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Chapter 1

Introduction

Some history

Leibniz had as ideal the following.

(1) Create a ‘universal language’ in which all possible problems can be stated.
(2) Find a decision method to solve all the problems stated in the universal

language.

If one restricts oneself to mathematical problems, point (1) of Leibniz’ ideal
is fulfilled by taking some form of set theory formulated in the language of
first order predicate logic. This was the situation after Frege and Russell (or
Zermelo).

Point (2) of Leibniz’ ideal became an important philosophical question. ‘Can
one solve all problems formulated in the universal language?’ It seems not,
but it is not clear how to prove that. This question became known as the
Entscheidungsproblem.

In 1936 the Entscheidungsproblem was solved in the negative independently
by Alonzo Church and Alan Turing. In order to do so, they needed a formali-
sation of the intuitive notion of ‘decidable’, or what is equivalent ‘computable’.
Church and Turing did this in two different ways by introducing two models of
computation.

(1) Church (1936) invented a formal system called the lambda calculus and
defined the notion of computable function via this system.

(2) Turing (1936/7) invented a class of machines (later to be called Turing
machines) and defined the notion of computable function via these machines.

Also in 1936 Turing proved that both models are equally strong in the sense
that they define the same class of computable functions (see Turing (1937)).

Based on the concept of a Turing machine are the present day Von Neu-
mann computers. Conceptually these are Turing machines with random access
registers. Imperative programming languages such as Fortran, Pascal etcetera
as well as all the assembler languages are based on the way a Turing machine
is instructed: by a sequence of statements.

Functional programming languages, like Miranda, ML etcetera, are based on
the lambda calculus. An early (although somewhat hybrid) example of such a
language is Lisp. Reduction machines are specifically designed for the execution
of these functional languages.
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6 Introduction to Lambda Calculus

Reduction and functional programming

A functional program consists of an expression E (representing both the al-
gorithm and the input). This expression E is subject to some rewrite rules.
Reduction consists of replacing a part P of E by another expression P ′ accord-
ing to the given rewrite rules. In schematic notation

E[P ] → E[P ′],

provided that P → P ′ is according to the rules. This process of reduction
will be repeated until the resulting expression has no more parts that can be
rewritten. This so called normal form E∗ of the expression E consists of the
output of the given functional program.

An example:

(7 + 4) ∗ (8 + 5 ∗ 3) → 11 ∗ (8 + 5 ∗ 3)

→ 11 ∗ (8 + 15)

→ 11 ∗ 23

→ 253.

In this example the reduction rules consist of the ‘tables’ of addition and of
multiplication on the numerals.

Also symbolic computations can be done by reduction. For example

first of (sort (append (‘dog’, ‘rabbit’) (sort ((‘mouse’, ‘cat’))))) →

→ first of (sort (append (‘dog’, ‘rabbit’) (‘cat’, ‘mouse’)))

→ first of (sort (‘dog’, ‘rabbit’, ‘cat’, ‘mouse’))

→ first of (‘cat’, ‘dog’, ‘mouse’, ‘rabbit’)

→ ‘cat’.

The necessary rewrite rules for append and sort can be programmed easily
in a few lines. Functions like append given by some rewrite rules are called
combinators.

Reduction systems usually satisfy the Church-Rosser property , which states
that the normal form obtained is independent of the order of evaluation of
subterms. Indeed, the first example may be reduced as follows:

(7 + 4) ∗ (8 + 5 ∗ 3) → (7 + 4) ∗ (8 + 15)

→ 11 ∗ (8 + 15)

→ 11 ∗ 23

→ 253,

or even by evaluating several expressions at the same time:

(7 + 4) ∗ (8 + 5 ∗ 3) → 11 ∗ (8 + 15)

→ 11 ∗ 23

→ 253.
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Application and abstraction

The first basic operation of the λ-calculus is application. The expression

F ·A

or
FA

denotes the data F considered as algorithm applied to the data A considered
as input. This can be viewed in two ways: either as the process of computation
FA or as the output of this process. The first view is captured by the notion
of conversion and even better of reduction; the second by the notion of models
(semantics).

The theory is type-free: it is allowed to consider expressions like FF , that
is F applied to itself. This will be useful to simulate recursion.

The other basic operation is abstraction. If M ≡ M [x] is an expression
containing (‘depending on’) x, then λx.M [x] denotes the function x 7→ M [x].
Application and abstraction work together in the following intuitive formula.

(λx.2 ∗ x+ 1)3 = 2 ∗ 3 + 1 (= 7).

That is, (λx.2 ∗ x + 1)3 denotes the function x 7→ 2 ∗ x + 1 applied to the
argument 3 giving 2∗3+1 which is 7. In general we have (λx.M [x])N = M [N ].
This last equation is preferably written as

(λx.M)N = M [x := N ], (β)

where [x := N ] denotes substitution of N for x. It is remarkable that although
(β) is the only essential axiom of the λ-calculus, the resulting theory is rather
involved.

Free and bound variables

Abstraction is said to bind the free variable x in M . E.g. we say that λx.yx
has x as bound and y as free variable. Substitution [x := N ] is only performed
in the free occurrences of x:

yx(λx.x)[x := N ] ≡ yN(λx.x).

In calculus there is a similar variable binding. In
∫ b

a
f(x, y)dx the variable x is

bound and y is free. It does not make sense to substitute 7 for x:
∫ b

a
f(7, y)d7;

but substitution for y makes sense:
∫ b

a
f(x, 7)dx.

For reasons of hygiene it will always be assumed that the bound variables
that occur in a certain expression are different from the free ones. This can be
fulfilled by renaming bound variables. E.g. λx.x becomes λy.y. Indeed, these
expressions act the same way:

(λx.x)a = a = (λy.y)a

and in fact they denote the same intended algorithm. Therefore expressions
that differ only in the names of bound variables are identified.
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Functions of more arguments

Functions of several arguments can be obtained by iteration of application. The
idea is due to Schönfinkel (1924) but is often called currying , after H.B. Curry
who introduced it independently. Intuitively, if f(x, y) depends on two argu-
ments, one can define

Fx = λy.f(x, y),

F = λx.Fx.

Then
(Fx)y = Fxy = f(x, y). (∗)

This last equation shows that it is convenient to use association to the left for
iterated application:

FM1 · · ·Mn denotes (··((FM1)M2) · · ·Mn).

The equation (∗) then becomes

Fxy = f(x, y).

Dually, iterated abstraction uses association to the right :

λx1 · · · xn.f(x1, . . . , xn) denotes λx1.(λx2.(· · · (λxn.f(x1, . . . , xn))··)).

Then we have for F defined above

F = λxy.f(x, y)

and (∗) becomes
(λxy.f(x, y))xy = f(x, y).

For n arguments we have

(λx1 · · · xn.f(x1, · · · , xn))x1 · · · xn = f(x1, . . . , xn)

by using n times (β). This last equation becomes in convenient vector notation

(λ~x.f [~x])~x = f [~x];

more generally one has
(λ~x.f [~x]) ~N = f [ ~N ].



Chapter 2

Conversion

In this chapter, the λ-calculus will be introduced formally.

2.1. Definition. The set of λ-terms (notation Λ) is built up from an infinite
set of variables V = {v, v′, v′′, . . .} using application and (function) abstraction.

x ∈ V ⇒ x ∈ Λ,

M,N ∈ Λ ⇒ (MN) ∈ Λ,

M ∈ Λ, x ∈ V ⇒ (λxM) ∈ Λ.

In BN-form this is

variable ::= ‘v’ | variable ‘′’

λ-term ::= variable | ‘(’ λ-term λ-term ‘)’ | ‘(λ’ variable λ-term ‘)’

2.2. Example. The following are λ-terms.

v′;

(v′v);

(λv(v′v));

((λv(v′v))v′′);

(((λv(λv′(v′v)))v′′)v′′′).

2.3. Convention. (i) x, y, z, . . . denote arbitrary variables; M,N,L, . . . de-
note arbitrary λ-terms. Outermost parentheses are not written.

(ii) M ≡ N denotes that M and N are the same term or can be obtained
from each other by renaming bound variables. E.g.

(λxy)z ≡ (λxy)z;

(λxx)z ≡ (λyy)z;

(λxx)z 6≡ z;

(λxx)z 6≡ (λxy)z.

(iii) We use the abbreviations

FM1 · · ·Mn ≡ (··((FM1)M2) · · ·Mn)

9



10 Introduction to Lambda Calculus

and

λx1 · · · xn.M ≡ λx1(λx2(· · · (λxn(M))··)).

The terms in Example 2.2 now may be written as follows.

y;

yx;

λx.yx;

(λx.yx)z;

(λxy.yx)zw.

Note that λx.yx is (λx(yx)) and not ((λx.y)x).

2.4. Definition. (i) The set of free variables of M , notation FV(M), is de-
fined inductively as follows.

FV(x) = {x};

FV(MN) = FV(M) ∪ FV(N);

FV(λx.M) = FV(M) − {x}.

A variable in M is bound if it is not free. Note that a variable is bound if it
occurs under the scope of a λ.

(ii) M is a closed λ-term (or combinator) if FV(M) = ∅. The set of closed
λ-terms is denoted by Λo.

(iii) The result of substituting N for the free occurences of x in M , notation
M [x := N ], is defined as follows.

x[x := N ] ≡ N ;

y[x := N ] ≡ y, if x 6≡ y;

(M1M2)[x := N ] ≡ (M1[x := N ])(M2[x := N ]);

(λy.M1)[x := N ] ≡ λy.(M1[x := N ]).

2.5. Example. Consider the λ-term

λxy.xyz.

Then x and y are bound variables and z is a free variable. The term λxy.xxy
is closed.

2.6. Variable convention. If M1, . . . ,Mn occur in a certain mathematical
context (e.g. definition, proof), then in these terms all bound variables are
chosen to be different from the free variables.

Note that in the fourth clause of Definition 2.4 (iii) it is not needed to say
‘provided that y 6≡ x and y /∈ FV(N)’. By the variable convention this is the
case.

Now we can introduce the λ-calculus as formal theory.
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2.7. Definition. (i) The principal axiom scheme of the λ-calculus is

(λx.M)N = M [x := N ] (β)

for all M,N ∈ Λ.
(ii) There are also the ‘logical’ axioms and rules.

Equality:
M = M ;

M = N ⇒ N = M ;

M = N,N = L ⇒ M = L.

Compatibility rules:
M = M ′ ⇒ MZ = M ′Z;

M = M ′ ⇒ ZM = ZM ′;

M = M ′ ⇒ λx.M = λx.M ′. (ξ)

(iii) If M = N is provable in the λ-calculus, then we sometimes write λ `
M = N .

As a consequence of the compatibility rules, one can replace (sub)terms by
equal terms in any term context:

M = N ⇒ · · ·M · · · = · · ·N · · · .

For example, (λy.yy)x = xx, so

λ ` λx.x((λy.yy)x)x = λx.x(xx)x.

2.8. Remark. We have identified terms that differ only in the names of bound
variables. An alternative is to add to the λ-calculus the following axiom scheme

λx.M = λy.M [x := y], provided that y does not occur in M . (α)

We prefer our version of the theory in which the identifications are made on
syntactic level. These identifications are done in our mind and not on paper.
For implementations of the λ-calculus the machine has to deal with this so
called α-conversion. A good way of doing this is provided by the name-free
notation of de Bruijn, see Barendregt (1984), Appendix C.

