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We present a omplete formalisation of bitoni sort and its
orre tness proof in onstru tive type theory. Bitoni sort is one of the
fastest sorting algorithms where the sequen e of omparisons is not datadependent. In addition, it is a general re ursive algorithm that works on
sequen es of length 2n . In the formalisation we fa e two main problems:
only stru tural re ursion is allowed in type theory, and a formal proof
of the orre tness of the algorithm needs to onsider quite a number
of ases. We de ne the bitoni sort algorithm over dependently-typed
binary trees with information in the leaves. In proving that the algorithm
sorts its input we make use of the 0-1-prin iple. To support the use of
that prin iple we also prove a parametri ity theorem derived from the
type of our bitoni sort from whi h the 0-1-prin iple an be proved.
Abstra t.
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Introdu tion

Bitoni sort [Bat68℄ is one of the fastest sorting networks [Bat68,Knu73℄. A
sorting network is a sorting algorithm performing only omparison-and-swap
operations on its data. As a onsequen e, the sequen e of omparisons in a
sorting network is not data-dependent. This makes sorting networks, and hen e
bitoni sort, very suitable for implementation in hardware or in parallel pro essor
arrays.
Bitoni sort onsists of O(m  log (m)2 ) omparisons in O(log (m)2 ) stages and
it works on sequen es of length 2n . In addition, it is a general re ursive algorithm,
that is, the re ursive alls are performed on arguments that not ne essarily
are stru turally smaller than the input. Although the algorithm is short and
omputationally simple, it is not intuitive to understand why the algorithm
works.
In this work, we present an implementation of bitoni sort in onstru tive
type theory (see for example [ML84,CH88℄). In addition, we des ribe a formal
orre tness proof of the algorithm, namely, that the result of applying bitoni
sort to a sequen e of elements of the orre t length is a sorted permutation of
the original one. Both the algorithm and the proof were formalised using the
proof assistant Agda [agd℄ and its graphi al interfa e Alfa [alf℄.
When formalising the algorithm and its orre tness proof we fa e two main
problems. First, only stru tural re ursion is allowed in type theory, that is, re-

ursive de nitions in whi h ea h re ursive all is performed on arguments stru turally smaller than the input. In this way, the termination of a re ursive de nition an be ensured by its syntax. As a onsequen e, bitoni sort as ommonly
expressed annot be dire tly translated into type theory. Se ond, a formal proof
of the orre tness of the algorithm needs to onsider quite a number of di erent
ases. The hallenge here is to nd a suitable way of formalising the notion of
bitoni sequen e su h that the properties asso iated with it an be easily proved
and understood, without requiring too many ases.
In this work we de ne the bitoni sort algorithm over dependently typed
binary trees, that is, binary trees indexed by their height, with information in
the leaves. In this way, a dependent binary tree of height n ontains exa tly 2n
elements. Another onsequen e of using dependent binary trees for the formalisation of bitoni sort is that the algorithm be omes stru turally re ursive on the
height of the tree and hen e, it an be straightforwardly de ned in the theory.
To prove that the algorithm sorts its input we use the 0-1-prin iple [Knu73℄.
It states that if a sorting algorithm sorts sequen es of 0's and 1's using only
omparison-and-swap operations on its data, it will also sort sequen es of arbitrary types. The proof of the sorting property that we present here onsiders 47
ases, however ea h ase is easy to prove and understand.
This paper is mainly intended for reader with some knowledge in type theory,
so what follows is just intended to x the notation. If and are types, we write
!
for the type of (non-dependent) fun tions from to . If, on the other
hand, is a family of types over and f is a dependent fun tions from to
, we write f (x :: ) :: (x). To make the reading of the Agda ode that we
present here a bit easier, we might not trans ribe it with its exa t syntax but
with a simpli ed version of it.
The rest of the paper is organised as follows. In Se tion 2 we introdu e bitoni
sort and we explain how it works. In Se tion 3 we present our type-theoreti
version of the algorithm. Se tion 4 shows how to prove that the resulting sequen e
is a permutation of the original one. In Se tion 5 we des ribe the proof that the
algorithm sorts its input. Finally, in Se tion 6 we dis uss some on lusions and
related work.
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Fun tional Bitoni

