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Introduction

@ NDbE is a principled approach to full normalization

@ and to deciding (n-equality.

@ Previous work with Klaus Aehlig, Thierry Coquand, Peter Dybijer:
NbE for predicative dependent type theories.

@ Goal: tackle impredicativity.

@ Altenkirch, Hofmann, and Streicher described NbE for System F
using heavy category-theoretic machinery.

@ This work: conventional, set-theoretic development.
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System F

Church-Style System F

@ Terms and Typing

I t=x:T(x)
Nx:A-t:B r-r:A—B N-s:A
- Xx:At:A— B Fr-rs:B
Fr=t: A X ¢ FV(T) F=t:vXA

[ - AXt: VXA [ FiB:AB/X]

© Wewrite " <Tif"extends . E.g.,[,x:A<T.

Andreas Abel (LMU Munich) Normalization by Evaluation for System F ProgLog’08 4/20



System F

Equational Theory of System F

@ Untyped equality is induced by the rewrite rules:

(/\XIA. t)S —fBn t[S/X]

AX:AEX —p, if x & FV(1)
(AXA —p, HA/X]
AX tX —p, t if X & FV(t)
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Long normal forms

@ Two mutual judgements:

r=tf A t is a long normal form of type A
rtJ A t is a neutral long normal form of type A

@ Rules:
r-rlA—B rM-sf A Fr=r VXA
r=x{rx) r-rs|B I +rBJ| AB/X]
Fr-ry X XAt B r-t A

FV(T
FFrfX TEFMAINA—B I’I—/\XtﬂVXAXQ ()
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Weak beta-eta-Normalization

Kripke relations

@ Consider a set D with application _- _: D x (DU Ty) — D.

@ Consider another such applicative structure D'.

@ We interpret types as relations A C Cxt x D x D’.

@ Wewritel -d~d € Afor (I',d.d’) € A.

o Ais Kripkeif ' <T -d~d e Aimplies +d ~ d e A.

@ Ais a Kripke PERIfI - _~ _ e Ais symmetric and transitive.
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A specific Kripke PER

@ LetD =D’ =Tm/=g,. Let r denote the /3n-equivalence class of r.
@ For each type A, define two Kripke PERs A C A.

Frcd~d cA «— existsrwithd=d =7andl Fr{ A,
Fr-d~deA <« existsrwithd=d =randl Fr| A

@ We have weak gn-normalization if I +t: Aimplies T -t~ € A.

@ Proof outline: Define type interpretation A C [[A] € A and prove
the fundamental theorem I + [[{] ~ [[{] € [A].
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Weak beta-eta-Normalization

Interpretation space

@ Constructions on Kripke relations:

A=B = {(Iff)| foralld,d,I"<T,I"Fd~d cA
holdsI" -f-d~f-d € B}
AB {(r,d,d)|T+d-A~d-Aec B}

@ A, Aform an interpretation space fulfilling the conditions

A—B cC A-B

A— B C A-B

VYA C B.M for any B
X.AX/Y] C VYA for a new X

@ We write A |- A (pronounced A realizes A) if AC A C A.
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Weak beta-eta-Normalization

Type interpretation

@ We interpret quantification by an intersection which is indexed
only by the realizable semantic types.

[xX1], = »(X)
[A—B], = [Al,—I[8l,
[VXAl, = NaisBIAl x5

@ Types realize their interpretation: If o(X) I- p(X) for all X, then
Ao IF [[A]]p.

@ Proof: Induction on A, using the closure conditions of the
interpretation space.
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Weak beta-eta-Normalization

Syntactical combinatory algebras

@ We assume an evaluation function (—|),, € Tm — D, satisfying

(xhy = n(x)
(rs)y = (r)y - (shy
(rA)y, = (r),-An
q/\XZA. tDT} -d = (]tDn[XHd]
q/\XtDT] A= (]tD7}[X»—>A]
(t[s/xDy = (Enpis))
qt[A/X]Dn - (]tDn[XHAn]
(thy = (thy if n(x) = n'(x) for all x € FV(t)

@ The last three equations do not hold for all applicative structures,
e.g., not for explicit substitution calculi with trivial equality.
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Fundamental theorem

Theorem (Validity of typing)

Letn |- p and bothn [ TyVar =7 | TyVar and A +n ~ o' € [T],. If
FEt:Athen A+ (t), ~ (t),y € [A],

Corollary (Weak 7-normalization of System F)
IfT = t: Athent p-reduces n-expands to a long normal form t'.

