressions are the only kind of expressions that might impose theneed of several onstrutors assoiated with an equation. The reason is thateah branh of a ase expression needs to be treated separately sine it on-tributes to the type of the orresponding onstrutor in a di�erent way. Caseexpressions may our anywhere within a term; there may be ase expressionsinside a onditional expression, a ��abstration, a funtion appliation, a on-strutor appliation, or even inside other ase expressions, whih implies thatany expression might impose the need of several onstrutors assoiated withan equation.3As we will see later when we formally de�ne the translation of an expression, patterns aretranslated in a straightforward way. 99



However, not all ase expressions introdue several onstrutors. Some aseexpressions, that we all safe, an be diretly translated into type theory asase expressions. Safe ase expressions are suh that none of their branhesintrodue partiality, hene they an be straightforwardly translated into typetheory without further analysis. The expression on whih we perform aseanalysis might still introdue partiality. An example of a safe ase expression isthe following:Cases f(n) of 8<: 0 7! 0s(m) 7! Cases xs of � nil 7! s(0)ons(y; ys) 7! n+ ywhere f : Nat ) Nat is the funtion being de�ned, n is a natural number andxs is a list, and m; y and ys are fresh variables of the orresponding types.First of all, let us explain the general idea of the translation. We assoiate aseries of onstrutors for fA and a orresponding series of equations for f witheah equation in the de�nition of f. The most important part of the translationis the de�nition of the types of the onstrutors of fA. For that purpose, weanalyse the struture of the onditional expression  and of the right-hand side eof the equation and, from them, we onstrut a ontext of assumptions for eahof the di�erent onstrutors of the prediate assoiated with that equation.We start with the ontext � omprising the variables introdued in the pat-tern p1 � � � pm of the equation. Eah variable is assumed with type b� if � is itstype in funtional programming. Then, we assoiate ontext extensions � and�e with the boolean expression  and with the de�ning term e, respetively.The extension � is suh that the ontext �;� ontains assumptions suÆientto make the ondition  meaningful. Together with �, we get a translation bof the ondition.This leads us to the �nal de�nition of the type for the orresponding on-strutor of the prediate fA:f a;e 2 (�; �; q 2 b = true; �e)fA( bp1; : : : ; pm):where = is the propositional equality in type theory, true is the type-theoretiboolean value true and �e does not depend neither on � nor on q.Together with the de�nition of the ontext extension �e, we also get a trans-lation be of the term e itself. Then, the equation of f assoiated with the on-strutor f a;e beomesf( bp1; : : : ; pm; f a;e(y; x; q; z)) = bewhere y is the sequene of variables assumed in �, x is the sequene of variablesassumed in �, q is a variable of type (b = true) and z is the sequene of variablesassumed in �e.A single equation may be assoiated with several onstrutors of the speialaessibility prediate and, onsequently, with several equations of the trans-lated funtion. So, we assoiate a sequene P(�) of pairs h�;bi of ontext100



extensions � and type-theoreti boolean terms b with the boolean term .Similarly, we assoiate a sequene Pe(�) of pairs h�e; bei with the term e. Thede�nition of P (�) is the same for the onditional expression  and for the terme, so we treat them together in the sequel.In what follows, given an expression a, we de�ne Pa(�) using list ompre-hension or list enumeration. In addition, h�a; tai denotes a generi element ofPa(�) and #Pa denotes the number of elements in Pa(�).Sometimes a subterm of a ontains bound variables with the same name asthe variables in �. The de�nition of Pa(�) may require that those variablesare introdued in the ontext extension. To avoid naming onits we assume,without always expliitly saying it, that those variables are renamed with a freshname before being introdued in the ontext. The need to rename the variablesbeomes lear if we onsider the following equation:f x = Cases x of � 0 7! e0s(x) 7! esThis equation presents no problem in funtional programming. Any ourreneof the variable x in es is bound by the variable x in the pattern s(x), hene itdoes not refer to the variable x that ours in the left-hand side of the equation.Thus, the binding s(x) shadows the variable x in the left-hand side of theequation inside the expression es. However, we need to be able to refer to bothvariables x in type theory. As it will beome lear below, we might need toadd (x = s(x)) to the assumptions of one of the pairs in the de�nition of Pa(�).In type theory, the two x's in that proposition would refer to the same objet.Thus, we need to rename the seond ourrene of x to a fresh variable name yof the orresponding type in order to have the proposition (x = s(y)).We de�ne Pa(�) by reursion on the struture of the expression a. Ifh�a; tai 2 Pa(�), then the term ta an be seen as the translation ba of a un-der the assumptions in �;�a. The reader an verify that if �a is the type of ain funtional programming, then �a is the type of ta in the ontext �;�a.a � z: If the expression a is a variable, then Pa(�) � fh ; zig.e � (a1; : : : ; ao): Here, 0 6 o. First, we determine Pa1(�); : : : ;Pao(�) by stru-tural reursion and then we ombine these sequenes into the de�nition ofPa(�). Formally, if  � b, we have thatPa(�) � fh�a1 ; : : : ; �ao ; (ta1 ; : : : ; tao)i jh�a1 ; ta1i 2 Pa1(�); : : : ; h�ao ; taoi 2 Pao(�)g:a � f(a1; : : : ; am): Again, we �rst determine Pa1(�); : : : ; Pam(�) by struturalreursion. As before, we ombine these sequenes into the de�nition ofPa(�). In addition, we have to add the assumption orresponding to thereursive all f(a1; : : : ; am), stating that the tuple ( ba1; : : : ; am) satis�es theprediate fA. Remember that f � bf and that f takes an extra parameter,101



whih is a proof that the input values satisfy the prediate fA. Hene,we have thatPa(�) � fh�a1 ; : : : ; �am ;h 2 fA(ta1 ; : : : ; tam); f(ta1 ; : : : ; tam ; h)i jh�a1 ; ta1i 2 Pa1(�); : : : ; h�am ; tami 2 Pam(�)g:a � (a1 a2): This ase is treated similarly to the previous two ases.Pa(�) � fh�a1 ; �a2 ; ta1(ta2)i j h�a1 ; ta1i 2 Pa1(�); h�a2 ; ta2i 2 Pa2(�)g:a � [z℄b: Let � be the type of z. We �rst alulate Pb(�; z 2 b�) reursively.If Pb(�; z 2 b�) = fh ; tbig, that is, if Pb(�; z 2 b�) ontains only one pairand the ontext extension in that pair is empty, thenPb(�) � fh ; [z℄ tbig:In other words, in this ase, the method does not produe any assumptions,and the �-abstration an be diretly translated into type theory.Otherwise, let Pb(�; z 2 b�) = fh�b1 ; tb1i; : : : ; h�b#Pb ; tb#Pb ig. To translatethis term as a �-abstration in type theory, we must impose that thetranslation bb of the abstrated term b is well-de�ned for every value ofthe variable z. Therefore, the assumption generated by a must be theuniversal quanti�ation over z of the all the assumptions for bb.Let �� be the onjuntion of all the assumptions in a non-empty ontext� and let y� be the variables in �. We de�nePa(�) � fhH 2 (z 2 b�) ��b1 + : : :+��b#Pb ; taigwith ta � [z℄Cases H(z) of 8><>: in1(hy�b1 i) 7! tb1...in#Pb(hy�b#Pb i) 7! tb#PbIf #Pb = 1, then we do not need to onstrut a disjoint union typePa(�) � fhH 2 (z 2 b�) ��b; taigwith ta � [z℄Cases H(z) of � hy�bi 7! tbIf, moreover, �b ontains only one assumption, then we do not need toonstrut a �-type. We an just all y�b the variable introdued in theassumption in �b, and thenPb(�) � fhH 2 (z 2 b�) �b; taigwith ta � [z℄tb[y�b := H(z)℄whih is atually equivalent to ta � [z℄Cases H(z) of � y�b 7! tb:In the examples, we always use the simplest possible option.102



a � Cases b of 8><>: p1 7! a1...pv 7! av : Here, 0 6 v. First, observe that variables, on-strutors and onstrutor appliations are translated into their type-the-oreti equivalents in a straightforward way. Hene, the translation bp of apattern p is also straightforward. In addition, notie that if we omputePp(�) we obtain fh ; bpig.If the di�erent branhes of the ase expression do not ontain reur-sive alls or do not introdue partiality, we an give a straightforwardtranslation. We all suh ase expressions safe and we translate them di-retly as ase expressions in type theory. Formally, a safe ase expressionCases b of 8><>: p1 7! a1...pv 7! av is suh that the patterns p1; : : : ; pv are exlusiveand exhaustive and Pas(�) = fh ; tasig, for 0 6 s 6 v. Notie that, for aase expression to be safe, there should be no reursive all in any of theexpressions a1; : : : ; av .For a safe ase expression we de�nePa(�) = fh�; tai j h�; tbi 2 Pb(�)gwhere ta = Cases tb of 8><>: bp1 7! ta1...bpv 7! tavIf the ase expression is not safe, eah of the di�erent branhes imposesthe need of a di�erent onstrutor. Let ys be the variables introdued bythe pattern ps and let �s be the types of those variables. Let bys be arenaming of the variables in ys by fresh variable names with respet to �.Observe that the renaming of the variables in ys fores the orrespondingrenaming in �s, whih will be performed together with the translation of�s into its type-theoreti equivalent b�s.Let us denote ( bys 2 b�s) by �s. As we have said before, eah branh inthe ase expression imposes the need of at least one di�erent onstrutor.Notie that eah as may impose the need of several onstrutors, namely#Pas . Then, the number of onstrutors orresponding to the sth branhis also #Pas . The onstrutors assoiated with the sth branh shouldassume the variables introdued in the branh, that is, �s. In addition,to ensure that these onstrutors are used only when we are inside thebranh s, they should also assume qs 2 bb = bps, where qs is a fresh vari-able name for eah s. The expression b might also impose the need ofseveral onstrutors and thus it might ontribute to the type of the dif-ferent onstrutors. Hene, as before, we should ombine the elements103



in Pb(�) and in Pas(�; �s) in all possible ways. Formally, we determinePb(�);Pa1(�; �1), . . . , Pav (�; �v) by strutural reursion and then we de-�nePa(�) � fh�b; �s; qs 2 (tb = bps); �as ; tasi jh�b; tbi 2 Pb(�); 1 � s � v; h�as ; tasi 2 Pas(�; �s)gThis ompletes the de�nition of Pa(�).Let us now return to the translation of the funtion f in type theory. Toomplete the de�nitions of fA and f, whose types where introdued in (�0),we need to give the type of the di�erent onstrutors of the prediate fA, andthe di�erent equations that de�ne the funtion f. We reall that the funtion fis de�ned by (onditional) equations. The shape of eah equation that de�ne fis given in (�). Let us assume that y is the sequene of pattern variables in theequation with types �. Let � be (y 2 b�).Using the de�nition we presented above, we determine P(�) and Pe(�).Observe that all the terms t in the sequene of pairs P(�) are boolean terms.To de�ne the onstrutors of fA and the equations that de�ne f, we shouldombine the elements in P(�) and Pe(�) in all possible ways. Let h�r ; tribe the rth element of P(�) and h�el ; teli the lth element of Pe(�). We re-all that patterns are straightforwardly translated into type theory. Then, theorresponding onstrutor of fA is as follows:farl 2 (�; �r ; qr 2 tr = true; �el)fA( bp1; : : : ; pm)If the orresponding equation is a non-onditional equation, then P(�) isempty and the assumptions �r ; qr 2 tr = true are not present in the onstru-tor. The presene or not of these premises is the only di�erene between theonstrutors assoiated with a onditional equation and the onstrutors assoi-ated with a non-onditional equation. Notie also that in the examples we gavein setion 3, we onverted  into a prediate rather than a boolean funtion.This is not a problem sine we an always de�ne t0r � tr = true.The equation in the de�nition of f that orresponds to the above onstrutoris the following: f( bp1; : : : ; pm; farl(y; x�r ; qr; z�el )) = telwhere x�r is the sequene of variables assumed in �r , q is a variable of type(b = true) and z�el is the sequene of variables assumed in �el .This ompletes the de�nition of fA and f in type theory.We have several observations at this point. First, notie that besides theintrodution of the pattern variables of an equation, abstration, reursive alls,non-safe ase expressions and onditionals are the expressions that ontribute tothe type of a onstrutor. Observe also that if we have two or more syntatiallyequal reursive alls in an equation, our method will dupliate the assumptionsorresponding to that all. This problem an be easily eliminated if we addan assumption orresponding to a reursive all into a sequene of assumptions104



only when that assumption has not yet been added to the sequene. This iswhat we have done in the examples we presented in setion 3. The number ofonstrutors assoiated with an equation is strongly related to the struture ofthe expressions in the equation, in partiular to the ase expressions and the��abstrations that are present in the equation. The user should keep thisin mind when hoosing the de�nition of a funtion. Finally, observe that thehoie of where to put the symbol ) within the spei�ation of the type of afuntion f makes a di�erene in its translation, sine it determines the type ofthe orresponding fA.Let us now analyse what atually happens when we translate a general reur-sive algorithm. Hene, let us onsider one of the equations that de�ne a generalreursive funtion f. For the sake of generality, let us assume that we havenested reursive alls in the equation. For the sake of simpliity, let us assumethat the equation is a non-onditional equation with no ase expressions in theright-hand side. Finally, let us assume here that there are no reursive alls tof inside a ��abstration in the right-hand side of the equation. We onsiderthat ase later. Hene, we have an equation of the following formf p1 � � � pm = � � � f(a1; : : : ; f(a01; : : : ; a0m); : : : ; am) � � �As usual, let � omprise the pattern variables together with their types. Letus all the right-hand side of the above equation ef. As there are no aseexpressions in the equation, for any subexpression a of ef, Pa has only oneelement. In order to alulate Pef(�), we �rst have to alulate Pf(a01;:::;a0m)(�)Pf(a01;:::;a0m)(�) � fh�a01 ; : : : ; �a0m ;h 2 fA( ba01; : : : ; a0m); f( ba01; : : : ; a0m; h)igHene, \f(a01; : : : ; a0m) is de�ned as f( ba01; : : : ; a0m; h). Now, we alulatePf(a1;:::;f(a01;:::;a0m);:::;am)(�) �f h�a1 ; : : : ; �a01 ; : : : ; �a0m ;h 2 fA( ba01; : : : ; a0m); : : : ; �am ;h0 2 fA( ba1; : : : ; f( ba01; : : : ; a0m; h); : : : ; am);f( ba1; : : : ; f( ba01; : : : ; a0m; h); : : : ; am; h0) i gThus, the translation of f(a1; : : : ; f(a01; : : : ; a0m); : : : ; am) is de�ned as the termf( ba1; : : : ; f( ba01; : : : ; a0m; h); : : : ; am; h0).The onstrutor assoiated with the equation isfa 2 (�; : : : ; �a1 ; : : : ; �a01 ; : : : ; �a0m ;h 2 fA( ba01; : : : ; a0m); : : : ; �am ;h0 2 fA( ba1; : : : ; f( ba01; : : : ; a0m; h); : : : ; am); : : :)fA( bp1; : : : ; pm)and the orresponding equation in the de�nition of f would bef( bp1; : : : ;pm; fa(: : : ; h; : : : ; h0; : : :)) =� � � f( ba1; : : : ; f( ba01; : : : ; a0m; h); : : : ; am; h0) � � �105



Observe that the reursive alls to the funtion f are struturally smaller onthe proof that the orresponding values satisfy the prediate fA. Notie thatwe have the same property even if there are no nested reursive alls.Now, let us onsider an equation with a ��abstration in the right-hand sideand a reursive all to f inside the ��abstration. We have then an equationof the form f p1 � � � pm = � � � [z℄(� � � f(a1; : : : ; am) � � � ) � � �Let � be as usual and let us all e� the expression (� � � f(a1; : : : ; am) � � � ). Here,we �rst need to ompute P[z℄e�(�). If � is the type of z, we have thatP[z℄e�(�) � fhH 2 (z 2 b�) ��e�1 + : : :+��e�#Pe� ; [[z℄e�igwhere[[z℄e� � [z℄ Cases H(z) of 8>>>>>>><>>>>>>>:
in1(hy�e�1 i) 7! te�1...ins(h: : : ; h; : : :i) 7! � � � f( ba1; : : : ; am; h) � � �...in#Pe� (hy�e�#Pe� i) 7! te�#Pe�Here, 1 6 s 6 #Pe� , h 2 fA( ba1; : : : ; am) and te�s is the translation of thepart of e� where the reursive all atually ours. Thus, the ontext extension�e�s should ontain the assumption fA( ba1; : : : ; am). There an, of ourse, bereursive alls in any of the others te�k , with 1 6 k 6 #Pe� .The onstrutor assoiated with the equation isfa 2 (�; : : : ;H 2 (z 2 b�) ��e�1 + : : :+��e�#Pe� ; : : :)fA( bp1; : : : ; pm)and the orresponding equation in the de�nition of f would bef( bp1; : : : ; pm; fa(: : : ; H; : : :)) = � � � [[z℄e� � � �Although it is less obvious here, the reursive alls to the funtion f are,also in this ase, struturally smaller on the proof that the orresponding valuessatisfy the prediate fA. To onvine ourselves of this, let us analyse the term[[z℄e�. Observe that all the pattern variables in y�e�k are struturally smallerthan H(z). In addition, the term H(z) is onsidered struturally smaller thanthe term H . Hene, the variable h in the sth branh of the ase expression is aterm struturally smaller than H .If, instead of a single funtion, we fae the mutual de�nition of n funtionsmutual fix f1 : �11; : : : ; �1m1 ) �1...fn : �n1; : : : ; �nmn ) �n...106



then, we need to de�ne n speial-purpose aessibility prediates and n type-the-oreti funtions with the following types:fA1 2 (x11 2 �11; : : : ;x1m1 2[�1m1)Set...fAn 2 (xn1 2d�n1; : : : ;xnmn 2[�nmn)Setf1 2 (x11 2 �11; : : : ;x1m1 2[�1m1 ;h1 2 fA(x11; : : : ; x1m1)) b�1...fn 2 (xn1 2d�n1; : : : ;xnmn 2[�nmn ;hn 2 fA(xn1; : : : ; xnmn)) b�nSimilarly to what happens in the translation of a single funtion de�nition, if afuntion fj is de�ned by nested reursion, for 1 6 j 6 n, we should de�ne thefA's and the f's simultaneously. In order to do so, we need the generalisationof Dybjer's shema presented in [Bov02℄. Otherwise, we �rst de�ne the fA'sand we then use those prediates to de�ne the f's.Eah speial-purpose aessibility prediate fAj and eah funtion fj is de-�ned as for a single funtion. Observe that now, the ase in the de�nition ofPa(�) that deals with reursive alls should onsider the reursive alls to anyof the n funtions. Eah reursive all is translated as in the de�nition of Pa(�).7 Lazy, Strit and Totally Strit SemantisWe must be areful to state in whih sense our type-theoreti translation ofa funtional program is equivalent to the original one. Given a program f inFP , our general method produes a pair onsisting of a prediate fA anda funtion f that takes a proof that the input values satisfy the prediate asextra argument. For example, if f has the spei�ation � ) � , we obtainfA 2 (b�)Set and f 2 (x 2 b�;h 2 fA(x))b� in type theory, where b� and b� arethe type-theoreti translation of � and � , respetively. Then, we would like tostate a soundness and ompleteness onjeture as follows:The program f terminates on the input t if and only if fA(bt) isprovable. Moreover, if h 2 fA(bt) then the output produed by theomputation of f(bt; h) is df(t).Unfortunately, this onjeture is not always true neither for lazy nor for stritomputational models. For this onjeture to be valid we need a totally stritsemantis, by whih we mean a strit semantis that requires the funtions thatour in the right-hand side to be total. However, this is not a real omputa-tional model for funtional programming and hene, we prefer to weaken theonjeture and instead state only the soundness of our method.Given an input t for f, if h 2 fA(bt) then the output produed bythe omputation of f(bt; h) is df(t).107



Let us �rst explain why a soundness and ompleteness onjeture would onlybe valid in a totally strit semantis.When evaluating an expression, a lazy omputational model evaluates onlythe part of the expression that is neessary for the omputation to ontinue. Forexample, in the expression f(n) 6 0 we might not need to fully evaluate f(n).If, at a ertain stage, the omputation produes the value s(e), where e is stillan unevaluated expression, there is no need to further evaluate e to produe aresult for f(n) 6 0, sine we already know that the value of this expression mustbe false.Similarly, in the de�nition of a reursive funtion, when we have a reursiveequation of the form f p = � � �f(a) � � �the lazy evaluation strategy requires that f(a) is omputed only if (and when) itis needed. Moreover, f(a) does not neessarily need to be fully evaluated sineit might be enough to just partially evaluate it.On the other hand, a strit evaluation strategy requires that the argumentsof a funtion are always fully evaluated before the funtion is omputed. Hene,in the example above, f(a) must be omputed before the omputation of f(p)begins, even if the value of f(a) may not atually be needed for the �nal result.Our translation of a funtional program in type theory orresponds to astrit evaluation strategy. In the de�nition of fA, to prove fA(p) we �rstneed to prove fA(a).The distintion between lazy and strit evaluation strategy is relevant notonly to the eÆieny of omputation, but also to the question of terminationsine a lazy program may terminate while the orresponding strit programdiverges. Suppose the omputation of f(a) diverges and that its value is notatually needed for the omputation of f(p). Then, a lazy evaluation strategywould just ignore the all f(a) and produe a result anyway, while a stritevaluation strategy would try to ompute f(a) and therefore diverge.A good illustration of the di�erene between lazy and strit evaluation isthe following mutually reursive de�nition, whih is a variant of the one givenin setion 3. mutual fix f : Nat) Natf 0 = 0f s(n) = f(g(n)) + g(n)g : Nat) Natg 0 = 0g s(n) = � g(f(n)) + n if f(n) 6 n0 if f(n) > nHere is a table with the values of f and g for a few initial inputs in a lazyomputational model with the right de�nitions of + and >:108



input value x f(x) g(x)0 0 01 0 02 0 13 1 24 2 35 4 56 9 87 8 0
input value x f(x) g(x)8 0 09 0 810 8 911 9 1012 18 1913 undefined 014 0 015 0 14First of all, let us onsider the omputation of f(7). From the de�nition of fand g, we have that f(7) = f(g(6)) + g(6) = f(8) + 8. This shows that f and gas above are not de�ned by primitive reursion sine f(7) alls itself on a largerargument. Therefore, this de�nition is a good andidate to be translated withour method.As it is shown in the table, the omputation of f(13) diverges, independentlyof what evaluation strategy we adopt. However, if we partially evaluate it, weobtain f(13) = f(g(12)) + g(12) = f(19) + 19Now, when omputing g(14), we have to deide whih of the two branhes of thede�nition of g we should take depending on whether f(13) 6 13 or f(13) > 13.A strit evaluation strategy would, at this point, try to fully evaluate f(13)and diverge. On the other hand, in a lazy evaluation strategy, with the rightde�nitions of + and >, one step of the omputation of f(13) would be enoughto determine that the value off(13) = f(19) + 19 > 13is true. Therefore, the seond branh in the de�nition of g would be taken andthe desired result would be g(14) = 0.Using our method, we obtain the following two prediates and two funtions.fA 2 (m 2 N)Setf a0 2 fA(0)f as 2 (n 2 N;h1 2 gA(n);h2 2 fA(g(n; h1)))fA(s(n))gA 2 (m 2 N)Setg a0 2 gA(0)g as1 2 (n 2 N;h1 2 fA(n); q 2 (f(n; h1) 6 n);h2 2 gA(f(n; h1)))gA(s(n))g as2 2 (n 2 N;h1 2 fA(n); q 2 (f(n; h1) > n))gA(s(n))f 2 (m 2 N; fA(m))Nf(0; f a0) = 0f(s(n); f as(n; h1; h2)) = f(g(n; h1); h2) + g(n; h1)109



g 2 (m 2 N; gA(m))Ng(0; g a0) = 0g(s(n); g as1(n; h1; q; h2)) = g(f(n; h1); h2) + ng(s(n); g as2(n; h1; q)) = 0Then, to ompute g on 14, we must �rst prove gA(14). If suh a proof exists, itmust be onstruted using either g as1 or g as2. Both onstrutors requirea proof h1 2 fA(13). But fA(13) annot be proved, sine f(13) diverges.Thus, gA(14) annot be proved either and g is not de�ned on 14.Therefore, our method orresponds to a strit semantis for funtional pro-grams.However, even with strit evaluation, an additional problem may arise ifa �-abstration ours in the right-hand side of one of the equations in thede�nition of a reursive program.A strit semantis requires that, for an expression to be de�ned, all itssubexpressions should be de�ned. This means that if the de�nition of a funtionf ontains an equation of the formf p1 � � � pm = eto evaluate f on arguments that instantiate the pattern p1 � � � pm, we muststritly evaluate e. In other words, if the omputation of any subexpressionof e diverges, then the omputation of e also diverges, independently of whetherthe value of that subexpression is needed for the omputation of e or not. Interms of de�nedness, we require that all the subexpressions of e are de�ned fore to be de�ned.Let us suppose that e ontains a �-abstration, thus e is of the forme = � � � [x℄e0 � � �Aording to a strit interpretation, the subexpression [x℄e0 must be de�ned fore to be de�ned. Notie however that [x℄e0 denotes a funtion, and that funtionsare de�ned if their values are de�ned on every input. In other words, [x℄e0 isde�ned if e0 is de�ned for every value of x. This would amount to requiringthat, whenever a �-abstration ours in the right-hand side of an equation,the orresponding funtion must be total. Sine the totality of reursive fun-tions is in general undeidable, a semantis that requires the funtions in theright-hand side to be total is not a real omputational model for funtional pro-gramming. This is why even in funtional programming languages with stritsemantis, a higher type term is onsidered omputed whenever it has beenredued to a �-abstration form, and not when the orresponding funtion istotal.In our method, we need to translate e into type theory to be able to translatethe equation above. Sine there are no partially de�ned terms in type theory,all subexpressions of e must be translated into totally de�ned terms.110