Sort

The bitoni sort algorithm that we take as our starting point is presented in
Figure 1. This is a Haskell [Jon03℄ algorithm that works on lists and assumes that
its input is of length 2n . Noti e that some of the fun tions in Figure 1 split the
input list in two halves, perform some omputations on these two lists, in luding
re ursive alls to the fun tions themselves, and then on atenate the results of
the omputations into a new list. This suggests that it might be more appropriate
to work on binary trees instead of on lists. In Figure 2 we introdu e the Haskell
datatype of binary trees with information in the leaves, and the bitoni sort

-- Works on lists of 2^n elements
bitoni _sortL :: [Int℄ -> [Int℄
bitoni _sortL = bitoni SortL mpS
where mpS (x,y) = if x <= y then (x,y) else (y,x)
bitoni SortL :: ((a,a) -> (a,a)) -> [a℄ -> [a℄
bitoni SortL mp [x℄ = [x℄
bitoni SortL mp xs = merge (bitoni SortL mp ls ++
reverse (bitoni SortL mp rs))
where (ls,rs) = splitAt (length xs `div` 2) xs
merge [x℄ = [x℄
merge xs = merge s ++ merge ds
where (ls,rs) = splitAt (length xs `div` 2) xs
( s,ds) = unzip (map mp (zip ls rs))
Fig. 1.

Haskell version of the bitoni sort on lists.

algorithm on this datatype1 . Noti e that the re ursive alls in the fun tion merge
of Figure 2 are still performed on non-stru turally smaller arguments.
Before explaining how the algorithm works, we introdu e the notion of bitoni
sequen e. Essentially a bitoni sequen e is the juxtaposition of two monotoni
sequen es, one as ending and the other one des ending, or it is a sequen e su h
that a y li shift of its elements would put them in su h a form.

De nition 1. A sequen e a1 ; a2 ; : : : ; am is bitoni if there is
su h that a1 6 a2 6    6 ak >    > am , or if there is a

a

k , 1 6 k 6 m,

y li

shift of the

sequen e su h that this is true.

The main property when proving that the algorithm sorts its input is that,
given a bitoni sequen e of length 2n , the result of omparing and swapping
its two halves gives us two bitoni sequen es of length 2n 1 , su h that all the
elements in the rst sequen e are smaller than or equal to ea h of the elements
in the se ond one.
So, if bitoni SortT sorts its input up, then the rst all to the fun tion
merge is made on a bitoni sequen e. This is simple be ause the left subtree is
sorted up and the right subtree is sorted down. Now, merge alls the fun tion
mpSwap on its two subtrees. If the bitoni sequen e had length 2n , then mpSwap
returns two bitoni sequen es of length 2n 1 su h that all the elements in the
rst sequen e are smaller than or equal to ea h of the elements in the se ond
one. Next, we all the fun tion merge re ursively on ea h of these two bitoni
sequen es, and we obtain four bitoni sequen es of length 2n 2 su h that all the
elements in the rst sequen e are smaller than or equal to ea h of the elements
in the se ond sequen e, whi h in turn are smaller than or equal to ea h of the
elements in the third sequen e, whi h in turn are smaller than or equal to ea h
1

This algorithm is due to Bjorn von Sydow, Department of Computing S ien e,
Chalmers University of Te hnology

data Tree a = Lf a | Bin (Tree a) (Tree a)
-- Works on omplete trees
-- where left and right subtrees have the same height
bitoni _sortT :: Tree Int -> Tree Int
bitoni _sortT = bitoni SortT mpS
where mpS l(Lf x) r(Lf y) = if x <= y then (l,r) else (r,l)
bitoni SortT :: (Tree a -> Tree a -> (Tree a,Tree a)) -> Tree a -> Tree a
bitoni SortT mp (Lf x) = Lf x
bitoni SortT mp (Bin l r) = merge mp (Bin (bitoni SortT mp l)
(reverseT (bitoni SortT mp r)))
where reverseT (Lf x) = Lf x
reverseT (Bin l r) = Bin (reverseT r) (reverseT l)
merge mp (Lf x) = Lf x
merge mp (Bin l r) = Bin (merge mp l1) (merge
where (l1,r1) = mpSwap mp l r
mpSwap mp l(Lf _) r(Lf _) = mp l r
mpSwap mp (Bin l1 r1) (Bin l2 r2) = (Bin a
where (a,b) = mpSwap mp l1 l2
( ,d) = mpSwap mp r1 r2
Fig. 2.
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Haskell version of the bitoni sort on binary trees.