2.9. Lemma. λ ` (λx1 · · · xn.M)X1 · · ·Xn = M [x1 := X1] · · · [xn := Xn].

Proof. By the axiom (β) we have

(λx1.M)X1 = M [x1 := X1].

By induction on n the result follows. �
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2.10. Example (Standard combinators). Define the combinators

I ≡ λx.x;

K ≡ λxy.x;

K∗ ≡ λxy.y;

S ≡ λxyz.xz(yz).

Then, by Lemma 2.9, we have the following equations.

IM = M ;

KMN = M ;

K∗MN = N ;

SMNL = ML(NL).

Now we can solve simple equations.

2.11. Example. ∃G ∀X GX = XXX (there exists G ∈ Λ such that for all
X ∈ Λ one has λ ` GX = XX). Indeed, take G ≡ λx.xxx and we are done.

Recursive equations require a special technique. The following result pro-
vides one way to represent recursion in the λ-calculus.

2.12. Fixedpoint Theorem. (i) ∀F ∃X FX = X. (This means: for all
F ∈ Λ there is an X ∈ Λ such that λ ` FX = X.)

(ii) There is a fixed point combinator

Y ≡ λf.(λx.f(xx))(λx.f(xx))

such that

∀F F (YF ) = YF.

Proof. (i) Define W ≡ λx.F (xx) and X ≡WW . Then

X ≡WW ≡ (λx.F (xx))W = F (WW ) ≡ FX.

(ii) By the proof of (i). �

2.13. Example. (i) ∃G ∀X GX = SGX. Indeed,

∀X GX = SGX ⇐ Gx = SGx

⇐ G = λx.SGx

⇐ G = (λgx.Sgx)G

⇐ G ≡ Y(λgx.Sgx).

Note that one can also take G ≡ YS.

(ii) ∃G ∀X GX = GG: take G ≡ Y(λgx.gg). (Can you solve this without
using Y?)
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In the lambda calculus one can define numerals and represent numeric func-
tions on them.

2.14. Definition. (i) F n(M) with F ∈ Λ and n ∈ N is defined inductively as
follows.

F 0(M) ≡ M ;

F n+1(M) ≡ F (F n(M)).

(ii) The Church numerals c0, c1, c2, . . . are defined by

cn ≡ λfx.fn(x).

2.15. Proposition (J.B. Rosser). Define

A+ ≡ λxypq.xp(ypq);

A∗ ≡ λxyz.x(yz);

Aexp ≡ λxy.yx.

Then one has for all n,m ∈ N

(i) A+cncm = cn+m.

(ii) A∗cncm = cn∗m.

(iii) Aexpcncm = c(nm), except for m = 0 (Rosser started counting from 1).

In the proof we need the following.

2.16. Lemma. (i) (cnx)
m(y) = xn∗m(y).

(ii) (cn)m(x) = c(nm)(x), for m > 0.

Proof. (i) Induction on m. If m = 0, then LHS = y = RHS. Assume (i) is
correct for m (Induction Hypothesis: IH). Then

(cnx)
m+1(y) = cnx((cnx)

m(y))

= cnx(x
n∗m(y)) by IH,

= xn(xn∗m(y))

≡ xn+n∗m(y)

≡ xn∗(m+1)(y).

(ii) Induction on m > 0. If m = 1, then LHS ≡ cnx ≡ RHS. If (ii) is correct
for m, then

(cn)m+1(x) = cn((cn)m(x))

= cn(c(nm)(x)) by IH,

= λy.(c(nm)(x))
n(y)

= λy.xnm
∗n(y) by (i),

= c(nm+1)x.
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Proof of the proposition. (i) Exercise.
(ii) Exercise. Use Lemma 2.16 (i).
(iii) By Lemma 2.16 (ii) we have for m > 0

Aexpcncm = cmcn

= λx.(cn)m(x)

= λx.c(nm)x

= c(nm),

since λx.Mx = M if M ≡ λy.M ′[y] and x /∈ FV(M). Indeed,

λx.Mx ≡ λx.(λy.M ′[y])x

= λx.M ′[x]

≡ λy.M ′[y]

≡ M. �

Exercises

2.1. (i) Rewrite according to official syntax

M1 ≡ y(λx.xy(λzw.yz)).

(ii) Rewrite according to the simplified syntax

M2 ≡ λv′(λv′′((((λvv)v′)v′′)((v′′(λv′′′(v′v′′′)))v′′))).

2.2. Prove the following substitution lemma. Let x 6≡ y and x /∈ FV(L). Then

M [x := N ][y := L] ≡M [y := L][x := N [y := L]].

2.3. (i) Prove, using Exercise 2.2,

λ `M1 = M2 ⇒ λ `M1[x := N ] = M2[x := N ].

(ii) Show

λ `M1 = M2 &λ ` N1 = N2 ⇒ λ `M1[x := N1] = M2[x := N2].

2.4. Prove Proposition 2.15 (i), (ii).

2.5. Let B ≡ λxyz.x(yz). Simplify M ≡ BXY Z, that is find a ‘simple’ term N such
that λ `M = N .

2.6. Simplify the following terms.
(i) M ≡ (λxyz.zyx)aa(λpq.q);
(ii) M ≡ (λyz.zy)((λx.xxx)(λx.xxx))(λw.I);
(iii) M ≡ SKSKSK.

2.7. Show that
(i) λ ` KI = K∗;
(ii) λ ` SKK = I.

2.8. (i) Write down a closed λ-term F ∈ Λ such that for all M,N ∈ Λ

FMN = M(NM)N.



Conversion 15

(ii) Construct a λ-term F such that for all M,N,L ∈ Λo

FMNL = N(λx.M)(λyz.yLM).

2.9. Find closed terms F such that
(i) Fx = xI;
(ii) Fxy = xIy.

2.10. Find closed terms F such that
(i) Fx = F . This term can be called the ‘eater’ and is often denoted by K∞;
(ii) Fx = xF ;
(iii) F IKK = FK.

2.11. Show
∀C[ , ] ∃F ∀~x F~x = C[F, ~x]

and take another look at the exercises 2.8, 2.9 and 2.10.

2.12. Let P,Q ∈ Λ. P and Q are incompatible, notation P ] Q, if λ extended with
P = Q as axiom proves every equation between λ-terms, i.e. for all M,N ∈ Λ
one has λ + (P = Q) ` M = N . In this case one says that λ + (P = Q) is
inconsistent .
(i) Prove that for P,Q ∈ Λ

P ] Q ⇔ λ + (P = Q) ` true = false,

where true ≡ K, false ≡ K∗.
(ii) Show that I ] K.
(iii) Find a λ-term F such that F I = x and FK = y.
(iv) Show that K ] S.

2.13. Write down a grammar in BN-form that generates the λ-terms exactly in the
way they are written in Convention 2.3.





Chapter 3

The Power of Lambda

We have seen that the function plus, times and exponentiation on N can be
represented in the λ-calculus using Church’s numerals. We will now show that
all computable (recursive) functions can be represented in the λ-calculus. In
order to do this we will use first a different system of numerals.

Truth values and a conditional can be represented in the λ-calculus.

3.1. Definition. (i) true ≡ K, false ≡ K∗.

(ii) If B is considered as a Boolean, i.e. a term that is either true or false,
then

if B then P else Q

can be represented by

BPQ.

3.2. Definition (Pairing). For M,N ∈ Λ write

[M,N ] ≡ λz.if z then M else N (≡ λz.zMN).

Then

[M,N ]true = M,

[M,N ]false = N,

and hence [M,N ] can serve as an ordered pair.

We can use this pairing construction for an alternative representation of
natural numbers due to Barendregt (1976).

3.3. Definition. For each n ∈ N, the numeral pnq is defined inductively as
follows.

p0q ≡ I,

pn+ 1q ≡ [false, pnq].

17
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3.4. Lemma (Successor, predecessor, test for zero). There exist combinators S+,
P−, and Zero such that

S
+pnq = pn+ 1q,

P
−pn+ 1q = pnq,

Zerop0q = true,

Zeropn+ 1q = false.

Proof. Take

S
+ ≡ λx.[false, x],

P
− ≡ λx.x false,

Zero ≡ λx.x true. �

3.5. Definition (Lambda definability). (i) A numeric function is a map

ϕ : N
p → N

for some p. In this case ϕ is called p-ary.
(ii) A numeric p-ary function ϕ is called λ-definable if for some combinator

F
Fpn1q · · · pnpq = pϕ(n1, . . . , np)q (∗)

for all n1, . . . , np ∈ N. If (∗) holds, then ϕ is said to be λ-defined by F .

3.6. Definition. The initial functions are the numeric functions U n
i , S+, Z

defined by

Un
i (x1, . . . , xn) = xi, (1 ≤ i ≤ n);

S+(n) = n+ 1;

Z(n) = 0.

Let P(n) be a numeric relation. As usual

µm[P (m)]

denotes the least number m such that P (m) holds if there is such a number;
otherwise it is undefined.

3.7. Definition. Let A be a class of numeric functions.
(i) A is closed under composition if for all ϕ defined by

ϕ(~n) = χ(ψ1(~n), . . . , ψm(~n))

with χ, ψ1, . . . , ψm ∈ A, one has ϕ ∈ A.
(ii) A is closed under primitive recursion if for all ϕ defined by

ϕ(0, ~n) = χ(~n),

ϕ(k + 1, ~n) = ψ(ϕ(k, ~n), k, ~n)

with χ, ψ ∈ A, one has ϕ ∈ A.
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(iii) A is closed under minimalization if for all ϕ defined by

ϕ(~n) = µm[χ(~n,m) = 0]

with χ ∈ A such that
∀~n ∃m χ(~n,m) = 0,

one has ϕ ∈ A.

3.8. Definition. The class R of recursive functions is the smallest class of
numeric functions that contains all initial functions and is closed under compo-
sition, primitive recursion and minimalization.

So R is an inductively defined class. The proof that all recursive functions
are λ-definable is in fact by a corresponding induction argument. The result is
originally due to Kleene (1936).

3.9. Lemma. The initial functions are λ-definable.

Proof. Take as defining terms

U
n
i ≡ λx1 · · · xn.xi,

S
+ ≡ λx.[false, x] (see Lemma 3.4)

Z ≡ λx.p0q. �

3.10. Lemma. The λ-definable functions are closed under composition.

Proof. Let χ, ψ1, . . . , ψm be λ-defined by G,H1, . . . ,Hm respectively. Then

ϕ(~n) = χ(ψ1(~n), . . . , ψm(~n))

is λ-defined by
F ≡ λ~x.G(H1~x) · · · (Hm~x). �

As to primitive recursion, let us first consider an example. The addition
function can be specified as follows.

Add(0, y) = y,

Add(x+ 1, y) = 1 + Add(x, y) = S+(Add(x, y)).

An intuitive way to compute Add(m,n) us the following.

Test whether m = 0.
If yes: give output n;
if no: compute Add(m− 1, n) and give its successor as output.

Therefore we want a term Add such that

Addxy = if Zerox then y else S
+(Add(P−x)y).

This equation can be solved using the fixedpoint combinator: take

Add ≡ Y(λaxy.if Zero x then y else S
+(a(P−x)y)).

The general case is treated as follows.
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3.11. Lemma. The λ-definable functions are closed under primitive recursion.