Let us onsider the following example:Indutive Lift a ::= lift af : Nat) Natf n = Cases lift [x℄f(x) of � lift y 7! 0With a strit semantis, the funtion f omputes the value 0 for any input.However, things are very di�erent in type theory. If we de�ne the prediatefA using our method, its only onstrutor has the following type:fA 2 (N)Setfa 2 (n 2 N;H 2 (x 2 N)fA(x))fA(n)That is, we need to prove fA(x) for all x's in order to onstrut a proof offA(n). Obviously, this makes it impossible to prove fA for any input andthus, in type theory, we are not able to ompute f(n) for any natural number n.Hene, the soundness and ompleteness onjeture also fails for strit semantis.With a totally strit semantis, the funtion f de�ned above diverges forany input and hene, the soundness and ompleteness onjeture would be true.However, as we have already mentioned, totally strit semantis is not a realomputational model of funtional programming. Thus, we prefer to make ourstatement weaker and only require the soundness of our method.Another example where a �-abstration in the right-hand side of the de�ni-tion of a funtion auses problems is the following:fix fdel : List Nat) Boolfdel nil = truefdel ons(n; l) = and(map [x℄fdel(ons(n; delete x l)) l)Both the funtion and and the funtion delete are struturally reursive fun-tions. The former returns the onjuntion of the boolean elements in its argu-ment list and the latter deletes the �rst ourrene of its �rst argument in itsseond argument, if there exists suh an ourrene.In the seond equation, we have a �-abstration as the funtional argumentof the funtion map. A reursive all to the funtion fdel ours in the sopeof this abstration. The lists on whih we perform the reursive alls are ofthe form ons(n; delete x l) and they are all smaller than the original listons(n; l) beause the list delete x l is smaller than l whenever x is an elementin l. Hene, the funtion fdel always terminates. When we apply our methodto this example, we obtainfdelA 2 (List(N))Setfdel anil 2 fdelA(nil)fdel aons 2 (n 2 N; l 2 List(N);H 2 (x 2 N)fdelA(ons(n; delete(x; l))))fdelA(ons(n; l)) 111



fdel 2 (l0 2 List(N); fdelA(l0))Boolfdel(nil; fdel anil) = truefdel(ons(n; l); fdel aons(n; l;H)) =and(map([x℄fdel(ons(n; delete(x; l)); H(x)); l))To ompute fdel on the list ons(n; l) we have to prove fdelA(ons(n; l)). Forthis, we need to give a proofH 2 (x 2 N)fdelA(ons(n; delete(x; l)))and therefore, we must prove fdelA(ons(n; delete(x; l))) for every x. However,for those x's that do not belong to the list l suh a proof is not possible toonstrut.An analysis of the algorithm shows that the assumption H is unneessarilystrong. It requires the funtion[x℄fdel(ons(n; delete x l))to be de�ned everywhere. However, in pratie, sine the funtion above is givenas the funtional argument of map and sine the seond argument of map is l, wejust need the funtion to be de�ned on the elements of l.Our translation does not analyse the behaviour of the ourrenes of otherfuntions in the de�nition. Thus, it does not try to determine what map doeswith its arguments. Instead, it onsiders the worst ase senario, that is, mapould use its arguments in any possible way. Therefore, the translation requiresthat the funtion argument is de�ned for every value. It is possible to modifythe de�nition of the funtion fdel to fore the interpretation to look into thede�nition of map by de�ning fdel by mutual reursion with a speialised versionof map.mutual fix fdel map : Nat; List Nat; List Nat) List Boolfdel map m l1 nil = nilfdel map m l1 ons(n; l2) =ons(fdel(ons(m; delete n l1)); fdel map(m; l1; l2))fdel : List Nat) Boolfdel nil = truefdel ons(n; l) = and(fdel map(n; l; l))The reader an verify that when we apply the translation for mutually reursivefuntions to this example, we get a muh better ondition for the terminationof fdel. In the seond equation of the funtion fdel, we require a proof offdel mapA(n; l; l), whih is equivalent to fdelA(ons(n; delete(x; l))) for allelements x in l, but not for every natural number x.From these examples it beomes lear that it is a good programming style,in terms of our type-theoreti translation, to avoid �-abstrations inside thede�nition of a reursive funtion in FP . The user should instead try to replae112



every �-abstration with a new funtion mutually de�ned with the original one.If the funtion we want to formalise has the spei�ationfix f : � ) �1 ! �2an easier solution might be to de�ne it asfix f : �; �1 ) �2In this way, the fA prediate ontains an unneessary argument but we avoidthe need of a �-abstration in the right-hand side of the equations.A limit ase ours when the sequene of types to the left of the symbol )is empty, that is, when de�ning a funtion f : ) � . Notie that if f oursin the right-hand side of the (neessarily unique) equation in its de�nition, theonly onstrutor of the prediate fA is of the form:fA 2 Setfa 2 (� � � fA � � � )fAHere, we need a proof of fA in order to prove fA. In onlusion, suh ade�nition of f does not atually de�ne anything.The fat that lazy semantis is not an appropriate semantis for FP goesbeyond the impossibility of proving a ompleteness theorem for FP with suhsemantis. In a lazy omputational model we an de�ne data types and funtionswhose type-theoreti translations behave in a ompletely di�erent way.Let us onsider the following data type de�nition:Indutive Stream ::= sons Nat StreamIn a lazy omputational model Stream de�nes the type of in�nite lists ofnatural numbers. In general, lazy omputational models allow the de�nition ofdata types with in�nite objets and of reursive funtions over those data typesthat might terminate for some inputs. An example of the latter is the funtionthat returns the position of the �rst natural number smaller than 100, if any, inan in�nite list. f : Stream) Natf sons(n; l) = � 1 if n < 1001 + f l if n > 100This funtion terminates if the input list has at least one element that is smallerthan 100 and it diverges otherwise. Observe that, following the desription wegave in setion 3.1, the funtion f as above is struturally reursive.However, in a strit semantis, the type Stream de�nes an empty data typeand the funtion f de�nes a funtion that always terminates simply beausethere is no input to whih we an apply the funtion.In a similar way, the type-theoreti version of Stream also de�nes an emptyset. In addition, f an be diretly translated into type theory as a total funtion113



f over an empty domain and hene, f will be a terminating funtion that anatually never be applied to any input.We an now state that the translation of the funtions in FP into typetheory is sound with respet to a strit semantis.Theorem 3. (Soundness) Let f : �1; : : : ; �m ) � be a funtion in FP . Let fAand f be the speial aessibility prediate for f and the type-theoreti versionof f, respetively. For every sequene of arguments t1 2 �1, . . . , tm 2 �m wehave that if h 2 fA(bt1; : : : ;tm), then f(t1; : : : ; tm) terminates and\f(t1; : : : ; tm) = f(bt1; : : : ;tm; h)We do not present a formal proof here but the ideas behind it.First, we reall that the types in our funtional language FP and the ele-ments in those types have their equivalents in type theory, whih we denote byusing the symbol b.Then, notie that both FP and the subpart of type theory with no dependenttypes have the same omputation rules.Finally, given the input (t1; : : : ; tm), the value of h, whih is a anonial el-ement in fA(bt1; : : : ;tm), is a trae of the omputation of f(t1; : : : ; tm). More-over, our method preserves the struture of the right-hand sides of the equa-tions if there are no unsafe ase expressions in them. If there are unsafe aseexpressions in a partiular equation, our method produes several onstrutorsassoiated (to the right-hand side of) that equation. However, the type of eahonstrutor ensures that the onstrutor is only appliable when the orrespond-ing branh in the ase expression is used for the omputation of f(t1; : : : ; tm).Theorem 4. (Completeness) If there are no �-abstrations in the right-handside of the equations de�ning the funtion f thenfA(bt1; : : : ;tm) is provable() f(t1; : : : ; tm) terminatesThe impliation from left to right is obvious sine it an be dedued fromthe above theorem.For the impliation from right to left, reall from our previous disussionthat �-abstrations in the right-hand side of the equations de�ning a funtionwere the soure of problems. Examples like the funtion fdel show that thefuntion itself an terminate in FP (with a non-totally semantis) but we arenot able to prove its speial aessibility prediate and hene, to ompute it intype theory.8 ConlusionsWe desribed a method to translate a vast lass of algorithms from funtionalprogramming into type theory. We de�ned the lass FP of algorithms to whih114



the method applies. This lass is large enough to allow the implementation ofall partial reursive funtions. We gave a formal de�nition of the translation ofthe elements of FP into type theory. In addition, we proved that the translationis sound with respet to a strit semantis.As a �nal remark we would like to point out that given a funtion f in FPand a partiular input a for the funtion, the anonial proof of the speialprediate for that input, that is, the anonial proof of fA(ba), is a trae ofthe omputation of f(a). Therefore, the strutural omplexity of the anonialproofs in fA are proportional to the number of steps in the algorithm.Future work will try to improve the translation of lambda abstrations, thatwe �nd unsatisfatory at the moment. We hope that improving this part of thetranslation might allow us to also prove a ompleteness theorem. We also plan todevelop the idea briey explained at the end of setion 3 and use imprediativetype theory to formalise the method using an expliit type onstrutor for partialfuntions.8.1 Related WorkThere are few studies on formalising general reursion in type theory.One an adopt a set-theoreti approah and see funtions as relations. Speif-ially, the behaviour of a reursive funtion an be desribed by an indutiverelation giving its operational semantis (see, for example, [Win93℄). Opera-tional semantis has been developed in type theory in [BCB02℄ and [ZMHH02℄.However, relations do not have any omputational ontent in type theory. Thereal hallenge onsists in representing general reursive programs as elements ofsome funtional type.In [Nor88℄, Nordstr�om uses the prediate A for that purpose.Using lassial logi it is possible to extend every partial funtion to a to-tal one. This fat is used by Finn, Fourman, and Longley [FFL97℄ to give aformalisation of partial reursive funtions inside a lassial axiomati logi sys-tem. Their implementation assoiates a domain prediate to eah funtion, ina similar way to our approah. However, the prediate is not used to de�ne thefuntion but just to restrit the sope of the reursive equations. Exept for thetranslation of ase expressions, for whih they take the onjuntion of all theassumptions that arise in the di�erent branhes of the ase expression instead ofonsidering eah branh in a separate way as we do, an algorithm is analysed in[FFL97℄ as it is in our method. Moreover, Finn et al give a similar interpretationwhen bound variables are present in the right-hand side of the equations andthey arrive to similar onlusions about the semantis assoiated to the formal-isation of their programs. In addition, they have similar problems when usinghigher order funtions in the de�nition of other funtions. However, the di�er-ent settings in whih the two works are performed give rise to some di�erenes.A funtion f is formalised in [FFL97℄ with the type that it has in a funtionalprogramming language, without the need of our extra parameter fA as partof the type of f. However, a funtion f obeys its de�nition in [FFL97℄ providedthat its arguments an be proved to be in the domain of the funtion, whih is115



alled DOM0f. One (and if) the funtion has been proved total, one an forgetabout DOM0f, whih is not possible in type theory. Another important di�er-ene is that in [FFL97℄, an appliation (f e) is always onsidered de�ned sinethe ases in whih (f e) is not de�ned are onsidered as returning an unspei�edvalue of the orresponding type. However, this auses some problems sine thesemantis they use is not apable of reeting this distintion and sometimesone an prove things like f 0 = 0 when f 0 diverges.Wiedijk and Zwanenburg [WZ02℄ show how standard lassial �rst orderlogi an be used to reason about partial funtions in type theory. They provean equivalene between a system in whih funtion appliation requires a proofterm ertifying that the argument is in the domain, like in our ase, and a simple�rst order language without proof terms in whih every funtion is total.In [DDG98℄, Dubois and Vigui�e Donzeau-Gouge take also a similar approahto the problem. They also formalise an algorithm with a prediate that hara-terises the domain of the algorithm and the formalisation of the algorithm itself.However, they onsider neither ase expressions nor ��abstrations as possibleexpressions, whih simpli�es the translation a lot. In addition, they only presentthe translation for expressions in anonial form whih also helps in the sim-pli�ation. The most important di�erene is their use of post-onditions. Inorder to be able to deal with nested reursion without the need of simultaneousindutive-reursive de�nitions, they require that, together with the algorithm,the user provides a post-ondition that haraterises the results of the algorithm.Balaa and Bertot [BB00℄ use �x-point equations to obtain the desired equal-ities for the reursive de�nitions. The solution they present is rather omplexand it does not really sueed in separating the atual algorithms and theirtermination proofs. In a later work [BB02℄, Balaa and Bertot use �x-pointsagain to approah the problem. Their new solution produes nier formalisa-tions and although one has to provide proofs onerning the well-foundedness ofthe reursive alls when one de�nes the algorithms, there is a lear separationbetween the algorithms and these proofs. In any ase, it is not very lear howtheir methods an be used to formalise partial or nested reursive algorithms.In a reent work, Bertot et al [BCB02℄ present a tehnique to enode themethod we desribe in [BC01℄ for partial and nested algorithms in type theo-ries that do not support Dybjer's shema for simultaneous indutive-reursivede�nitions. They do so by ombining the way we de�ne our speial-aessibilityprediate with the funtionals in [BB02℄.Some work has been done for simply typed �-alulus with indutive typeswhere the termination of reursive funtions is ensured by types. Barthe etal [BFG+00℄ present a type-based system �b that ensures the termination ofreursive funtions through the notion of stage, whih is used to restrit thearguments of reursive alls. In [BFG+00℄, the system �b is proved to be stronglynormalising and to enjoy the property of subjet redution. Although thissystem seems a good andidate to be used in proof-assistants based on typetheory, some work should still be done before this an be atually arried outin pratie, namely, sale �b up to dependent types and develop type hekingand type inferene algorithms for the system.116
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AbstratMartin-L�of's type theory is a onstrutive type theory originally oneivedas a formal language in whih to arry out onstrutive mathematis. However,it an also be viewed as a programming language where spei�ations are rep-resented as types and programs as objets of the types. In this work, the useof type theory as a programming language is investigated. As an example, aformalisation of a uni�ation algorithm for �rst-order terms is onsidered.Uni�ation an be seen as the proess of �nding a substitution that makes allthe pairs of terms in an input list equal, if suh a substitution exists. Uni�ationalgorithms are ruial in many appliations, suh as type hekers for di�erentprogramming languages. Uni�ation algorithms are total and reursive, butthe arguments on whih the reursive alls are performed satisfy no syntationdition that guarantees termination. This fat is of great importane whenworking with Martin-L�of's type theory sine there is no diret way of formalisingsuh an algorithm in the theory.The standard way of handling general reursion in Martin-L�of's type the-ory is by using the aessibility prediate Acc whih aptures the idea that anelement a in A is aessible if there exists no in�nite dereasing sequene start-ing from a. As this is a general prediate, it ontains no information that anhelp us when formalising a partiular general reursive algorithm, and then itsuse in the formalisation of the uni�ation algorithm produes an unneessarilylong and ompliated algorithm. On the other hand, funtional programminglanguages like Haskell impose no restritions on reursive programs, and thenwriting an algorithm like the uni�ation algorithm is straightforward. In ad-dition, funtional programs are usually short and self-explanatory. However,there does not exist a powerful framework that allows us to reason about theorretness of Haskell-like programs.Then, the goal of this work is to present a methodology that ombines theadvantages of both programming styles and that an be used for the formal-isation of the uni�ation algorithm. In this way, a short algorithm that anbe proven orret by using the expressive power of onstrutive type theory isobtained.The main feature of the methodology presented here is the introdution ofan indutive prediate, speially de�ned for the uni�ation algorithm, that anbe thought of as de�ning the set of lists of pairs of terms for whih the algo-rithm terminates. This prediate ontains an introdution rule for eah of theases that need to be onsidered and provides an easy syntati ondition thatguarantees termination. The information ontained in this prediate simpli�esthe formalisation of both the algorithm and the proof of its partial orretness.In this way, both the algorithm and the proof are short, elegant and easy tofollow. In addition, it is possible to de�ne a methodology that extrats a Haskellprogram from the type theory formalisation of the uni�ation algorithm that isde�ned by using this speial-purpose prediate.
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Chapter 1IntrodutionMartin-L�of's type theory [ML84, NPS90, CNSvS94℄ is a onstrutive type theoryoriginally oneived as a formal language in whih to arry out onstrutivemathematis. Following the Curry-Howard isomorphism [How80℄, a theorem isrepresented as a type and a proof of the theorem is an objet of the orrespondingtype. Thus, a proof of a theorem is in general a funtion that, given proofs ofthe hypotheses of the theorem, omputes a proof of the thesis.However, Martin-L�of's type theory an also be seen as a programming lan-guage where spei�ations are represented as types and programs as objets ofthe types. Hene, when a spei�ation states the existene of an objet withertain properties, any program that satis�es the spei�ation omputes suhan objet. One an use the expressive power of type theory to reason about pro-gram orretness. This learly is an advantage of onstrutive type theory overstandard programming languages, and therefore the use of type theory in pro-gramming has been the objet of several studies (see for example [ML82, Sza97℄).In this work, we ontinue along this line and investigate the use of Martin-L�of'stype theory as a programming language for the formalisation of a uni�ationalgorithm for �rst-order terms.The uni�ation problem for �rst-order terms an be stated in di�erent ways.In our ase, uni�ation is the proess of �nding a substitution that makes allthe pairs of terms in an input list equal, if suh a substitution exists. Uni�a-tion has beome widely known sine Robinson used it in his resolution priniple[Rob65℄. Uni�ation algorithms are ruial in many appliations, suh as res-olution and non-resolution theorem provers, omputation of ritial pairs forterm rewriting systems, and type hekers and type inferene algorithms fordi�erent programming languages. Uni�ation algorithms for �rst-order termsare total and reursive. In our ase study, the reursive alls are on lists ofpairs of terms. Although we an de�ne a omplexity measure over lists of pairsof terms that stritly dereases in eah reursive all, the reursive alls are onnon-struturally smaller arguments, and then there is no easy syntati ondi-tion that guarantees termination. This fat is of great importane when workingwith Martin-L�of's type theory sine there is no diret way of formalising suh129



an algorithm in the theory.The standard way of handling general reursion in Martin-L�of's type theoryis by using the aessibility prediate Acc. This prediate aptures the ideathat an element a of type A is aessible (by a ertain less-than relation on A)if there exists no in�nite dereasing sequene starting from a. When we usethis prediate to write the type theory version of a general reursive algorithmthat performs the reursive alls on arguments of type A we proeed as follows.First, we add an extra argument to the formalisation of the algorithm requiringthe input argument of type A to be aessible. In this way, we de�ne thealgorithm only for those inputs that are aessible. When writing the algorithm,in addition to the atual omputations we need to perform, we need to provideproofs showing that the arguments on whih we perform the reursive allsare smaller than the input argument. Hene, as there is no in�nite dereasingsequene that starts from the initial input argument (sine the argument isaessible), we guarantee that the algorithm terminates. Finally, by proving thatall elements of type A are aessible we show that the algorithm is de�ned forall possible inputs. The problem with this formalisation is that, as the standardaessibility prediate is a general prediate, it ontains no information thatan help us when formalising a partiular general reursive algorithm. Thus,the proess we just desribed is not always the best way of formalising generalreursive algorithms in type theory sine it sometimes produes unneessarilylong and ompliated algorithms.Writing general reursive algorithms is not a problem in funtional pro-gramming languages like Haskell [JHe+99℄ sine this kind of language imposesno restritions on reursive programs, whih makes the writing of algorithmslike the uni�ation algorithm straightforward. In addition, funtional programsare usually elegant, self-explanatory and shorter than their imperative versions.However, the existing frameworks that allow us to reason about the orret-ness of Haskell-like programs are weaker than the framework provided by typetheory, and it is basially the responsibility of the programmer to only writeprograms that are orret.In this work, we ombine the advantages of both programming styles whenwriting general reursive algorithms. In this way, we an write general reursivealgorithms in Martin-L�of's type theory that are short, self-explanatory and thatan be proven orret by using the expressive power of type theory. As a �rststep in this proess, we present a methodology that allows us to write a shortand elegant uni�ation algorithm in Martin-L�of's type theory.The main feature of our methodology is the introdution of a indutiveprediate, speially de�ned for the algorithm to be formalised, that an bethought of as de�ning the set of input on whih the algorithm terminates andthat an be used for formalising the desired algorithm in Martin-L�of's typetheory. This prediate ontains an introdution rule for eah of the ases thatneed to be onsidered and provides an easy syntati ondition that guaranteestermination.In our ase study, we all this indutive prediate UniAcc and we think of itas de�ning the set of lists of pairs of terms on whih our uni�ation algorithm130



terminates. In other words, a list of pairs of terms lp satis�es the prediate
UniAcc if our algorithm terminates on the input list lp. To de�ne this predi-ate, we present a(n almost) mehanial method that, given a Haskell versionof the uni�ation algorithm, onstruts an introdution rule of the prediate foreah of the ases we need to onsider when writing the algorithm. The methodis suh that, given a list of pairs of terms lp, there is one and only one intro-dution rule of the prediate that an be used for proving that the prediateholds for this partiular list lp. In addition, the premises of this introdutionrule are the neessary onditions that should be satis�ed in order to ensure thetermination of our uni�ation algorithm on the input lp. Moreover, the infor-mation ontained in the rule for lp is extrated from the equation of the Haskellversion of the uni�ation algorithm that de�nes the result of the algorithm forthe list lp. Observe that, if for the input lp the uni�ation algorithm performsa reursive all on the list lp0, the uni�ation algorithm an only terminate onthe input lp if it terminates on the input lp0. Hene, a proof that the list lp0satis�es the prediate is required as a premise of the (only) introdution rulethat allows us to show that the list lp satis�es our speial prediate.One we have de�ned our speial prediate, we proeed as follows to writethe type theory version of the uni�ation algorithm. First, we add an extraargument to the formalisation of the algorithm requiring that the input list ofpairs of terms satis�es the prediate UniAcc (whih means, intuitively, that thealgorithm terminates on this partiular input) and we de�ne the algorithm byreursion on this extra argument. To write the algorithm we perform patternmathing over the proof that the initial list to be uni�ed satis�es our prediate,obtaining one equation for eah of the introdution rules of the prediate. Aseah introdution rule of the prediate orresponds to one of the ases onsid-ered in the Haskell version of the algorithm, the type theory equations of thealgorithm losely follow the orresponding Haskell ases. In eah of the reur-sive equations we should supply a proof that the new list to be uni�ed satis�esthe speial prediate. Reall that, in eah of the reursive equations, this infor-mation is atually one of the arguments of the proof that the initial input listsatis�es the prediate UniAcc. Hene, we just need to selet the orrespondingargument and supply it to the reursive all. Observe that this ensures thatthe algorithm is de�ned by strutural reursion on the proof that the list to beuni�ed satis�es the prediate UniAcc. Finally, by proving that all lists of pairsof terms satisfy our speial prediate, we show that the algorithm is de�ned forall possible inputs.If we ompare the version of the uni�ation algorithm that uses the standardaessibility prediate (whih is presented in setion 4.4.1) and the version ofthe uni�ation algorithm that uses our speial prediate (whih is presented insetion 4.5.2), we see that the latter is more ompat and easier to read thanthe former and it is exatly our speial prediate that allows us to obtain thisimprovement. The main reasons for this improvement are the following:� The way we de�ne the prediate UniAcc ensures that we have one (andonly one) introdution rule for eah of the ases we need to onsider.131



In this way, by doing pattern mathing over the proof that the inputlist satis�es the prediate we obtain, at one, all the di�erent ases weneed to onsider. On the other hand, if we use the standard aessibilityprediate Acc for de�ning the uni�ation algorithm we need to do severalase analyses to obtain the di�erent ases we need to onsider.� Our prediate UniAcc provides an easy syntati ondition that guaranteestermination if we de�ne the algorithm by reursion on the proof that theargument to be uni�ed satis�es the prediate.� The proofs that the lists on whih we perform the reursive alls are smallerthan the original list are essential to guarantee the termination of thetype theory version of the uni�ation algorithm that uses the standardaessibility prediate to handle the reursive alls. However, these proofsadd a onsiderable amount of ode to the algorithm and also distrat ourattention from the atual uni�ation proess sine they do not have anyomputational ontent.As these proofs are not needed in the type theory version of the uni�ationalgorithm that uses the prediate UniAcc to handle the reursive alls(sine this prediate provides an easy syntati ondition that guaranteestermination), the resulting algorithm gets onsiderably shorter and learer.Atually, our speial prediate allows us to move these long proofs fromthe real uni�ation proess to the proof that the prediate UniAcc holdsfor all possible inputs. We show that our speial prediate holds for allpossible inputs (and hene, that our uni�ation algorithm is total) in afuntion that is ompletely separate from the atual uni�ation proess.Unfortunately, we did not ome up with a nie proof that our prediateholds for all possible inputs.In addition to the type theory ode of the uni�ation algorithm and theproof that it is de�ned for all possible inputs, we also prove several lemmas thatshow that the algorithm is partially orret. Here, we an see that these proofsalso bene�t from the de�nition of our speial prediate. Mainly for the reasonspointed out above, these proofs are short and easy to follow.Finally, we integrate the atual uni�ation proess and its partial orretnessinto the omplete spei�ation of our uni�ation algorithm. One more, we useour speial prediate in this integrated approah for the uni�ation algorithmin Martin-L�of's type theory and bene�tted from its de�nition in the same wayas before.Both the formalisation of the uni�ation algorithm and all the propertieswe present in this work have been mahine-heked in ALF [Mag92, AGNvS94,MN94℄, whih is an interative proof assistant for Martin-L�of's type theoryextended with pattern mathing [Coq92℄. Although ALF does not support pro-gram extration, we disuss a methodology that allows us to extrat a Haskellprogram from the formalisation of the uni�ation algorithm that uses our speialprediate to handle the reursive alls. The Haskell version of the uni�ation al-gorithm that results from applying our program-extration methodology (whih132



is presented in setion 4.6) is very similar to the Haskell version of the algorithmthat we used for onstruting the prediate UniAcc. Atually, we an think ofthe proess that given a Haskell version of the uni�ation algorithm onstrutsits type theory version, and the proess that extrats a Haskell program fromour type theory version of the algorithm as inverses of eah other.We end this setion by summarising the advantages of the methodology wepresent in this work to onstrut our type theory version of the uni�ationalgorithm.� The way we de�ne our speial prediate ensures that we have one intro-dution rule for eah of the ases we need to onsider when writing thealgorithm.� Our speial prediate provides an easy syntati ondition that guaranteesthe termination of the algorithm.� Our speial prediate allows us to separate the atual uni�ation proessand its partial orretness from the total orretness of it.� These three points allow us to obtain a type theory version of the uni�a-tion algorithm that is short and elegant.� For the reasons pointed out above, our speial prediate also simpli�es allthe proofs we present in this work. Eah of the proofs we present here isshort and elegant.� The methodology we present here allows us to extrat a Haskell algorithmfrom our type theory version of the uni�ation algorithm.� Finally, we believe that the methodology we use for the uni�ation al-gorithm an be used for writing other total and general reursive algo-rithms in type theory. In this way, we think that this methodology gives astep towards losing the existing gap between programming in a Haskell-like programming language and programming in Martin-L�of's type theory.However, the generalisation of this methodology to all total and generalreursive algorithms remains to be studied.This paper is intended for readers who have some basi knowledge of Martin-L�of's type theory. In what follows, sometimes we use \type theory" as anabbreviation for \Martin-L�of's type theory".This papers was originally printed as a thesis for the degree of Lientiate ofTehnology of the Department of Computing Siene at Chalmers University ofTehnology. Here, we have omitted the appendix with the omplete ALF odeof the formalisation of the uni�ation algorithm in Martin-L�of's type theory.The reader who is interested in the ode of the formalisation should refer toappendix C of [Bov99℄. 133



1.1 Overview of this WorkThis work is organised as follows:In hapter 2, we give a brief introdution to Martin-L�of's type theory andits interative proof assistant ALF, and we present some general set formers andonstrutors in Martin-L�of's type theory together with some of their operatorsand properties.In hapter 3, we present the formalisation of a small and general reursivealgorithm in Martin-L�of's type theory: division-by-two over natural numbers.By using this very simple example, we illustrate the methodology we introduehere for writing general reursive algorithms in type theory. In addition, weshow the advantages of this methodology over the standard way of de�ninggeneral reursive algorithms in type theory, whih is by using the aessibilityprediate Acc.In hapter 4, we introdue the Haskell version of the uni�ation algorithmthat we onsider and we give an informal explanation of its termination. Afterintroduing the neessary de�nitions in ALF, we desribe how we an write theuni�ation algorithm in type theory by using the standard aessibility predi-ate, and we show why the use of this prediate to write the uni�ation algorithmin type theory is not a good solution in our ase. Then, we present a speialprediate for the uni�ation algorithm and we show how we an use this pred-iate to write the uni�ation algorithm in Martin-L�of's type theory, obtaininga short and self-explanatory algorithm. Finally, we disuss a methodology thatallows us to extrat a Haskell program from the formalisation of the uni�ationalgorithm that uses our speial prediate to handle the reursive alls.In hapter 5, we introdue a few more de�nitions and some properties ofsubstitutions whih will be used in the following two hapters to prove the partialorretness of the algorithm Unify and to present the integrated approah to theuni�ation algorithm.In hapter 6, we present the partial orretness of our formalisation of theuni�ation algorithm. That is, we prove that the uni�ation algorithm returnsthe value error only if there exists no substitution that uni�es the input list ofpairs of terms; otherwise it returns an idempotent substitution that is a mostgeneral uni�er of the input list of pairs of terms and whose variables are inludedin the set of variables in the input list.In hapter 7, we present the internal or integrated approah to the uni�ationalgorithm. In other words, we integrate the atual uni�ation proess and itspartial orretness into a omplete spei�ation of the uni�ation algorithm,and we prove that there is an objet that satis�es this spei�ation.In hapter 8, we present some onlusions, related work and future work.In appendix A, we explain the ALF proofs of the inequalities over lists ofpairs of terms presented in setion 4.2 to justify the termination of the uni�ationalgorithm.Finally, in appendix B, we disuss the proof that shows that all lists of pairsof terms satisfy the speial prediate UniAcc.134