of the elements in the fourth sequen e. This pro ess is repeated until we have 2n
bitoni sequen es of one element ea h, where the rst element is smaller than or
equal to the se ond one, whi h in turn is smaller than or equal to the third one,
and so on.
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Dependently-Typed Bitoni

Sort

We rst de ne the datatype of binary trees indexed by its height in type theory,
that is, a binary tree will now depend on its height. Elements of this datatype
are omplete binary trees where both subtrees are of the same height; thus a
tree of height n ontains exa tly 2n elements.
Given (A :: Set) and ((<=) :: A -> A -> Bool) (they a t as global parameters in Agda), we de ne the datatype of dependent binary trees and two
fun tions onstru ting elements in this type:
DBT (n :: Nat) :: Set = ase n of (zero) -> A
(su n') -> DBT n' x DBT n'
DLf (a :: A) :: DBT zero = a

DBin (n :: Nat)(l, r :: DBT n) :: DBT (su

n) = <l,r>

Using this datatype we an straightforwardly translate the tree-based Haskell
version of the bitoni sort algorithm from Figure 2 into type theory. We present
the type-theoreti version of bitoni sort in Figure 3. Observe that all the fun tions in Figure 3 are stru turally re ursive on the height of the input tree. For
the sake of simpli ity, in what follows, we might omit the height of the tree in
alls to any of these fun tions.
reverse (n :: Nat) (t :: DBT n) :: DBT n
= ase n of (zero) -> t;
(su
n') -> ase t of <l,r> -> DBin n' (reverse n' r)
(reverse n' l)
mpSwap ( mp::A -> A -> AxA)(n::Nat)(l,r::DBT n) :: DBT n x DBT n
= ase n of (zero) -> mp l r
(su
n') -> ase l of <l1,r1> -> ase r of <l2,r2> ->
let <a,b> = mpSwap mp n' l1 l2
< ,d> = mpSwap mp n' r1 r2
in <DBin n' a , DBin n' b d>
merge ( mp::A -> A -> AxA) (n::Nat) (t::DBT n) :: DBT n
= ase n of (zero) -> t
(su
n') -> ase t of <l,r> ->
let <a,b> = mpSwap mp n' l r
in DBin n' (merge mp n' a) (merge

mp n' b)

bitoni Sort ( mp::A -> A -> AxA) (n::Nat) (t::DBT n) :: DBT n
= ase n of (zero) -> t
(su
n') -> ase t of <l,r> ->
merge mp (su
n') (DBin n' (bitoni Sort mp n' l)
(reverse n' (bitoni Sort mp n' r)))
mpS (a, b :: A) :: A x A
= if (a <= b) then <a,b> else <b,a>
bitoni _sort (n :: Nat) (t :: DBT n) :: DBT n
= bitoni Sort mpS n t
Fig. 3.

4

Bitoni sort in onstru tive type theory.

The Permutation Property

Proving that the resulting sequen e is a permutation of the original one is rather
easy. In our proof, we onvert trees into lists (de ned as expe ted in type theory)

and we prove the permutation property on lists rather than on trees. A permutation on lists is any equivalen e relation on lists of the same length (although
this is not a formal part of the de nition, it ould be easily derived from it) that
is both ommutative and a ongruen e with respe t to on atenation.
permL :: List -> List -> Set
= idata refl (xs::List) :: permL xs xs |
symm (xs, ys::List) (permL xs ys) :: permL ys xs |
trans (xs, ys, zs::List) (permL xs ys)
(permL ys zs) :: permL xs zs |
ong (xs1, xs1, ys1, ys2::List) (permL xs1 xs2)
(permL ys1 ys2) :: permL (xs1 ++ ys1) (xs2 ++ ys2) |
omm (xs, ys::List) :: permL (xs ++ ys) (ys ++ xs)
toL (n :: Nat) (t :: DBT n) :: List
= ase n of (zero) -> [t℄;
(su n') -> ase t of <l,r> -> toL n' l ++ toL n' r
~~ (n :: Nat) (t1, t2 :: DBT n) :: Set
= permL (toL n t1) (toL n t2)