Proof. Let ϕ be defined by

ϕ(0, ~n) = χ(~n),

ϕ(k + 1, ~n) = ψ(ϕ(k, ~n), k, ~n),

where χ, ψ are λ-defined by G,H respectively. Now we want a term F such
that

Fx~y = if Zero x then G~y else H(F (P−x)~y)(P−x)~y

≡ D(F, x, ~y), say.

It is sufficient to find an F such that

F = λx~y.D(F, x, ~y)

= (λfx~y.D(f, x, ~y))F.

Now such an F can be found by the Fixedpoint Theorem and we are done. �

3.12. Lemma. The λ-definable functions are closed under minimalization.

Proof. Let ϕ be defined by

ϕ(~n) = µm[χ(~n,m) = 0],

where χ is λ-defined by G. Again by the Fixedpoint Theorem there is a term
H such that

H~xy = if Zero(G~xy) then y else H~x(S+y)

= (λh~xy.E(h, ~x, y))H~xy, say.

Set F ≡ λ~x.H~xp0q. Then F λ-defines ϕ:

Fp~nq = Hp~nqp0q

= p0q if Gp~nqp0q = p0q

= Hp~nqp1q else

= p1q if Gp~nqp1q = p0q

= Hp~nqp2q else

= p2q if . . .

= . . . �

3.13. Theorem. All recursive functions are λ-definable.

Proof. By the lemmas 3.9–3.12. �

The converse also holds. So for numeric functions we have ϕ is recursive iff
ϕ is λ-definable. Moreover also for partial functions a notion of λ-definability
exists. If ψ is a partial numeric function, then we have

ψ is partial recursive ⇔ ψ is λ-definable.
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3.14. Theorem. With respect to the Church numerals cn all recursive func-
tions can be λ-defined.

Proof. Define

S
+
c ≡ λxyz.y(xyz),

P
−

c ≡ λxyz.x(λpq.q(py))(Kz)I1,

Zeroc ≡ λx.x(K false)true.

Then these terms represent the successor, predecessor and test for zero. Then
as before all recursive functions can be λ-defined. �

An alternative proof uses ‘translators’ between the numerals pnq and cn.

3.15. Proposition. There exist terms T , T−1 such that for all n

Tcn = pnq;

T−1pnq = cn.

Proof. Construct T , T−1 such that

T ≡ λx.xS+p0q.

T−1 = λx.if Zerox then c0 else S
+
c (T−1(P−x)). �

3.16. Corollary (Second proof of Theorem 3.14). Let ϕ be a recursive func-
tion (of arity 2 say). Let F represent ϕ with respect to the numerals pnq.
Define

Fc ≡ λxy.T−1(F (Tx)(Ty)).

Then Fc represents ϕ with respect to the Church numerals. �

The representation of pairs in the lambda calculus can also be used to solve
multiple fixedpoint equations.

3.17. Multiple Fixedpoint Theorem. Let F1, . . . , Fn be λ-terms. Then we
can find X1, . . . , Xn such that

X1 = F1X1 · · ·Xn,
...

Xn = FnX1 · · ·Xn.

Observe that for n = 1 this is the ordinary Fixedpoint Theorem (2.12).

Proof. We treat the case n = 2. So we want

X1 = F1X1X2,

X2 = F2X1X2.

1Term found by J. Velmans.
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The trick is to construct X1 and X2 simultaneously, as a pair. By the ordinary
Fixedpoint Theorem we can find an X such that

X = [F1(Xtrue)(Xfalse), F2(Xtrue)(Xfalse)].

Now define X1 ≡ Xtrue, X2 ≡ Xfalse. Then the result follows. This can be
generalized to arbitrary n. �

3.18. Example. There exist G,H ∈ Λ such that

Gxy = Hy(Kx),

Hx = G(xx)(S(H(xx))).

Indeed, we can replace the above equations by

G = λxy.Hy(Kx),

H = λx.G(xx)(S(H(xx))),

and apply the Multiple Fixedpoint Theorem with F1 ≡ λghxy.hy(Kx) and
F2 ≡ λghx.g(xx)(S(h(xx))).

Exercises

3.1. (i) Find a λ-term Mult such that for all m,n ∈ N

Multpnqpmq = pn ·mq.

(ii) Find a λ-term Fac such that for all n ∈ N

Facpnq = pn!q.

3.2. The simple Ackermann function ϕ is defined as follows.

ϕ(0, n) = n+ 1,

ϕ(m+ 1, 0) = ϕ(m, 1),

ϕ(m+ 1, n+ 1) = ϕ(m,ϕ(m + 1, n)).

Find a λ-term F that λ-defines ϕ.

3.3. Construct λ-terms M0,M1, . . . such that for all n one has

M0 = x,

Mn+1 = Mn+2Mn.

3.4. Verify that P−

c (see the first proof of Theorem 3.14) indeed λ-defines the pre-
decessor function with respect to the Church numerals.



Chapter 4

Reduction

There is a certain asymmetry in the basic scheme (β). The statement

(λx.x2 + 1)3 = 10

can be interpreted as ‘10 is the result of computing (λx.x2 + 1)3’, but not vice
versa. This computational aspect will be expressed by writing

(λx.x2 + 1)3 →→ 10

which reads ‘(λx.x2 + 1)3 reduces to 10’.

Apart from this conceptual aspect, reduction is also useful for an analysis
of convertibility. The Church-Rosser theorem says that if two terms are con-
vertible, then there is a term to which they both reduce. In many cases the
inconvertibility of two terms can be proved by showing that they do not reduce
to a common term.

4.1. Definition. (i) A binary relation R on Λ is called compatible (with the
operations) if

M R N ⇒ (ZM) R (ZN),

(MZ) R (NZ) and

(λx.M) R (λx.N).

(ii) A congruence relation on Λ is a compatible equivalence relation.

(iii) A reduction relation on Λ is a compatible, reflexive and transitive rela-
tion.

4.2. Definition. The binary relations →β, →→β and =β on Λ are defined in-
ductively as follows.

(i) 1. (λx.M)N →β M [x := N ];
2. M →β N ⇒ ZM →β ZN , MZ →β NZ and λx.M →β λx.N .

(ii) 1. M →→β M ;
2. M →β N ⇒ M →→β N ;
3. M →→β N,N →→β L ⇒ M →→β L.

23
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(iii) 1. M →→β N ⇒ M =β N ;
2. M =β N ⇒ N =β M ;
3. M =β N,N =β L ⇒ M =βL.

These relations are pronounced as follows.

M →→β N : Mβ-reduces to N ;

M →β N : Mβ-reduces to N in one step;

M =β N : M is β-convertible to N.

By definition →β is compatible, →→β is a reduction relation and =β is a con-
gruence relation.

4.3. Example. (i) Define

ω ≡ λx.xx,

Ω ≡ ωω.

Then Ω →β Ω.
(ii) KIΩ →→β I.

Intuitively, M =β N if M is connected to N via →β-arrows (disregarding
the directions of these). In a picture this looks as follows.

M
•

@
@R 	�

� @
@R

• • • •
N

@
@R 	�

� @
@R 	�

� @
@R 	�

�
• • • •

@
@R 	�

�
•

4.4. Example. KIΩ =β II. This is demonstrated by the following reductions.

KIΩ

@
@R
(λy.I)Ω II

@
@R 	�

�

I

4.5. Proposition. M =β N ⇔ λ `M = N .

Proof. By an easy induction. �

4.6. Definition. (i) A β-redex is a term of the form (λx.M)N . In this case
M [x := N ] is its contractum.

(ii) A λ-term M is a β-normal form (β-nf) if it does not have a β-redex as
subexpression.

(iii) A term M has a β-normal form if M =β N and N is a β-nf, for some
N .
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4.7. Example. (λx.xx)y is not a β-nf, but has as β-nf the term yy.

An immediate property of nf’s is the following.

4.8. Lemma. Let M be a β-nf. Then

M →→β N ⇒ N ≡M.

Proof. This is true if →→β is replaced by →β. Then the result follows by
transitivity. �

4.9. Church-Rosser Theorem. If M →→β N1, M →→β N2, then for some N3

one has N1 →→β N3 and N2 →→β N3; in diagram

M

		���
��

� @@@
@@@RR

N1 N2..............RR 		..
..
..
..
..
..
..

N3

The proof is postponed until 4.19.

4.10. Corollary. If M =β N , then there is an L such that M →→β L and
N →→β L.

An intuitive proof of this fact proceeds by a tiling procedure: given an arrow
path showing M =β N , apply the Church-Rosser property repeatedly in order
to find a common reduct. For the example given above this looks as follows.

M
•

@
@R 	�

� @
@R

• • • •
N

@
@R 	�

� @
@R 	�

� @
@R 	�

�

• • • •..............RR

@
@R 	�

�

		..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..

•

		...
...

•

..............RR
•

This is made precise below.
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Proof. Induction on the generation of =β.
Case 1. M =β N because M →→β N . Take L ≡ N .
Case 2. M =β N because N =β M . By the IH there is a common β-reduct

L1 of N , M . Take L ≡ L1.
Case 3. M =β N because M =β N

′, N ′ =β N . Then

M
(IH)

N ′

(IH)
N

@@
@@RR 		��

�� @@
@@RR 		��

��

L1 (CR) L2..........RR 		..
..
..
..
..

L �

4.11. Corollary. (i) If M has N as β-nf, then M →→β N .
(ii) A λ-term has at most one β-nf.

Proof. (i) Suppose M =β N with N in β-nf. By Corollary 4.10 M →→β L
and N →→β L for some L. But then N ≡ L, by Lemma 4.8, so M →→β N .

(ii) Suppose M has β-nf’s N1, N2. Then N1 =β N2 (=β M). By Corollary
4.10 N1 →→β L, N2 →→β L for some L. But then N1 ≡ L ≡ N2 by Lemma
4.8. �

4.12. Some consequences. (i) The λ-calculus is consistent, i.e. λ 6` true =
false. Otherwise true =β false by Proposition 4.5, which is impossible by
Corollary 4.11 since true and false are distinct β-nf’s. This is a syntactic
consistency proof.

(ii) Ω has no β-nf. Otherwise Ω →→β N with N in β-nf. But Ω only reduces
to itself and is not in β-nf.

(iii) In order to find the β-nf of a term M (if it exists), the various subex-
pressions of M may be reduced in different orders. By Corollary 4.11 (ii) the
β-nf is unique.

The proof of the Church-Rosser theorem occupies 4.13–4.19. The idea of
the proof is as follows. In order to prove Theorem 4.9, it is sufficient to show
the Strip Lemma:

M

	��
β �� @

@
@

@ β
@

@
@

@RR

N1 ............
β

............RR

N2

		..
... β

..
...

N3

In order to prove this lemma, let M →β N1 be a one step reduction resulting
from changing a redex R in M in its contractum R′ in N1. If one makes a
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bookkeeping of what happens with R during the reduction M →→β N2, then by
reducing all ‘residuals’ of R in N2 the term N3 can be found. In order to do the
necessary bookkeeping an extended set Λ ⊇ Λ and reduction β is introduced.
The underlining serves as a ‘tracing isotope’.

4.13. Definition (Underlining). (i) Λ is the set of terms defined inductively
as follows.

x ∈ V ⇒ x ∈ Λ,

M,N ∈ Λ ⇒ (MN) ∈ Λ,

M ∈ Λ, x ∈ V ⇒ (λx.M) ∈ Λ,

M,N ∈ Λ, x ∈ V ⇒ ((λx.M)N) ∈ Λ.