Chapter 2Introdution toMartin-L�of's Type Theoryand ALFHere, we �rst give a brief introdution to Martin-L�of's type theory and its inter-ative proof assistant ALF, and then we present some general set formers andonstrutors in Martin-L�of's type theory, together with some of their operatorsand properties.2.1 Brief Introdution to Martin-L�of's TypeTheoryAlthough this paper is intended mainly for those who already have some knowl-edge of type theory, and in partiular of Martin-L�of's type theory, we presentin this setion a brief introdution to this theory to make the following setionsmore readable. For a more omplete introdution to the subjet, the reader anrefer to [ML84, NPS90, CNSvS94℄.Martin-L�of's type theory has a basi type and two type formers. The basitype is the type of sets. For eah set S, the elements of S form a type. Given atype � and a family � of types over �, we an onstrut the funtion type from� to �. We write a ∈� for \a is an objet of type �".Sets, elements of sets and funtions are explained as follows:Sets: Sets are indutively de�ned. In other words, a set is determined by therules that onstrut its elements, that is, the set's onstrutors. We write Setto refer to the type of sets.Elements of Sets: For eah set S, the elements of S form a type alled El(S).However, for simpliity, if a is an element in the set S, we say that a has type135



S, and thus we simply write a ∈S instead of a ∈ El(S).Dependent (and non-dependent) Funtions: A dependent funtion is afuntion in whih the type of the output depends on the value of the input. Toform the type of a dependent funtion, we �rst need a type � as domain andthen a family of types over �. If � is a family of types over �, then to everyobjet a of type � there is a orresponding type �(a).Given a type � and a family � of types over �, we write (x ∈�)�(x) for thetype of dependent funtions from � to �. If f is a funtion of type (x ∈�)�(x)then, when applying f to an objet a of type � we obtain an objet of type�(a). We write f(a) for suh an appliation.A (non-dependent) funtion is onsidered a speial ase of a dependent fun-tion, where the type � does not depend on a value of type �. When this is thease, we may write (�)� for the funtion type from � to �.Prediates and relations are seen in type theory as funtions yielding propo-sitions as output. As well as sets, propositions are indutively de�ned. So, aproposition is determined by the rules that onstrut its proofs. To prove aproposition P , we have to onstrut an objet of type P . In other words, aproposition is true if we an build an objet of type P and it is false if the typeP is not inhabited. We write Prop to refer to the type of propositions. However,the way propositions are introdued allows us to identify propositions and sets,and then we usually write Set instead of Prop.2.2 Brief Introdution to ALFALF (Another Logial Framework) is an interative proof assistant for Martin-L�of's type theory extended with pattern mathing [Coq92℄. In Martin-L�of'stype theory, theorems are identi�ed with types and a proof is an objet of thetype, generally a funtion mapping proofs of the hypotheses into proofs of itsthesis. ALF ensures that the onstruted objets are well-formed and well-typed. Sine proofs are objets, heking well-typing of objets amounts toheking orretness of proofs. For more information about ALF see [Mag92,AGNvS94, MN94℄.A set former, or in general, any indutive de�nition is introdued as a on-stant S of type (x1 ∈�1; : : : ; xn ∈�n)Set, for �1; : : : ; �n types. For eah setformer, we have to introdue the onstrutors assoiated with the set whihonstrut the elements of S(a1; : : : ; an), for a1 ∈�1; : : : ; an ∈�n.Abstrations are written in ALF as [x1; : : : ; xn℄ e and theorems are intro-dued as dependent types of the form (x1 ∈�1; : : : ; xn ∈�n)�(x1; : : : ; xn). Ifthe name of a variable is not important, one an simply write (�) instead of(x ∈�), both in the introdution of indutive de�nitions and in the delarationof (dependent) funtions. Whenever (x1 ∈�; x2 ∈�; : : : ; xn ∈�) ours, ALFdisplays (x1; x2; : : : ; xn ∈�) instead. 136



A funtion an be de�ned by performing pattern mathing over one (or more)of its arguments. The various ases in the pattern mathing are exhaustive andmutually disjoint. Moreover, they are omputed by ALF aording to the de�-nition of the set to whih the seleted argument belongs. In general, theoremsare proven by primitive reursion on one of its arguments. Unfortunately, ALFdoes not hek well-foundedness when working with reursive proofs. However,for the proofs we present in this paper termination is guaranteed beause wealways apply the reursion on a struturally smaller argument. When provinga theorem by reursion on an argument a of type A, we �rst perform patternmathing over the argument a to obtain all the possible ases for a. Then, toeah of the reursive alls we supply the orresponding proper sub-pattern ofthe proof a, whih should be of type A. In this way, heking well-foundednessin our proofs is easy { even if rather tedious { to perform manually.Sometimes, it is useful to de�ne a funtion by doing ase analysis on anelement a of type A. For this, we an use ALF's case expression. The result ofonsidering ases on a ∈A is similar to the result of performing pattern mathingover a. The di�erene is that, when we do ase analysis on a, a does not needto be an argument of the funtion we want to de�ne but any proof of A. Hene,we an use any other previously de�ned funtion to onstrut the proof a ofA. One again, the various ases in the ase analysis are exhaustive, mutuallydisjoint and omputed by ALF aording to the de�nition of the set A.The following example shows how we an return the value zero or one de-pending on whether or not the natural numbers n and m are equal.
ex1 ∈ (n, m ∈ N) N

ex1(n, m) ≡ case Ndec(n, m) ∈ Dec(=(n, m))  of
yes(h) ⇒ 0
no(h) ⇒ 1

endHere, we perform ase analysis on the proof that the equality of n and m isdeidable and we obtain two ases: either the numbers are equal or not. In the�rst ase, both numbers are equal (and h is a proof of that) and we return thevalue zero. In the seond ase, the numbers are not equal (and h is a proof ofthat) and we return the value one. Although it was not neessary in our verysimple example, we an use the argument h as part of the resulting value ineah of the two ases.In partiular, if we do ase analysis on a proof a of absurdity, that is, wehave a ∈ ⊥, we do not obtain any ase to study sine there does not exist anyproof of absurdity. In this way, we an use the ase analysis as an ⊥ eliminationoperator. In the same way, if we study ases on the proof that a ∈A when A isisomorphi to absurdity (for example, when A is a set stating that zero is equalto suessor n or that suessor of n is less than zero, for a natural number n)we do not obtain any ase to onsider.The following example shows how we an prove that a natural number n isless than a natural number m if we have a proof that m is less than zero.137



ex2 ∈ (n, m ∈ N; <(m, 0)) <(n, m)
ex2(n, m, h) ≡ case h ∈ <(m, 0)  of

endHere, h is a proof that m is less than zero. For eah of the possible ways ofonstruting the proof h, we want to onstrut a proof that n is less than m. Asthere is no natural number less than zero, there is no ase in the ase analysis,and hene the proof of the thesis is trivial.2.3 Working with ALFAll of the ALF de�nitions and proofs we present here and in later setions havebeen pretty printed by ALF itself. That is, all of them have been heked inALF. In addition, we have made use of the layout faility of ALF that allows usto hide the delaration of some parameters, in the de�nitions of both sets andtheorems. However, this has only been done when the hidden parameters donot ontribute to the understanding of the de�nition. In general, the riterionused when hiding delarations is the following: when de�ning a funtion (or aset), we hide the delaration a ∈A if the parameter a ours later on as partof the delaration of any other argument of the funtion (or the set), unless weperform pattern mathing over the parameter a when de�ning the funtion.In the following example, ex3is a funtion that takes a proof that the naturalnumber n is less than or equal to the natural number m into a proof that thesuessor of n is less than or equal to the suessor of m.
ex3 ∈ (≤(n, m)) ≤(s(n), s(m))Notie that the delarations n ∈ N and m ∈ N are hidden. However, they donot ontribute to the understanding of the de�nition sine we an easily inferthe types of n and m from the fats that the relation ≤ and the funtion s areonly de�ned for natural numbers.In the next example, ex4 is a funtion that, given three natural numbers n,m and p, takes a proof that n is less than the addition of m and p into a proofthat n is less than the addition of the suessor of m and p.
ex4 ∈ (p ∈ N; <(n, +(m, p))) <(n, +(s(m), p))Here, as the addition operator, the less-than relation and the funtion s arede�ned only for natural numbers, we an easily infer that the variables n, m andp should be natural numbers. Thus, we an hide the delarations of these threearguments. However, we need to perform pattern mathing over the numberp as part of the de�nition of the funtion ex4, and then we do not hide thedelaration of p.We now present some general set formers and onstrutors in Martin-L�of'stype theory, together with some of their operators and properties.138



2.3.1 Logial ConstantsSee setion C.1 of [Bov99℄ for the omplete de�nitions of the following logialonstants and their properties.Absurdity: The set former is ⊥ ∈ Set, and has no onstrutors.And: Represents onjuntion of two propositions. Here, we present the setformer and its only onstrutor, and the type of the operators that selet the�rst and seond proposition of the onjuntion. See setion C.1.2 of [Bov99℄ forthe omplete ALF ode.
∧ ∈ (A, B ∈ Set) Set

∧I ∈ (a ∈ A; b ∈ B) ∧(A, B)
fst ∈ (∧(A, B)) A
snd ∈ (∧(A, B)) BOr: Represents disjuntion of two propositions. Here, we present the set for-mer and its two onstrutors.
∨ ∈ (A, B ∈ Set) Set

∨L ∈ (a ∈ A) ∨(A, B)
∨R ∈ (b ∈ B) ∨(A, B)Imply: Represents impliation between two propositions. Here, we presentthe set former and its only onstrutor, the type of the elimination operatorassoiated with impliation and the type of the transitivity property for impli-ation. See setion C.1.6 of [Bov99℄ for the omplete ALF ode.

⇒ ∈ (A, B ∈ Set) Set
⇒I ∈ (f ∈ (A) B) ⇒(A, B)

⇒E ∈ (f ∈ ⇒(A, B); a ∈ A) B
⇒trans ∈ (⇒(A, B); ⇒(B, C)) ⇒(A, C)Equivalene: Now, we an present the de�nition of logial equivalene as thefollowing abbreviation:
⇔ ∈ (A, B ∈ Set) Set

⇔ ≡ [A, B]∧(⇒(A, B), ⇒(B, A))Not: Represents the negation operator. This operator is atually de�ned asan abbreviation.
¬ ∈ (A ∈ Set) Set

¬ ≡ [A]⇒(A, ⊥) 139



Exists: Represents the existential quanti�er. Here, we present the set formerand its only onstrutor, and the type of the operators that selet the elementthat satis�es the proposition and the proof that this partiular element satis�esthe proposition. See setion C.1.5 of [Bov99℄ for the omplete ALF ode.
∃ ∈ (A ∈ Set; B ∈ (A) Set) Set

∃I ∈ (a ∈ A; b ∈ B(a)) ∃(A, B)
witness ∈ (∃(A, B)) A
proof ∈ (h ∈ ∃(A, B)) B(witness(h))Forall: Represents the universal quanti�er. Here, we present the set formerand its only onstrutor, and the type of the elimination operator assoiatedwith the universal quanti�er. See setion C.1.8 of [Bov99℄ for the omplete ALFode.
∀ ∈ (A ∈ Set; B ∈ (A) Set) Set

∀I ∈ (f ∈ (a ∈ A) B(a)) ∀(A, B)
∀E ∈ (∀(A, B); a ∈ A) B(a)2.3.2 Some Useful General PrediatesSee setion C.2 of [Bov99℄ for the omplete de�nitions of the following prediatesand their properties.Identity: Represents propositional equality. Its only onstrutor states thatan objet is equal to itself. Together with the de�nition of the set, we provethe symmetry and transitivity properties, the ongruene property with respetto funtions of one and two arguments, and two substitutivity properties. Be-low, we present the de�nition of the prediate and the types of the mentionedproperties. See setion C.2.3 of [Bov99℄ for the omplete ALF ode.
= ∈ (a, b ∈ A) Set

refl ∈ (a ∈ A) =(a, a)
=symm ∈ (=(a, b)) =(b, a)
=trans ∈ (=(a, b); =(b, c)) =(a, c)
=cong1 ∈ (f ∈ (A) B; =(a1, a2)) =(f(a1), f(a2))
=cong2 ∈ (f ∈ (A; B) C; =(a1, a2); =(b1, b2)) =(f(a1, b1), f(a2, b2))
=subst1 ∈ (=(a, b); P(a)) P(b)
=subst2 ∈ (=(a, b); =(c, d); R(b, c)) R(a, d)Although the following two prediates are not as general as the previous one,they play an important role in the following setions.Aessibility: Represents the standard aessibility prediate, whih is thestandard way to handle general reursion in type theory (see [Az77, Nor88℄).Given a set A, a binary relation � on A and an element a in A, we an formthe set Acc(A;�; a). This set is inhabited if, given ai in A for 1 6 i, there existsno in�nite desending sequene : : : � a2� a1�a. If this is the ase, we say thata is in the well-founded part of � in A or that a is aessible by � in A.140



Construtively, we say that an element a in A is aessible if all elementssmaller than a are aessible. In partiular, if a is an initial element (that is,there is no x in A suh that x� a), then a is aessible. This idea an beexpressed by the following introdution rule for the aessibility prediate:a ∈A p ∈ (x ∈A; h ∈x� a)Acc(A;�; x)
acc(a; p) ∈ Acc(A;�; a)Notie that, in this way, we are able to apture the notion of in�nite desendingsequene in a single rule.The elimination rule assoiated with the aessibility prediate, also knownas the rule of well-founded reursion, is the following:a ∈Ah ∈ Acc(A;�; a)e ∈ (x ∈A; h0 ∈ Acc(A;�; x); p ∈ (y ∈A; h1 ∈ y�x)P (y))P (x)

wfrec(a; h; e) ∈P (a)and its omputation rule is the following:
wfrec(a; acc(a; p); e) = e(a; acc(a; p); [y; h℄wfrec(y; p(y; h); e)) ∈P (a)If all the elements in A are aessible by�, the set A is said to be well-foundedby �, whih is denoted by WF(A;�).Below, we present the ALF de�nition of the aessibility prediate, the typeof the well-foundedness prediate and the type of the elimination operator as-soiated with the aessibility prediate.

Acc ∈ (A ∈ Set; less ∈ (A; A) Set; a ∈ A) Set
acc ∈ (a ∈ A; (x ∈ A; less(x, a)) Acc(A, less, x)) Acc(A, less, a)

WF ∈ (A ∈ Set; less ∈ (A; A) Set) Set
wfrec ∈ (a ∈ A;

Acc(A, less, a);
e ∈ (x ∈ A; Acc(A, less, x); (y∈A;less(y, x))P(y)) P(x)

) P(a)See setion C.2.1 of [Bov99℄ for the omplete ALF de�nition of this prediate.Deidability: We an think of this prediate as the set of deidable proposi-tions. The set former has two onstrutors, depending on whether a propositionor its negation an be proven.
Dec ∈ (Set) Set

yes ∈ (h ∈ P) Dec(P)
no ∈ (h ∈ ¬(P)) Dec(P)Observe that another possible way to de�ne this prediate is the following:

Dec ∈ (Set) Set
Dec ≡ [P]∨(P, ¬(P)) 141



2.3.3 Some Useful General Data TypesSee setion C.3 of [Bov99℄ for the omplete de�nitions of the following datatypes and their properties.List: The set of lists over a set A. Here, we present the set former and its twoonstrutors, the type of the funtion that onatenates two lists and the typeof the membership, non membership, disjoint and inlusion relations over lists.
List ∈ (A ∈ Set) Set

[] ∈ List(A)
: ∈ (l ∈ List(A); a ∈ A) List(A)

++ ∈ (l1, l2 ∈ List(A)) List(A)
∈L ∈ (a ∈ A; l ∈ List(A)) Set
∉L ∈ (a ∈ A; l ∈ List(A)) Set
Disjoint ∈ (l, l1 ∈ List(A)) Set
⊆ ∈ (l1, l2 ∈ List(A)) SetWe also de�ne several properties of lists. See setion C.3.2 of [Bov99℄ for theomplete ALF de�nitions and properties of lists.N: The set of natural numbers. In addition to the set of natural numbers, wede�ne addition and the relations less-than and less-than or equal-to. Here, wepresent the set former and its two onstrutors, and the type of the additionand the two relations we mentioned above.
N ∈ Set

0 ∈ N
s ∈ (n ∈ N) N

+ ∈ (n, m ∈ N) N
< ∈ (n, m ∈ N) Set
≤ ∈ (n, m ∈ N) SetWe also prove several properties of natural numbers. Among them we prove thedeidability of the equality of natural numbers, the assoiativity and ommuta-tivity of addition, and we prove that N is well-founded by <. See setion C.3.4of [Bov99℄ for the omplete ALF de�nitions and properties of natural numbers.Pair: The set of pairs over the sets A and B. Below, we give the set formerand its only onstrutor.
Pair ∈ (A, B ∈ Set) Set

. ∈ (a ∈ A; b ∈ B) Pair(A, B)

142



Chapter 3A Small ExampleIn this hapter, we present the formalisation of a small and general reursivealgorithm in Martin-L�of's type theory: division-by-two over natural numbers.By using this very simple example, we illustrate the methodology we introduein this work for writing general reursive algorithms in type theory. In addition,we show the advantages of this methodology over the standard way of de�ninggeneral reursive algorithms in type theory, whih is by using the aessibilityprediate Acc.Here, we follow the same proess as the one we use in the next hapter to de-�ne the uni�ation algorithm in type theory. That is, we �rst de�ne the Haskellversion of the algorithm. Then, we de�ne the type theory version of the algo-rithm that uses the standard aessibility prediate Acc to handle the reursivealls and we point out the problems of this formalisation. Afterwards, we de-�ne a speial-purpose aessibility prediate, whih we all DivAcc, spei�allyde�ned for this ase study. Intuitively, this prediate an be seen as de�ningthe set of natural numbers on whih the division-by-two algorithm terminates.Then, we show that atually all natural numbers satisfy this prediate, whihmeans that the division-by-two algorithm terminates on all possible inputs. Fi-nally, we write a new (and �nal) version of the division-by-two algorithm intype theory that is de�ned by strutural reursion on the proof that the naturalnumber to be divided satis�es the prediate DivAcc. We end this hapter byshowing that the methodology we introdue here for writing the division-by-twoalgorithm in type theory admits a program-extration proess.3.1 The Haskell Version of the AlgorithmIn order to de�ne the Haskell algorithm that divides a natural number by two, we�rst de�ne the set of natural numbers in Haskell, the addition and subtrationoperations (<+> and <-> respetively) over natural numbers, and the less-thanrelation << over natural numbers. 143



data Nat = Z | S Natone = S Ztwo = S (S Z)(<+>) :: Nat -> Nat -> Natn <+> Z = nn <+> (S m) = S(n <+> m)(<->) :: Nat -> Nat -> Natn <-> Z = nZ <-> m = Z(S n) <-> (S m) = n <-> m(<<) :: Nat -> Nat -> Booln << Z = FalseZ << (S m) = True(S n) << (S m) = n << mNow, the Haskell algorithm that divides a natural number by two an bede�ned as follows:div2 :: Nat -> Natdiv2 n | n << two = Z| not(n << two) = one <+> (div2 (n <-> two))Here, we ignore eÆieny aspets suh as the fat that the expression n << twois omputed twie.It is easy to see that this is a total algorithm that terminates on all possibleinputs. However, the reursive all is made on an argument that is not stru-turally smaller than the argument n, though the value of the argument n� 2 onwhih we perform the reursive all is less than n. The fat that the reursiveall is made on a non-struturally smaller argument is of great importane whenworking in Martin-L�of's type theory sine there is no diret way of formalisinggeneral reursive algorithms in the theory.3.2 Using the Standard Aessibility Prediatefor the FormalisationBefore introduing the type theory version of the algorithm div2 that uses thestandard aessibility prediate to handle the reursive all, we present the om-plete type theory de�nitions of the addition and subtration operations, and theless-than relation over natural numbers. Reall that the de�nition of the set ofnatural numbers was already introdued in setion 2.3.3.144



+ ∈ (n, m ∈ N) N
+(n, 0) ≡ n
+(n, s(m1)) ≡ s(+(n, m1))

− ∈ (n, m ∈ N) N
−(n, 0) ≡ n
−(0, s(m1)) ≡ 0
−(s(n1), s(m1)) ≡ −(n1, m1)

< ∈ (n, m ∈ N) Set
<0 ∈ (m ∈ N) <(0, s(m))
<s ∈ (<(n, m)) <(s(n), s(m))In what follows, assume 1 ∈ N and 2 ∈ N to be de�ned as expeted. Inorder to present the type theory version of the algorithm that uses the standardaessibility prediate to handle the reursive all, we need to de�ne two lemmas.The �rst lemma shows that it is deidable whether or not a natural number isless than two. This lemma has the following type in ALF:

<2dec ∈ (n ∈ N) Dec(<(n, 2))The seond lemma establishes that if the natural number n is not less thantwo, then the result of subtrating two from n is less than n. This lemma hasthe following type in ALF:
<−2 ∈ (n ∈ N; ¬(<(n, 2))) <(−(n, 2), n)Now, we present the type theory version of the division-by-two algorithmthat uses the standard aessibility prediate Acc to handle the reursive all.
div2acc ∈ (n ∈ N; Acc(N, <, n)) N

div2acc(n, acc(_, h1)) ≡ case <2dec(n) ∈ Dec(<(n, 2))  of
yes(h) ⇒ 0
no(h) ⇒ +(1, div2acc(−(n, 2), h1(−(n, 2), <−2(n, h))))

endThis algorithm is de�ned by reursion on the proof that the natural numberto be divided is aessible by <. To de�ne the algorithm, we onsider asesdepending on whether or not n is less than two. If so, we return the value zero.Otherwise, we add one to the result of dividing n� 2 by two, whih means thatwe have to all the algorithm reursively on the value n� 2, and we have tosupply a proof that the value n� 2 is aessible, whih is given by the expressionh1(−(n; 2); <−2(n; h)).As the funtion allaccN gives us a proof that any natural number is aessibleby < 1, we an de�ne the algorithm that divides any natural number by two asfollows:
Div2acc ∈ (n ∈ N) N

Div2acc(n) ≡ div2acc(n, allaccN(n))The main disadvantage of this formalisation of the algorithm is that wehave to supply a proof that n� 2 is aessible by < to the reursive all. Thisproof has no omputational meaning and its only purpose is to serve as a stru-turally smaller expression on whih to perform the reursion and, in this way,guarantee the termination of the division-by-two algorithm. As we alreadymentioned, the proof that n� 2 is aessible by < is given by the expressionh1(−(n; 2); <−2(n; h)), whih uses a proof that n� 2 is less than n. Notie that,even for suh a small example, this aessibility proof distrats our attentionfrom the atual division proess and enlarges the ode of the algorithm.1See setion C.3.4 of [Bov99℄ for the proof that all natural numbers are aessible by <.145



Our intention is to overome this problem by de�ning a speial-purposeaessibility prediate for the division-by-two algorithm, that we all DivAcc,whih ontains useful information that an help us to write a new (and �nal)type theory version of the algorithm.3.3 Using a Speial-Purpose AessibilityPrediate for the FormalisationTo onstrut this speial-purpose aessibility prediate we ask ourselves thefollowing question: on whih inputs does the division-by-two algorithm termi-nate? To �nd the answer to this question, we inspet the Haskell version of thealgorithm we presented at the beginning of this hapter, putting speial atten-tion on the input value, the onditions that should be satis�ed in order to givea basi result or to perform a reursive all, and the value on whih we performthe reursive all. We distinguish two ases:� If the input number n is less than two, then the algorithm terminates sinewe return the value zero.� If the input number n is not less than two, then the algorithm an onlyterminate on the input n if it terminates on the input n� 2.Following this desription, we de�ne the indutive prediate DivAcc overnatural numbers by means of the following introdution rules:n < 2
DivAcc(n)

¬(n < 2) DivAcc(n� 2)
DivAcc(n)This prediate an easily be formalised in ALF as follows:

DivAcc ∈ (n ∈ N) Set
divacc<2 ∈ (<(n, 2)) DivAcc(n)
divacc≥2 ∈ (¬(<(n, 2)); DivAcc(−(n, 2))) DivAcc(n)Now, we prove that the division-by-two algorithm terminates on all possibleinputs, that is, we prove that all natural numbers satisfy our speial-purposeaessibility prediate DivAcc. In this proof, we use the fat that the argu-ment on whih the algorithm performs a reursive all is stritly smaller thanthe original argument. Hene, the division-by-two proess should terminate onany input sine the set of natural numbers is well-founded with respet to theless-than relation. In the proof that all natural numbers satisfy the prediate

DivAcc, we use a few properties of the relation less-than over natural numberswhose proofs an be found in setion C.3.4 of [Bov99℄. In addition, we need tode�ne the following auxiliary lemma:
<to⊥ ∈ (<(s(s(n)), 2)) ⊥ 146



Below, we present the proof that all natural numbers satisfy the prediate
DivAcc.

divaccaux ∈ (n ∈ N; Acc(N, <, n); f ∈ (m ∈ N; <(m, n)) DivAcc(m)) DivAcc(n)
divaccaux(0, h, f) ≡ divacc<2(<ssR(0))
divaccaux(s(0), h, f) ≡ divacc<2(<sR(s(0)))
divaccaux(s(s(n)), h, f) ≡ divacc≥2(⇒I(<to⊥), f(n, <ssR(n)))

allDivAcc ∈ (n ∈ N) DivAcc(n)
allDivAcc(n) ≡ wfrec(n, allaccN(n), divaccaux)Now, we present the type theory version of the division-by-two algorithmthat uses the prediate DivAcc to handle the reursive all.

div2 ∈ (n ∈ N; DivAcc(n)) N
div2(n, divacc<2(h1)) ≡ 0
div2(n, divacc≥2(h1, h2)) ≡ +(1, div2(−(n, 2), h2))This funtion is de�ned by strutural reursion on the proof that the numberto be divided by two satis�es the prediate DivAcc. To write the algorithm, we�rst perform pattern mathing over the proof that the input number satis�esthe prediate DivAcc. As a result of the pattern mathing we obtain two equa-tions, one for eah of the introdution rules of the prediate. The �rst equationonsiders the ase where n is less than two and h1 is a proof of it. Then, wereturn the value zero. The seond equation onsiders the ase where n is notless than two. Here, h1 is a proof that n is not less than two and h2 is a proofthat n� 2 satis�es the prediate DivAcc. Then, we have to add one to the resultof dividing n� 2 by two, whih means that we have to all the algorithm reur-sively on the value n� 2. To the reursive all we have to supply a proof thatthe value n� 2 satis�es the prediate DivAcc whih is given by the argumenth2. Finally, we an use the previous funtion and the fat that all natural num-bers satisfy the prediate DivAcc to write the division-by-two algorithm.