After proving a few easy properties on erning permutations on lists, we an
easily prove the lemmas we present below. All the assumptions p below have
the same type. They state that mp behaves as we want it to with respe t to
permutations and they are used for proving the base ases in the lemmas.
reversePerm (n :: Nat) (t :: DBT n) :: t ~~ (reverse t)
mpSwapPerm ( mp :: A -> A -> A x A)
(p::(a,b::A) -> (DBin a b) ~~
(DBin (fst ( mp a b)) (snd ( mp a b))))
(n :: Nat) (l, r :: DBT n)
:: (DBin l r) ~~
(DBin (fst ( mpSwap mp l r)) (snd ( mpSwap mp l r)))
mergePerm ( mp :: A -> A -> A x A) (p :: (a,b :: A) -> ... )
(n :: Nat) (t :: DBT n) :: t ~~ (merge mp t)
bitoni SortPerm ( mp :: A -> A -> A x A) (p :: (a,b:: A) -> ... )
(n :: Nat)(t :: DBT n) :: t ~~ (bitoni Sort mp t)

It is also easy to prove that our on rete operation mpS satis es the property
assumed for the argument operation mp. This fa t is then used in the nal proof.
mpSPerm (a, b::A) :: (DBin a b) ~~
(DBin (fst ( mpS a b)) (snd ( mpS a b)))

bitoni _sortPerm (n :: Nat) (t :: DBT n) :: t ~~ (bitoni _sort t)
= bitoni SortPerm mpS mpSPerm n t

All these properties were proved with no major diÆ ulty by indu tion on the
height of the tree, ex ept for mpSwap where we study the result of a <= b.
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The Sorting Property

We start by de ning when a tree is sorted. For that, we de ne the relations (/<=)
and (/<=\). Given the element a :: A and the trees t1 and t2, t1 /<= a is
true if all the elements in t1 are smaller than or equal to a, and t1 /<=\ t2 is
true if all the elements in t1 are smaller than or equal to ea h of the elements
in t2.
In what follows, False is the empty set (absurdity), True is the singleton
set, && represents onjun tion on sets, and T is a fun tion lifting boolean values
into sets de ned as T false = False and T true = True.
/<= (n :: Nat) (t :: DBT n) (a :: A) :: Set
= ase n of (zero) -> T (t <= a)
(su n') -> ase t of <l,r> -> l /<= a && r /<= a
/<=\ (n, m :: Nat) (t1 :: DBT n) (t2 :: DBT m) :: Set
= ase m of (zero) -> t1 /<= t2
(su n') -> ase t2 of <l,r> -> t1 /<=\ l && t1 /<=\ r
Sorted (n :: Nat) (t :: DBT n) :: Set
= ase n of (zero) -> True
(su n') -> ase t of <l,r> ->
Sorted n' l && Sorted n' r && l /<=\ r

Proving that the resulting sequen e is sorted is not trivial. To start with, we
need to formalise the notion of bitoni sequen e in su h a way that it allows
proving the ne essary properties in a ni e way. To this end, we x the set A of
elements in the tree to the set Bool and we make use of the 0-1 prin iple to
generalise our result. In what follows we identify 0 with false and 1 with true.

5.1 The 0-1 Prin iple
The 0-1 prin iple states that if a sorting algorithm sorts sequen es of 0's and 1's
performing only omparison-and-swap operations on its data, then it also sorts
sequen es of arbitrary types.
This prin iple an be seen as a spe ial ase of the parametri ity theorem
[Rey83℄. From the type of our bitoni sort we an derive the parametri ity theorem in Figure 4, whi h we prove by indu tion on the height of the tree. There,
the fun tion mapDBT maps a fun tion over a binary tree, and <=Bool is su h that
false <=Bool true. We also prove similar theorems for merge and mpSwap.
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Parametri ity theorem for our bitoni sort algorithm.