(ii) The underlined reduction relations →β (one step) and →→β are defined
starting with the contraction rules

(λx.M)N →β M [x := N ],

(λx.M)N →β M [x := N ].

Then →β is extended in order to become a compatible relation (also with respect
to λ-abstraction). Moreover, →→β is the transitive reflexive closure of →β.

(iii) If M ∈ Λ, then |M | ∈ Λ is obtained from M by leaving out all underlin-
ings. E.g. |(λx.x)((λx.x)(λx.x))| ≡ I(II).

4.14. Definition. The map ϕ : Λ → Λ is defined inductively as follows.

ϕ(x) ≡ x,

ϕ(MN) ≡ ϕ(M)ϕ(N),

ϕ(λx.M) ≡ λx.ϕ(M),

ϕ((λx.M)N) ≡ ϕ(M)[x := ϕ(N)].

In other words, ϕ contracts all redexes that are underlined, from the inside to
the outside.

Notation. If |M | ≡ N or ϕ(M) ≡ N , then this will be denoted by

M
| |

- N or M
ϕ

- N.

4.15. Lemma.

M ′ ·············· ·
β
···············-- N ′

| |

? ?

| |

M
β

-- N

M ′, N ′ ∈ Λ,
M,N ∈ Λ.
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Proof. First suppose M →β N . Then N is obtained by contracting a redex
in M and N ′ can be obtained by contracting the corresponding redex in M ′.
The general statement follows by transitivity. �

4.16. Lemma. (i) Let M,N ∈ Λ. Then

ϕ(M [x := N ]) ≡ ϕ(M)[x := ϕ(N)].

(ii)
M

β

-- N

ϕ

? ?

ϕ

ϕ(M) ············ ·
β
·············-- ϕ(N)

M,N ∈ Λ.

Proof. (i) By induction on the structure of M , using the Substitution Lemma
(see Exercise 2.2) in case M ≡ (λy.P )Q. The condition of that lemma may be
assumed to hold by our convention about free variables.

(ii) By induction on the generation of →→β , using (i). �

4.17. Lemma.

M

	�
�

�
| | �

�
� @

@
@ ϕ

@
@

@R
N ··············· ·

β
················-- L

M ∈ Λ,
N, L ∈ Λ.

Proof. By induction on the structure of M. �

4.18. Strip lemma.

M

	��
β �� @

@
@

@ β
@

@
@

@RR

N1 .............
β

.............RR

N2

		..
..
.
β
..
..
.

N3

M,N1, N2, N3 ∈ Λ.

Proof. Let N1 be the result of contracting the redex occurrence R ≡ (λx.P )Q
in M . Let M ′ ∈ Λ be obtained from M by replacing R by R′ ≡ (λx.P )Q. Then
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|M ′| ≡ M and ϕ(M ′) ≡ N1. By the lemmas 4.15, 4.16 and 4.17 we can erect
the diagram

M

	��
β ��

HHHHHHHH β
HHHHHHHHjj

I@@ | |
@@

N1
�

ϕ
M ′

........................
β

........................jj

................................................jj

β N2

		..
...
β ..

... I@@ | |

@@
N3

�
ϕ

N ′

2

which proves the Strip Lemma. �

4.19. Proof of the Church-Rosser Theorem. If M →→β N1, then M ≡
M1 →β M2 →β · · · →β Mn ≡ N1. Hence the CR property follows from the
Strip Lemma and a simple diagram chase:

M

	�
� @

@
@

@
@

@
@

@
@

@
@

@RR

M1

	�
�

........................................RR

•

. .
. ........................................RR

•

	�
�

N1 N2........................................RR

		..
..
..

•

		..
..
..

•

. .
.

•

		..
..
..

• �

4.20. Definition. For M ∈ Λ the reduction graph of M , notation Gβ(M), is
the directed multigraph with vertices {N |M →→β N} and directed by →β.
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4.21. Example. Gβ(I(Ix)) is

x

I x( )I

xI

sometimes simply drawn as

It can happen that a term M has a nf, but at the same time an infinite
reduction path. Let Ω ≡ (λx.xx)(λx.xx). Then Ω → Ω → · · · so KIΩ →
KIΩ → · · ·, and KIΩ →→ I. Therefore a so called strategy is necessary in
order to find the normal form. We state the following theorem; for a proof see
Barendregt (1984), Theorem 13.2.2.

4.22. Normalization Theorem. If M has a normal form, then iterated con-
traction of the leftmost redex leads to that normal form.

In other words: the leftmost reduction strategy is normalizing . This fact
can be used to find the normal form of a term, or to prove that a certain term
has no normal form.

4.23. Example. KΩI has an infinite leftmost reduction path, viz.

KΩI →β (λy.Ω)I →β Ω →β Ω →β · · · ,

and hence does not have a normal form.

The functional language (pure) Lisp uses an eager or applicative evaluation
strategy, i.e. whenever an expression of the form FA has to be evaluated, A is
reduced to normal form first, before ‘calling’ F . In the λ-calculus this strat-
egy is not normalizing as is shown by the two reduction paths for KIΩ above.
There is, however, a variant of the lambda calculus, called the λI-calculus, in
which the eager evaluation strategy is normalizing. In this λI-calculus terms
like K, ‘throwing away’ Ω in the reduction KIΩ →→ I do not exist. The ‘ordi-
nary’ λ-calculus is sometimes referred to as λK-calculus; see Barendregt (1984),
Chapter 9.

Remember the fixedpoint combinator Y. For each F ∈ Λ one has YF =β

F (YF ), but neither YF →→β F (YF ) nor F (YF ) →→β YF . In order to solve



Reduction 31

reduction equations one can work with A.M. Turing’s fixedpoint combinator,
which has a different reduction behaviour.

4.24. Definition. Turing’s fixedpoint combinator Θ is defined by setting

A ≡ λxy.y(xxy),

Θ ≡ AA.

4.25. Proposition. For all F ∈ Λ one has

ΘF →→β F (ΘF ).

Proof.

ΘF ≡ AAF

→β (λy.y(AAy))F

→β F (AAF )

≡ F (ΘF ). �

4.26. Example. ∃G ∀X GX →→ X(XG). Indeed,

∀X GX →→ X(XG) ⇐ G→→ λx.x(xG)

⇐ G→→ (λgx.x(xg))G

⇐ G ≡ Θ(λgx.x(xg)).

Also the Multiple Fixedpoint Theorem has a ‘reducing’ variant.

4.27. Theorem. Let F1, . . . , Fn be λ-terms. Then we can find X1, . . . , Xn such
that

X1 →→ F1X1 · · ·Xn,
...

Xn →→ FnX1 · · ·Xn.

Proof. As for the equational Multiple Fixedpoint Theorem 3.17, but now
using Θ. �

Exercises

4.1. Show ∀M ∃N [N in β-nf and N I →→β M ].

4.2. Construct four terms M with Gβ(M) respectively as follows.
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4.3. Show that there is no F ∈ Λ such that for all M,N ∈ Λ

F (MN) = M.

4.4.* Let M ≡ AAx with A ≡ λaxz.z(aax). Show that Gβ(M) contains as subgraphs
an n-dimensional cube for every n ∈ N.

4.5. (A. Visser)
(i) Show that there is only one redex R such that Gβ(R) is as follows.

(ii) Show that there is no M ∈ Λ with Gβ(M) is

[Hint. Consider the relative positions of redexes.]

4.6.* (C. Böhm) Examine Gβ(M) with M equal to
(i) HIH , H ≡ λxy.x(λz.yzy)x.
(ii) LLI, L ≡ λxy.x(yy)x.
(iii) QIQ, Q ≡ λxy.xyIxy.

4.7.* (J.W. Klop) Extend the λ-calculus with two constants δ, ε. The reduction
rules are extended to include δMM → ε. Show that the resulting system is
not Church-Rosser.
[Hint. Define terms C,D such that

Cx →→ δx(Cx)

D →→ CD

Then D →→ ε and D →→ Cε in the extended reduction system, but there is no
common reduct.]

4.8. Show that the term M ≡ AAx with A ≡ λaxz.z(aax) does not have a normal
form.

4.9. (i) Show λ 6`WWW = ω3ω3, with W ≡ λxy.xyy and ω3 ≡ λx.xxx.
(ii) Show λ 6` Bx = By with Bz ≡ AzAz and Az ≡ λp.ppz.

4.10. Draw Gβ(M) for M equal to:
(i) WWW , W ≡ λxy.xyy.
(ii) ωω, ω ≡ λx.xx.
(iii) ω3ω3, ω3 ≡ λx.xxx.
(iv) (λx.Ixx)(λx.Ixx).
(v) (λx.I(xx))(λx.I(xx)).
(vi) II(III).

4.11. The length of a term is its number of symbols times 0.5 cm. Write down a
λ-term of length < 30 cm with normal form > 1010

10

light year.
[Hint. Use Proposition 2.15 (ii). The speed of light is c = 3× 1010 cm/s.]
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Type Assignment

The lambda calculus as treated so far is usually referred to as a type-free theory.
This is so, because every expression (considered as a function) may be applied to
every other expression (considered as an argument). For example, the identity
function I ≡ λx.x may be applied to any argument x to give as result that same
x. In particular I may be applied to itself.

There are also typed versions of the lambda calculus. These are introduced
essentially in Curry (1934) (for the so called Combinatory Logic, a variant of
the lambda calculus) and in Church (1940). Types are usually objects of a
syntactic nature and may be assigned to lambda terms. If M is such a term
and a type A is assigned to M , then we say ‘M has type A’ or ‘M in A’; the
denotation used for this is M : A. For example in some typed systems one has
I : (A→A), that is, the identity I may get as type A→A. This means that if
x being an argument of I is of type A, then also the value Ix is of type A. In
general, A→B is the type of functions from A to B.

Although the analogy is not perfect, the type assigned to a term may be
compared to the dimension of a physical entity. These dimensions prevent us
from wrong operations like adding 3 volt to 2 ampère. In a similar way types
assigned to lambda terms provide a partial specification of the algorithms that
are represented and are useful for showing partial correctness.

Types may also be used to improve the efficiency of compilation of terms
representing functional algorithms. If for example it is known (by looking at
types) that a subexpression of a term (representing a funtional program) is
purely arithmetical, then fast evaluation is possible. This is because the ex-
pression then can be executed by the alu of the machine and not in the slower
way in which symbolic expressions are evaluated in general.

The two original papers of Curry and Church introducing typed versions of
the lambda calculus give rise to two different families of systems. In the typed
lambda calculi à la Curry terms are those of the type-free theory. Each term
has a set of possible types. This set may be empty, be a singleton or consist
of several (possibly infinitely many) elements. In the systems à la Church the
terms are annotated versions of the type-free terms. Each term has (up to an
equivalence relation) a unique type that is usually derivable from the way the
term is annotated.

The Curry and Church approaches to typed lambda calculus correspond to

33
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two paradigms in programming. In the first of these a program may be written
without typing at all. Then a compiler should check whether a type can be
assigned to the program. This will be the case if the program is correct. A
well-known example of such a language is ML, see Milner (1984). The style of
typing is called implicit typing . The other paradigm in programming is called
explicit typing and corresponds to the Church version of typed lambda calculi.
Here a program should be written together with its type. For these languages
type-checking is usually easier, since no types have to be constructed. Examples
of such languages are Algol 68 and Pascal . Some authors designate the Curry
systems as ‘lambda calculi with type assignment ’ and the Church systems as
‘systems of typed lambda calculus’.