Div2 ∈ (n ∈ N) N
Div2(n) ≡ div2(n, allDivAcc(n))Notie that, even for suh a small example, the version of the algorithm thatuses our speial prediate

div2 ∈ (n ∈ N; DivAcc(n)) N
div2(n, divacc<2(h1)) ≡ 0
div2(n, divacc≥2(h1, h2)) ≡ +(1, div2(−(n, 2), h2))is slightly shorter and a bit more readable than the type theory version of thealgorithm that is de�ned by using the prediate Acc

div2acc ∈ (n ∈ N; Acc(N, <, n)) N
div2acc(n, acc(_, h1)) ≡ case <2dec(n) ∈ Dec(<(n, 2))  of

yes(h) ⇒ 0
no(h) ⇒ +(1, div2acc(−(n, 2), h1(−(n, 2), <−2(n, h))))

end 147



3.4 Towards Program ExtrationTo end this hapter, we show that it is possible (and easy) to extrat a Haskellalgorithm from the type theory version of algorithm div2whih uses our speial-purpose prediate to handle the reursive all. Notie that there are two kindsof parameters among those in the proof that a given natural number n satis-�es the prediate DivAcc: the parameters that are proofs of ertain onditionsthat should be satis�ed in order to give a result or to perform a reursive all(the parameter h1 in both equations) and the parameter that is a proof thatthe number to be divided by two in the reursive all satis�es the prediate
DivAcc (the parameter h2 in the seond equation). In order to obtain a Haskellalgorithm from the type theory algorithm div2, we translate eah of the ALFequations of the algorithm into a Haskell equation. In the translation of eahof the ALF equations, we throw away the expressions that are proofs that aertain number satis�es the prediate DivAcc and we keep the expressions thatrepresent onditions to be satis�ed as guards of the Haskell equation. Then, wewould obtain the following Haskell algorithm:div2 :: Nat -> Natdiv2 n | n << two = Zdiv2 n | not (n << two) = one <+> (div2 (n <-> two))Observe that this algorithm is the same as the Haskell algorithm we pre-sented in setion 3.1 and that we used for de�ning the speial-purpose prediate
DivAcc. The reason for this similarity is that this program-extration proessan be seen as the inverse of the proess that takes the Haskell version of thealgorithm into the type theory version that uses the prediate DivAcc to handlethe reursive alls.In setion 4.6, we desribe the extration of a Haskell program from theformalisation of the uni�ation algorithm in type theory that uses a speial-purpose aessibility prediate to handle the reursive alls in more detailed.
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Chapter 4The Uni�ation AlgorithmHere, we �rst introdue the Haskell [JHe+99℄ version of the uni�ation algorithmthat we onsider, and we give an informal explanation of its termination. Af-ter introduing the neessary de�nitions in ALF, we desribe how we an writethe uni�ation algorithm in Martin-L�of's type theory by using the standardaessibility prediate, and we show why the use of this prediate to write theuni�ation algorithm in type theory is not a good solution in our ase. Then,we present a speial-purpose aessibility prediate for the uni�ation algorithmand we show how we an use this prediate to write the uni�ation algorithmin Martin-L�of's type theory. With this partiular prediate, the resulting algo-rithm is short and elegant. Finally, we disuss a methodology that allows us toextrat a Haskell program from the formalisation of the uni�ation algorithmthat uses our speial-purpose aessibility prediate to handle the reursive alls.4.1 The Haskell Version of the Uni�ationAlgorithmIn this setion, we present the Haskell version of the uni�ation algorithm thatwe onsider. In order to do that, we �rst have to introdue a few de�nitions.To de�ne the set Termof terms, we assume two (possibly in�nite) sets: a set
Var of variables and a set Fun of funtion symbols. These sets are suh that foreah pair of variables and eah pair of funtions, it is deidable whether or notthey are equal. We use x and y to range over variables, and f and g to rangeover funtions.A term is either a variable or a funtion applied to a (possibly empty) listof terms. We use t (possibly primed or subsripted) to range over terms. Wede�ne the terms in Termby means of the following abstrat syntax:t ::= x j f(t1; : : : ; tn)We use lt (possibly primed or subsripted) to range over lists of terms.149



One we have de�ned the set of terms, we de�ne the set ListPT of lists ofpairs of terms and the set Substof substitutions. A list of pairs of terms is a listof pairs of the form (t1; t2). A substitution is a list of pairs of the form (x; t),that is, the left element of the pair is a variable and the right one is a term1.We use lp and sb (possibly primed or subsripted) to range over lists of pairs ofterms and substitutions, respetively.Given a substitution sb of the form [(x1; t1); : : : ; (xn; tn)℄, the domain of thesubstitution is the set of variables fx1; : : : ; xng and the range of the substitutionis the set of variables that our in the terms t1; : : : ; tn. Given a term t, theresult of applying sb to t is denoted by sb(t) and it is de�ned as the parallelsubstitution of ti for xi in t, for 1 6 i 6 n. Given a list of pairs of terms lp anda substitution sb, we say that sb uni�es lp or that sb is a uni�er of lp, if for eahpair of terms (t1; t2) in lp it holds that sb(t1) = sb(t2). Finally, we say that asubstitution sb is a most general uni�er of a list of pairs of terms lp if sb is themost general substitution that uni�es lp. In other words, sb is a most generaluni�er of lp if sb uni�es lp and, for any other substitution sb0 that also uni�eslp, there exists a substitution sb1 suh that sb0(t) = sb1(sb(t)), for all terms t.The uni�ation algorithm we onsider here is a deterministi version ofthe �rst (non-deterministi) algorithm presented by Martelli and Montanariin [MM82℄. Given a list of pairs of terms, the algorithm returns a substitutionthat uni�es the list if suh a substitution exists, or the speial value Nothing ifthere is no suh substitution. A similar algorithm is presented by Peter Hanokin hapter 9 of [PJ87℄, although the input of Hanok's algorithm is just a pairof terms and not a list of pairs of terms.In �gure 4.1, we present the Haskell version of the uni�ation algorithmthat we onsider. One again, we ignore eÆieny aspets suh as the fat thatsome expressions are omputed twie. The funtions length, zip, elem, ++, ==and && are prede�ned funtions in Haskell: length takes a list and returns thelength of the list, zip takes two lists and returns a list of orresponding pairs,elem is the membership funtion over lists, ++ onatenates two lists, == is theequality funtion and && is the boolean funtion and. These funtions have thefollowing types:length :: [a℄ -> Intzip :: [a℄ -> [b℄ -> [(a,b)℄elem :: Eq a => a -> [a℄ -> Bool(++) :: [a℄ -> [a℄ -> [a℄(==) :: Eq a => a -> a -> Bool(&&) :: Bool -> Bool -> BoolNotie that both the funtion elem and the funtion == require an equalityrelation over the type of the elements in the list and the type of the elementsto be ompared, respetively.We now explain the funtions varsT, substLPT and substS. The funtionvarsT returns the list of variables in a term, and the funtions substLPT and1For the moment, we impose no restritions on the variables that our in the left handside of the pairs of a substitution. 150



type Var = Inttype Fun = Intdata Term = Var Var | Fun Fun [Term℄type PairS = (Var,Term)type Subst = [PairS℄type PairT = (Term,Term)type ListPT = [PairT℄unify_H :: ListPT -> Maybe Substunify_H lp = unify_h lp [℄unify_h :: ListPT -> Subst -> Maybe Substunify_h [℄ sb = Just sbunify_h ((Var x,Var y):lp) sb| x == y = unify_h lp sbunify_h ((Var x,t):lp) sb| x `elem` (varsT t) = Nothing| not(x `elem` (varsT t)) =unify_h (substLPT x t lp) ((x,t):(substS x t sb))unify_h ((Fun f lt,Var x):lp) sb =unify_h ((Var x,Fun f lt):lp) sbunify_h ((Fun f lt1,Fun g lt2):lp) sb| f /= g || length lt1 /= length lt2 = Nothing| f == g && length lt1 == length lt2 =unify_h ((zip lt1 lt2)++lp) sbFigure 4.1: Haskell Version of the Uni�ation AlgorithmsubstS substitute a term for a variable in all the terms of a list of pairs of termsand a substitution, respetively. These funtions have the following types:varsT :: Term -> [Var℄substLPT :: Var -> Term -> ListPT -> ListPTsubstS :: Var -> Term -> Subst -> SubstThe algorithm presented in �gure 4.1 works as follows: given a list of pairsof terms, the funtion unify H omputes a substitution that uni�es the list, ifsuh a substitution exists, by using the auxiliary funtion unify h.The funtion unify h takes two arguments: a list of pairs of terms lp and asubstitution sb. Then, if the set of variables in lp and the set of variables in sb aredisjoint, the substitution that results from the exeution of unify h lp sb will bethe smallest extension of sb that uni�es lp. As the �rst time the funtion unify his alled, it is alled with the empty substitution [ ℄, then the substitution that151



results from the exeution of unify H lp will be a most general substitution thatuni�es the input list of pairs of terms. From the de�nition of the algorithms, itis relatively easy to see that every time the algorithm unify h is exeuted, theondition on the sets of variables that our in the list of pairs of terms to beuni�ed and in the aumulated substitution is satis�ed.If the list of pairs of terms is empty, the funtion unify h returns the (a-umulated) substitution sb. Otherwise, we onsider four ases depending onthe form of the �rst pair of terms in the list of pairs of terms. These ases areexhaustive and mutually disjoint.The �rst ase we onsider is when both of the terms in the �rst pair of thelist are the (variable) term x. As both terms are already equal, we remove the�rst pair from the list and we ontinue �nding a uni�er for the rest of the list.If, on the other hand, the left term of the �rst pair is the variable x andthe right one is a term t (notie that here, we know that the terms x and t aredi�erent), we hek whether or not the variable x belongs to the set of variablesin the term t. If so, as the term t is di�erent from the (variable) term x, itmeans that x is a proper subterm of t. As the relation \is a proper subtermof" is preserved under substitution appliation, given any substitution sb, thensb(x) is a proper subterm of sb(t). Thus, there exists no substitution that uni�esx and t, and onsequently there exists no substitution that uni�es the originallist of pairs of terms. Therefore, we �nish the exeution of the algorithm withthe result Nothing. If the variable x does not belong to the variables in t, thenany substitution that uni�es the original list of pairs of terms should make xand t equal, so we add the pair (x; t) to the resulting substitution. Besides,we substitute t for x both in the list lp and in the substitution sb and allthe uni�ation algorithm reursively. In this way, we eliminate the variable xfrom lp and sb sine x does not belong to the variables in t. Notie that now,x only ours as the left hand side of the pair (x; t) just introdued to theaumulated substitution. As this proess is performed every time we add anew pair to the resulting substitution, all the variables in the domain of theresulting substitution will be di�erent from eah other.The next equation onsiders the ase where the left term of the �rst pair isnot a variable (that is, it is a funtion appliation) but the right one is. Here, wejust swap the terms in this pair and all the uni�ation algorithm reursively.It is easy to see that now, this �rst pair of the list is going to be handled by thethird equation of the algorithm. Notie that we ould have written an equivalentalgorithm if we would have performed here the same kind of omputation as inthe previous equation. However, this would have made the algorithm and thedi�erent proofs a bit longer.The last equation onsiders the ase where both terms in the �rst pair of thelist are funtion appliations. Here, we hek whether or not the funtions inboth terms are the same, whih is done by heking that the funtion symbolsand the length of both lists of terms are equal. If the funtions are not equal,there does not exist any substitution that uni�es the �rst pair of the list. Thus,there does not exist any substitution that uni�es the original list of pairs ofterms and we return the value Nothing. If both funtions are equal, then the152



�rst pair of terms of the list has the form (f(t1; : : : ; tn); f(t01; : : : ; t0n)). Now,any substitution that uni�es the original list should also unify this pair, andonsequently it should unify ti and t0i, for 1 6 i 6 n. With the help of thefuntion zip, we reate the list of pairs of terms [(t1; t01); : : : ; (tn; t0n)℄ from thelists of terms lt1 and lt2. Then, we onatenate this list with the rest of theoriginal list of pairs of terms and we all the uni�ation algorithm reursively.4.2 Termination of the Uni�ation AlgorithmAs one an see from the uni�ation algorithm given in �gure 4.1, the reursionperformed in the algorithm is not always on struturally smaller arguments.Thus, there is no easy syntati ondition that guarantees the termination ofthe algorithm. Here, we show that our uni�ation algorithm always terminatesby de�ning a funtion that maps lists of pairs of terms into triples of naturalnumbers, and showing that in every reursive all the triple that orrespondsto the list on whih we perform the reursion is stritly smaller than the triplethat orresponds to the original list of pairs of terms. This mapping, whih weall LPTtoN3, is a simpli�ation of the mapping F presented in [MM82℄ to showthe termination of their (non-deterministi) algorithm.
N3- The Set of Triples of Natural Numbers: Consider the set N of naturalnumbers and the inequality relation < over N with its usual meaning2. We usen and m (possibly subsripted) to range over natural numbers.Consider now the set N3 of triples of natural numbers and the lexiographiorder <N3 over triples. In other words, if n1, n2 and n3 are natural numbersthen (n1; n2; n3) is an element of N3. The lexiographi order over elements of
N3 is de�ned as the smallest relation suh that:(n1; n2; n3) <N3 (m1; m2; m3) if n1 <m1(n1; n2; n3) <N3 (n1; m2; m3) if n2 <m2(n1; n2; n3) <N3 (n1; n2; m3) if n3 <m3As the set of natural numbers is well-founded by <, it an be proven thatthe set of triples of natural numbers, that is N3, is well-founded by <N3.See setion C.3.5 of [Bov99℄ for the omplete ALF de�nition of N3 togetherwith the ALF proof that N3 is well-founded by <N3.The Funtion LPTtoN3: To de�ne the funtion LPTtoN3 that maps lists ofpairs of terms into triples of natural numbers, we use three auxiliary funtionsthat take a list of pairs of terms and return a natural number. The �rst funtion,alled #varsLPT, takes a list of pairs of terms and returns the number of di�erentvariables that our in the list. The seond funtion, alled #funsLPT, takes alist of pairs of terms and returns the number of funtion appliations that our2See setion C.3.4 of [Bov99℄ for the ALF de�nitions of the set N and its inequality <, andthe ALF proof that N is well-founded by <. 153



in the list. The last funtion, alled #eqsLPT, takes a list of pairs of terms andounts the number of pairs of the form (x; x) or (f(lt); x) that appear in thelist.We now de�ne the funtion LPTtoN3 as follows:
LPTtoN3 :: ListPT! N3
LPTtoN3(lp) = (#varsLPT(lp); #funsLPT(lp); #eqsLPT(lp))To show that the uni�ation algorithm terminates, it is suÆient to show that,in every reursive all of the algorithm, we derease the omplexity measure ofthe list of pairs of terms to be uni�ed. The measures we onsider here are triplesof natural numbers and the mapping from lists of pairs of terms into triples ofnatural numbers is the funtion LPTtoN3. Hene, we have to show that thefollowing inequalities hold:

LPTtoN3(lp) <N3 LPTtoN3((x; x) : lp)
LPTtoN3(lp [x:=t℄) <N3 LPTtoN3((x; t) : lp) if x∉L varsT(t)

LPTtoN3((x; f(lt)) : lp) <N3 LPTtoN3((f(lt); x) : lp)
LPTtoN3((zip lt1 lt2) ++ lp) <N3 LPTtoN3((f(lt1); f(lt2)) : lp)where lp [x:=t℄ denotes the funtion that substitutes the term t for the variablex in the list of pairs of terms lp, varsT is the funtion that returns the set ofvariables in a term and the funtion ∉L is the non-membership relation over lists(these funtions orrespond to the funtions substL, varsT and the negationof the funtion elem respetively, in the algorithm of �gure 4.1). See appendixA for a disussion of the ALF proofs of these inequalities and setion C.4.4 of[Bov99℄ for the omplete ALF ode of the formalisation of these proofs.Informal Proof of LPTtoN3(lp) <N3 LPTtoN3((x; x) : lp): If the variable x doesnot our in the list lp we have that #varsLPT(lp) < #varsLPT((x; x) : lp), and on-sequently we know that LPTtoN3(lp) <N3 LPTtoN3((x; x) : lp) by the �rst inequal-ity in the de�nition of <N3. Otherwise, #varsLPT(lp) = #varsLPT((x; x) : lp). Here,

#funsLPT(lp) = #funsLPT((x; x) : lp) and, sine the pair (x; x) is one of the pairsounted by the funtion #eqsLPT, we know that #eqsLPT(lp)< #eqsLPT((x; x) : lp).Thus, LPTtoN3(lp)<N3 LPTtoN3((x; x) : lp) by the third inequality in the de�ni-tion of <N3.Informal Proof of LPTtoN3(lp [x:=t℄) <N3 LPTtoN3((x; t) : lp): As x∉L varsT(t),x does not belong to the set of variables of the list lp [x:=t℄. Hene, we havethat #varsLPT(lp [x:=t℄) < #varsLPT((x; t) : lp) and thus, by the �rst inequality inthe de�nition of <N3, we have that LPTtoN3(lp [x:=t℄) <N3 LPTtoN3((x; t) : lp).Informal Proof of LPTtoN3((x; f(lt)) : lp) <N3 LPTtoN3((f(lt); x) : lp): Here,we know that #varsLPT((x; f(lt)) : lp) = #varsLPT((f(lt); x) : lp) and we also knowthat #funsLPT((x; f(lt)) : lp) = #funsLPT((f(lt); x) : lp). Sine the pair (f(lt); x)is one of the pairs ounted by the funtion #eqsLPT, we an easily show that154



#eqsLPT((x; f(lt)) : lp) < #eqsLPT((f(lt); x) : lp). Thus, by the third inequality inthe de�nition of <N3, we have LPTtoN3((x; f(lt)) : lp) <N3 LPTtoN3((f(lt); x) : lp).Informal Proof of LPTtoN3((zip lt1 lt2)++ lp) <N3 LPTtoN3((f(lt1); f(lt2)) : lp):Here, we know that #varsLPT((zip lt1 lt2) ++ lp) = #varsLPT((f(lt1); f(lt2)) : lp).We also know that #funsLPT((zip lt1 lt2) ++ lp) < #funsLPT((f(lt1); f(lt2)) : lp) be-ause the two appliations of f in the pair (f(lt1); f(lt2)) do not our in the listof pairs of terms (zip lt1 lt2). Hene, by the seond inequality in the de�nitionof <N3, LPTtoN3((zip lt1 lt2) ++ lp) <N3 LPTtoN3((f(lt1); f(lt2)) : lp).4.3 Terms, Lists of Pairs of Terms andSubstitutions in ALFIn this setion, we present the representation of terms, lists of pairs of termsand substitutions in Martin-L�of's type theory.In order to formalise the set Termof terms, we use the notion of vetors of aertain length instead of the lists used in the Haskell version of the algorithm.In this way, we have information about the length of a list as part of its type.A vetor is either empty and has length 0, or it has length n+ 1 and isformed from adding an element to a vetor of length n. Hene, the length of avetor is part of its type. Vetors are formalised in type theory as follows:
Vector ∈ (n ∈ N; A ∈ Set) Set

[]v ∈ Vector(0, A)
:v ∈ (v ∈ Vector(n, A); a ∈ A) Vector(s(n), A)As the sets Var of variables and Fun of funtion symbols we use the set ofnatural numbers. Then, the deidability of the equality of variables and funtionsymbols beomes the deidability of equality of natural numbers.

Var ∈ Set
Var ≡ N

Vardec ∈ (x, y ∈ Var) Dec(=(x, y))

Fun ∈ Set
Fun ≡ N

Fundec ∈ (f, g ∈ Fun) Dec(=(f, g))The following lemma allows us to hoose between the elements a and b,depending on whether we have a proof that the variables x and y are equal ordi�erent.
VartoA ∈ (a, b ∈ A; Dec(=(x, y))) A

VartoA(a, b, yes(h1)) ≡ a
VartoA(a, b, no(h1)) ≡ bTerms and vetors of terms are de�ned in ALF as follows:

Term ∈ Set
var ∈ (x ∈ Var) Term
fun ∈ (f ∈ Fun; lt ∈ Vector(n, Term)) Term

VTerm ∈ (n ∈ N) Set
VTerm(n) ≡ Vector(n, Term) 155



The ALF representation of parametri lists and pairs was already introduedin setion 2.3.3. We now use them to de�ne the set ListPT of lists of pairs ofterms and the set Substof substitutions:
PairT ∈ Set

PairT ≡ Pair(Term, Term)
ListPT ∈ Set

ListPT ≡ List(PairT)

PairS ∈ Set
PairS ≡ Pair(Var, Term)

Subst ∈ Set
Subst ≡ List(PairS)Notie that, as part of the de�nition of substitutions, we do not require thevariables in the domain of a substitution to be di�erent from eah other. Fur-thermore, a variable may our in its assoiated term. In this way, the de�nitionof substitutions remains simple, whih makes it easier to prove lemmas aboutsubstitutions. We impose these two onditions in the de�nition of idempotenein setion 5.2.In ALF, we write :=T, :=VT , :=LPT and :=S for the funtions that substitute aterm for a variable in a term, in a vetor of terms, in a list of pairs of terms andin a substitution respetively, and we write varsT, varsVT , varsLPT and varsS forthe funtions that return the list of variables that our in a term, in a vetorof terms, in a list of pairs of terms and in a substitution respetively.See setions C.4.1, C.4.3 and C.4.5 of [Bov99℄ for the omplete ALF de�-nitions of terms and vetors of terms, lists of pairs of terms and substitutionsrespetively.To �nish this setion, we present the type of the ALF lemmas that orrespondto the four inequalities over lists of pairs of terms presented in the previoussetion.

<LPTvar_var ∈ (x ∈ Var; lp ∈ ListPT) <N3(LPTtoN3(lp), LPTtoN3(:(lp, .(var(x), var(x)))))
<LPT:=var_term ∈ (lp ∈ ListPT;

∉L(x, varsT(t))
) <N3(LPTtoN3(:=LPT(x, t, lp)), LPTtoN3(:(lp, .(var(x), t))))

<LPTvar_fun ∈ (f ∈ Fun;
x ∈ Var;
lt ∈ VTerm(n);
lp ∈ ListPT

) <N3(LPTtoN3(:(lp, .(var(x), fun(f, lt)))), LPTtoN3(:(lp, .(fun(f, lt), var(x)))))
<LPTzip_fun_fun ∈ (f, g ∈ Fun;

lt1, lt2 ∈ VTerm(n);
lp ∈ ListPT

) <N3(LPTtoN3(++(zip(lt1, lt2), lp)), LPTtoN3(:(lp, .(fun(f, lt1), fun(g, lt2)))))See appendix A for a disussion of the ALF proofs of these inequalities andsetion C.4.4 of [Bov99℄ for the omplete ALF ode of the formalisation of theseproofs. 156



4.4 The Uni�ation Algorithm in Type Theory:First AttemptIn this setion, we present our �rst attempt to formalise the uni�ation algo-rithm in Martin-L�of's type theory. This formalisation uses the standard aes-sibility prediate to handle the reursive alls. Reall that the de�nition of thestandard aessibility prediate Acc was already introdued in setion 2.3.2.4.4.1 The Uni�ation Algorithm using the AessibilityPrediateIn order to write the type theory version of the uni�ation algorithm that usesthe standard aessibility prediate to handle the reursive alls, we de�ne abinary relation <LPT over lists of pairs of terms as follows:
<LPT ∈ (lp1, lp2 ∈ ListPT) Set

<LPT ∈ (<N3(LPTtoN3(lp1), LPTtoN3(lp2))) <LPT(lp1, lp2)As the set N3 is well-founded by <N3, it is easy to prove that the set ListPT iswell-founded by <LPT. Then, we prove the following lemma in ALF:
allaccLPT ∈ (lp ∈ ListPT) Acc(ListPT, <LPT, lp)that given a list of pairs of terms returns a proof that the list is aessible by

<LPT.Below, we explain the neessary steps we perform in order to write thealgorithm Unifyacc, whih is the type theory version of the uni�ation algorithmthat uses the aessibility prediate to handle the reursive alls.Instead of the Maybe type of Haskell, we use here the logi onnetive ∨de�ned in setion 2.3.1 and a set Error de�ned in ALF as follows:
Error ∈ Set

error ∈ ErrorGiven a list of pairs of terms lp, the uni�ation algorithm Unifyacc returnseither a substitution that uni�es lp or the value error, if there does not existsuh substitution. As in the Haskell version, the algorithm Unifyacc alls thealgorithm unifyacc with the list lp and the empty substitution, but now it alsosupplies a proof that the list lp is aessible by <LPT. We have:
Unifyacc ∈ (lp ∈ ListPT) ∨(Subst, Error)

Unifyacc(lp) ≡ unifyacc(lp, [] , allaccLPT(lp))The algorithm unifyacc is de�ned by reursion on the proof that the inputlist is aessible by <LPT. By performing pattern mathing on the proof that thelist lp is aessible by <LPT, we obtain the following (inomplete) ALF ode:
unifyacc ∈ (lp ∈ ListPT; sb ∈ Subst; Acc(ListPT, <LPT, lp)) ∨(Subst, Error)

unifyacc(lp, sb, acc(_, h1)) ≡ ?unify_acc.0.0.Ewhere h1 is the funtion that takes a list lp0 and a proof that lp0 is smaller thanlp, and returns a proof that lp0 is aessible by <LPT.157



In order to obtain the ases we are interested in, we have to perform a fewpattern mathings on the list lp and a few ase analyses. For the ase analyses,we use the following deidability lemmas:
Vardec ∈ (x, y ∈ Var) Dec(=(x, y))
∈dec ∈ (x ∈ Var; l ∈ ListVar) Dec(∈L(x, l))
Fundec ∈ (f, g ∈ Fun) Dec(=(f, g))
Ndec ∈ (n, m ∈ N) Dec(=(n, m))After �lling in the basi results, we obtain the following inomplete algorithmin ALF:
unifyacc ∈ (lp ∈ ListPT; sb ∈ Subst; Acc(ListPT, <LPT, lp)) ∨(Subst, Error)

unifyacc([] , sb, acc(_, h1)) ≡ ∨L(sb)
unifyacc(:(lp1, .(var(x), var(x1))), sb, acc(_, h1)) ≡

case Vardec(x, x1) ∈ Dec(=(x, x1))  of
yes(refl(_)) ⇒ ?unify_acc.1.0.E

no(h) ⇒ ?unify_acc.1.1.E

end
unifyacc(:(lp1, .(var(x), fun(f, lt))), sb, acc(_, h1)) ≡

case ∈dec(x, varsT(fun(f, lt))) ∈ Dec(∈L(x, varsT(fun(f, lt))))  of
yes(h) ⇒ ∨R(error)
no(h) ⇒ ?unify_acc.2.1.E

end
unifyacc(:(lp1, .(fun(f, lt), var(x))), sb, acc(_, h1)) ≡ ?unify_acc.3.E

unifyacc(:(lp1, .(fun(f1, lt1), fun(f2, lt2))), sb, acc(_, h1)) ≡
case Fundec(f1, f2) ∈ Dec(=(f1, f2))  of

yes(refl(_)) ⇒ case Ndec(n1, n2) ∈ Dec(=(n1, n2))  of
yes(refl(_)) ⇒ ?unify_acc.4.1.0.E

no(h2) ⇒ ∨R(error)
end

no(h) ⇒ ∨R(error)
endNow, it only remains to �ll in the ases where the reursive alls are per-formed. In the reursive alls, the �elds that orrespond to the lists of pairsof terms and the substitutions are the same as in the Haskell version of thealgorithm. In addition, we have to supply proofs that the new lists to be uni�edare aessible. To obtain these proofs, we use the funtion h1. In eah of thereursive alls, to the funtion h1 we have to supply a proof that the new listto be uni�ed is smaller than the original list. We use the lemmas presented insetion 4.2 (see appendix A for the ALF proofs of the lemmas) for the proofs ofthe inequalities that we supply to the funtion h1.In �gure 4.2, we present the omplete formalisation of the uni�ation algo-rithm in Martin-L�of's type theory that uses the standard aessibility prediateto handle the reursive alls.4.4.2 Problems of this FormalisationIf we ompare the algorithms in �gures 4.1 and 4.2, it is easy to see that thelatter is almost three times longer than the former. The longer the algorithm,158