Proof.

Clearly, Al [A]. By the theorem, I I (t) ~ (f) € [A], meaning t =3, t
with I = ' 1 A. We conclude by Church-Rosser for 3-reduction
n-expansion. O]
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Normalization by Evaluation

NbE for System F

@ The typed equational theory of System F is induced by
MNx:Art:B N-s:A
= (\x:At)s=t[s/x]: B
r-t:A—B
N x:Atx=t:A—B
Fr=t:A X ¢ FV(T)
= (AXt)B=t[B/X]: AB/X]
FEt: VXA
FEAX tX=t:VXA

x & FV(t)

X & FV(1)

@ Task: find function nf(I" - t: A) which is
@ complete,i.e., I -t =1 Aimplies nf(I -t:A) = nf(I -t': A), and
Q sound,i.e,ifl -t:Athenl t =g, nf(l -t:A): A.
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Normalization by Evaluation

Evaluation

@ As combinatory algebra, use Scott domain

D= (Varx (DUTy)**)® [D — D] ® (Ty — D).

@ Three types of values:
@ neutral objects e == x | ed | eA.
@ continuous functions f € [D — D]
@ functions F € Ty — D from types to values

@ Application of values defined obviously.
@ Evaluation of abstractions is defined by

(])‘X:A' tDn(d) - (]tDn[X»—»d]
(]/\XtDﬁ(A) = (]tD7][X»—>A]‘

Andreas Abel (LMU Munich) Normalization by Evaluation for System F ProgLog’08

14/20



Normalization by Evaluation

Contextual reification

@ We can read back values as terms; this is called reification.

FrEdN A d reifies to t at type A,
FrEdN\tJA d reifies to t, inferring type A.

@ Rules:
r-eNri|{A—B FrEd\ st A
FEx N xJrx) Nred~\.rs| B

Nex rivxA NNeNori X
r-eB\.rBl AB/X] Fr—exnrf X

Fx:AkFf-x\ t)B FEF- XNt A
FTFINMCALINASB T FFNAXf VXA
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Normalization by Evaluation

Completeness of NbE

e nf(I" -t: A) returns the reification of the evaluation of ¢, i. e., the ¢/
suchthat I F (f) N\, ' 1} A.

@ Let an interpretation space be defined by

FFd~d eA «— existstwithl -d,d \ t1{ A,
rd~d eA <« existstwithl -d,d \ t]| A.

Theorem (Completeness of NbE)

Ifr t=1t :AthenT b () \.rft AandT + (t') \,r 1 A for some
long normal form r.

Andreas Abel (LMU Munich) Normalization by Evaluation for System F ProgLog’08 16/20



Soundness of NbE

@ Soundness wrt. untyped equality is obtained via setting

FrFd~teA «— existstwithl Fd\,t' f Aandt =g, t
r-d~teA <= existstwithl Fd\,t' || Aand t =g, t'.

@ The fundamental theorem implies: If ' -t : Athen
CE(t)yy U Aand t =g, 1.
@ What about soundness wrt. judgmental equality?

@ Welltyped terms modulo judgmental equality are not a
combinatory algebra D.

@ Hence, we need a new version of the fundamental theorem.
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Normalization by Evaluation

Kripke logical relations

@ Kripke logical relations between syntax and semantics
S C Cxtx Tm x Ty x D satisfy for all (I', {, A, d) € S:
Qi A
@ ' < T implies (I",t,A d) € S, and
Qrr-t=t:Aimplies (It Ad)eS.
@ Redo the whole development: semantic function space,
interpretation space, realizability, semantic quantification,
fundamental theorem.
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Conclusions

Conclusions

@ NbE for System F with conventional means.

@ Follows the structure of a weak normalization proof.
@ Further work:
e Find an abstraction of semantics that works for both completeness
and soundness of NbE.
e Scaleto Fv.
e Scale to the Calculus of Constructions.
@ Acknowledgments: This work was carried out during a visit to
Frédéric Blanqui and Cody Roux at LORIA, Nancy, France,
financed by the Bayrisch-Franzdsisches Hochschulzentrum.
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Conclusions
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