Within each of the two paradigms there are several versions of typed lambda
calculus. In many important systems, especially those à la Church, it is the case
that terms that do have a type always possess a normal form. By the unsolv-
ability of the halting problem this implies that not all computable functions can
be represented by a typed term, see Barendregt (1990), Theorem 4.2.15. This
is not so bad as it sounds, because in order to find such computable functions
that cannot be represented, one has to stand on one’s head. For example in
λ2, the second order typed lambda calculus, only those partial recursive func-
tions cannot be represented that happen to be total, but not provably so in
mathematical analysis (second order arithmetic).

Considering terms and types as programs and their specifications is not the
only possibility. A type A can also be viewed as a proposition and a termM in A
as a proof of this proposition. This so called propositions-as-types interpretation
is independently due to de Bruijn (1970) and Howard (1980) (both papers
were conceived in 1968). Hints in this direction were given in Curry and Feys
(1958) and in Läuchli (1970). Several systems of proof checking are based
on this interpretation of propositions-as-types and of proofs-as-terms. See e.g.
de Bruijn (1980) for a survey of the so called automath proof checking system.
Normalization of terms corresponds in the formulas-as-types interpretation to
normalisation of proofs in the sense of Prawitz (1965). Normal proofs often
give useful proof theoretic information, see e.g. Schwichtenberg (1977).

In this section a typed lambda calculus will be introduced in the style of
Curry. For more information, see Barendregt (1992).

The system λ→-Curry

Originally the implicit typing paradigm was introduced in Curry (1934) for the
theory of combinators. In Curry and Feys (1958) and Curry et al. (1972) the
theory was modified in a natural way to the lambda calculus assigning elements
of a given set T of types to type free lambda terms. For this reason these calculi
à la Curry are sometimes called systems of type assignment . If the type σ ∈ T

is assigned to the term M ∈ Λ one writes `M : σ, sometimes with a subscript
under ` to denote the particular system. Usually a set of assumptions Γ is
needed to derive a type assignment and one writes Γ ` M : σ (pronounce this
as ‘Γ yields M in σ’). A particular Curry type assignment system depends on
two parameters, the set T and the rules of type assignment. As an example we
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now introduce the system λ→-Curry.

5.1. Definition. The set of types of λ→, notation Type(λ→), is inductively
defined as follows. We write T = Type(λ→). Let V = {α, α′, . . .} be a set of
type variables. It will be convenient to allow type constants for basic types such
as Nat, Bool. Let B be such a collection. Then

α ∈ V ⇒ α ∈ T,

B ∈ B ⇒ B ∈ T,

σ, τ ∈ T ⇒ (σ→τ) ∈ T (function space types).

For such definitions it is convenient to use the following abstract syntax to
form T.

T = V | B | T→T

with

V = α | V
′ (type variables).

Notation. (i) If σ1, . . . , σn ∈ T then

σ1→σ2→· · ·→σn

stands for

(σ1→(σ2→· · ·→(σn−1→σn)··));

that is, we use association to the right.

(ii) α, β, γ, . . . denote arbitrary type variables.

5.2. Definition. (i) A statement is of the form M : σ with M ∈ Λ and σ ∈ T.
This statement is pronounced as ‘M in σ’. The type σ is the predicate and the
term M is the subject of the statement.

(ii) A basis is a set of statements with only distinct (term) variables as
subjects.

5.3. Definition. Type derivations in the system λ→ are built up from as-
sumptions x:σ, using the following inference rules.

M : σ→τ N : σ

MN : τ

x : σ
·
·
·

M : τ

λx.M : σ→τ

5.4. Definition. (i) A statement M : σ is derivable from a basis Γ, notation

Γ `M : σ

(or Γ `λ→ M : σ if we wish to stress the typing system) if there is a derivation
of M : σ in which all non-cancelled assumptions are in Γ.

(ii) We use `M : σ as shorthand for ∅ `M : σ.
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5.5. Example. (i) Let σ ∈ T. Then ` λfx.f(fx) : (σ→σ)→σ→σ, which is
shown by the following derivation.

f : σ→σ (2)

f : σ→σ (2) x : σ (1)

fx : σ

f(fx) : σ
(1)

λx.f(fx) : σ→σ
(2)

λfx.f(fx) : (σ→σ)→σ→σ

The indices (1) and (2) are bookkeeping devices that indicate at which appli-
cation of a rule a particular assumption is being cancelled.

(ii) One has ` K : σ→τ→σ for any σ, τ ∈ T, which is demonstrated as
follows.

x : σ (1)

λy.x : τ→σ
(1)

λxy.x : σ→τ→σ

(iii) Similarly one can show for all σ ∈ T

` I : σ→σ.

(iv) An example with a non-empty basis is the statement

y:σ ` Iy : σ.

Properties of λ→

Several properties of type assignment in λ→ are valid. The first one analyses
how much of a basis is necessary in order to derive a type assignment.

5.6. Definition. Let Γ = {x1:σ1, . . . , xn:σn} be a basis.

(i) Write dom(Γ) = {x1, . . . , xn} and σi = Γ(xi). That is, Γ is considered
as a partial function.

(ii) Let V0 be a set of variables. Then Γ � V0 = {x:σ | x ∈ V0 &σ = Γ(x)}.
(iii) For σ, τ ∈ T substitution of τ for α in σ is denoted by σ[α := τ ].

5.7. Basis Lemma. Let Γ be a basis.

(i) If Γ′ ⊇ Γ is another basis, then

Γ `M : σ ⇒ Γ′ `M : σ.

(ii) Γ `M : σ ⇒ FV(M) ⊆ dom(Γ).

(iii) Γ `M : σ ⇒ Γ � FV(M) `M : σ.

Proof. (i) By induction on the derivation of M : σ. Since such proofs will
occur frequently we will spell it out in this simple situation in order to be shorter
later on.
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Case 1. M : σ is x:σ and is element of Γ. Then also x:σ ∈ Γ′ and hence
Γ′ `M : σ.

Case 2. M : σ is (M1M2) : σ and follows directly from M1 : (τ→σ) and
M2 : τ for some τ . By the IH one has Γ′ `M1 : (τ→σ) and Γ′ `M2 : τ . Hence
Γ′ ` (M1M2) : σ.

Case 3. M : σ is (λx.M1) : (σ1→σ2) and follows directly from Γ, x : σ1 `
M1 : σ2. By the variable convention it may be assumed that the bound variable
x does not occur in dom(Γ′). Then Γ′, x:σ1 is also a basis which extends Γ, x:σ1.
Therefore by the IH one has Γ′, x:σ1 `M1 : σ2 and so Γ′ ` (λx.M1) : (σ1→σ2).

(ii) By induction on the derivation of M : σ. We only treat the case that
M : σ is (λx.M1) : (σ1→σ2) and follows directly from Γ, x:σ1 `M1 : σ2. Let y ∈
FV(λx.M1), then y ∈ FV(M1) and y 6≡ x. By the IH one has y ∈ dom(Γ, x:σ1)
and therefore y ∈ dom(Γ).

(iii) By induction on the derivation of M : σ. We only treat the case that
M : σ is (M1M2) : σ and follows directly from M1 : (τ→σ) and M2 : τ for some
τ . By the IH one has Γ � FV(M1) `M1 : (τ→σ) and Γ � FV(M2) `M2 : τ . By
(i) it follows that Γ � FV(M1M2) ` M1 : (τ→σ)and Γ � FV(M1M2) ` M2 : τ
and hence Γ � FV(M1M2) ` (M1M2) : σ. �

The second property analyses how terms of a certain form get typed. It is
useful among other things to show that certain terms have no types.

5.8. Generation Lemma. (i) Γ ` x : σ ⇒ (x:σ) ∈ Γ.
(ii) Γ `MN : τ ⇒ ∃σ [Γ `M : (σ→τ) &Γ ` N : σ].
(iii) Γ ` λx.M : ρ ⇒ ∃σ, τ [Γ, x:σ `M : τ & ρ ≡ (σ→τ)].

Proof. By induction on the structure of derivations. �

5.9. Proposition (Typability of subterms). Let M ′ be a subterm of M . Then

Γ `M : σ ⇒ Γ′ `M ′ : σ′ for some Γ′ and σ′.

The moral is: if M has a type, i.e. Γ ` M : σ for some Γ and σ, then every
subterm has a type as well.

Proof. By induction on the generation of M . �

5.10. Substitution Lemma.

(i) Γ `M : σ ⇒ Γ[α := τ ] `M : σ[α := τ ].
(ii) Suppose Γ, x:σ `M : τ and Γ ` N : σ. Then Γ `M [x := N ] : τ .

Proof. (i) By induction on the derivation of M : σ.
(ii) By induction on the derivation showing Γ, x:σ `M : τ . �

The following result states that the set of M ∈ Λ having a certain type in
λ→ is closed under reduction.

5.11. Subject Reduction Theorem. Suppose M →→β M
′. Then

Γ `M : σ ⇒ Γ `M ′ : σ.
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Proof. Induction on the generation of →→β using the Generation Lemma 5.8
and the Substitution Lemma 5.10. We treat the prime case, namely that M ≡
(λx.P )Q and M ′ ≡ P [x := Q]. Well, if

Γ ` (λx.P )Q : σ

then it follows by the Generation Lemma that for some τ one has

Γ ` (λx.P ) : (τ→σ) and Γ ` Q : τ.

Hence once more by the Generation Lemma

Γ, x:τ ` P : σ and Γ ` Q : τ

and therefore by the Substitution Lemma

Γ ` P [x := Q] : σ. �

Terms having a type are not closed under expansion. For example,

` I : (σ→σ), but 6` KI (λx.xx) : (σ→σ).

See Exercise 5.1. One even has the following stronger failure of subject expan-
sion, as is observed in van Bakel (1992).

5.12. Observation. There are M,M ′ ∈ Λ and σ, σ′ ∈ T such that M ′ →→β M
and

`M : σ, `M ′ : σ′,

but
6`M ′ : σ.

Proof. Take M ≡ λxy.y,M ′ ≡ SK, σ ≡ α→(β→β) and σ′ ≡ (β→α)→(β→β);
do Exercise 5.1. �

All typable terms have a normal form. In fact, the so-called strong nor-
malization property holds: if M is a typable term, then all reductions starting
from M are finite.

Decidability of type assignment

For the system of type assignment several questions may be asked. Note that
for Γ = {x1:σ1, . . . , xn:σn} one has

Γ `M : σ ⇔ ` (λx1:σ1 · · · λxn:σn.M) : (σ1→· · ·→σn→σ),

therefore in the following one has taken Γ = ∅. Typical questions are
(1) Given M and σ, does one have `M : σ?
(2) Given M , does there exist a σ such that `M : σ?
(3) Given σ, does there exist an M such that `M : σ?
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These three problems are called type checking , typability and inhabitation re-
spectively and are denoted by M : σ?, M : ? and ? : σ.

Type checking and typability are decidable. This can be shown using the
following result, independently due to Curry (1969), Hindley (1969), and Milner
(1978).

5.13. Theorem. (i) It is decidable whether a term is typable in λ→.
(ii) If a term M is typable in λ→, then M has a principal type scheme, i.e.

a type σ such that every possible type for M is a substitution instance of σ.
Moreover σ is computable from M .