Unifyacc ∈ (lp ∈ ListPT) ∨(Subst, Error)
Unifyacc(lp) ≡ unifyacc(lp, [] , allaccLPT(lp))

unifyacc ∈ (lp ∈ ListPT; sb ∈ Subst; Acc(ListPT, <LPT, lp)) ∨(Subst, Error)
unifyacc([] , sb, acc(_, h1)) ≡ ∨L(sb)
unifyacc(:(lp1, .(var(x), var(x1))), sb, acc(_, h1)) ≡

case Vardec(x, x1) ∈ Dec(=(x, x1))  of
yes(refl(_)) ⇒ unifyacc(lp1, sb, h1(lp1, <LPT(<LPTvar_var(x1, lp1))))
no(h) ⇒

unifyacc(:=LPT(x, var(x1), lp1),
:(:=S(x, var(x1), sb), .(x, var(x1))),
h1(:=LPT(x, var(x1), lp1), <LPT(<LPT:=var_term(lp1, ∉:(∉[](x), h)))))

end
unifyacc(:(lp1, .(var(x), fun(f, lt))), sb, acc(_, h1)) ≡

case ∈dec(x, varsT(fun(f, lt))) ∈ Dec(∈L(x, varsT(fun(f, lt))))  of
yes(h) ⇒ ∨R(error)
no(h) ⇒

unifyacc(
:=LPT(x, fun(f, lt), lp1),
:(:=S(x, fun(f, lt), sb), .(x, fun(f, lt))),
h1(:=LPT(x, fun(f, lt), lp1), <LPT(<LPT:=var_term(lp1, ¬∈to∉(varsT(fun(f, lt)), h)))))

end
unifyacc(:(lp1, .(fun(f, lt), var(x))), sb, acc(_, h1)) ≡

unifyacc(:(lp1, .(var(x), fun(f, lt))),
sb,
h1(:(lp1, .(var(x), fun(f, lt))), <LPT(<LPTvar_fun(f, x, lt, lp1))))

unifyacc(:(lp1, .(fun(f1, lt1), fun(f2, lt2))), sb, acc(_, h1)) ≡
case Fundec(f1, f2) ∈ Dec(=(f1, f2))  of

yes(refl(_)) ⇒
case Ndec(n1, n2) ∈ Dec(=(n1, n2))  of

yes(refl(_)) ⇒
unifyacc(++(zip(lt1, lt2), lp1),

sb,
h1(++(zip(lt1, lt2), lp1), <LPT(<LPTzip_fun_fun(f2, f2, lt1, lt2, lp1))))

no(h2) ⇒ ∨R(error)
end

no(h) ⇒ ∨R(error)
endFigure 4.2: Formalisation of the Uni�ation Algorithm by using the AessibilityPrediate
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the more diÆult is to read and understand it and this, of ourse, reates animportant gap between programming in a Haskell-like programming languageand programming in Martin-L�of's type theory.While the Haskell version of the algorithm ontains only the neessary in-formation for performing the omputations, the type theory version of the al-gorithm needs extra information in order to handle the reursive alls. In thealgorithm of �gure 4.2, eah reursive all has the form unifyacc(lp0; sb0; h1(lp0; p))for a list of pairs of terms lp0, a substitution sb0 and a proof p that the list lp0is smaller than the original list. Notie that the list lp0 appears twie in eahreursive all, whih implies having redundant information. In addition, theargument h1(lp0; p) is omputationally irrelevant; its only purpose is to serve asa struturally smaller argument on whih to perform the reursion. Moreover,the proof p is usually long, whih ontributes to make the reading of the typetheory version of the algorithm more diÆult.Most of these problems arise from the fat that the standard aessibilityprediate is a general prediate, and then it has no partiular information thatan be of use in our spei� ase study. In the next setion, we overome theproblems desribed above by presenting a speial-purpose aessibility prediatefor the uni�ation algorithm. Our speial-purpose prediate ontains usefulinformation for our spei� ase study, whih allows us to do the reursive allsin the de�nition of the uni�ation algorithm in a simple way. In this way, weobtain a formalisation of the algorithm that is short and elegant.4.5 The Uni�ation Algorithm in Type Theory:Seond AttemptIn this setion, we present the seond (and �nal) attempt to formalise the uni�-ation algorithm in Martin-L�of's type theory. This formalisation uses a speial-purpose aessibility prediate, whih we all UniAcc and it is speially de�nedfor this ase study, to handle the reursive alls.4.5.1 The UniAcc PrediateIntuitively, we an think of this prediate as de�ning the set of lists of pairs ofterms on whih our uni�ation algorithm terminates. In other words, a list ofpairs of terms lp satis�es the prediate UniAcc if our algorithm terminates onthe input list lp. Observe that, if for the input list lp the uni�ation algorithmperforms a reursive all on the list lp0, the uni�ation algorithm an only ter-minate on the input lp if it terminates on the input lp0. Then, a proof that thelist lp0 satis�es the speial-purpose aessibility prediate is a requirement forthe list lp to satisfy the prediate.To de�ne this prediate, we study the equations in the de�nition of theHaskell version of the algorithm unify h, putting the emphasis on the input list,the lists on whih we perform the reursion (if any) and any extra onditions160



(if any) that should be satis�ed in order to produe a result or to perform areursive all. We identify seven ases:� If the input list is empty, then the algorithm terminates with a substitu-tion.� If the input list is of the form (x; x) : lp, then the algorithm an onlyterminate on the input list if it terminates on the list lp.� If the input list is of the form (x; t) : lp with x ∈ varsT(t) and x ≠ t, thenthe algorithm terminates sine there does not exist a uni�er for the inputlist.� If the input list is of the form (x; t) : lp with x∉L varsT(t), then the al-gorithm an only terminate on the input list if it terminates on the listlp [x:=t℄.� If the input list is of the form (f(lt); x) : lp, then the algorithm an onlyterminate on the input list if it terminates on the list (x; f(lt)) : lp.� If the input list is of the form (f(lt1); g(lt2)) : lp and it holds that f ≠ gor that length(lt1) ≠ length(lt2), then the algorithm terminates sine theredoes not exist a possible uni�er for the input list.� If the input list is of the form (f(lt1); g(lt2)) : lp and it holds that f = gand that length(lt1) = length(lt2), then the algorithm an only terminateon the input list if it terminates on the list (zip lt1 lt2) ++ lp.Notie that these seven ases are exhaustive and mutually disjoint. Observe alsothat the ondition x ≠ t that we added in the third ase is not neessary in theHaskell version of the algorithm due to the way Haskell proesses the equationsthat de�ne an algorithm.For eah of these seven ases, we de�ne an introdution rule for the prediate
UniAcc. Eah introdution rule ontains the information we detailed above forthe orresponding ase. Then, eah introdution rule has one of the followingtwo patterns: 1 � � � n

UniAcc(lp) 1 � � � n UniAcc(lp0)
UniAcc(lp)where i, for 1 6 i 6 n, are the extra onditions that should be satis�ed inorder to produe a result or to perform a reursive all, lp0 is the list on whihwe perform the reursion and lp is the input list. Thus, the introdution rulesfor the ases where we perform a reursive all follow the pattern of the rightrule above, while the introdution rules for the other ases follow the patternof the left rule above. Notie that we do not need to mention the substitutionsnor the basi results of the algorithm in the introdution rules.In �gure 4.3, we present the de�nition of the indutive prediate UniAccusingintrodution rules and its ALF formalisation. The premises of the form a ≠ b161



De�nition of the UniAcc Prediate using IntrodutionRules
UniAcc([ ℄)
UniAcc(lp)

UniAcc((x; x) : lp)x ∈ varsT(t) x ≠ t
UniAcc((x; t) : lp)x∉L varsT(t) UniAcc(lp [x:=t℄)
UniAcc((x; t) : lp)

UniAcc((x; f(lt)) : lp)
UniAcc((f(lt); x) : lp)f ≠ g ∨ length(lt1) ≠ length(lt2)

UniAcc((f(lt1); g(lt2)) : lp)
length(lt1) = length(lt2) UniAcc((zip lt1 lt2) ++ lp)

UniAcc((f(lt1); f(lt2)) : lp)ALF De�nition of the UniAcc Prediate
UniAcc ∈ (lp ∈ ListPT) Set

uniacc[] ∈ UniAcc([] )
uniaccvar_var ∈ (x ∈ Var;

UniAcc(lp)
) UniAcc(:(lp, .(var(x), var(x))))

uniaccvar_term ∈ (lp ∈ ListPT;
∈L(x, varsT(t));
¬(=(var(x), t))

) UniAcc(:(lp, .(var(x), t)))
uniacc:=var_term ∈ (∉L(x, varsT(t));

UniAcc(:=LPT(x, t, lp))
) UniAcc(:(lp, .(var(x), t)))

uniaccvar_fun ∈ (UniAcc(:(lp, .(var(x), fun(f, lt))))
) UniAcc(:(lp, .(fun(f, lt), var(x))))

uniaccfun_fun ∈ (lt1 ∈ VTerm(n1);
lt2 ∈ VTerm(n2);
lp ∈ ListPT;
∨(¬(=(f, g)), ¬(=(n1, n2)))

) UniAcc(:(lp, .(fun(f, lt1), fun(g, lt2))))
uniacczip_fun_fun ∈ (f ∈ Fun;

UniAcc(++(zip(lt1, lt2), lp))
) UniAcc(:(lp, .(fun(f, lt1), fun(f, lt2))))Figure 4.3: The UniAcc Prediate162



in the introdution rules were formalised as ¬(=(a; b)) in the ALF de�nition.Observe that in the last three onstrutors of the ALF formalisation, the lengthsof the lists of terms are given as part of their types, that is, the lists of terms aredelared as vetors of terms. In addition, as the delarations of the vetors ofterms do not play an important role we an often hide them and then, by makingthe (visible part of the) de�nition of the onstrutors shorter, we ontribute toa better understanding of the de�nition of the prediate. In the formalisationof the last introdution rule, the Haskell funtion zip is not exatly the samefuntion as the ALF funtion zip (see setion C.4.3 of [Bov99℄ for the ALFde�nition of the funtion zip) sine the former is de�ned for any two lists whilethe latter is only de�ned for two lists of terms of the same length. For thisreason, in the last ALF onstrutor both vetors of terms should be delaredwith the same length. Finally, notie that in the last introdution rule of theprediate and in its orresponding ALF onstrutor, we diretly use the funtionsymbol f twie instead of using both funtion symbols f and g and having f = gas a premise of the rule. Similarly, in the seond rule we use the variable x twieinstead of using the variables x and y and having x = y as a premise of the rule.Given the de�nition of the prediate UniAcc, it is possible to show that alllists of pairs of terms satisfy the prediate. We disuss suh a proof in appendixB. There, we present the funtion allUniAccLPT that, given a list of pairs ofterms, returns a proof that the list satis�es the prediate UniAcc.4.5.2 The Uni�ation Algorithm using the UniAccPrediateWe now desribe how we an write the algorithm Unify in Martin-L�of's typetheory. This algorithm is the formalisation of the uni�ation algorithm thatuses the UniAcc prediate to handle the reursive alls.As before, the algorithm Unify alls the algorithm unify, but now it has tosupply a proof that the input list satis�es the prediate UniAcc.
Unify ∈ (lp ∈ ListPT) ∨(Subst, Error)

Unify(lp) ≡ unify(lp, [] , allUniAccLPT(lp))The algorithm unify is de�ned by reursion on the proof that the input list ofpairs of terms satis�es the prediate UniAcc. One we have performed patternmathing over the proof that the input list satis�es the prediate UniAcc, weobtain the following inomplete ALF ode with seven equations, one equationfor eah of the onstrutors of the prediate UniAcc:
unify ∈ (lp ∈ ListPT; sb ∈ Subst; UniAcc(lp)) ∨(Subst, Error)

unify(_, sb, uniacc[]) ≡ ?unify.0.0.E

unify(_, sb, uniaccvar_var(x, h1)) ≡ ?unify.0.1.E

unify(_, sb, uniaccvar_term(lp1, h1, h2)) ≡ ?unify.0.2.E

unify(_, sb, uniacc:=var_term(h1, h2)) ≡ ?unify.0.3.E

unify(_, sb, uniaccvar_fun(h1)) ≡ ?unify.0.4.E

unify(_, sb, uniaccfun_fun(lt1, lt2, lp1, h1)) ≡ ?unify.0.5.E

unify(_, sb, uniacczip_fun_fun(f, h1)) ≡ ?unify.0.6.E163



Unify ∈ (lp ∈ ListPT) ∨(Subst, Error)
Unify(lp) ≡ unify(lp, [] , allUniAccLPT(lp))

unify ∈ (lp ∈ ListPT; sb ∈ Subst; UniAcc(lp)) ∨(Subst, Error)
unify(_, sb, uniacc[]) ≡ ∨L(sb)
unify(_, sb, uniaccvar_var(x, h1)) ≡ unify(lp1, sb, h1)
unify(_, sb, uniaccvar_term(lp1, h1, h2)) ≡ ∨R(error)
unify(_, sb, uniacc:=var_term(h1, h2)) ≡ unify(:=LPT(x, t, lp1), :(:=S(x, t, sb), .(x, t)), h2)
unify(_, sb, uniaccvar_fun(h1)) ≡ unify(:(lp1, .(var(x), fun(f, lt))), sb, h1)
unify(_, sb, uniaccfun_fun(lt1, lt2, lp1, h1)) ≡ ∨R(error)
unify(_, sb, uniacczip_fun_fun(f, h1)) ≡ unify(++(zip(lt1, lt2), lp1), sb, h1)Figure 4.4: Formalisation of the Uni�ation Algorithm by using the UniAccPrediateNotie that eah of these onstrutors determines the form of the inputlist, whih is shown in ALF by replaing the variable that denotes the inputlist with the symbol \ ". Then, the parameter that represents the input listdoes not ontribute to the understanding of the algorithm and it an be hidden(whih is atually done in the presentation of this algorithm in setion C.5.3of [Bov99℄). The �rst, third and sixth equations orrespond to the ases wherethe algorithm returns a basi result and it is easy to �ll them in. In the rest ofthe equations we have to perform a reursive all, and then we have to supplythe new list to be uni�ed, the aumulated substitution and a proof that thenew list to be uni�ed satis�es the UniAcc prediate. Observe that in eah ofthe reursive equations, this proof is one of the parameters of the onstrutorthat builds a proof that the original list satis�es the prediate UniAcc, that is,it is one of the premises of the orresponding introdution rule. Then, we seletthe parameter that orresponds to this proof (that is, that the new list to beuni�ed satis�es the prediate UniAcc) and we supply it to the reursive all. Asthis proof determines the new list to be uni�ed, then it only remains to providethe orret substitution for eah of the ases. The following is the ALF odeobtained so far:
unify ∈ (lp ∈ ListPT; sb ∈ Subst; UniAcc(lp)) ∨(Subst, Error)

unify(_, sb, uniacc[]) ≡ ∨L(sb)
unify(_, sb, uniaccvar_var(x, h1)) ≡ unify(lp1, ?sb1, h1)
unify(_, sb, uniaccvar_term(lp1, h1, h2)) ≡ ∨R(error)
unify(_, sb, uniacc:=var_term(h1, h2)) ≡ unify(:=LPT(x, t, lp1), ?sb2, h2)
unify(_, sb, uniaccvar_fun(h1)) ≡ unify(:(lp1, .(var(x), fun(f, lt))), ?sb3, h1)
unify(_, sb, uniaccfun_fun(lt1, lt2, lp1, h1)) ≡ ∨R(error)
unify(_, sb, uniacczip_fun_fun(f, h1)) ≡ unify(++(zip(lt1, lt2), lp1), ?sb4, h1)In �gure 4.4, we present the omplete formalisation of the type theory ver-sion of the uni�ation algorithm that uses the prediate UniAcc to handle thereursive alls. 164



Observe that the ALF ode of this version of the algorithm is short andonise. Notie also that we were able to eliminate all the proofs related to theinequalities of lists of pairs of terms from the ode of the formalisation of thealgorithm.4.6 Towards Program ExtrationIn this setion, we disuss a methodology that extrats a Haskell program fromthe type theory formalisation of the uni�ation algorithm that uses our speial-purpose aessibility prediate to handle the reursive alls.Although ALF does not support program extration, in this setion we as-sume that we know how to transform ALF expressions like :(lp; :(var(x); t)),
:=LPT(x; t; lp), a = b or ∈L(x; varsT(t)) into their orresponding Haskell expressions((Var x,t):lp), (substLPT x t lp), a == b or (x `elem` (varsT t)) re-spetively, where, Var, substLPT, elem and varsT are some of the Haskell on-strutors and funtions already introdued in setion 4.1.In setion 4.5.1, to make the de�nition of the prediate UniAcc shorter, in theseond introdution rule of the prediate we used the variable x twie insteadof using the variables x and y and adding x = y to the premises of the rule.Similarly, we have also simpli�ed the last introdution rule by using only onefuntion symbol and by de�ning both vetors with the same length. If we extrata program from the urrent version of the algorithm unify, we would obtain aHaskell program with expressions like ((Var x,Var x):lp) as part of the lefthand side of the equations of the Haskell program. As Haskell does not allow thiskind of expression, we should modify our speial-purpose aessibility prediatein order to avoid having the same variable ourring more than one in thetype of a introdution rule of the prediate UniAcc. One we have modi�ed thede�nition of our speial-purpose aessibility prediate, we write the type theoryformalisation of the uni�ation algorithm that uses this modi�ed prediate tohandle the reursive alls. For this, we follow the method desribed in theprevious setion. Observe that, sine the vetors in the last introdution rule ofthe prediate are not longer delared with the same length, we need to de�ne anew zip funtion in ALF. We present the funtion zip2, the prediate UniAcc2and the algorithm unify2 (whih are the new versions of zip, UniAcc and unifyrespetively) in �gure 4.5. Observe that the de�nition of the ALF funtion zip2is very similar to the de�nition of the Haskell funtion zip. The di�erene isthat the Haskell funtion zip is de�ned for any two lists and our ALF funtion
zip2 is de�ned just for two lists of terms. Notie that only the seond andlast onstrutor of the prediate have hanged and also notie that the hangesdo not a�et the de�nition of the uni�ation algorithm. Finally, observe that,one again, we have hidden the delarations of some of the parameters in thede�nition of the prediate.As before (see setion 4.5.1), eah of the introdution rules of the modi�edspeial-purpose aessibility prediate has one of the following two patterns:165



zip2 ∈ (lt1 ∈ VTerm(n1); lt2 ∈ VTerm(n2)) ListPT
zip2([]v, lt2) ≡ []
zip2(:v(lt’1, t1), []v) ≡ []
zip2(:v(lt’1, t1), :v(lt’2, t2)) ≡ :(zip2(lt’1, lt’2), .(t1, t2))

UniAcc2 ∈ (lp ∈ ListPT) Set
uniacc2[] ∈ UniAcc2([] )
uniacc2var_var ∈ (=(x, y);

UniAcc2(lp)
) UniAcc2(:(lp, .(var(x), var(y))))

uniacc2var_term ∈ (lp ∈ ListPT;
∈L(x, varsT(t));
¬(=(var(x), t))

) UniAcc2(:(lp, .(var(x), t)))
uniacc2:=var_term ∈ (∉L(x, varsT(t));

UniAcc2(:=LPT(x, t, lp))
) UniAcc2(:(lp, .(var(x), t)))

uniacc2var_fun ∈ (UniAcc2(:(lp, .(var(x), fun(f, lt))))
) UniAcc2(:(lp, .(fun(f, lt), var(x))))

uniacc2fun_fun ∈ (lt1 ∈ VTerm(n1);
lt2 ∈ VTerm(n2);
lp ∈ ListPT;
∨(¬(=(f, g)), ¬(=(n1, n2)))

) UniAcc2(:(lp, .(fun(f, lt1), fun(g, lt2))))
uniacc2zip_fun_fun ∈ (=(n1, n2);

=(f, g);
UniAcc2(++(zip2(lt1, lt2), lp))

) UniAcc2(:(lp, .(fun(f, lt1), fun(g, lt2))))

unify2 ∈ (lp ∈ ListPT; sb ∈ Subst; UniAcc2(lp)) ∨(Subst, Error)
unify2(_, sb, uniacc2[]) ≡ ∨L(sb)
unify2(_, sb, uniacc2var_var(c1, h)) ≡ unify2(lp1, sb, h)
unify2(_, sb, uniacc2var_term(lp1, c1, c2)) ≡ ∨R(error)
unify2(_, sb, uniacc2:=var_term(c1, h)) ≡ unify2(:=LPT(x, t, lp1), :(:=S(x, t, sb), .(x, t)), h)
unify2(_, sb, uniacc2var_fun(h)) ≡ unify2(:(lp1, .(var(x), fun(f, lt))), sb, h)
unify2(_, sb, uniacc2fun_fun(lt1, lt2, lp1, c1)) ≡ ∨R(error)
unify2(_, sb, uniacc2zip_fun_fun(c1, c2, h)) ≡ unify2(++(zip2(lt1, lt2), lp1), sb, h)Figure 4.5: De�nitions of the funtion zip2, the prediate UniAcc2 and thealgorithm unify2
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UniAcc2(lp) 1 � � � n UniAcc2(lp0)

UniAcc2(lp)where i, for 1 6 i 6 n, are the extra onditions that should be satis�ed in orderto produe a result or to perform a reursive all in the algorithm, lp0 is the liston whih the algorithm performs the reursion and lp is the input list. Moreover,the introdution rules for the ases where the uni�ation algorithm produes abasi result (either the value error or a substitution) follow the pattern of theleft rule above, while the introdution rules for the ases where the uni�ationalgorithm performs a reursive all follow the pattern of the right rule above.Then, we an also distinguish two kinds of equations in the ALF ode of thealgorithm unify2: the equations where the algorithm produes a basi result,whih have the form:
unify2( ; sb; uniacc2name(v1; : : : ; vm; 1; : : : ; n)) = basicresultand the equations where the algorithm performs a reursive all, whih have theform:

unify2( ; sb; uniacc2name(v1; : : : ; vm; 1; : : : ; n; h)) = unify2(lp0; sb0; h)where vi, for 1 6 i 6 m, are the delarations of the variables that are used in theorresponding introdution rule of the prediate (whih are usually hidden, soin many ases one annot see them), sb is the original aumulated substitution,sb0 is the new aumulated substitution, lp0 is the list on whih we perform thereursive all and h is a proof that lp0 satis�es the prediate UniAcc.Now, we desribe how to obtain the Haskell equation that orresponds toeah of the two type theory equations presented above.Given the type theory equation of the algorithm unify2 that produes aresult, we know there exists a list of pairs of terms lp suh that:
uniacc2name(v1; : : : ; vm; 1; : : : ; n) ∈ UniAcc2(lp)Notie that lp is the input list of the algorithm. Moreover, the variables usedto form the list lp are drawn from v1; : : : ; vm.Let sb, lp, basi result and i be the Haskell versions of sb, lp, basicresultand i respetively, for 1 6 i 6 n. Then, the Haskell equation orresponding tothe equation of the algorithm unify2 that produes a result is the following:unify2 lp sb| 1 && ... && n = basi_resultSimilarly, given the type theory equation of the algorithm unify2 that per-forms a reursive all, we know that there exist two lists of pairs of terms lp0and lp suh that: h ∈ UniAcc2(lp0)

uniacc2name(v1; : : : ; vm; 1; : : : ; n; h) ∈ UniAcc2(lp)167



Notie that lp is the input list and lp0 the list on whih we perform the reursion.As before, the variables used to form both the list lp0 and the list lp are drawnfrom v1; : : : ; vm. Moreover, the variables used to form lp0 are inluded in theones used to form lp.Let sb, sb', lp, lp' and i be the Haskell versions of sb, sb0, lp, lp0 and irespetively, for 1 6 i 6 n. Then, the Haskell equation orresponding to theequation of the algorithm unify2 that performs a reursive all is the following:unify2 lp sb| 1 && ... && n = unify2 lp' sb'Following this explanation, the Haskell algorithm that would be extratedfrom the algorithm unify2 would be the following one:unify :: ListPT -> Subst -> Either Subst Errorunify2 [℄ sb = Right sbunify2 ((Var x,Var y):lp) sb| x == y = unify2 lp sbunify2 ((Var x,t):lp) sb| x `elem` (varsT t) && (Var x) /= t = Left Errorunify2 ((Var x,t):lp) sb| not(x `elem` (varsT t)) = unify2 (substLPT x t lp)((x,t):substS x t sb)unify2 ((Fun f lt,Var x):lp) sb= unify2 ((Var x, Fun f lt):lp) sbunify2 ((Fun f lt1,Fun g lt2):lp) sb| f /= g || length lt1 /= length lt2 = Left Errorunify2 ((Fun f lt1,Fun g lt2):lp) sb| f == g && length lt1 == length lt2= unify2 ((zip lt1 lt2)++lp) sbNotie that the algorithm that results from the program extration is verysimilar to the Haskell algorithm we presented in setion 4.1 and that we usedfor onstruting the prediate UniAcc (and the prediate UniAcc2). This is nota surprise to us, sine we an atually think of the proess that given a Haskellversion of the uni�ation algorithm onstruts its type theory version, and theproess that extrats a Haskell program from the type theory version of thealgorithm as being the inverse of eah other. The fat that the type of theresult of the algorithm given above is Either Subst Error instead of MaybeSubst (as in the Haskell program of setion 4.1) has to do with the deision toformalise the type Maybe Subst as ∨(Subst;Error) in type theory. In addition,notie that the equations in the algorithm we present above are exhaustive andmutually disjoint. This omes from the fat that the introdution rules of thespeial-purpose aessibility prediate are also exhaustive and mutually disjoint.In addition, as eah equation in the above algorithm onsiders one and only onepossible ase of the input list of pairs of terms, they an be given in any order.168



Finally, we want to add that the transformation that takes the prediate UniAccinto the prediate UniAcc2an be done ompletely automatially. Then, when avariable x ours more than one in the type of an introdution rule, we shouldgenerate new variables to replae the repeated ourrenes of the variable x andwe should add onditions stating that the new generated variables are equal tox. Moreover, we ould have performed the generation of new variables and theaddition of the new onstraints embedded in the program extration proess,and then we ould have just presented the program extration methodology fromthe prediate UniAcc. However, this would have only made the real proess ofprogram extration more ompliated.To onlude, we believe that this methodology for program extration is easyto program, and then it an be added as part of a future program extrationmodule for ALF.
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Chapter 5More about SubstitutionsWe introdued the ALF formalisation of substitutions in setion 4.3. Here, weintrodue a few more de�nitions and some properties of substitutions whih willbe used in the following two hapters to prove the partial orretness of thealgorithm Unify and the integrated approah to the uni�ation algorithm.5.1 Appliation of SubstitutionsWe de�ne two ways of applying a substitution sb to a term t: by reursion onthe term and by reursion on the substitution. Both de�nitions are useful whenproving properties that involve the result of applying a substitution to a term.The de�nition that is more onvenient in eah ase depends on the property wewant to prove.The ALF de�nition of the appliation of a substitution to a term that isde�ned by reursion on the term is as follows:
appPT ∈ (sb ∈ Subst; t ∈ Term) Term

appPT([] , var(x)) ≡ var(x)
appPT(:(sb1, .(x1, t)), var(x)) ≡ VartoA(t, appPT(sb1, var(x)), Vardec(x1, x))
appPT(sb, fun(f, lt)) ≡ fun(f, appPVT(sb, lt))

appPVT ∈ (sb ∈ Subst; lt ∈ VTerm(n)) VTerm(n)
appPVT(sb, []v) ≡ []v

appPVT(sb, :v(lt’, t)) ≡ :v(appPVT(sb, lt’), appPT(sb, t))where the funtion VartoA was already introdued at the beginning of setion4.3.Notie that due to the way terms are de�ned, we need two mutually reursivefuntions to de�ne this appliation. Notie also that this de�nition orrespondsto what is usually referred as parallel appliation. In the parallel appliation,we substitute, at the same time, all the terms that our in the right hand sideof the pairs of a substitution sb for their assoiated variables in the term t.The ALF de�nition of the appliation of a substitution to a term that isde�ned by reursion on the substitution is as follows:171



appST ∈ (sb ∈ Subst; t ∈ Term) Term
appST([] , t) ≡ t
appST(:(sb1, .(x, t1)), t) ≡ appST(sb1, :=T(x, t1, t))Notie that this de�nition orresponds to what is usually referred as sequen-tial appliation. In the sequential appliation, we substitute, one at a time, allthe terms that our in the right hand side of the pairs of a substitution sb fortheir assoiated variables in the term t, until there are no more variables in thedomain of the substitution, that is, the substitution is empty.Even though the sequential appliation an be de�ned using just one fun-tion, it is useful to de�ne the orresponding sequential appliation for vetorsof terms. Then, we have that:

appSVT ∈ (sb ∈ Subst; lt ∈ VTerm(n)) VTerm(n)
appSVT(sb, []v) ≡ []v

appSVT(sb, :v(lt’, t)) ≡ :v(appSVT(sb, lt’), appST(sb, t))For a given substitution and a given term, the appliation of the substitutionto the term might result in di�erent terms, depending on whether one followsthe de�nition of the parallel appliation or the de�nition of the sequential appli-ation. As an example, given the substitution [(x; g(y)),(y; h(z))℄ and the termf(x), the result of the parallel appliation is the term f(g(y)), while the resultof the sequential appliation is the term f(g(h(z))). However, in setion 5.4 weshow that both appliations give the same result for idempotent substitutions.As we already mention, both the parallel and the sequential appliation areuseful when proving properties that involve the result of applying a substitutionto a term. Besides, the result of both appliation is the same for idempotentsubstitution. Sine this is atually our ase, as it will be shown in setion 6.3,it does not matter whih of the de�nitions we hoose when proving properties.In what follows, we use sb(t) or we refer to \the appliation of sb to t" todenote both the parallel and the sequential appliation of a substitution sb toa term t. Given a vetor of terms lt, an analogous explanation holds for sb(lt).5.2 Idempotent SubstitutionsFollowing the standard de�nition of idempotene, a substitution sb is idempo-tent if for every term t it holds that sb(sb(t)) = sb(t). The ALF de�nition ofidempotene is the following:
Idempotent∈ (sb ∈ Subst) Set