We an now reason as follows. Let ta :: DBT A n be a sequen e of elements
of an arbitrary type A su h that our algorithm fails to sort. That is, we have that
bitoni sort A (<=A) ta = tb :: DBT A n is unsorted. Hen e, there exists
k, 1 6 k < 2n , su h that tbk > tbk+1 , where tbk indi ates the kth element in
the tree tb when onsidering the leaves from left to right.
We an now de ne a monotoni mapping h :: A -> Bool as follows:

false if < tbk
h( ) =
true if > tbk
We have then that h(tbk ) = true and h(tbk+1 ) = false. In addition, we have
that mapDBT h (bitoni sortT A (<=A) ta) = mapDBT h tb :: DBT Bool n
is unsorted sin e true > false.
Finally, sin e h satis es the hypothesis of the theorem, then h ommutes with
bitoni sort. Thus, we have that mapDBT h (bitoni sort A (<=A) ta) =
bitoni sort Bool (<=Bool) (mapDBT h ta) :: DBT Bool n is unsorted.
That is, we found a 0-1-sequen e (mapDBT h ta) that is not sorted by our
bitoni sort, whi h ontradi ts our hypothesis. Hen e, bitoni sort must also
sort sequen es of arbitrary types.


5.2 Bitoni Sequen es and Bitoni Labels
Sin e we now onsider only boolean sequen es, our de nition of a bitoni sequen e be omes simpler.
De nition 2. A 0-1-sequen e a1 ; : : : ; am is alled bitoni , if it ontains at most
two

hanges between 0 and 1.

We have then only six possible bitoni sequen es:
0
0
0

1
1

1

1
0

1

0
0

1

To determine if the sequen e in a binary tree is bitoni we assign bitoni
to the trees. We introdu e one label for ea h possible bitoni sequen e and
one extra label W that will be assigned to trees whose sequen es are not bitoni .
We de ne an equivalen e relation on bitoni labels, along with the property of
not being the label W, and a fun tion that ombines two labels into a new label.

labels

BitLb :: Set = data O | I | OI | IO | OIO | IOI | W
(==) (l1, l2 :: BitLb) :: Set
notW (l :: BitLb) :: Set
bin_label (ll, lr :: BitLb) :: BitLb

The ombined label is W in many ases, for example bin label OI OIO = W.
Sin e we have seven labels, many binary fun tions on labels need to onsider 49
ases. However, sometime we do not need to onsider all ases, for example, for
any l, bin label W l = W. All the fun tions we need on labels are quite trivial.
Below we show how to assign labels to binary trees and we de ne the property
of being a bitoni sequen e.
label (n :: Nat) (t :: DBT n) :: BitLb
= ase n of (zero) -> ase t of (true) -> I
(false) -> O
(su n') -> ase t of <l,r> ->
bin_label (label n' l) (label n' r)
Bitoni (n :: Nat) (t :: DBT n) :: Set
= notW (label n t)

5.3 Properties of Labelled Binary Trees
We need to de ne several trivial properties (around 40) relating the label of a
binary tree to the labels of its subtrees, and vi e versa. Most of these properties
have an equivalent on labels. A few examples of su h properties are displayed
below. Here || represents disjun tion on sets.
dbin_label_I (n :: Nat) (l, r :: DBT n) (label (DBin l r) == I)
:: (label l == I) && (label r == I)
dbin_label_OI (n :: Nat) (l,r :: DBT n) (label (DBin l r) == OI)
:: (label l == O && label r == I) ||
(label l == O && label r == OI) ||
(label l == OI && label r == I)
dbin_label_O_IO2OIO (n :: Nat) (l, r :: DBT n)(label l == O)
(label r == IO) :: label (DBin l r) == OIO

dbin_label_OI_OI_Bt (n :: Nat) (l,r :: DBT n) (label l == OI)
(label r == OI) (Bitoni (DBin l r)) :: False

We an now use the information given by the labels to reason about the
results of the operations we perform on a tree. We start with mpSwap.
label_O_x2 mpSwap_label_O_x ( mp ::
( ... )(n :: Nat)
:: (label (fst (
(label (snd (