5.14. Corollary. Type checking for λ→ is decidable.

Proof. In order to check M : τ it suffices to verify that M is typable and that
τ is an instance of the principal type of M . �

For example, a principal type scheme of K is α→β→α.

Polymorphism

Note that in λ→ one has

` I : σ→σ for all σ ∈ T.

In the polymorphic lambda calculus this quantification can be internalized by
stating

` I : ∀α.α→α.

The resulting system is the polymorphic of second-order lambda calculus due
to Girard (1972) and Reynolds (1974).

5.15. Definition. The set of types of λ2 (notation T = Type(λ2)) is specified
by the syntax

T = V | B | T→T | ∀V.T.

5.16. Definition. The rules of type assignment are those of λ→, plus

M : ∀α.σ

M : σ[α := τ ]

M : σ

M : ∀α.σ

In the latter rule, the type variable α may not occur free in any assumption on
which the premiss M : σ depends.

5.17. Example. (i) ` I : ∀α.α→α.
(ii) Define Nat ≡ ∀α.(α→α)→α→α. Then for the Church numerals cn ≡

λfx.fn(x) we have ` cn : Nat.

The following is due to Girard (1972).

5.18. Theorem. (i) The Subject Reduction property holds for λ2.
(ii) λ2 is strongly normalizing.

Typability in λ2 is not decidable; see Wells (1994).



40 Introduction to Lambda Calculus

Exercises

5.1. (i) Give a derivation of
` SK : (α→β)→(α→α).

(ii) Give a derivation of
` KI : β→(α→α).

(iii) Show that 6` SK : (α→β→β).
(iv) Find a common β-reduct of SK and KI. What is the most general type for

this term?

5.2. Show that λx.xx and KI(λx.xx) have no type in λ→.

5.3. Find the most general types (if they exist) for the following terms.
(i) λxy.xyy.
(ii) SII.
(iii) λxy.y(λz.z(yx)).

5.4. Find terms M,N ∈ Λ such that the following hold in λ→.
(i) `M : (α→β)→(β→γ)→(α→γ).
(ii) ` N : (((α→β)→β)→β)→(α→β).

5.5. Find types in λ2 for the terms in the exercises 5.2 and 5.3.



Chapter 6

Extensions

In Chapter 3 we have seen that all computable functions can be expressed
in the lambda calculus. For reasons of efficiency, reliability and convenience
this language will be extended. The set of λ-terms Λ will be extended with
constants. Some of the constants are selected to represent primitive data (such
as numbers) and operations on these (such as addition). Some new reduction
rules (the so called δ-rules) are introduced to express the operational semantics
of these operations. Even if these constants and operations can be implemented
in the lambda calculus, it is worthwhile to have primitive symbols for them.
The reason is that in an implementation of the lambda calculus addition of the
Church numerals runs less efficient than the usual implementation in hardware
of addition of binary represented numbers. Having numerals and addition as
primitives therefore creates the possibility to interprete these efficiently.

From now on we allow constants in λ-terms. Let C be a set of constants.

6.1. Definition. The set of lambda terms with constants, notation Λ(C), is
defined inductively as follows.

C ∈ C ⇒ C ∈ Λ(C),

x ∈ V ⇒ x ∈ Λ(C),

M,N ∈ Λ(C) ⇒ (MN) ∈ Λ(C),

M ∈ Λ(C), x ∈ V ⇒ (λx.M) ∈ Λ(C).

This definition given as an abstract syntax is as follows.

Λ(C) ::= C | V | Λ(C) Λ(C) | λV Λ(C).

6.2. Definition (δ-reduction). Let X ⊆ Λ(C) be a set of closed normal forms.
Usually we take X ⊆ C. Let f : Xk →Λ be an ‘externally defined’ function. In
order to represent f , a so-called δ-rule may be added to the λ-calculus. This is
done as follows.

(1) A special constant in C is selected and is given some name, say δ (= δf ).
(2) The following contraction rules are added to those of the λ-calculus:

δM1 · · ·Mk → f(M1, . . . ,Mk),

for M1, . . . ,Mk ∈ X.

41
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Note that for a given function f this is not one contraction rule but in fact
a rule schema. The resulting extension of the λ-calculus is called λδ. The
corresponding notion of (one step) reduction is denoted by (→βδ) →→βδ.

So δ-reduction is not an absolute notion, but depends on the choice of f .

6.3. Theorem (G. Mitschke). Let f be a function on closed normal forms.
Then the resulting notion of reduction →→βδ satisfies the Church-Rosser prop-
erty.

Proof. Follows from Theorem 15.3.3 in Barendregt (1984). �

The notion of normal form generalises to βδ-normal form. So does the
concept of leftmost reduction. The βδ-normalforms can be found by a leftmost
reduction (notation →→`βδ).

6.4. Theorem. If M →→βδ N and N is in βδ-nf, then M →→`βδ N .

Proof. Analogous to the proof of the theorem for β-normal forms (4.22). �

6.5. Example. One of the first versions of a δ-rule is in Church (1941). Here
X is the set of all closed normal forms and for M,N ∈ X we have

δCMN → true, if M ≡ N ;

δCMN → false, if M 6≡ N .

Another possible set of δ-rules is for the Booleans.

6.6. Example. The following constants are selected in C.

true, false ,not ,and , ite (for if then else).

The following δ-rules are introduced.

not true → false ;

not false → true;

and true true → true;

and true false → false ;

and false true → false ;

and false false → false ;

ite true → true (≡ λxy.x);

ite false → false (≡ λxy.x).

It follows that

ite true x y →→ x,

ite false x y →→ y.
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Now we introduce as δ-rules some operations on the set of integers

Z = {. . . ,−2,−1, 0, 1, 2, . . .}.

6.7. Example. For each n ∈ Z a constant in C is selected and given the name
n. (We will express this as follows: for each n ∈ Z a constant n ∈ C is chosen.)
Moreover the following constants in C are selected:

plus ,minus , times ,divide , equal , error .

Then we introduce the following δ-rules (schemes). For m,n ∈ Z

plus nm → n + m;

minus nm → n − m;

times nm → n ∗ m;

divide nm → n ÷ m, if m 6= 0;

divide n0 → error ;

equal nn → true;

equal nm → false, if n 6= m.

We may add rules like

plus n error → error .

Similar δ-rules can be introduced for the set of reals.

Again another set of δ-rules is concerned with characters.

6.8. Example. Let Σ be some linearly ordered alphabet. For each symbol
s ∈ Σ we choose a constant ‘s’ ∈ C. Moreover we choose two constants δ≤ and
δ= in C and formulate the following δ-rules.

δ≤‘s1’‘s2’ → true, if s1 precedes s2 in the ordering of Σ;

δ≤‘s1’‘s2’ → false , otherwise.

δ=‘s1’‘s2’ → true, if s1 = s2;

δ=‘s1’‘s2’ → false , otherwise.

It is also possible to represent ‘multiple valued’ functions F by putting as
δ-rule

δn → m, provided that F (n) = m.

Of course the resulting λδ-calculus does not satisfy the Church-Rosser theorem
and can be used to deal with non-deterministic computations. We will not
pursue this possibility, however.

We can extend the type assignment system λ→ to deal with constants by
adding typing axioms of the form

C : σ.
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For the system with integers this would result in the following. Let Z,B ∈ B

be basic type constants (with intended interpretation Z and booleans, respec-
tively). Then one adds the following typing axioms to λ→.

true : B, false : B,

not : B→B, and : B→B→B,

n : Z, error : Z,

plus : Z→Z→Z, minus : Z→Z→Z, times : Z→Z→Z, divide : Z→Z→Z,

equal : Z→Z→B.

6.9. Example. ` λxy.times x(plus xy) : Z→Z→Z, as is shown by the follow-
ing derivation.

times : Z→Z→Z x : Z (2)

times x : Z→Z

plus : Z→Z→Z x : Z (2)

plus x : Z→Z y : Z (1)

plus xy : Z

times x(plus xy) : Z
(1)

λy.times x(plus xy) : Z→Z
(2)

λxy.times x(plus xy) : Z→Z→Z

The Strong Normalization property for (plain) λ→ implies that not all re-
cursive functions are definable in the system. The same holds for the above
λδ-calculus with integers. The following system of type assignment is such
that all computable functions are representable by a typed term. Indeed, the
system also assigns types to non-normalizing terms by introducing a primitive
fixedpoint combinator Y having type (σ→σ)→σ for every σ.

6.10. Definition. (i) The λY δ-calculus is an extension of the λδ-calculus in
which there is a constant Y with reduction rule

Y f → f(Y f).

(ii) Type assignment to λY δ-terms is defined by adding the axioms

Y : (σ→σ)→σ

for each σ ∈ T. The resulting system is denoted by λY δ→.

Because of the presence of Y , not all terms have a normal form. Without
proof we state the following.

6.11. Theorem. (i) The λY δ-calculus satisfies the Church-Rosser property.

(ii) If a term in the λY δ-calculus has a normal form, then it can be found
using leftmost reduction.

(iii) The Subject Reduction property holds for λY δ→.



Extensions 45

6.12. Theorem. All computable functions can be represented in the λY δ-
calculus by a term typable in λY δ→.

Proof. The construction uses the primitive numerals n. If we take S
+
Y δ ≡

λx.plus x1, P
−

Y δ ≡ λx.minus x1, and ZeroY δ ≡ λx.equal x0, then the proof
of Theorem 3.13 can be imitated using Y instead of the fixedpoint combinator
Y. The types for the functions defined using Y are natural. �

One could also add Y to the system λ2 using the (single) axiom

Y : ∀α.(α→α)→α.

Exercises

6.1. Let kn be defined by k0 ≡ I and kn+1 ≡ K(kn). Show that on the kn the
recursive functions can be represented by terms in the λδC-calculus.

6.2. Write down a λδ-term F in the system of Example 6.7 such that

Fn →→ n! + n.

6.3. Write down a λδ-term F in the system of Example 6.8 such that for s1, s2, t1, t2 ∈
Σ we have

F [‘s1’, ‘t1’][‘s2’, ‘t2’] →→ true, if (s1, t1) precedes (s2, t2) in the

lexicographical ordering of Σ × Σ;

→→ false, otherwise.

6.4. Give suitable typing axioms (in λ→ and λ2) for the constants in Example 6.6.





Chapter 7

Reduction Systems

In this chapter we consider some alternative models of computation based on
rewriting. The objects in these models are terms built up from constants with
arity in N and variables, using application.

7.1. Definition. Let C be a set of constants. The set of terms over C (notation
T = T (C)) is defined as follows.

x ∈ V ⇒ x ∈ T ,

C ∈ C, t1 . . . , tk ∈ T ⇒ C(t1, . . . , tn) ∈ T ,

where n = arity(C).

Recursive programming schemes

The simplest reduction systems are recursive programming schemes (RPS).

The general form of an RPS has as language the terms T (C). On these a
reduction relation is defined as follows.

C1(x1, . . . , xn1
) → t1,

...

Ck(x1, . . . , xnk
) → tk,

where ni = arity(C i). Here we have

(1) The C’s are all different constants.

(2) The free variables in ti are among the x1, . . . , xni
.

(3) In the t’s there may be arbitrary C’s.

For example, the system

C(x, y) → D(C(x, x), y),

D(x, y) → C(x,D(x, y))

is an RPS.

The λ-calculus is powerful enough to ‘implement’ all these RPS’s. We can
find λ-terms with the specified reduction behaviour.