Idempotent≡ [sb]∀(Term, [t]=(appPT(sb, appPT(sb, t)), appPT(sb, t)))Sine this de�nition does not ontain any onrete information that helpsus in understanding when the equality holds, this de�nition is sometimes notvery useful if we intend to use the fat that a ertain substitution is idempotentto prove other properties of the substitution. Therefore, we want to have anindutive de�nition of idempotene.To understand the de�nition of idempotene we need to understand underwhih onditions the equality sb(sb(t)) = sb(t) holds. Applying a substitution172



to a term results in the same term only when the domain of the substitutionand the set of variables in the term are disjoint. In our partiular ase, if thedomain and the range of the substitution sb are disjoint, then the domain ofsb and the set of variables in sb(t) are disjoint. Thus, we give the followingindutive de�nition of idempotene:
Idem ∈ (sb ∈ Subst) Set

[] idem ∈ Idem([] )
:idem ∈ (Idem(sb);

Disjoint(varsT(t), dom(:(sb, .(x, t))));
∉L(x, varsS(sb))

) Idem(:(sb, .(x, t)))Notie that this de�nition provides more information than just the fat thatthe domain and the range of a substitution are disjoint. It also states that allthe variables in the domain of a substitution that satis�es the prediate Idemare di�erent from eah other.In what follows, we usually refer to \an idempotent substitution" when weatually mean \a substitution that satis�es the prediate Idem".5.3 Most General Uni�erIn this setion, we present several de�nitions that involve the notion of uni�er,onluding with the de�nition of the notion of most general uni�er.We now de�ne when a substitution sb uni�es a list of pairs of terms lp. Asexplained before, sb uni�es the list lp if, for all pair (t1; t2) in lp, it holds thatsb(t1) = sb(t2). Hene, we give the following indutive de�nition in ALF:
unifiesLPT ∈ (sb ∈ Subst; lp ∈ ListPT) Set

unifiesLPT_[] ∈ (sb ∈ Subst) unifiesLPT(sb, [] )
unifiesLPT_: ∈ (unifiesLPT(sb, lp’);

=(appPT(sb, t1), appPT(sb, t2))
) unifiesLPT(sb, :(lp’, .(t1, t2)))In a similar way, we de�ne when a substitution sb1 uni�es a substitution sb2.

unifiesS ∈ (sb1, sb2 ∈ Subst) Set
unifiesS_[] ∈ (sb ∈ Subst) unifiesS(sb, [] )
unifiesS_: ∈ (unifiesS(sb, sb1);

=(appPT(sb, var(x)), appPT(sb, t))
) unifiesS(sb, :(sb1, .(x, t)))We want to prove that if the substitution sb is the result of unifying the listof pairs of terms lp, then lp and sb are equivalent in the sense that they havethe same set of uni�ers when we onsider both lp and sb as set of equations.Then, we need to have a notion of equivalene between lists of pairs of termsand substitutions. As the algorithm Unify is de�ned in terms of the algorithm

unify and the latter takes also an aumulated substitution as input, we needto give a more general notion of equivalene in order to be able to prove thedesired property. Given a list of pairs of terms lp and two substitutions sb and173



sb0, we de�ne that the pair (lp; sb) is equivalent to the substitution sb0 if everysubstitution sb1 that uni�es both lp and sb also uni�es sb0, and vie versa.
≡LpSbLpSb ∈ (lp ∈ ListPT; sb, sb’ ∈ Subst) Set

≡LpSbLpSb ≡
[lp, sb, sb’]

∀(Subst, [sb1]⇔(∧(unifiesLPT(sb1, lp), unifiesS(sb1, sb)), unifiesS(sb1, sb’)))We now de�ne the desired notion of equivalene between a list of pairs ofterms and a substitution as a speial ase of the previous notion.
≡LpSb ∈ (lp ∈ ListPT; sb ∈ Subst) Set

≡LpSb ≡ [lp, sb]≡LpSbLpSb(lp, [] , sb)Finally, we de�ne the notion of most general uni�er. We de�ned before,a substitution sb is a most general uni�er of a list of pairs of terms lp if sbis the most general substitution that uni�es lp. In other words, sb is a mostgeneral uni�er of lp if sb uni�es lp and, for any other substitution sb0 that alsouni�es lp, sb is at least as general as sb0. The relation \at least as general as"on substitutions is de�ned as follows: sb is at least as general as sb0 if thereexists a substitution sb1 suh that sb0(t) = sb1(sb(t)), for all terms t. The Alfformalisation of this relation is the following:
≤Sb ∈ (sb, sb’ ∈ Subst) Set

≤Sb ≡ [sb, sb’]∃(Subst, [sb1]∀(Term, [t]=(appPT(sb’, t), appPT(sb1, appPT(sb, t)))))With this de�nition, we write sb ≤Sb sb0 whenever sb is at least as general as sb0.We express the notion of most general uni�er in the following ALF de�nition:
mgu ∈ (sb ∈ Subst; lp ∈ ListPT) Set

mgu ≡
[sb, lp]∧(unifiesLPT(sb, lp), ∀(Subst, [sb’]⇒(unifiesLPT(sb’, lp), ≤Sb(sb, sb’))))5.4 Some Properties involving SubstitutionsIn this setion, we present some interesting properties involving substitutions.See setion C.4.6 of [Bov99℄ for the omplete ALF proofs of these properties.Although the results we show here are used in the following two hapters, thereader may skip the tehnial details in the proofs of these results.The �rst property we present here states that, given a variable x, two termst and t0 and a substitution sb, if x and t have the same image under sb, thenthe terms t0 and t0 [x:=t℄ also have the same image under sb. Beause of the wayterms are de�ned, we also need the orresponding property for vetors of terms.

=:=appP_T ∈ (t’ ∈ Term;
=(appPT(sb, var(x)), appPT(sb, t))

) =(appPT(sb, t’), appPT(sb, :=T(x, t, t’)))
=:=appP_VT ∈ (lt ∈ VTerm(n);

=(appPT(sb, var(x)), appPT(sb, t))
) =(appPVT(sb, lt), appPVT(sb, :=VT(x, t, lt)))The proofs are made by reursion on the term t0 and the vetor lt respetively.174



As expeted, if the set of variables in a term and the domain of a substitutionare disjoint, applying the substitution to the term has no e�et.
=Tdisj_vars ∈ (sb ∈ Subst; Disjoint(varsT(t), dom(sb))) =(t, appST(sb, t))This property is proven by reursion on the substitution sb.The next property establishes that if sb is an idempotent substitution, thenthe set of variables in the term sb(t) and the domain of sb are disjoint.
disjvars_appS∈ (t ∈ Term; Idem(sb)) Disjoint(varsT(appST(sb, t)), dom(sb))The proof is made by reursion on the proof that sb is idempotent.An important property already mentioned before is that, for idempotentsubstitutions, the parallel and sequential appliations produe the same result.One more, due to the way terms are de�ned, we need the orresponding prop-erty for vetors of terms.
=TappP_S ∈ (sb ∈ Subst; t ∈ Term; Idem(sb)) =(appPT(sb, t), appST(sb, t))
=VTappP_S ∈ (lt ∈ VTerm(n); Idem(sb)) =(appPVT(sb, lt), appSVT(sb, lt))The proofs are made by reursion on the term t and the vetor lt respetively.When the term is a variable term, we also onsider ases on the substitution sb.Now, we present the property that establishes that if a substitution satis-�es the prediate Idem, then the substitution is idempotent aording to thestandard de�nition.
idemtoidempotent∈ (Idem(sb)) Idempotent(sb)This proof uses the previous three properties presented here.Finally, we present the proof that states that if a variable (term) x is inludedin the set of variables in a term t with x ≠ t, then there exists no substitutionthat uni�es x and t.The usual way to prove this property onsists in de�ning an indutive rela-tion \is a proper subterm of", showing that x is a proper subterm of t, and thenproving that this relation is preserved under substitution appliation. Hene,for no substitution sb we have that sb(x) = sb(t) sine sb(x) is a proper subtermof sb(t).The approah we use to prove this property is a di�erent one. We prove anauxiliary lemma that establishes that, given a substitution sb, it is absurd tohave that x ∈ varsT(t) with x ≠ t and also that sb(x) = sb(t). Then, proving thatno substitution an unify x and t is trivial from this auxiliary lemma.In what follows, we make use of some lemmas about inequality of naturalnumbers1:
≤to<sL ∈ (≤(n, m)) <(n, s(m))
<∧=to⊥ ∈ (<(n, m); =(n, m)) ⊥
≤to≤+R ∈ (p ∈ N; ≤(n, m)) ≤(n, +(m, p))We now present the auxiliary lemma in ALF:1See setion C.3.4 of [Bov99℄ for the omplete ALF proofs of these lemmas.175



∈∧≠∧unifyto⊥ ∈ (t ∈ Term; ∈L(x, varsT(t)); ¬(=(var(x), t)); =(appPT(sb, var(x)), appPT(sb, t))) ⊥
∈∧≠∧unifyto⊥(var(x1), ∈hd(_, _), ⇒I(f1), h2) ≡ f1(refl(var(x1)))
∈∧≠∧unifyto⊥(var(x1), ∈tl(_, _, h3), h1, h2) ≡ case h3 ∈ ∈L(x, [] )  of

end
∈∧≠∧unifyto⊥(fun(f, lt), h, h1, h2) ≡ <∧=to⊥(≤to<sL(∈to≤#funsVT(sb, lt, h)), =cong1(#funsT, h2))The lemma is proven by �rst performing pattern mathing on the term t. Whent is a variable, we study ases on the proof that x ∈ varsT(t). Clearly, t annotbe the variable x beause x ≠ t (�rst equation) nor a variable di�erent fromx beause x ∈ varsT(t) (seond equation). Hene, t has to be a funtion ap-pliation of the form f(lt), and then we have that x ∈ varsVT(lt). Here, weknow that #funsT(f(lt)) = #funsVT(lt) + 1, by de�nition of the funtion #funsT.Now, the lemma ∈to≤ #funsVT (whih is explained below) gives us a proof that

#funsT(sb(x)) ≤ #funsVT(sb(lt)) whih, by lemma ≤to<sL, gives us a proof that
#funsT(sb(x)) < #funsT(sb(f(lt))). On the other hand, as sb(x) = sb(f(lt)), weobtain that #funsT(sb(x)) = #funsT(sb(f(lt))) whih learly ontradits the pre-vious result.The lemmas ∈to≤#funsTand ∈to≤#funsVT are de�ned in a mutually reursive wayas follows:

∈to≤#funsT ∈ (sb ∈ Subst;
t ∈ Term;
∈L(x, varsT(t))

) ≤(#funsT(appPT(sb, var(x))), #funsT(appPT(sb, t)))
∈to≤#funsT(sb, var(x1), ∈hd(_, _)) ≡ ∨R(refl(#funsT(appPT(sb, var(x1)))))
∈to≤#funsT(sb, var(x1), ∈tl(_, _, h1)) ≡ case h1 ∈ ∈L(x, [] )  of

end
∈to≤#funsT(sb, fun(f, lt), h) ≡ ≤to≤+R(s(0), ∈to≤#funsVT(sb, lt, h))

∈to≤#funsVT ∈ (sb ∈ Subst;
lt ∈ VTerm(n);
∈L(x, varsVT(lt))

) ≤(#funsT(appPT(sb, var(x))), #funsVT(appPVT(sb, lt)))
∈to≤#funsVT(sb, []v, h) ≡ case h ∈ ∈L(x, varsVT([]v))  of

end
∈to≤#funsVT(sb, :v(lt’, t’), h) ≡

case ∈++to∈∨(varsT(t’), h) ∈ ∨(∈L(x, varsVT(lt’)), ∈L(x, varsT(t’)))  of
∨L(h1) ⇒ ≤to≤+R(#funsT(appPT(sb, t’)), ∈to≤#funsVT(sb, lt’, h1))
∨R(h2) ⇒

=subst1(+comm(#funsT(appPT(sb, t’)), #funsVT(appPVT(sb, lt’))),
≤to≤+R(#funsVT(appPVT(sb, lt’)), ∈to≤#funsT(sb, t’, h2)))

endThe lemmas are proven by reursion on the term t and the vetor of terms ltrespetively.When t is a variable, we study ases on the proof that x ∈ varsT(t). If t is thevariable x, then the result is trivial (�rst equation of lemma ∈to≤ #funsT). On theother hand, t annot be a variable di�erent from x beause this ontradits thefat that x ∈ varsT(t) (seond equation of lemma ∈to≤#funsT). When t is a funtionappliation of the form f(lt), we know that x ∈ varsVT(lt). By de�nition of thefuntion #funsT, we have that #funsT(f(lt)) = #funsVT(lt) + 1. Here, by lemma
∈to≤#funsVT, we have a proof that #funsT(sb(x)) ≤ #funsVT(sb(lt)) whih, by lemma176



≤to≤+R, gives us a proof that #funsT(sb(x)) ≤ #funsT(sb(f(lt))).The vetor of terms lt annot be empty beause this ontradits the fat thatx ∈ varsVT(lt). Hene, it should be of the form (t0 : lt0). Here, by de�nition ofthe funtion #funsVT, we have that #funsVT(lt) = #funsVT(lt0) + #funsT(t0). Now,we use the lemma ∈++to∈∨, with the proof h that x ∈ varsVT(lt), to see whetherx ∈ varsVT(lt0) or x ∈ varsT(t0). If x ∈ varsVT(lt0) (�rst equation in the ase analy-sis), by reursion on the vetor lt0 we have that #funsT(sb(x)) ≤ #funsVT(sb(lt0)),and then we obtain #funsT(sb(x)) ≤ #funsVT(sb(lt0)) + #funsT(sb(t0)) by lemma
≤to≤+R. The ase where x ∈ varsT(t0) is similar to the previous one. Here, as theorder of the summands in the de�nition of #funsVT is relevant in ALF, we haveto use the fat that the addition of natural numbers is ommutative.
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Chapter 6Partial Corretness of theUni�ation AlgorithmHere, we present the partial orretness of the uni�ation algorithm introduedin setion 4.5. Then, we prove the following properties:� The algorithm Unify results in the value erroronly if there exists no sub-stitution that uni�es the input list of pairs of terms.� If the uni�ation algorithm results in a substitution, then the variablesthat our in this substitution are inluded in the variables that our inthe input list of pairs of terms.� If the uni�ation algorithm results in a substitution, then this substitutionis idempotent.� If the uni�ation algorithm results in a substitution, then this substitutionis a most general uni�er of the input list of pairs of terms.Eah of the following four setions desribes how to prove one of the aboveproperties. See setions C.6 and C.5.4 of [Bov99℄ for the ALF odes of theformalisation of these properties.We assume that, by now, the reader is already familiar with the ALF no-tation and with the way properties are proven in ALF. Therefore, we do notexplain the following ALF odes as muh as we have done it previously. Inaddition, as we prove eah of the properties in a similar way, only the �rst twoproperties are desribed in a more detailed way.6.1 About the Result of the Uni�ationAlgorithmIn this setion we show that if there exists a substitution that uni�es the inputlist of pairs of terms, then the result of the uni�ation algorithm is not the value179



error, and if the result of the uni�ation algorithm is the value error, then thereexists no substitution that uni�es the input list of pairs of terms. The ALFde�nitions of these two funtions are the following:
unifiesto¬error ∈ (∃(Subst, [sb]unifiesLPT(sb, lp))) ¬(=(Unify(lp), ∨R(error)))

unifiesto¬error(h) ≡ ⇒I([h’]error∧unifiesto⊥(h’, h))
errorto¬unifies ∈ (=(Unify(lp), ∨R(error))) ¬(∃(Subst, [sb]unifiesLPT(sb, lp)))

errorto¬unifies(h) ≡ ⇒I(error∧unifiesto⊥(h))To prove these properties we use the following lemma:
error∧unifiesto⊥ ∈ (=(Unify(lp), ∨R(error)); ∃(Subst, [sb]unifiesLPT(sb, lp))) ⊥

error∧unifiesto⊥(h, h1) ≡ unifies∧errorto⊥(allUniAccLPT(lp), h1, h)whih, in turn, uses an auxiliary lemma over the algorithm unify. This auxiliarylemma takes, as an extra parameter, a proof that the input list satis�es theprediate UniAcc. We prove this auxiliary lemma by reursion on this extraparameter.
unifies∧errorto⊥ ∈ (p ∈ UniAcc(lp);

∃(Subst, [sb’]unifiesLPT(sb’, lp));
=(unify(sb, p), ∨R(error))

) ⊥
unifies∧errorto⊥(uniacc[], h, h1) ≡ case h1 ∈ =(unify(sb, uniacc[]), ∨R(error))  of

end
unifies∧errorto⊥(uniaccvar_var(x, h2), ∃I(sb1, h), h1) ≡

unifies∧errorto⊥(h2, ∃I(sb1, unifiesLPT_red(h)), h1)
unifies∧errorto⊥(uniaccvar_term(lp1, h2, h3), ∃I(sb1, h), h1) ≡ unifiesLPT∧∈to⊥(h, h2, h3)
unifies∧errorto⊥(uniacc:=var_term(h2, h3), ∃I(sb1, h), h1) ≡

unifies∧errorto⊥(h3, ∃I(sb1, unifiesLPT_:=R(h)), h1)
unifies∧errorto⊥(uniaccvar_fun(h2), ∃I(sb1, h), h1) ≡

unifies∧errorto⊥(h2, ∃I(sb1, unifiesLPT_fvtovf(h)), h1)
unifies∧errorto⊥(uniaccfun_fun(lt1, lt2, lp1, ∨L(⇒I(f1))), ∃I(sb1, h), h1) ≡ f1(unifiesLPTto=f(h))
unifies∧errorto⊥(uniaccfun_fun(lt1, lt2, lp1, ∨R(⇒I(f1))), ∃I(sb1, h), h1) ≡ f1(unifiesLPTto=arity(h))
unifies∧errorto⊥(uniacczip_fun_fun(f, h2), ∃I(sb1, h), h1) ≡

unifies∧errorto⊥(h2, ∃I(sb1, unifiesLPT_funtozip(h)), h1)In the �rst equation, h1 is a proof that the result of the algorithm unify isthe value errorwhih ontradits the fat that when the input list is empty theresult of unify is the aumulated substitution.In the seond equation, h is a proof that sb1 uni�es the input list, whihhas the form (x; x) : lp0. Now, the result of unifying the list (x; x) : lp0 is, byhypothesis, the value error and, by de�nition of the algorithm unify, equal tothe result of unifying the list lp0. Hene, we have that the result of unifyingthe list lp0 is equal to the value error. Then, by reursion on the proof that thelist lp0 satis�es the prediate UniAcc (that is, the parameter h2), we obtain aontradition. To the reursive all, we have to supply a proof that there existsa substitution that uni�es the list lp0. The lemma unifyLPT red takes the proofthat sb1 uni�es the input list (that is, it takes the argument h) and gives us aproof that sb1 also uni�es the list lp0 (see setion C.4.4 of [Bov99℄ for the ALFproof of this lemma).The third equation onsiders the ase where the input list is of the form180



(x; t) : lp0, with x ∈ t and x ≠ t. As the substitution sb1 uni�es the input list,then we know that sb1(x) = sb1(t). The lemma unifiesLPT∧∈to⊥ (see setion C.4.4of [Bov99℄ for its ALF proof) uses the lemma ∈∧≠∧unifiesto⊥ (presented in setion5.4) to show that this ase leads to a ontradition.The following two equations are similar to the seond one.The next equation onsiders the ase where the input list of pairs of termshas the form (f(lt1); g(lt2)) : lp0 and we have a proof that f ≠ g. Now, as thesubstitution sb1 uni�es the input list, we have that sb1(f(lt1)) = sb1(g(lt2)).Clearly, this an only hold if f = g whih ontradits the fat that f ≠ g. Thelemma unifiesLPTto=f takes the argument h (that is, the proof that sb1 uni�es theinput list), and returns a proof that the funtion symbols are equal (see setionC.4.4 of [Bov99℄ for the ALF formalisation of the proof of this lemma).The following equation is similar to the previous one. The last equation issimilar to the seond one.
6.2 Variables PropertyTo prove that if the algorithm Unify results in a substitution, then the variablesthat our in this substitution are inluded in the variables that our in theinput list of pairs of terms, we use a similar tehnique as in the previous setion.That is, we prove an auxiliary lemma over the algorithm unify that takes, amongother parameters, a proof that the input list satis�es the prediate UniAcc.

varsprop ∈ (=(Unify(lp), ∨L(sb))) ⊆(varsS(sb), varsLPT(lp))
varsprop(h) ≡ varslemma(allUniAccLPT(lp), h, ⊆refl(varsLPT(lp)), ⊆[](varsLPT(lp)))The auxiliary lemma states that if the input list satis�es the prediate

UniAcc, if the algorithm unify results in a substitution sb0, and if both thevariables that our in the input list of pairs of terms and in the aumulatedsubstitution are inluded in a list of variables l, then the variables that ourin the substitution sb0 are also inluded in the list l. When we all this lemmafrom the proposition varsprop, we use the list varsLPT(lp) as the list of variablesl. Hene, we need proofs that varsLPT(lp)⊆ varsLPT(lp) and [ ℄⊆ varsLPT(lp), sine[ ℄ is the initial aumulated substitution.To prove the auxiliary lemma, we use several general lemmas about listinlusion whose proofs an be found in setion C.3.2 of [Bov99℄. The proof ofthe auxiliary lemma also uses a few speial-purpose lemmas about list inlusionwhose proofs an be found in setion C.4.4 of [Bov99℄.Below we show the proof of the auxiliary lemma, whih is done by reursionon the proof that the input list satis�es the prediate UniAcc.181



varslemma ∈ (p ∈ UniAcc(lp);
=(unify(sb, p), ∨L(sb’));
⊆(varsLPT(lp), l);
⊆(varsS(sb), l)

) ⊆(varsS(sb’), l)
varslemma(uniacc[], refl(_), h1, h2) ≡ h2

varslemma(uniaccvar_var(x, h3), h, h1, h2) ≡ varslemma(h3, h, ⊆trans(⊆varsvar_var(x, lp1), h1), h2)
varslemma(uniaccvar_term(lp1, h3, h4), h, h1, h2) ≡

case h ∈ =(unify(sb, uniaccvar_term(lp1, h3, h4)), ∨L(sb’))  of
end

varslemma(uniacc:=var_term(h3, h4), h, h1, h2) ≡
varslemma(h4,

h,
⊆vars:=LPT(x, lp1, ⊆++redL(⊆++redL(h1)), ⊆++redR(++(varsT(var(x)), varsT(t)), h1)),
⊆:(⊆++L(⊆vars:=S(x, sb, ⊆++redL(⊆++redL(h1)), h2), ⊆++redL(⊆++redL(h1))),

⊆∈trans(⊆++redR(varsT(t), ⊆++redL(h1)), ∈hd(x, [] ))))
varslemma(uniaccvar_fun(h3), h, h1, h2) ≡

varslemma(h3, h, ⊆trans(fst(⊆varsvar_fun(f, x, lt, lp1)), h1), h2)
varslemma(uniaccfun_fun(lt1, lt2, lp1, h3), h, h1, h2) ≡

case h ∈ =(unify(sb, uniaccfun_fun(lt1, lt2, lp1, h3)), ∨L(sb’))  of
end

varslemma(uniacczip_fun_fun(f, h3), h, h1, h2) ≡
varslemma(h3, h, ⊆trans(fst(⊆varsfun_fun(f, f, lt1, lt2, lp1)), h1), h2)When the list of pairs of terms is empty (�rst equation in the proof), theresulting substitution is the aumulated substitution sb and the proof of thelemma is trivial.The seond equation onsiders the ase where the input list of pairs of termshas the form (x; x) : lp0. The result of unifying the list (x; x) : lp0 is, by hy-pothesis, the substitution sb0 and, by de�nition of the algorithm unify, equal tothe result of unifying the list lp0. Hene, we have that the result of unifyingthe list lp0 is equal to the substitution sb0. By reursion on the proof that thelist lp0 satis�es the prediate UniAcc (that is, the parameter h3), we obtain aproof that the variables in the resulting substitution sb0 are inluded in the listl. To the reursive all, we have to provide a proof that the variables in lp0are inluded in l, whih is obtained from the fat that the variables in the list(x; x) : lp0 are inluded in l. We also have to supply a proof that the variables inthe aumulated substitution are inluded in l, whih is given by the parameterh2. The next equation handles the ase where the input list is of the form(x; t) : lp0, with x ∈ varsT(t) and x ≠ t. Here, h is a proof that the algorithm

unify results in the substitution sb0 whih ontradits the fat that, by de�ni-tion of the algorithm unify, this ase results in the value error.The fourth, �fth and last equation are similar to the seond one. The sixthequation is similar to the third one. Notie that, as the aumulated substitutionhanges in the fourth equation, we have to onstrut a proof that the variablesin the new aumulated substitution are inluded in the list l from the fat thatboth the variables in the original aumulated substitution and in the input listare inluded in l. 182



6.3 Idempotene PropertyTo prove that if the algorithm Unify results in a substitution, then the substitu-tion is idempotent, we �rst prove a lemma stating that the resulting substitutionsatis�es the prediate Idem, and then we use the fat that every substitutionthat satis�es this prediate is idempotent.
idempotentprop ∈ (=(Unify(lp), ∨L(sb))) Idempotent(sb)

idempotentprop(h) ≡ idemtoidempotent(idemprop(h))To prove that if the algorithm Unify results in a substitution then the substi-tution satis�es the prediate Idem, we use the same tehnique as before. That is,we de�ne an auxiliary lemma that takes, among other parameters, a proof thatthe input list satis�es the prediate UniAcc and returns a proof that the substi-tution that results from the algorithm unify satis�es the prediate Idem. Thislemma also takes two other extra parameters: a proof that the set of variablesthat our in the input list of pairs of terms and the domain of the aumulatedsubstitution are disjoint, and a proof that the aumulated substitution satis�esthe prediate Idem. When we use this lemma from the property idemprop theinitial aumulated substitution is empty, and then it is easy to onstrut theproofs of these two extra parameters.
idemprop ∈ (=(Unify(lp), ∨L(sb))) Idem(sb)

idemprop(h) ≡ idemlemma(allUniAccLPT(lp), h, disj[]R(varsLPT(lp)), [] idem)The proof of the auxiliary lemma uses several general lemmas about listinlusion and disjoint lists whose proofs an be found in setion C.3.2 of [Bov99℄.It also uses a few partiular lemmas about substitutions, idempotene and listsof pairs of terms. See setions C.4.6 and C.4.4 of [Bov99℄ for the proofs of thesepartiular lemmas.We show the proof of the auxiliary lemma in �gure 6.1. This lemma is provenby reursion on the proof that the initial list satis�es the prediate UniAcc.6.4 Most General Uni�er PropertyBefore proving that if the uni�ation algorithm results in a substitution, thenthis substitution is a most general uni�er of the input list, we prove two auxiliarylemmas over the algorithm unify. Both lemmas take, among other parameters,a proof that the input list satis�es the prediate UniAcc. In the proofs of bothauxiliary lemmas we use a few lemmas about uni�ation of lists of pairs ofterms and about uni�ation of substitutions, the proofs of whih an be foundin setions C.4.4 and C.4.6 of [Bov99℄, respetively. We show the proofs of bothlemmas in �gure 6.2.The �rst auxiliary lemma establishes that if the input list of pairs of termssatis�es the prediate UniAcc, if a substitution sb0 uni�es both the input list andthe aumulated substitution, and if the algorithm unify results in a substitutionsb1, then the substitution sb0 also uni�es the resulting substitution sb1. Theproof is made by reursion on the proof that the input list satis�es UniAcc.183



idemlemma ∈ (p ∈ UniAcc(lp);
=(unify(sb, p), ∨L(sb’));
Disjoint(varsLPT(lp), dom(sb));
Idem(sb)