Bool -> Bool
(l, r :: DBT
mpSwap mp l
mpSwap mp l

-> Bool x Bool)
n) (label l == O)
r)) == O) &&
r)) == label r)

label_I_x2 mpSwap_label_x_I ( mp :: ...) ( ... )
(n :: Nat) (l, r :: DBT n) (label l == I)
:: (label (fst ( mpSwap mp l r)) == label r)
&& (label (snd ( mpSwap mp l r)) == I)
label_OI_IO2 mpSwap ( mp:: ...) ( ... ) (n :: Nat) (l, r :: DBT n)
(label l == OI) (label r == IO)
:: ((label (fst ( mpSwap mp l r)) == O) &&
(label (snd ( mpSwap mp l r)) == I)) ||
((label (fst ( mpSwap mp l r)) == O) &&
(label (snd ( mpSwap mp l r)) == IOI)) ||
((label (fst ( mpSwap mp l r)) == OIO) &&
(label (snd ( mpSwap mp l r)) == I))

We also prove the symmetri lemmas label x O2 mpSwap label O x and
label x I2 mpSwap label x I where the label of r is O and I respe tively, and
label IO OI2 mpSwap. All these lemmas are proved by indu tion on the height
of the trees. In ea h lemma, we need to assume that the operation mp behaves
as we want it to with respe t to labels. Here we write ( ... ) for su h as-

sumptions. As before, these assumptions are used to prove the base ases in the
lemmas. For the nal proof, we should prove that the on rete operation mpS
satis es these assumptions (see Se tion 5.5).
In the rst lemma (and in its symmetri version) we use the fa t that if the
label of l (respe tively r) is O, then either l (respe tively r) is simply false,
or it is a binary tree whose both subtrees also have label O. Similarly with the
se ond lemma (and its symmetri version) and the label I. The remaining two
lemmas are proved by onsidering all possible ombinations of the labels of the
subtrees of l and r. We have nine ases sin e there are three possible ways of
onstru ting both trees having label OI and trees having label IO. In ea h ase,
we either all the lemma re ursively on smaller trees or we all one of the other
lemmas on mpSwap presented above.
Tree labels an also give information about the order of the trees.
label_O2leq (n, m :: Nat) (t1 :: DBT n) (t2 :: DBT m)
(label t1 == O) :: t1 /<=\ t2

label_I2leq (n, m :: Nat) (t1 :: DBT n) (t2 :: DBT m)
(label t2 == I) :: t1 /<=\ t2

Both lemmas are easily proved by indu tion on m.
In addition, we have to rule out impossible ases. Hen e, we prove four lemmas like the following, also by indu tion on m:
leq_label_OI_O (n, m :: Nat) (t1 :: DBT n) (t2 :: DBT m)
(label t1 == OI) (label t2 == O) (t1 /<=\ t2)
:: False

We now prove lemmas relating the label of the trees to the result of reverse.
reverse_label_O2label_O (n :: Nat) (t :: DBT n)
(label (reverse t) == O) :: label t == O
reverse_label_OI2label_IO (n :: Nat) (t :: DBT n)
(label (reverse t) == OI) :: label t == IO

We also prove a lemma reverse label I2label I, similar to the rst one but
where the labels are I. All lemmas are easily proved by indu tion on the height
of the tree. In the lemma reverse label OI2label IO we also need to onsider
the three possible ways of onstru ting a binary tree having label OI.
Finally, we relate labels to the property of being a sorted tree.
sorted2label_O_OI_I (n :: Nat) (t :: DBT n) (Sorted t)
:: (label t == O) || (label t == OI) || (label t == I)
sortedDown2label_O_IO_I (n::Nat) (t::DBT n) (Sorted (reverse t))
:: (label t == O) || (label t == IO) || (label t == I)

If t is a sorted binary tree with subtrees l and r, then both l and r must
also be sorted and l /<=\ r. We an easily prove the rst lemma by using the
indu tive hypotheses on both subtrees and previous lemmas. The se ond lemma
follows immediately from previous lemmas.

5.4 Bitoni Properties
We an now prove the two main properties on erning bitoni sequen es. The
rst property is as follows:
sorted_sortedDown2bitoni (n :: Nat) (t1, t2 :: DBT n)
(Sorted t1) (Sorted (reverse t2))
:: Bitoni (DBin t1 t2)

This proof is straightforward after onsidering all possible ombinations in
the results of sorted2label O OI I and sortedDown2label O IO I.
Next we state the se ond property.

bitoni 2 mp_Swap ( mp :: ...) ( ... ) (l ,r :: DBT n)
(Bitoni (DBin l r))
:: Bitoni (fst ( mpSwap mp l r)) &&
Bitoni (snd ( mpSwap mp l r)) &&
fst ( mpSwap mp l r) /<=\ snd ( mpSwap mp l r)