47
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7.2. Theorem. Each RPS can be represented in λ-calculus. For example (see
above), there are terms C and D such that

Cxy →→β D(Cxx)y,

Dxy →→β Cx(Dxy).

Proof. By the reducing variant 4.27 of the Multiple Fixedpoint Theorem. �

Without proof we mention the following.

7.3. Theorem. Every RPS satisfies the Church-Rosser theorem.

Term rewrite systems

More general than the RPS’s are the so called term rewrite systems (TRS’s),
which use pattern matching in function definitions. A typical example is

A(0, y) → y,

A(S(x), y) → S(A(x, y)).

Then, for example, A(S(0),S(S(0))) →→ S(S(S(0))).
The difference with RPS’s is that in a TRS the arguments of a rewrite rule

may have some structure. A constant in a TRS that does not have a contraction
rule (i.e. no rewrite rule starts with that constant) is called a constructor . The
other constants are called functions.

Not all TRS’s satisfy the Church-Rosser property. Consider the system

A(x) → B,

A(B) → C.

Then A(B) reduces both to B and to C. It is said that the two rules overlap.
The following rule overlaps with itself:

D(D(x)) → E.

Then D(D(D(D))) reduces to E and to D(E).
See Klop (1992) for a survey and references on TRS’s.
Combinatory logic (CL) is a reduction system related to λ-calculus. Terms

in CL consist of (applications of) constants I , K, S and variables, without
arity restrictions. The contraction rules are

Ix → x,

Kxy → x,

Sxyz → xz(yz).

(Note that KI is a nf.) Then KII → I , and SII(SII) has no normal
form. This CL can be represented as a TRS by considering I ,K,S as (0-ary)
constructors, together with a function Ap with arity 2, as follows.

Ap(I , x) → x,

Ap(Ap(K, x), y) → x,

Ap(Ap(Ap(S, x), y), z) → Ap(Ap(x, z),Ap(y, z)).
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The CL-term SII(SII) is translated into Ω ≡ Ap(ω,ω) where ω ≡ Ap(Ap(S, I), I).

The Normalization Theorem does not extend to TRS’s. Consider the above
TRS-version of CL, together with the rules

or(x, true) → true,

or(true, x) → true,

or(false, false) → false.

The expression

or(A,B)

can, in general, not be normalized by contracting always the leftmost redex. In
fact A and B have to be evaluated in parallel. Consider e.g. the terms

or(Ω,Ap(I , true))

and

or(Ap(I , true),Ω).

Therefore this system is called non-sequential .

Combinatory reduction systems

Even more general than TRS’s are the combinatory reduction systems (CRS)
introduced in Klop (1980). These are TRS’s together with arbitrary variable
binding operations. We have in fact

CRS

��
�� @@

@@
λ TRS

@@
@@ ��

��

RPS

Exercises

7.1. (Toyama et al. (1989a), see also (1989b)) A TRS is called strongly normalizing
(SN) if there is no term that has an infinite reduction path. So (the TRS version
of) CL(S,K) is not SN, but CL(I ,K) (with the obvious reduction rules) is.
Define the following two TRS’s.
R1:

F (4, 5, 6, x) → F (x, x, x, x),

F (x, y, z, w) → 7,
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R2:

G(x, x, y) → x,

G(x, y, x) → x,

G(y, x, x) → x.

Show that both R1 and R2 are SN, but the union R1 ∪ R2 is not.
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Exercises of the class of Herman Geuvers

Exercises 1a: Simple Type Theory

1. Find inhabitants (i.e. closed terms) of the following types (in STT)

(a) (α→β)→(β→γ)→α→γ

(b) α→β→(α→β→γ)→γ

(c) ((α→β→α)→α)→α

(d) β→((α→β)→γ)→γ

2. The type α→(α→α)→α is also called nat.

(a) Show that there are infinitely many closed terms (inhabitants) of type nat.

(b) Describe a term 0 : nat and the succesor succ : nat→nat.

(c) Describe the derivations that the (infinitely many) terms under (a) correspond
to.

(d) Construct a derivation of ((α→β)→γ)→β→γ and the associated typed λ-term.

3. Add product types to λ→, that is add σ × τ to the types and

(a) Add the appropriate term constructors to extend the term language of λ→.

(b) Give typing rules for terms of type σ × τ , by giving an elimination rule and an
introduction rule. (A term of type σ× τ should be built up from a term of type
σ and a term of type τ .)

(c) Give a reduction rule for the new term constructors. Try to give an “β-like”
rule and an “η-like” rule.

4. Prove the claim made in the proof of the Weak Normalization theorem (page 16 of
the slides of lesson 2): If we reduce in P a redex of maximum height (height h(P ))
that does not contain any other redex of height h(P ), obtaining the term Q, then
m(Q) <l m(P ).

5. Fill the three gaps in the proof of Strong Normalization (page 17 of the slides of
lesson 2). That is, prove

(a) [[σ]] ⊆ SN (by induction on σ)

(b) If M [N/x]~P ∈ [[τ ]], N ∈ [[σ]], then (λx.M)N ~P ∈ [[τ ]] (by induction on σ)

(c) (By induction on the derivation of Γ ` M : σ).

x1:τ1, . . . , xn:τn ` M : σ
N1 ∈ [[τ1]], . . . , Nn ∈ [[τn]]

}
⇒ M [N1/x1, . . . Nn/xn] ∈ [[σ]]

6. Prove the Substitution Lemma (by induction on the derivation of Γ, x : τ, ∆ ` M : σ).
(That is, prove that if Γ, x : τ, ∆ ` M : σ and Γ ` P : τ , then Γ, ∆ ` M [P/x] : σ.)

1



Exercises 1b: Polymorphic Lambda Calculus

1. ⊥ is the type ∀α.α. Give the typing derivations of the following typing. λx:⊥.λα.x(α→α)(xα).

2. Find terms of the following types in λ2. (See the slides for the definitions.)

(a) σ→σ ∨ τ . Now make this term polymorphic in σ and τ .

(b) σ→τ→σ ∧ τ

(c) ∀β.σ→∃α.σ[α/β]. Which logical rule does this term correspond to?

(d) Given M : ∃α.σ and F : ∀α.σ→τ , with α /∈ FV(τ), construct a term of type τ .
Which logical rule does this term correspond to?

3. Define the type of booleans bool in λ2 as bool := ∀α.α→α→α

(a) Define true : bool and false : bool.

(b) Define conjunction and disjunction over the booleans

4. Recall the natural numbers in λ2.

(a) Define exponentiation exp : nat→nat→nat on the natural numbers in λ2. (Use
the iterator and already defined functions.)

(b) Define the function Z? : nat→bool such that Z?0 =β true and Z?(Sx) =β false.

5. The type of lists over A is defined by listA := ∀α.α→(A→α→α)→α.

(a) Define the “head” function over listA. This function requires a “default value”
for the case of the nil-list:

head : A→listA→A.

NB. The tail function is not so easy to define. It can’t be defined directly by
iteration.

(b) Define the function suclist : listnat→nat that adds 1 to each element in a list of
natural numbers. (See the “map” function on the slides.)

6. Consider the type of Binary trees with nodes in A and leaves in B, as given in the
lecture:

treeA,B := ∀α.(B→α)→(A→α→α→α)→α

(a) Define the functions leaf : B→treeA,B and join : A→treeA,B→treeA,B→treeA,B.

(b) Define the iterator for tree:

it : ∀γ.(B→γ)→(A→γ→γ→γ)→treeA,B→γ.

(Given a type γ and functions f : (γ→B) and g : (γ→A→A), it should produce
a function from treeA,B to γ.)

2



(c) Take B := nat and write a function tsuml that computes the sum of all leaves.

(d) Take A := nat and write a function tsumln that computes the sum of all leaves
and nodes.

(e) Take A := bool and write a function tend that computes the leave (a term of
type B) that is found by going “left” if the boolean in the node is true and
“right” if it’s false.

(f) Take A, B := bool and write a function tpath that computes the path (as a term
of type Listbool to the leaf by going “left” if the boolean in the node is true and
“right” if it’s false.

7. Prove Strong Normalization for λ2 by proving the following by induction on the
derivation.
Proposition

x1 : τ1, . . . , xn : τn ` M : σ ⇒ M [P1/x1, . . . , Pn/xn] ∈ [[σ]]ρ

for all valuations ρ and P1 ∈ [[τ1]]ρ, . . . , Pn ∈ [[τn]]ρ
See the slides or the Handbook article by Barendregt (Def 4.1.7, page 50) for the
derivation rules of λ2. See the slides for how this fits in the proof of SN.
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Exercises of the class of Herman Geuvers

Exercises 2a: Higher Order Logic

1. Define the Leibniz equality on A as t =A q := ∀P :A→Prop.(P t)→(P q). Prove the
following by finding terms of the associated types.

(a) reflexivity of =A: ∀x:A.x =A x.

(b) transitivity of =A: ∀x, y, z:A.x =A y → y =A z → x =A z.

(c) symmetry of =A: ∀x, y:A.x =A y → y =A x.

2. The transitive closure of a relation R is defined as follows.

trclos := λR:A→A→Prop.λx, y:A.(∀Q:A→A→Prop.(trans(Q)→(R ⊆ Q)→(Qxy))).

So trclos is of type (A→A→Prop)→(A→A→Prop)

(a) Define the notions trans and ⊆ in the definition of trclos.

(b) Prove that the transitive closure is transitive. (Find a term of type trans(trclosR)).

(c) Prove that the transitive closure of R contains R. (Find a term of type
R ⊆ (trclosR)).

3. In this exercises we will prove in higher order logic a variant of the Knaster-Tarski
fixed-point theorem.
Given a domain A, we identify A→Prop with the collection of subsets of A. In
this exercise we consider maps Φ : (A→Prop)→(A→Prop), mapping subsets of A to
subsets of A.
Φ is asumed to be monotone: ∀P,Q:A→Prop.P ⊆ Q→ (ΦP ) ⊆ (ΦQ).
(P ⊆ Q is an abbreviation for ∀x:A.(P x)→(Qx), which is also gives away the answer
to the exercise above.)
P : A→Prop is called Φ-closed if (ΦP ) ⊆ P .

(a) Define (formally) X : A→Prop as the smallest Φ-closed subset of A.

(b) Prove (for arbitrary P : A→Prop): if P is Φ-closed, then X ⊆ P .
(Find a term of type ∀P :A→Prop.(ΦP ) ⊆ P → X ⊆ P .)

(c) Prove (ΦX) ⊆ X.

(d) Prove X ⊆ (ΦX).

(e) Conclude that X is the least fixed point of Φ:

i. X ≈ (ΦX),

ii. P ≈ (ΦP ) → X ⊆ P .

where we take the equality ≈ to be defined in the set-theoretical way as
P ≈ Q := P ⊆ Q ∧Q ⊆ P .

1



4. Recall the induction principle over natural numbers as a higher order formula. Given
a domain N and 0 : N,S : N→N , IndN is

∀P :N→Prop.(P 0) → (∀x:N.(P x)→(P (S x))) → ∀x:N.(P x)

(a) Consider a datatype of lists over a base domain A. So we have two base domains
A and L and we let Nil : L,Cons : A→L→L. Define the induction principle
over lists.

(b) Consider a datatype of binary trees with leaves in base type A and node labels
in base type B. So So we have three base domains A,B and T : Set and we
let Leaf : A→T, Join : B→T→T→T . Define the induction principle over these
trees.