) Idem(sb’)
idemlemma(uniacc[], refl(_), h1, h2) ≡ h2

idemlemma(uniaccvar_var(x, h3), h, h1, h2) ≡
idemlemma(h3, h, ⊆∧disjtodisj(⊆varsvar_var(x, lp1), h1), h2)

idemlemma(uniaccvar_term(lp1, h3, h4), h, h1, h2) ≡
case h ∈ =(unify(sb, uniaccvar_term(lp1, h3, h4)), ∨L(sb’))  of
end

idemlemma(uniacc:=var_term(h3, h4), h, h1, h2) ≡
idemlemma(

h4,
h,
disj:R(=subst1(=dom(x, t, sb), ⊆∧disjtodisj(⊆varsvar_term(x, t, lp1), h1)), ∉:=LPT=var(lp1, h3)),
:idem(idem:=(h2, h3, ⊆∧disjtodisj(⊆++RR(varsLPT(lp1), varsT(var(x)), varsT(t)), h1)),

disj:R(
=subst1(=dom(x, t, sb), ⊆∧disjtodisj(⊆++RR(varsLPT(lp1), varsT(var(x)), varsT(t)), h1)),
h3),

∉:=S=var(
sb,
h3,
disjto∉(disjsymm(⊆∧disjtodisj(⊆++LR(varsLPT(lp1), varsT(var(x)), varsT(t)), h1))))))

idemlemma(uniaccvar_fun(h3), h, h1, h2) ≡
idemlemma(h3, h, ⊆∧disjtodisj(fst(⊆varsvar_fun(f, x, lt, lp1)), h1), h2)

idemlemma(uniaccfun_fun(lt1, lt2, lp1, h3), h, h1, h2) ≡
case h ∈ =(unify(sb, uniaccfun_fun(lt1, lt2, lp1, h3)), ∨L(sb’))  of
end

idemlemma(uniacczip_fun_fun(f, h3), h, h1, h2) ≡
idemlemma(h3, h, ⊆∧disjtodisj(fst(⊆varsfun_fun(f, f, lt1, lt2, lp1)), h1), h2)Figure 6.1: Proof of the Auxiliary Lemma for the Idempotene PropertyThe seond auxiliary lemma establishes that if the input list satis�es theprediate UniAcc, if the algorithm unify results in a substitution sb1 and if asubstitution sb0 uni�es sb1, then sb0 also uni�es both the input list of pairs ofterms and the aumulated substitution. The proof is made by reursion on theproof that the input list satis�es UniAcc.We an use these two auxiliary lemmas to prove that if the uni�ation algo-rithm results in a substitution, then this substitution and the input list of pairsof terms are equivalent, in the sense that both have the same set of uni�ers (asde�ned in setion 5.3):
≡Lp_Unify ∈ (=(Unify(lp), ∨L(sb))) ≡LpSb(lp, sb)

≡Lp_Unify(h) ≡
∀I([sb1]

∧I(⇒I([h1]unifiesLpSbtounifiesSb(allUniAccLPT(lp), fst(h1), snd(h1), h)),
⇒I([h1]unifiesSbtounifiesLpSb(allUniAccLPT(lp), h1, h))))184



unifiesLpSbtounifiesSb ∈ (p ∈ UniAcc(lp);
unifiesLPT(sb’, lp);
unifiesS(sb’, sb);
=(unify(sb, p), ∨L(sb1))

) unifiesS(sb’, sb1)
unifiesLpSbtounifiesSb(uniacc[], h, h1, refl(_)) ≡ h1

unifiesLpSbtounifiesSb(uniaccvar_var(x, h3), unifiesLPT_:(h4, h5), h1, h2) ≡
unifiesLpSbtounifiesSb(h3, h4, h1, h2)

unifiesLpSbtounifiesSb(uniaccvar_term(lp1, h3, h4), h, h1, h2) ≡
case h2 ∈ =(unify(sb, uniaccvar_term(lp1, h3, h4)), ∨L(sb1))  of
end

unifiesLpSbtounifiesSb(uniacc:=var_term(h3, h4), unifiesLPT_:(h5, h6), h1, h2) ≡
unifiesLpSbtounifiesSb(h4, unifiesLPT_:=R(unifiesLPT_:(h5, h6)), unifiesS_:_:=R(h6, h1), h2)

unifiesLpSbtounifiesSb(uniaccvar_fun(h3), h, h1, h2) ≡
unifiesLpSbtounifiesSb(h3, unifiesLPT_fvtovf(h), h1, h2)

unifiesLpSbtounifiesSb(uniaccfun_fun(lt1, lt2, lp1, ∨L(⇒I(f1))), h, h1, h2) ≡
case h2 ∈ =(unify(sb, uniaccfun_fun(lt1, lt2, lp1, ∨L(⇒I(f1)))), ∨L(sb1))  of
end

unifiesLpSbtounifiesSb(uniaccfun_fun(lt1, lt2, lp1, ∨R(⇒I(f1))), h, h1, h2) ≡
case h2 ∈ =(unify(sb, uniaccfun_fun(lt1, lt2, lp1, ∨R(⇒I(f1)))), ∨L(sb1))  of
end

unifiesLpSbtounifiesSb(uniacczip_fun_fun(f, h3), h, h1, h2) ≡
unifiesLpSbtounifiesSb(h3, unifiesLPT_funtozip(h), h1, h2)

unifiesSbtounifiesLpSb ∈ (p ∈ UniAcc(lp);
unifiesS(sb’, sb1);
=(unify(sb, p), ∨L(sb1))

) ∧(unifiesLPT(sb’, lp), unifiesS(sb’, sb))
unifiesSbtounifiesLpSb(uniacc[], h, refl(_)) ≡ ∧I(unifiesLPT_[](sb’), h)
unifiesSbtounifiesLpSb(uniaccvar_var(x, h2), h, h1) ≡

case unifiesSbtounifiesLpSb(h2, h, h1) ∈ ∧(unifiesLPT(sb’, lp1), unifiesS(sb’, sb))  of
∧I(h3, h4) ⇒ ∧I(unifiesLPT_:(h3, refl(appPT(sb’, var(x)))), h4)

end
unifiesSbtounifiesLpSb(uniaccvar_term(lp1, h2, h3), h, h1) ≡

case h1 ∈ =(unify(sb, uniaccvar_term(lp1, h2, h3)), ∨L(sb1))  of
end

unifiesSbtounifiesLpSb(uniacc:=var_term(h2, h3), h, h1) ≡
case unifiesSbtounifiesLpSb(h3, h, h1) ∈ ∧(unifiesLPT(sb’, :=LPT(x, t, lp1)),

unifiesS(sb’, :(:=S(x, t, sb), .(x, t))))
 of

∧I(h4, unifiesS_:(h6, h7)) ⇒
∧I(unifiesLPT_:(unifiesLPT_:=L(lp1, h7, h4), h7), unifiesS_:=L(sb, h7, h6))

end
unifiesSbtounifiesLpSb(uniaccvar_fun(h2), h, h1) ≡

case unifiesSbtounifiesLpSb(h2, h, h1) ∈ ∧(unifiesLPT(sb’, :(lp1, .(var(x), fun(f, lt)))),
unifiesS(sb’, sb))

 of

∧I(h3, h4) ⇒ ∧I(unifiesLPT_vftofv(h3), h4)
end

unifiesSbtounifiesLpSb(uniaccfun_fun(lt1, lt2, lp1, h2), h, h1) ≡
case h1 ∈ =(unify(sb, uniaccfun_fun(lt1, lt2, lp1, h2)), ∨L(sb1))  of
end

unifiesSbtounifiesLpSb(uniacczip_fun_fun(f, h2), h, h1) ≡
case unifiesSbtounifiesLpSb(h2, h, h1) ∈ ∧(unifiesLPT(sb’, ++(zip(lt1, lt2), lp1)),

unifiesS(sb’, sb))
 of

∧I(h3, h4) ⇒ ∧I(unifiesLPT_ziptofun(f, h3), h4)
endFigure 6.2: Auxiliary Lemmas for the Most General Uni�er Property185



The parameter h1 in the �rst argument of the onjuntion is a proof that thesubstitution sb1 uni�es both the list lp and the empty substitution, and theparameter h1 in the seond argument of the onjuntion is a proof that thesubstitution sb1 uni�es the substitution sb.To prove the most general uni�er property, we make use of the followingtwo lemmas. The �rst lemma states that if a substitution satis�es the prediate
Idem, then the substitution uni�es itself. The seond lemma says that if asubstitution sb0 satis�es the prediate Idemand if there is a substitution sb thatuni�es sb0, then the substitution sb0 is at least as general as the substitution sb(as de�ned in setion 5.3).

idemtounifies ∈ (Idem(sb)) unifiesS(sb, sb)
unifies∧idemtomguaux ∈ (Idem(sb’); unifiesS(sb, sb’)) ≤Sb(sb’, sb)Both lemmas are proven by reursion on the proofs that the substitutions sband sb0, respetively, satisfy the prediate Idem. See setion C.4.6 of [Bov99℄ forthe omplete proofs of these lemmas.These two auxiliary lemmas are used for proving the following two properties,whih are needed to prove the most general uni�er property.The �rst property states that if the uni�ation algorithm results in a sub-stitution, then this substitution uni�es the input list of pairs of terms.
unifiesprop ∈ (=(Unify(lp), ∨L(sb))) unifiesLPT(sb, lp)

unifiesprop(h) ≡ fst(unifiesSbtounifiesLpSb(allUniAccLPT(lp), idemtounifies(idemprop(h)), h))The seond property states that if the uni�ation algorithm results in asubstitution sb and if a substitution sb0 uni�es the input list, then sb is moregeneral than sb0.
mguprop_aux ∈ (=(Unify(lp), ∨L(sb)); unifiesLPT(sb’, lp)) ≤Sb(sb, sb’)

mguprop_aux(h, h1) ≡
unifies∧idemtomguaux(idemprop(h),

unifiesLpSbtounifiesSb(allUniAccLPT(lp), h1, unifiesS_[](sb’), h))Finally, we prove the most general uni�er property, in other words, we provethat if the uni�ation algorithm results in a substitution, then this substitutionis a most general uni�er of the input list of pairs of terms. For proving thisproposition, we use the properties unifiesprop and mguprop aux.
mguprop ∈ (=(Unify(lp), ∨L(sb))) mgu(sb, lp)

mguprop(h) ≡ ∧I(unifiesprop(h), ∀I([sb’]⇒I([h1]mguprop_aux(h, h1))))
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Chapter 7The Integrated ApproahIn the last two hapters, we have introdued the formalisation of the uni�ationalgorithm in type theory and we have presented several proofs that show thepartial orretness of the algorithm. That is, we showed that the uni�ationalgorithm returns the value erroronly if there exists no substitution that uni�esthe input list of pairs of terms; otherwise it returns an idempotent substitutionthat is a most general uni�er of the input list of pairs of terms and whosevariables are inluded in the list of variables of the input list of pairs of terms.We have presented the algorithm and eah of the proofs in an separate way, thatis, we �rst presented the algorithm and then we proved the desired propertiesone by one. This methodology is known as the external approah.However, we an \integrate" all the desired properties into the ompletespei�ation for the uni�ation algorithm, and then given a proof that there isan objet that satis�es this spei�ation. Suh an objet will have a uni�ationalgorithm embedded. This methodology is known as the integrated approah orthe internal approah.In this hapter, we present the type theory formalisation of the integratedapproah to the uni�ation algorithm whih has the following spei�ation:Given a list of pairs of terms lp, either there does not exist anysubstitution that uni�es the list lp, or there exists a substitution sbsuh that the variables that our in sb are inluded in the variablesthat our in the list lp, sb is idempotent and it is a most generaluni�er of the input list lp.In order to formalise the spei�ation, we �rst introdue the de�nition of aonstrutor that de�nes the onjuntion of three propositions:
∧3 ∈ (A, B, C ∈ Set) Set

∧I3 ∈ (a ∈ A; b ∈ B; c ∈ C) ∧3(A, B, C)Using this onstrutor, the type of the main theorem we prove here is thefollowing: 187



Theorem∈ (lp ∈ ListPT
) ∨(¬(∃(Subst, [sb]unifiesLPT(sb, lp))),

∃(Subst, [sb]∧3(⊆(varsS(sb), varsLPT(lp)), Idempotent(sb), mgu(sb, lp))))To prove this theorem we use an auxiliary theorem that takes a proof thatthe input list satis�es the prediate UniAcc as a parameter. This auxiliarytheorem has the following type:
Th ∈ (UniAcc(lp)

) ∨(¬(∃(Subst, [sb]unifiesLPT(sb, lp))),
∃(Subst, [sb]∧3(⊆(varsS(sb), varsLPT(lp)), Idem(sb), mgu(sb, lp))))Notie that the result of this auxiliary theorem is very similar to the resultof the main theorem. The only di�erene is that in the auxiliary theorem weask the substitution (when it exists) to satisfy the prediate Idemwhile in themain theorem we ask the substitution to be idempotent.The proof of the main theorem is immediate from the auxiliary theorem.When we obtain a proof that there exists a substitution that uni�es the inputlist of pairs of terms, we have to take the proof that this substitution satis�esthe prediate Idem into a proof that the substitution is idempotent.

Theorem∈ (lp ∈ ListPT
) ∨(¬(∃(Subst, [sb]unifiesLPT(sb, lp))),

∃(Subst, [sb]∧3(⊆(varsS(sb), varsLPT(lp)), Idempotent(sb), mgu(sb, lp))))
Theorem(lp) ≡

case Th(allUniAccLPT(lp)) ∈ ∨(¬(∃(Subst, [sb]unifiesLPT(sb, lp))),
∃(Subst,

[sb]∧3(⊆(varsS(sb), varsLPT(lp)), Idem(sb), mgu(sb, lp))))
∨L(h) ⇒ ∨L(h)
∨R(∃I(sb, ∧I3(h1, h2, h3))) ⇒ ∨R(∃I(sb, ∧I3(h1, idemtoidempotent(h2), h3)))

endThe auxiliary theorem is proven by reursion on the proof that the inputlist of pairs of terms satis�es the prediate UniAcc. As we prove all the desiredproperties in a single theorem, the proof of this theorem is two pages long. Seesetion C.7 of [Bov99℄ for the omplete ALF proof of this auxiliary theorem.In the equations that orrespond to the ases where the algorithm unify isde�ned by reursion, we onsider ases on the result of the reursive alls.For the proofs that there exists no substitution that uni�es the input list,we use a few lemmas whose ALF proofs an be found in setion C.7 of [Bov99℄.There are two kinds of these lemmas: those that take a proof that there doesnot exist a substitution that uni�es the list on whih we perform the reursioninto a proof that there does not exist a substitution that uni�es the input list(seond, fourth, �fth and last equations in the proof of the auxiliary theorem),and those that take the proofs that state ertain onditions on the input listinto a proof that there does not exist a substitution that uni�es suh a list ofpairs of terms (third and sixth equations in the proof of the auxiliary theorem).In six of the seven equations of the proof of this theorem (one equationfor eah of the seven onstrutors of the prediate UniAcc), no surprises arise.These are the ases where the aumulated substitution does not hange in thede�nition of the algorithm unify and the ases where the algorithm unify gives a188



basi result (either a substitution that uni�es the input list of pairs of terms ora proof that suh a substitution does not exist). Moreover, most of the lemmaswe use to prove these ases were already used in the di�erent proofs we gave inthe previous hapter.However, it is interesting to study the ase where the input list has theform (x; t) : lp with x∉L varsT(t), whih is the only ase in the de�nition of thealgorithm unify where the aumulated substitution hanges. Below, we showthe part of the proof that orresponds to this ase:
Th(uniacc:=var_term(h1, h2)) ≡

case Th(h2) ∈ ∨(¬(∃(Subst, [sb]unifiesLPT(sb, :=LPT(x, t, lp1)))),
∃(Subst,

[sb]∧3(⊆(varsS(sb), varsLPT(:=LPT(x, t, lp1))),
Idem(sb),
mgu(sb, :=LPT(x, t, lp1)))))

 of

∨L(h) ⇒ ∨L(⇒I(unifiesLPT_var_term:=to⊥(h1, h)))
∨R(∃I(sb, ∧I3(h, h3, ∧I(h4, h5)))) ⇒

∨R(∃I(:(sb, .(x, appPT(sb, t))),
∧I3(⊆++L(⊆trans(h, ⊆varsvar_term(x, t, lp1)),

⊆:(⊆trans(⊆varsappP_T(sb, t),
⊆++L(⊆trans(h, ⊆varsvar_term(x, t, lp1)),

⊆++RR(varsLPT(lp1), varsT(var(x)), varsT(t)))),
∈++monL(varsLPT(lp1), ∈++monR(varsT(t), ∈hd(x, [] ))))),

idem:(h1, ⊆∧∉to∉(h, ∉:=LPT=var(lp1, h1)), h3),
∧I(unifiesLPT_:(

unifiesLPT:=tounifiesLPT(h1, ⊆∧∉to∉(h, ∉:=LPT=var(lp1, h1)), h3, h4),
=var_termappPT(h1, ⊆∧∉to∉(h, ∉:=LPT=var(lp1, h1)), h3)),

∀I([sb’]
⇒I([h6]∃I(witness(⇒E(∀E(h5, sb’), unifiesLPT_:=R(h6))),

∀I([t’]mguauxT(
t’,
idem:(h1,

⊆∧∉to∉(h, ∉:=LPT=var(lp1, h1)),
h3),

h6,
proof(⇒E(∀E(h5, sb’), unifiesLPT_:=R(h6))))))))))))

endThe parameter h2 is a proof that the list lp0 [x:=t℄ satis�es the prediate UniAcc.By reursion on this proof, we obtain that either there exists no substitu-tion that uni�es the list lp0 [x:=t℄, or there exists a substitution sb suh that
varsS(sb)⊆ varsLPT(lp0 [x:=t℄), it satis�es the prediate Idemand it is a most gen-eral uni�er of the list lp0 [x:=t℄.From the proof that there exists no substitution that uni�es the list lp0 [x:=t℄,it is easy to obtain a proof that there exists no substitution that uni�es the inputlist (x; t) : lp0.Otherwise, given sb that uni�es lp0 [x:=t℄, we have to give a substitutionthat uni�es (x; t) : lp0 and that also satis�es the desired properties. As wehave that varsS(sb)⊆ varsLPT(lp0 [x:=t℄) and sine x∉L varsLPT(lp0 [x:=t℄) beausex∉L varsT(t), we know that x∉L varsS(sb). Hene, there is no need to substitute t189



for x in sb sine (sb [x:=t℄) = sb. Thus, the uni�er we give here is the substitution(x; sb(t)) : sb and we have to supply proofs that this substitution satis�es therequired properties. As the way we onstrut this uni�er is di�erent from theway we onstrut the uni�er in the algorithm unify, we need a few new lemmasthat are just used in the part of the proof showed above. The proofs of thoselemmas an be found in setions C.4.4, C.4.6 and C.7 of [Bov99℄.Finally, it is interesting to notie that even though the uni�er that resultsfrom the algorithm unify and the uni�er that results from the theorem we provein this hapter are onstruted in di�erent ways, atually both produe the samesubstitution. The di�erene in the onstrution arises from the fat that bothuni�ers are built in reverse sequenes. In the algorithm unify, given an inputlist of the form (x; t) : lp with x∉L varsT(t) and an aumulated substitution sb,we add the pair (x; t) to the substitution sb [x:=t℄ and we ontinue looking fora uni�er for the list lp [x:=t℄. However, if sb is the resulting uni�er for the listlp [x:=t℄ in the theorem we prove in this hapter, we add the pair (x; sb(t)) toit. In this way, both uni�ers are onstruted in reverse order, but the termsassoiated to eah of the variables in the domain of the substitution are thesame. However, the fat that both uni�ers are onstruted in a di�erent way isnot a onsequene of whether we deide to use the external or internal approahto formalise the uni�ation problem but of the hoies we made when de�ningboth the prediate UniAcc and the spei�ation of the internal approah.
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Chapter 8ConlusionsHere, we present some onlusions, related work and future work.The omplete ALF formalisation of this work, that an be found in appendixC of [Bov99℄, onsists of 30 �les with more than 330 funtions that requireapproximately 180 Kbytes. After working out the details on paper, it tookabout three weeks to formalise the funtions in ALF. Approximately half of thistime was used for de�ning the UniAcc prediate and the proof that all the listsof pairs of terms satisfy this prediate, and the other half for de�ning the proofthat shows the partial orretness of the uni�ation algorithm. Unfortunately,as there are no good general libraries for ALF, we had to start our work fromsrath. For this reason, most of the time spent in the proof that all the lists ofpairs of terms satisfy the prediate UniAcc was used for de�ning lemmas aboutinequality of natural number, inlusion of lists and other general funtions.Our work is heavily based on indutive families, for whih ALF is verysuitable. Unfortunately, ALF is not maintained anymore, whih makes its usea bit risky sine no support is available if something goes wrong. Its suessorAgda [Coq98℄ does not allow the de�nition of prediates like our speial-purposeaessibility prediate UniAcc, and then it would not have been possible to useAgda to formalise the uni�ation algorithm following our approah. On theother hand, we believe that this formalisation of the uni�ation algorithm analso be performed in other proof assistants that allow the de�nition of indutiveprediates like our speial-purpose aessibility prediate, as for example theproof assistant Coq [DFH+91℄.The ode of the algorithm we obtain by using the UniAcc prediate to for-malise the uni�ation algorithm is short and elegant. The UniAcc prediateontains all the information needed in order to handle the reursive alls, andit is exatly this fat what makes the UniAcc prediate appropriate for the for-malisation of the uni�ation algorithm in type theory. On the other hand, thestandard aessibility prediate, even if useful in other ases, turned out not tobe a good solution for our partiular ase study. The uni�ation algorithm thatresults from using the standard aessibility prediate to handle the reursivealls is muh longer and more ompliated than the one obtained by using the191



prediate UniAcc. Besides, the formalisation that uses the standard aessibilityprediate ontains big parts of ode that are omputationally irrelevant whihwe, as programmers, are not interested in having together with the ode of thealgorithm. These parts inlude the proofs that the new lists to be uni�ed in thereursive alls are smaller than the original list of pairs of terms.Together with the UniAcc prediate and our type theory version of the uni�-ation algorithm, we present a proof that shows that our speial-purpose aes-sibility prediate holds for any possible input list of pairs of terms. This proof,whih is presented in appendix A, has a similar skeleton to the type theory ver-sion of the uni�ation algorithm that uses the standard aessibility prediateto handle the reursive alls. Observe that this proof is atually the only plaein our solution where we need to mention the proofs that the new lists to beuni�ed in the reursive alls are smaller than the original list of pairs of terms.The proof that shows the partial orretness of the uni�ation algorithmonsiders the same ases as the ones studied when formalising the algorithm.Hene, the di�erent proofs that we presented in setions 6 and 7 have alsobene�tted from the way we de�ned the prediate UniAcc and the uni�ationalgorithm. Most of these proofs are de�ned by reursion on the proof that theinput list satis�es the prediate UniAcc, and they are short and onise. Onthe other hand, if we would have de�ned the uni�ation algorithm by using thestandard aessibility prediate, eah of the proofs would have had the samebig skeleton as the algorithm, whih implies that they would have been muhlonger than the ones we presented in this work. Besides, in eah of these proofs,we would have had to mention the proofs that the new lists to be uni�ed in thereursive alls are smaller than the original list of pairs of terms.In addition, observe that there is atually not so muh di�erene betweenthe proofs we present in hapters 6 and 7 (see setions C.6 and C.7 of [Bov99℄respetively, for the ALF odes of the formalisations of the proofs). As eahof the di�erent proofs is onstruted by reursion on our speial-purpose aes-sibility prediate, eah proof onsiders seven ases, one for eah of the sevenintrodution rules of the prediate. In most of the ases, the proof of the theo-rem presented in hapter 7 pratially onsists of gathering together the di�erentlemmas used for proving the di�erent properties presented in hapter 6. Theonly ase where the proofs presented in hapters 6 and 7 di�er is in the asewhere the resulting substitution atually hanges. As already mentioned, eventhough the resulting uni�ers are the same in both the external and internalapproah, they are omputed in reverse order. As we also said before, this isnot a onsequene of the approah used but of the hoies made when de�ningboth the prediate UniAcc and the spei�ation of the internal approah.Finally, we disuss a methodology that would allow us to extrat Haskellprograms from the type theory programs that are de�ned by using a speial-purpose aessibility prediate to handle the reursive alls. We believe thatthis methodology for program extration is easy to program, and then it an beadded as part of a future program extration module for ALF.To summarise, we believe that the methodology we present here for formalis-ing the uni�ation algorithm in Martin-L�of's type theory is simple and therefore192



easy to perform. Besides, it allows us to obtain short and elegant results whenwe use our speial-purpose aessibility prediate for de�ning both the algorithmand the proof of its partial orretness. In addition, the same methodology anbe used for writing other total and general reursive algorithms in type theory.In this way, we think that this methodology gives a step towards losing theexisting gap between programming in a Haskell-like programming language andprogramming in Martin-L�of's type theory. However, the generalisation of thismethodology to all total and general reursive algorithms remains to be studied.8.1 Related WorkUni�ation has beame widely known sine Robinson [Rob65℄ used it as theentral step of the inferene priniple alled resolution. Afterwards, uni�ationalgorithms have been the entre of several studies.In [MM82℄, Martelli and Montanari desribe the uni�ation problem in �rst-order prediate alulus as the solution of a set of equations, and give a non-deterministi uni�ation algorithm together with the proof of its orretness.From this non-deterministi algorithm, they derive a new and eÆient uni�a-tion algorithm. The uni�ation algorithm we presented in this work is a deter-ministi version of the �rst (non-deterministi) algorithm presented by Martelliand Montanari. Our mapping LPTtoN3, used for proving the termination of ouralgorithm, is a simpli�ation of the mapping F presented in [MM82℄ to show thetermination of their (non-deterministi) algorithm. In addition, the notion ofequivalene between lists of pairs of terms and substitutions, that we introduedin setion 5.3, is an adaptation to our algorithm of the notion of equivalene ofsets of equations presented in [MM82℄.In [MW81℄, the dedutive synthesis of the uni�ation algorithm by Mannaand Waldinger is also a well known work on uni�ation. Given a high-levelspei�ation of the uni�ation algorithm, Manna and Waldinger prove a theo-rem that establishes the existene of an objet satisfying the spei�ation. Asthe proof is onstrutively done, the desired program an be extrated fromit. Although their work is very detailed and easy to follow, it has been doneompletely manually and hene it has not been mahine-heked. As the reur-sion in the program that would ultimately be extrated from their proof is noton struturally smaller elements, their work annot be diretly translated intoMartin-L�of's type theory sine, as we already mention it, there is no diret wayof formalising general reursion in type theory.Eriksson [Eri84℄ synthesises a uni�ation algorithm from a formal spei�a-tion in �rst-order logi with equality. Eriksson developed the proofs by handand veri�ed them by mahine. The method guarantees partial orretness, thatis, if the program �nds a most general uni�er of two terms, then it an be provenfrom the spei�ation that the terms were uni�able. However, total orretnessis not proven, whih amounts to showing that if two terms are uni�able, thenthe program will �nd a most general uni�er for the terms. The derived algo-rithm, whih is expressed in a Prolog-like [CM81℄ style, does not report when193