The proof is performed by ases both on label l and on label r. We onsider 43 ases, that is, almost all possible ombinations of both labels, two of
them ontaining three sub ases ea h; hen e 47 ases in total. Only 25 ases were
valid ones in the sense that no ontradi tion ould be derived from the hypotheses and the labels of the trees. An example of an invalid ase is when we have
label l == O, label r == IOI and Bitoni (DBin l r). The 25 valid ases
an be divided into six groups: either the left or right tree has label O or label I,
or the trees have labels OI and IO, or IO and OI. Ea h of these ases are proved
by applying previous lemmas.

5.5 Sorted Properties
Before proving that our algorithm sorts sequen es of booleans, we prove some
auxiliary lemmas. As usual, we need to assume that the operation mp behaves
as we want it to.
leq2 mpSwap_leqL ( mp :: ...) (...) (n,m :: Nat) (t1,t2 :: DBT n)
(t :: DBT m) (t1 /<=\ t) (t2 /<=\ t)
:: fst ( mpSwap t1 t2) /<=\ t && snd ( mpSwap t1 t2) /<=\ t
leq2merge_leqL ( mp :: ...) ( ... ) (n,m :: Nat) (t1 :: DBT n)
(t2 :: DBT m) (t1 /<=\ t2) :: merge t1 /<=\ t2

We also prove symmetri lemmas leq2 mpSwap leqR and leq2merge leqR,
where the operations mpSwap and merge appear to the right of the symbol /<=\.
All these lemmas are proved by indu tion on the height of the trees.
We an now prove that the result of merging a bitoni tree is sorted.
mergeSorted ( mp :: ...) (...) (n :: Nat) (t :: DBT n) (Bitoni t)
:: Sorted (merge t)

The interesting ase is when t has the form <l,r>. Let <a,b> be the result of
mpSwap mp l r. The result of merge t is then DBin (merge a) (merge b).
Using bitoni 2 mp Swap we know Bitoni a, Bitoni b and a /<=\ b. By
the indu tive hypotheses, we have Sorted (merge a) and Sorted (merge b).
Using the lemmas leq2merge leqL and leq2merge leqR, and the fa t that
a /<=\ b, we get merge a /<=\ merge b. This on ludes the proof.

We now prove that our bitoni sort returns a sorted tree.

bitoni SortSorted ( mp :: ...) ( ... ) (n :: Nat) (t :: DBT n)
:: Sorted (bitoni Sort t)

Again, the interesting ase is when t has the form <l,r>. By the indu tive
hypotheses we know Sorted (bitoni Sort l) and Sorted (bitoni Sort r).
Hen e, reverse (bitoni Sort r) is sorted down.
Using the property sorted sortedDown2bitoni , we obtain that
Bitoni (DBin (bitoni Sort l) (reverse (bitoni Sort r))).
The premises of mergeSorted are now satis ed. Hen e we an on lude that
Sorted (merge (DBin (bitoni Sort l) (reverse (bitoni Sort r)))). 
It only remains to prove that the spe i fun tion mpS satis es all six properties that we have assumed for the argument fun tion mp to prove the properties
related to bitoni sequen es. They are all trivial when the elements we onsider
are of type Bool. In the lemmas above we just refereed to them as ( ... ).
Examples of these properties are:
label_x_I2 mpS_label_x_I (a, b :: Bool) (label b == I)
:: (label (fst ( mpS a b)) == label a) &&
(label (snd ( mpS a b)) == I)
mpS_leqL (a, b :: Bool) (n :: Nat) (t :: DBT n)
(a /<=\ t) (b /<=\ t)
:: (fst ( mpS a b) /<=\ t) && (snd ( mpS a b) /<=\ t)

Finally, we establish that our bitoni algorithm sorts sequen es of booleans.
For that, we only need to apply the lemma bitoni SortSorted to our spe i
operation mpS and to the proofs that mpS behaves as assumed.
bitoni _sortSorted (n :: Nat) (t :: DBT n)
:: Sorted (bitoni _sort t)
= bitoni SortSorted mpS label_O_x2 mpS_label_O_x
label_x_O2 mpS_label_O_x
label_I_x2 mpS_label_x_I
label_x_I2 mpS_label_x_I
mpS_leqL mpS_leqR n t
6