two terms annot be uni�ed and its termination has not been studied. The spe-i�ation presented by Eriksson does not establish if the resulting substitution isidempotent nor if the variables that our in it are those already ourring inthe input terms.In [Pau85℄, Paulson losely follows the work in [MW81℄ to verify the uni�-ation algorithm in LCF [GMW79℄. However, although Manna and Waldingersynthesise a program, Paulson states the uni�ation algorithm and then provesit. We an distinguish several di�erenes between Paulson's approah and ours.While we represent terms of the form f(t1; : : : ; tn) as the appliation of the fun-tion f to the list of terms [t1; : : : ; tn℄, Paulson represents them as their urriedversion ((f(t1))(t2) : : :)(tn). Although this simpli�es the uni�ation algorithma bit, it ompliates the representation of terms where the funtion to be ap-plied has a large arity. Paulson states that he �rst reformulated the work in[MW81℄ to use lists of variables instead of the (mathematial) notion of set, butthat reasoning about lists of variables was awkward and he did not attempt to�nish the formalisation using them. Thus, Paulson introdues sets as quotienttypes by de�ning them as equivalene lasses of �nite lists where the order andmultipliity of elements is ignored. Sine it is not possible to do this in a simpleway in Martin-L�of's type theory, we used lists of variables for our formalisation.Although it was not very straightforward to work with lists, we managed to gothrough without big problems. In [MW81℄, Manna and Waldinger forbid trivialsubstitution like [(x; x)℄ or ambiguous ones like [(x; t1),(x; t2)℄. Hene, Paul-son identi�es [(x; x)℄ with the empty substitution [ ℄ and [(x; t1),(x; t2)℄ with[(x; t1)℄. As the substitutions that result from our uni�ation algorithm areidempotent, we know that eah variable appears at most one in the domain ofthese substitutions. In addition, given an idempotent substitution sb, we anprove that if the variable x belongs to the domain of sb, then sb(x) ≠ x. Hene,we know that the substitutions that result from our uni�ation algorithm areneither ambiguous nor ontain trivial pairs. Paulson de�nes the notion of propersubterm as a funtion returning a value in the boolean domain. Although thenormal way to de�ne it in Martin-L�of's type theory would be as an indutivelyde�ned relation, we did not need to de�ne this relation as we already explainedin setion 5.4. Sine types denote domains in LCF and not sets, Paulson hasto deal with numerous de�nedness assertions (as he alled them) of the formt 6�? in order to avoid left sides of the equations to overlap, whih would leadto ontraditions. We think that the presene of these assertions everywherein the theories makes its reading a bit heavy. Finally, the reursive alls inthe uni�ation algorithm de�ned by Paulson are not on struturally smallerelements. Hene, termination is not guaranteed and he proves it separately.This way of de�ning the algorithm is not possible in Martin-L�of's type theory,that is, de�ning an algorithm where the reursive alls are on non-struturallysmaller elements, and it is atually the main motivation for the methodologywe introdue in this work.Rouyer has presented a veri�ation of a �rst-order uni�ation algorithm inthe alulus of onstrution with indutive types [CP90, PM93℄ using the Coqproof assistant [DFH+91℄ (see [Rou92℄ for the omplete Frenh tehnial report194



of the veri�ation and [RL℄ for the English summary of the Frenh report).Several di�erenes distinguish our work from the one presented in [Rou92℄. Asthe use of data types with dependent types does not allow program extrationin Coq, it is not possible for Rouyer to de�ne the set of terms in the way we havedone it in this work. Hene, Rouyer de�nes an extended notion alled quasi-terms and de�nes terms as spei� quasi-terms. Rouyer's main theorem statesthat any two quasi-terms either have a most general uni�er that is idempotentand whose variables are inluded in the variables that our in the two quasi-terms, or are not uni�able. Rouyer proves that if terms are uni�able as quasi-terms, their most general uni�er is a substitution that maps terms to terms. Inthis way, a uni�ation algorithm for quasi-terms yields a uni�ation algorithmfor terms. The uni�ation algorithm presented in [Rou92℄ is de�ned by indutionon the number of di�erent variables in the input quasi-terms, and then byindution on both quasi-terms. In our opinion, one needs deep knowledge ofthe Coq system to understand the algorithm that underlies the main theorempresented in [Rou92℄. We believe that this is due to the fat that in Coq lemmasare proven by giving a sequene of tatis instead of by diretly onstrutingthe proof objet. Fortunately, the explanations given in [Rou92℄ and [RL℄ guideus in understanding the underlying algorithm by showing the di�erent ases weneed to onsider in order to prove the main theorem. In Coq, assoiated witheah indutive relation one only has the elimination rules. Proving propertiesfrom an indutive relation is not always easy, while it is usually easier to proveproperties from the reursive version of the relation. Thus, for eah relation,Rouyer de�nes both the indutive and the reursive version of the relation, andthen proves that both de�nitions are equivalent. Due to the pattern mathingfaility, only the indutive de�nition of a relation is suÆient in ALF, whihmakes the whole proof a bit simpler. Another di�erene between our approahand Rouyer's is that to show that the terms x and t are not uni�able whenx ∈ varsT(t), Rouyer follows the standard proof that uses the notion of propersubterms while we skip the de�nition of this relation as we already disussed insetion 5.4. On the other hand, both Rouyer's formalisation and ours use listsof variables to formalise the set of variables in a (quasi-)term. It seems we bothhad to deal with similar problems due to this hoie.Jaume [Jau97℄ presents a formalisation of a uni�ation algorithm for �rst-order terms in the alulus of onstrution with indutive types built fromthe proof of the uni�ation algorithm for �rst-order quasi-terms presented in[Rou92℄. The tehnique used by Jaume is based on de�ning a bijetion betweenterms and the subset of quasi-terms that represents terms (whih is de�ned bya prediate) and proving the preservation of the uni�ation property. In thisway, the uni�ation algorithm is transposed from quasi-terms to terms. In otherwords, Jaume proves the uni�ation property without really dealing with uni-�ation theory. As no program has been extrated from this proof, it is notpossible to ompare Jaume's work with ours from a programming point of view,whih is atually one of our main interests.In [RRAHM99℄, Ruiz-Reina et al desribe a formalisation and mehanialveri�ation of a uni�ation algorithm using the Boyer-Moore logi [BM79℄ and195



its theorem prover. The Boyer-Moore theorem prover is automati in the sensethat one the ommand to prove lemmas is invoked, the user an no longerinterat with the system. On the other hand, the user an give de�nitions andprove lemmas to be used in later proofs, and an give \hints" to the proverwhen invoking the ommand to prove lemmas. To guarantee termination whende�ning reursive funtions, an ordinal measure that dereases in eah reur-sive all should be provided. Sine Ruiz-Reina et al also follow the work byMartelli and Montanari, the uni�ation algorithm formalised in [RRAHM99℄ isvery similar to ours and most of the lemmas proven in [RRAHM99℄ are alsoproven in our work. However, the language used in their formalisation is verydi�erent from the Martin-L�of's type theory. Boyer-Moore logi is a quanti�er-free �rst-order logi with equality that uses a language very similar to pure Lisp.While Martin-L�of's type theory is a strongly typed language, the language inBoyer-Moore logi has a very poor notion of type. In [RRAHM99℄, terms (thesame applies for list of terms and substitution) are not de�ned by using anyspei� prediate or data type. Instead, any objet in the logi an representa term by following ertain onventions. Although the objets of the logi thatdo not follow the onventions do not represent well-formed terms, the results in[RRAHM99℄ are also proven for these non well-formed terms. As the notion oftype is very poor in their formalisation language, some trik is needed in orderto know whether an objet list in their logi represents a term or a list of terms,and then a boolean ag is used for this purpose. Many funtions in the formal-isation presented in [RRAHM99℄ return either the desired value (for example asubstitution that uni�es two terms), or the logial value F if it is not possible toobtain suh a value. Then, the result of those funtions an be used both for a-tual omputations or for boolean tests, as in if solved (seond solved) F.We believe that this untyped work methodology is not very lean and it is veryeasy to make small mistakes whih are very diÆult to �nd out. Finally, thetransformation rules to be applied to the pairs of terms in every reursive all ofthe uni�ation algorithm are de�ned using a seletion funtion (that selets thepair of terms to be onsidered in eah all) that is partially de�ned. Then, Ruiz-Reina et al say that the transformation rules are applied in a non-deterministiway. However, this is not the standard notion of non-determinism beause toatually have a uni�ation algorithm, a spei� seletion funtion that satis�esthe partial de�nition should be provided.Finally, MBride [MB99℄ has also formalised a uni�ation algorithm in Lego[LP92℄. In the formalisation, MBride exploits the use of dependent types inprogramming by indexing the set of terms by an upper bound on the numberof di�erent variables in the terms. In addition, the set of substitutions is alsoindexed by the number of di�erent variables both in the domain and in therange of a substitution. The way in whih terms and substitutions are de�nedpermits a reformulation of the uni�ation problem in a strutural way with alexiographi reursive struture, �rst over the number of di�erent variables andthen over one of the terms to be uni�ed. In this way, MBride does not needto impose either an external termination ordering or an aessibility argument.In [MB99℄, MBride proves that the resulting substitution is atually a most196



general uni�er of the two input terms but he does not (expliitly) prove that theresulting substitution is idempotent and that it only uses variables that ourin the input terms. However, this last property an be easily inferred from thetype of the resulting substitution sine the types of both terms and substitutionsontain information about the variables in a term and in the domain and rangeof a substitution. Notie that, as the domain and range of a substitution maydi�er, it is not possible to de�ne the usual notion of idempotene sine weannot ompose substitutions in the traditional way. However, there is anotherproperty introdued in [MB99℄ that does the same job as idempotene andthat forms the basis of the proof of one of the orretness ases. Thus, theuni�ers that result from the algorithm in [MB99℄ are idempotent althoughMBride does not expliitly prove this fat. We think the result presented inMBride's work is very interesting sine it shows the importane of dependenttypes in programming (see [wor99℄ for more examples of dependent types inprogramming). Unfortunately, programming with dependent types is still not anormal pratie, and then the program assoiated with MBride's formalisationis not very pratiable yet, thought we hope it will be in a near future.8.2 Future WorkThere are two possible diretions that we would like to pursue.The �rst is related to the methodology that we used for de�ning the pred-iate UniAcc. We believe that this methodology an be used for formalisingother algorithms that are total and where the reursion is on non-struturallysmaller arguments, suh as the Quicksortalgorithm. Hene, following the samemethodology used for de�ning the prediate UniAcc, we an de�ne a prediate
QuickAcc that ontains the neessary information to handle the reursive allsfor this partiular sorting algorithm.However, this methodology annot be used when we have nested reursivealls. Consider, for example, the version of the uni�ation algorithm for thease where the terms are either variables or binary terms of the form t1 ! t2.The Haskell version for this uni�ation algorithm is:unify_h :: Term -> Term -> Maybe Substunify_h (Var x) (Var y) | x == y = [℄unify_h (Var x) t | x `elem` (varsT t) = Nothing| otherwise = Just [(x,t)℄unify_h t (Var x) = unify_h (Var x) tunify_h (t1 -> t2) (t3 -> t4) =ase unify_h t1 t3 ofNothing -> NothingJust sb1 -> ase unify_h (appP sb1 t2) (appP sb1 t4) ofNothing -> NothingJust sb2 -> Just (app_on sb2 sb1)where the funtion app on onatenates the �rst substitution with the result197



of applying the �rst substitution to all the terms in the seond one.Now, when we know that the result of unifying the terms t1 and t2 is not anerror, the allunify_h (appP sb1 t2) (appP sb1 t4)is atually the same as the allunify_h (appP (unJust (unify_h t1 t3)) t2)(appP (unJust (unify_h t1 t3)) t4)where unJust (Just sb) = sb. If we follow the methodology desribed insetion 4.5.1 we obtain a speial-purpose prediate where the result of the uni-�ation algorithm appears in the premises of the rules. However, the purposeof de�ning the prediate is to be able to de�ne the uni�ation algorithm, whihmeans that the uni�ation algorithm is not de�ned yet, and hene it annotappear as part of the premises of the rules of the speial-purpose prediate. Wewould have the same problem, for example, if we try to use our method to de�nea prediate that allows us to formalise the Akermann funtion in type theory.Thus, we would like to generalise this method so that it an be used forformalising as many total and general reursive algorithms as possible.The seond researh diretion that we are interested in pursuing is relatedto the formalisation of the theory of programming languages in type theory, inpartiular the theory of funtional programming languages. In [Mil78℄, Milnerpresents the type inferene algorithm W whih is used for inferring the typeof expressions in the language ML [MTHM97℄. Given an expression e that hastype under a ontext �, the algorithm W gives the most general type shemefor e from whih all types that an be derived for the expression under � areinstanes. The algorithm W , whih was proven to be sound and omplete in[Dam85℄, is based on the existene of a uni�ation algorithm with the sameproperties as the algorithm we present in this work. Thus, we plan to useour formalisation of the uni�ation algorithm to formalise the type inferenealgorithm W and the proofs that the algorithm is sound and omplete.

198



Appendix AALF Formalisation of theInequalities over Lists ofPairs of TermsHere, we explain the ALF proofs of the inequalities over lists of pairs of termspresented in setion 4.2.The funtions #varsLPT, #funsLPT, #eqsLPT and LPTtoN3 are de�ned in ALF asfollows:
#varsLPT ∈ (lp ∈ ListPT) N

#varsLPT(lp) ≡ len(varsLPT(lp))
#funsLPT ∈ (lp ∈ ListPT) N

#funsLPT([] ) ≡ 0
#funsLPT(:(lp’, .(t1, t2))) ≡ +(#funsLPT(lp’), +(#funsT(t1), #funsT(t2)))

#eqsLPT ∈ (lp ∈ ListPT) N
#eqsLPT([] ) ≡ 0
#eqsLPT(:(lp’, .(var(x), var(x1)))) ≡ VartoA(+(#eqsLPT(lp’), 1), #eqsLPT(lp’), Vardec(x, x1))
#eqsLPT(:(lp’, .(var(x), fun(f, lt)))) ≡ #eqsLPT(lp’)
#eqsLPT(:(lp’, .(fun(f, lt), var(x)))) ≡ +(#eqsLPT(lp’), 1)
#eqsLPT(:(lp’, .(fun(f, lt), fun(f1, lt1)))) ≡ #eqsLPT(lp’)

LPTtoN3 ∈ (lp ∈ ListPT) N3
LPTtoN3(lp) ≡ .(#varsLPT(lp), #funsLPT(lp), #eqsLPT(lp))The funtion len is not the onventional funtion lengthover lists beause it doesnot ount the atual number of variables in a list but the number of di�erentvariables in the list. This umbersome solution is due to the fat that we annotdiretly formalise the notion of (mathematial) sets in ALF. The funtion #funsTounts the number of funtion appliations that our in a term. The orre-sponding funtion for vetors of terms is alled #funsVT . The ALF de�nitions ofthese two mutually reursive funtions are given in setion C.4.1 of [Bov99℄.The ALF lemmas orresponding to the four inequalities over lists of pairs ofterms presented in setion 4.2 are the following:199



<LPTvar_var ∈ (x ∈ Var; lp ∈ ListPT) <N3(LPTtoN3(lp), LPTtoN3(:(lp, .(var(x), var(x)))))
<LPT:=var_term ∈ (lp ∈ ListPT;

∉L(x, varsT(t))
) <N3(LPTtoN3(:=LPT(x, t, lp)), LPTtoN3(:(lp, .(var(x), t))))

<LPTvar_fun ∈ (f ∈ Fun;
x ∈ Var;
lt ∈ VTerm(n);
lp ∈ ListPT

) <N3(LPTtoN3(:(lp, .(var(x), fun(f, lt)))), LPTtoN3(:(lp, .(fun(f, lt), var(x)))))
<LPTzip_fun_fun ∈ (f, g ∈ Fun;

lt1, lt2 ∈ VTerm(n);
lp ∈ ListPT

) <N3(LPTtoN3(++(zip(lt1, lt2), lp)), LPTtoN3(:(lp, .(fun(f, lt1), fun(g, lt2)))))To prove these lemmas we need three kinds of auxiliary lemmas: lemmasabout the number of variables in the lists of pairs of terms, about the numberof funtion appliations in the lists and about the number of pairs ounted bythe funtion #eqsLPT. Below, we desribe the main auxiliary lemmas needed inorder to prove these four inequalities over lists of pairs of terms. See setionC.4.4 of [Bov99℄ for the omplete ALF proofs of these inequalities.Lemmas about the Number of Variables: We prove the following fourlemmas about the number of variables in a list of pairs of terms:
≤#varsvar_var ∈ (x ∈ Var; lp ∈ ListPT) ≤(#varsLPT(lp), #varsLPT(:(lp, .(var(x), var(x)))))
<#vars:=LPT ∈ (lp ∈ ListPT;

∉L(x, varsT(t))
) <(#varsLPT(:=LPT(x, t, lp)), #varsLPT(:(lp, .(var(x), t))))

=#varsvar_fun ∈ (f ∈ Fun;
x ∈ Var;
lt ∈ VTerm(n);
lp ∈ ListPT

) =(#varsLPT(:(lp, .(var(x), fun(f, lt)))), #varsLPT(:(lp, .(fun(f, lt), var(x)))))
=#varsfun_fun ∈ (f, g ∈ Fun;

lt1, lt2 ∈ VTerm(n);
lp ∈ ListPT

) =(#varsLPT(++(zip(lt1, lt2), lp)), #varsLPT(:(lp, .(fun(f, lt1), fun(g, lt2)))))To prove the above lemmas, we use the following auxiliary lemmas1:
⊂to< ∈ (l1 ∈ ListVar; ¬(∈L(x, l1)); ∈L(x, l2); ⊆(l1, l2)) <(len(l1), len(l2))
⊆to≤ ∈ (⊆(l1, l2)) ≤(len(l1), len(l2))Given the lists of variables l1 and l2, to prove that len(l1) < len(l2) we haveto prove that l1 is inluded in l2 and we have to �nd a variable x in l2 that doesnot belong to the list l1, and to prove that len(l1) ≤ len(l2) it is suÆient toprove that l1 is inluded in l2. Finally, to prove that len(l1) = len(l2) we provethat l1 is inluded in l2 and that l2 is inluded in l1. This, in turn, gives usproofs that len(l1) ≤ len(l2) and that len(l2) ≤ len(l1), whih learly gives us aproof that len(l1) = len(l2).1See setion C.3.3 of [Bov99℄ for the omplete proof of these two lemmas.200



In [Rou92℄, a similar tehnique is used to prove inequalities about the num-bers of variables in a list of variables.Lemmas about the Number of Funtions Appliations: We prove thefollowing three lemmas about the number of funtions appliations in a list ofpairs of terms:
=#funsvar_var ∈ (x ∈ Var; lp ∈ ListPT) =(#funsLPT(lp), #funsLPT(:(lp, .(var(x), var(x)))))
=#funsvar_fun ∈ (f ∈ Fun;

x ∈ Var;
lt ∈ VTerm(n);
lp ∈ ListPT

) =(#funsLPT(:(lp, .(var(x), fun(f, lt)))), #funsLPT(:(lp, .(fun(f, lt), var(x)))))
<#funsfun_fun ∈ (f, g ∈ Fun;

lt1, lt2 ∈ VTerm(n);
lp ∈ ListPT

) <(#funsLPT(++(zip(lt1, lt2), lp)), #funsLPT(:(lp, .(fun(f, lt1), fun(g, lt2)))))To prove the last lemma, we use the following two extra auxiliary lemmas:
=#funszip ∈ (lt1, lt2 ∈ VTerm(n)) =(#funsLPT(zip(lt1, lt2)), +(#funsVT(lt1), #funsVT(lt2)))
=#funs++ ∈ (lp1, lp2 ∈ ListPT) =(#funsLPT(++(lp1, lp2)), +(#funsLPT(lp1), #funsLPT(lp2)))The proofs of these �ve lemmas are straightforward. In them, we mainlyuse the de�nition of the funtion #funsLPT and the assoiative and ommutativeproperties of the addition of natural numbers.Lemmas about the Number of Pairs Counted by the Funtion #eqsLPT:We prove the following two lemmas about the number of pairs in a list of pairsof terms ounted by the funtion #eqsLPT:
<#eqsvar_var ∈ (x ∈ Var; lp ∈ ListPT) <(#eqsLPT(lp), #eqsLPT(:(lp, .(var(x), var(x)))))
<#eqsvar_fun ∈ (f ∈ Fun;

x ∈ Var;
lt ∈ VTerm(n);
lp ∈ ListPT

) <(#eqsLPT(:(lp, .(var(x), fun(f, lt)))), #eqsLPT(:(lp, .(fun(f, lt), var(x)))))The proofs of these lemmas are straightforward and they mainly use thede�nition of the funtion #eqsLPT.
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Appendix BAll Lists of Pairs of TermsSatisfy UniAccIn this appendix we disuss the proof that shows that all lists of pairs of termssatisfy the prediate UniAcc.For this purpose, we de�ne a funtion Pn over triples of natural numbers.Given n3 ∈ N3, we de�ne Pn as follows:
Pn(n3) ∈ ∀ lp0 ∈ ListPT. (LPTtoN3(lp0) = n3)⇒ UniAcc(lp0)Given a list lp ∈ ListPT, we have that LPTtoN3(lp) ∈ N3 and then we obtain that

Pn(LPTtoN3(lp)) ∈ ∀ lp0 ∈ ListPT. (LPTtoN3(lp0) = LPTtoN3(lp))⇒ UniAcc(lp0)So, if we perform one ∀ elimination and one ⇒ elimination, the former withthe list lp and the latter with a proof that LPTtoN3(lp) = LPTtoN3(lp), we obtaina proof that UniAcc(lp). Then, we have the following ALF lemma:
allUniAccLPT ∈ (lp ∈ ListPT) UniAcc(lp)

allUniAccLPT(lp) ≡ ⇒E(∀E(Pn(LPTtoN3(lp)), lp), refl(LPTtoN3(lp)))To prove the prediate Pn we use the fat that N3 is well-founded. Given alemma uniaccaux of type:
uniaccaux ∈ (Acc(N3, <N3, n3);

f ∈ (m3 ∈ N3; <N3(m3, n3)) ∀(ListPT, [lp]⇒(=(LPTtoN3(lp), m3), UniAcc(lp)))
) ∀(ListPT, [lp]⇒(=(LPTtoN3(lp), n3), UniAcc(lp)))we an use the rule of well-founded reursion to onstrut a proof of Pn. Hene,we have that:

Pn ∈ (n3 ∈ N3) ∀(ListPT, [lp]⇒(=(LPTtoN3(lp), n3), UniAcc(lp)))
Pn(n3) ≡ wfrec(n3, allaccN3(n3), uniaccaux)The lemma uniaccaux is de�ned in ALF as follows:203



uniaccaux ∈ (Acc(N3, <N3, n3);
f ∈ (m3 ∈ N3; <N3(m3, n3)) ∀(ListPT, [lp]⇒(=(LPTtoN3(lp), m3), UniAcc(lp)))

) ∀(ListPT, [lp]⇒(=(LPTtoN3(lp), n3), UniAcc(lp)))
uniaccaux(h, f) ≡ ∀I([lp]⇒I([h’]uniaccaux2(h, f, lp, h’)))where the lemma uniaccaux2 has the following type:

uniaccaux2 ∈ (Acc(N3, <N3, n3);
f ∈ (m3 ∈ N3; <N3(m3, n3)) ∀(ListPT, [lp’]⇒(=(LPTtoN3(lp’), m3), UniAcc(lp’)));
lp ∈ ListPT;
=(LPTtoN3(lp), n3)

) UniAcc(lp)To prove this last lemma, we proeed in a similar way as the one presentedin setion 4.4.1 to de�ne the algorithm Unifyacc: we perform a few patternmathings on the list lp and a few ase analyses using the same deidabilitylemmas as the ones used when de�ning Unifyacc. In this way, we obtain aninomplete ALF proof onsisting of nine ases where, for eah ase, we have tosupply a proof that the orresponding list satis�es UniAcc. To build eah ofthese proofs we use the UniAcc onstrutor that orresponds to the list in turn.We present the omplete ALF proof of lemma uniaccaux2 in �gure B.1. Notiethat in the proof of this lemma we again make use of the inequality lemmaspresented in appendix A. Finally, notie that the ALF ode of the formalisationof this proof and the ALF ode of the algorithm Unifyacc have similar skeletons.
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uniaccaux2 ∈ (Acc(N3, <N3, n3);
f ∈ (m3 ∈ N3; <N3(m3, n3)) ∀(ListPT, [lp’]⇒(=(LPTtoN3(lp’), m3), UniAcc(lp’)));
lp ∈ ListPT;
=(LPTtoN3(lp), n3)

) UniAcc(lp)
uniaccaux2(p, f, [] , h) ≡ uniacc[]
uniaccaux2(p, f, :(lp1, .(var(x), var(x1))), refl(_)) ≡

case Vardec(x, x1) ∈ Dec(=(x, x1))  of
yes(refl(_)) ⇒

uniaccvar_var(x1, ⇒E(∀E(f(LPTtoN3(lp1), <LPTvar_var(x1, lp1)), lp1), refl(LPTtoN3(lp1))))
no(h) ⇒

uniacc:=var_term(∉:(∉[](x), h),
⇒E(∀E(f(LPTtoN3(:=LPT(x, var(x1), lp1)), <LPT:=var_term(lp1, ∉:(∉[](x) ,h))),

:=LPT(x, var(x1), lp1)),
refl(LPTtoN3(:=LPT(x, var(x1), lp1)))))

end
uniaccaux2(p, f, :(lp1, .(var(x), fun(f1, lt1))), refl(_)) ≡

case ∈dec(x, varsVT(lt1)) ∈ Dec(∈L(x, varsVT(lt1)))  of
yes(h) ⇒ uniaccvar_term(lp1, h, ≠T(f1, x, lt1))
no(h) ⇒

uniacc:=var_term(¬∈to∉(varsT(fun(f1, lt1)), h),
⇒E(∀E(f(LPTtoN3(:=LPT(x, fun(f1, lt1), lp1)),

<LPT:=var_term(lp1, ¬∈to∉(varsT(fun(f1, lt1)), h))),
:=LPT(x, fun(f1, lt1), lp1)),

refl(LPTtoN3(:=LPT(x, fun(f1, lt1), lp1)))))
end

uniaccaux2(p, f, :(lp1, .(fun(f1, lt1), var(x))), refl(_)) ≡
uniaccvar_fun(⇒E(∀E(f(LPTtoN3(:(lp1, .(var(x), fun(f1, lt1)))), <LPTvar_fun(f1, x, lt1, lp1)),

:(lp1, .(var(x), fun(f1, lt1)))),
refl(LPTtoN3(:(lp1, .(var(x), fun(f1, lt1)))))))

uniaccaux2(p, f, :(lp1, .(fun(f1, lt1), fun(f2, lt2))), refl(_)) ≡
case Fundec(f1, f2) ∈ Dec(=(f1, f2))  of

yes(refl(_)) ⇒
case Ndec(n1, n2) ∈ Dec(=(n1, n2))  of

yes(refl(_)) ⇒
uniacczip_fun_fun(

f2,
⇒E(∀E(f(LPTtoN3(++(zip(lt1, lt2), lp1)), <LPTzip_fun_fun(f2, f2, lt1, lt2, lp1)),

++(zip(lt1, lt2), lp1)),
refl(LPTtoN3(++(zip(lt1, lt2), lp1)))))

no(h1) ⇒ uniaccfun_fun(lt1, lt2, lp1, ∨R(h1))
end

no(h) ⇒ uniaccfun_fun(lt1, lt2, lp1, ∨L(h))
end Figure B.1: ALF Proof of lemma uniaccaux2205
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