Con lusions and Related Work

We presented a formalisation of bitoni sort and we dis ussed a formal proof of
its orre tness. Both the formalisation and the proof were performed using the
proof assistant Agda and its graphi al interfa e Alfa. Although no formal proof
was fully trans ribed here (ex ept for very small ones), we hope the reader was
able to losely follow and understand our des ription of the proof.
The whole pro ess took one to one and a half month of one-person's work.
The major hallenge and diÆ ulty was to nd a suitable representation of a

bitoni sequen e that would allow us to prove the needed properties in a ni e
way and without the need of onsidering too many ases. We studied a few
alternative formalisations before we de ided on the one we presented here.
An alternative solution would have been to formalise a more general notion of
a bitoni sequen e that would not require the proof to rely on the 0-1 prin iple.
The possibilities we onsidered for this option needed either working with several
indexes in our lemmas, whi h we thought would have ompli ated the proof too
mu h, or onsidering many more ases than what the urrent solution does.
We believe that our representation gives us a lot of intuition about the properties we will or we will not be able to prove, sin e the label of a tree gives us
enough information about the kind of tree we are working with. A disadvantage
of our representation is that, when onsidering ases on the label of the trees, we
must deal with many ases that do not make sense, as it was explained before.
We ould have used a more exible notion of labels to prove that the resulting
sequen e is a permutation of the original one, hen e avoiding the use of lists and
permutations over lists. However, we would not have obtained a proof as general
as the one we gave here, sin e the result would only apply to boolean sequen es.
We thought this was an unne essary restri tion for this property.

Related Work
To the best of our knowledge, there are not many formal proofs of bitoni sort.
Bitoni sort was rst presented by Bat her [Bat68℄, who also gives a sket h
that the algorithm sorts its input. Besides, there are many des riptions of the
algorithm available on the web, along with informal proofs of its properties. In
general, only one ase is onsidered in the proofs and the remaining ones are left
to the reader.
In [DLL99℄, a binary de ision diagram (BDDs) pa kage onne ted to Haskell
is used to show that the bitoni algorithm sorts sequen es of booleans of a given
length. Based on these ideas, Qiao [Hai03℄ implemented a model he king tool
based on BDDs whi h is onne ted to Agda through its graphi al interfa e Alfa.
Using this model he king tool he also showed the sorting property of bitoni
sort for boolean sequen es of a xed length.
Misra [Mis94℄ proposed a data stru ture alled powerlist in whi h one an
represent data that will be handled by parallel algorithms. The stru ture he
presented is re ursively de ned by two unary onstru tors and two binary onstru tors. A pe uliar aspe t of this stru ture is that any non-singleton powerlist
has a dual de onstru tion with respe t to the binary onstru tors, that is, one
an nd two di erent ways of onstru ting the same powerlist where ea h of
the ways uses a di erent binary onstru tor as the outer-most onstru tor. As
an example of an algorithm on this data stru ture, Misra presented bitoni sort
along with the proof that sequen es of booleans are sorted by this algorithm.
The proof is short and easy to follow. However, there is not enough theoreti al
ba kground to onvin ingly demonstrate the orre tness of the de nitions over
su h pe uliar stru ture.

Couturier [Cou98℄ performed a formal proof of the sorting property of bitoni
sort in PVS [Rus98℄. In his work, Couturier formalised the general notion of
bitoni sequen es with an array (represented by a fun tion from Natural numbers
to Natural numbers) and three indexes: the indexes for the left-most and rightmost elements, and the index for the maximum element. Most of the properties
proved in [Cou98℄ involve multiple indexes and several for-all statements. He also
had to deal with many ases in some of his proofs, in one proof he deals with 54
ases. In our opinion, it is rather diÆ ult to losely follow the pro ess in [Cou98℄
be ause of the omplexity in the type of some of the properties. An advantage
of Couturier's presentation is that it does not rely on the 0-1 prin iple.
Re ently, Coquand [Coq04℄ sket hed some ideas on how to prove the orre tness of bitoni sort by using the notions of distributive latti es and valuation
monoids, and without being restri t to sequen es of booleans. Coquand's ideas
suggest a very elegant proof, but they remain to be formally implemented.
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