Exercises 2b: Extensions of λHOL; the λ cube; PTSs

1. (a) Explain for every → and Π in the following judgment which Π-rule (of λHOL)
is needed to make it a valid construction.

A : Type, R : A→A→Prop ` Πx:A.ΠQ:(A→Prop)→Prop.Q(Rx)→Rxx : Prop

(b) Do the same for the following judgment in CC.

A : Prop ` ΠF :(Πα:Prop.ΠQ:α→Prop.Πy:αQy→Qy).F A→ Prop : Type

2. Give a context Γ and a term M of the type

(Πx:A.(Rxa→Ra (f x)))→Raa→Ra (f a)

in this context.
What is the simplest system of the λ cube in which this typing is valid?

3. (a) Recall the polymorphic type of lists over A, ListA and define it in λ2. (So
A : Prop ` ListA : Prop; verify that this is indeed possible in the λ-cube system
λ2.)

(b) Define induction over lists as a proposition in λP2. (SoA : Prop ` indList : Prop;
verify that this is indeed possible in the λ-cube system λP2.)

4. Define in CC, ϕ := ∀x:A.x = a, ψ := ∀x:B.∃y:B.x 6= y (with A,B : Prop) and define

EXT := ∀α, β:Prop.(α⇔ β) ⇒ (α =Prop β).

Give a term of type ⊥ in CC in the following context

e : EXT, A,B : Prop, h1 : ϕ, h2 : ψ

Alternatively you may try to find this term in Coq, see the file coq_ex7.v8.

2



5. Prove the following basic property for any Pure Type System (S,A,R). (By induc-
tion on the derivation.)
(Variable Lemma)
If Γ `M : A, then Γ ` x : B for all x : B ∈ Γ.

6. Prove the Substitution Lemma for PTSs. (By induction on the derivation; do the
cases for the last rule being (weak) or (λ).

3
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Lecture 1: Simple and Polymorphic Type Theory

1

Simplest system: λ→ just arrow types

Typ := TVar | (Typ→Typ)

• Examples: (α→β)→α, (α→β)→((β→γ)→(α→γ))

• Brackets associate to the right and outside brackets are omit-
ted:
(α→β)→(β→γ)→α→γ

• Types are denoted by σ, τ, . . ..

Terms:

• typed variables xσ
1 , xσ

2 , . . ., countably many for every σ.

• application: if M : σ→τ and N : σ, then (MN ) : τ

• abstraction: if P : τ , then (λxσ.P ) : σ→τ

2

Examples:

λxσ.λyτ .x : σ→τ→σ

λxα→β.λyβ→γ.λzα.y(xz) : (α→β)→(β→γ)→α→γ

λxα.λy(β→α)→α.y(λzβ.x)) : α→((β→α)→α)→α

For every type there is a term of that type:

xσ : σ

Not for every type there is a closed term of that type:

(α→α)→α is not inhabited

3

Formulation with contexts to declare the free variables:

x1 : σ1, x2 : σ2, . . . , xn : σn

is a context, usually denoted by Γ.

Derivation rules of λ→:

x:σ ∈ Γ
Γ ` x : σ

Γ ` M : σ→τ Γ ` N : σ
Γ ` MN : τ

Γ, x:σ ` P : τ
Γ ` λx:σ.P : σ→τ

Γ `λ→ M : σ if there is a derivation using these rules with
conclusion Γ ` M : σ

4



Typical problems one would like to have an algorithm for:

Γ ` M : σ? Type Checking Problem TCP
Γ ` M : ? Type Synthesis Problem TSP
`? : σ Type Inhabitation Problem (by a closed term) TIP
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Typical problems one would like to have an algorithm for:

Γ ` M : σ? Type Checking Problem TCP
Γ ` M : ? Type Synthesis Problem TSP
`? : σ Type Inhabitation Problem (by a closed term) TIP

For λ→, all these problems are decidable.
Remarks:

• TCP and TSP are (usually) equivalent:
To solve MN : σ, one has to solve N :? (and if this gives
answer τ , solve M : τ→σ).

• TIP is undecidable for most extensions of λ→, as it corre-
sponds to provability in some logic.

6

Formulas-as-Types (Curry, Howard):

There are two readings of a judgement M : σ

1. term as algorithm/program, type as specification:
M is a function of type σ

2. type as a proposition, term as its proof:
M is a proof of the proposition σ
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Formulas-as-Types (Curry, Howard):

There are two readings of a judgement M : σ

1. term as algorithm/program, type as specification:
M is a function of type σ

2. type as a proposition, term as its proof:
M is a proof of the proposition σ

• There is a one-to-one correspondence between

– typable terms in λ→

– derivations in minimal proposition logic

• The judgement

x1 : τ1, x2 : τ2, . . . , xn : τn ` M : σ

can be read as

M is a proof of σ from the assumptions τ1, τ2, . . . , τn.

8



Example

[α→β→γ]3 [α]1

β→γ
[α→β]2 [α]1

β
γ 1α→γ 2

(α→β)→α→γ 3
(α→β→γ)→(α→β)→α→γ

'
λx:α→β→γ.λy:α→β.λz:α.xz(yz)

: (α→β→γ)→(α→β)→α→γ
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Example

[α→β→γ]3 [α]1

β→γ
[α→β]2 [α]1

β
γ 1α→γ 2

(α→β)→α→γ 3
(α→β→γ)→(α→β)→α→γ

'
λx:α→β→γ.λy:α→β.λz:α.xz(yz)

: (α→β→γ)→(α→β)→α→γ

[x : α→β→γ]3 [z : α]1

xz : β→γ
[y : α→β]2 [z : α]1

yz : β
xz(yz) : γ 1

λz:α.xz(yz) : α→γ 2
λy:α→β.λz:α.xz(yz) : (α→β)→α→γ 3

λx:α→β→γ.λy:α→β.λz:α.xz(yz) : (α→β→γ)→(α→β)→α→γ

10

Computation:

• β-reduction: (λx:σ.M )P −→β M [P/x]

• η-reduction: λx:σ.Mx −→η M if x /∈ FV(M )

Cut-elimination in minimal logic = β-reduction in λ→.

[σ]1

D1
τ

1σ→τ
D2
σ

τ

 

D2
σ
D1
τ

[x : σ]1

D1
M : τ

1
λx:σ.M : σ→τ

D2
P : σ

(λx:σ.M )P : τ

 

D2
P : σ
D1

M [P/x] : τ

11

Properties of λ→.

• Uniqueness of types
If Γ ` M : σ and Γ ` M : τ , then σ = τ .

• Subject Reduction
If Γ ` M : σ and M −→βη N , then Γ ` N : σ.

• Strong Normalization
If Γ ` M : σ, then all βη-reductions from M terminate.

12



Properties of λ→.

• Uniqueness of types
If Γ ` M : σ and Γ ` M : τ , then σ = τ .

• Subject Reduction
If Γ ` M : σ and M −→βη N , then Γ ` N : σ.

• Strong Normalization
If Γ ` M : σ, then all βη-reductions from M terminate.

• Substitution property
If Γ, x : τ, ∆ ` M : σ, Γ ` P : τ , then Γ, ∆ ` M [P/x] : σ.

• Thinning
If Γ ` M : σ and Γ ⊆ ∆, then ∆ ` M : σ.

• Strengthening
If Γ, x : τ ` M : σ and x /∈ FV(M ), then Γ ` M : σ.

13

Strong Normalization of β for λ→.
Note:

• Terms may get larger under reduction
(λf.λx.f (fx))P −→β λx.P (Px)

• Redexes may get multiplied under reduction.
(λf.λx.f (fx))((λy.M )Q) −→β λx.((λy.M )Q)(((λy.M )Q)x)

• New redexes may be created under reduction.
(λf.λx.f (fx))(λy.N ) −→β λx.(λy.N )((λy.N )x)

14

Strong Normalization of β for λ→ à la Curry is proved by con-
structing a model of λ→.
Definition

• [[α]] := SN (the set of strongly normalizing λ-terms).

• [[σ→τ ]] := {M | ∀N ∈ [[σ]](MN ∈ [[τ ]])}.

Lemma (both by induction on σ)

• [[σ]] ⊆ SN

• If M [N/x] ~P ∈ [[τ ]], N ∈ [[σ]], then (λx.M )N ~P ∈ [[τ ]].

Proposition

x1:τ1, . . . , xn:τn ` M : σ
N1 ∈ [[τ1]], . . . , Nn ∈ [[τn]]

}

⇒ M [N1/x1, . . . Nn/xn] ∈ [[σ]]

Proof By induction on the derivation of Γ ` M : σ.
Corollary λ→ is SN
Proof By taking Ni := xi in the Proposition.

15

Polymorphic λ-calculus

Why Polymorphic λ-calculus?

• Simple type theory λ→ is not very expressive

• In simple type theory, we can not ‘reuse’ a function.
E.g. λx:α.x : α→α and λx:β.x : β→β.

We want to define functions that can treat types polymorphically:
add types ∀α.σ:
Examples

• ∀α.α→α
If M : ∀α.α→α, then M can map any type to itself.

• ∀α.∀β.α→β→α
If M : ∀α.∀β.α→β→α, then M can take two inputs (of
arbitrary types) and return a value of the first input type.

16



Derivation rules of λ2:
Full (system F-style) polymorphism:

Typ := TVar | (Typ→Typ) | ∀α.Typ.

Γ ` M : σ α /∈ FV(Γ)
Γ ` λα.M : ∀α.σ

Γ ` M : ∀α.σ for τ any type
Γ ` Mτ : σ[τ/α]

Examples:

• λα.λβ.λx:α.λy:β.x : ∀α.∀β.α→β→α.

• λx:(∀α.α).λy:σ.xτ : (∀α.α)→σ→τ .

• λx:(∀α.α).x (σ→τ ) (xσ) : (∀α.α)→τ .

17

Recall: Important Properties

Γ ` M : σ? TCP
Γ ` M : ? TSP
`? : σ TIP

Properties of λ2

• TIP is undecidable,

• TCP and TSP are equivalent & decidable.

18

Formulas-as-types for λ2:
There is a formulas-as-types isomorphism between λ2 and sec-
ond order proposition logic, PROP2

Derivation rules of PROP2:

Γ ` σ α /∈ FV(Γ)
Γ ` ∀α.σ

Γ ` ∀α.σ

Γ ` σ[τ/α]

NB This is constructive second order proposition logic:

∀α.∀β.((α→β)→α)→α Peirce’s law

is not derivable.

19

Definability of the other connectives:

⊥ := ∀α.α

σ∧τ := ∀α.(σ→τ→α)→α

σ∨τ := ∀α.(σ→α)→(τ→α)→α

∃α.σ := ∀β.(∀α.σ→β)→β

and all the standard constructive derivation rules are derivable.

Example (∧-elimination):

∀α.(σ→τ→α)→α
(σ→τ→σ)→σ

[σ]1
τ→σ 1σ→τ→σ

σ
Idea:
The definition of a connective is an encoding of the elimination
rule.

20



Data types in λ2

Nat := ∀α.α→(α→α)→α

This type can be used as the type of natural numbers, using the
encoding of IN as Church numerals in the λ-calculus.

n 7→ λx.λf.f (. . . (fx)) n-times f

• 0 := λα.λx:α.λf :α→α.x

• S := λn:Nat.λα.λx:α.λf :α→α.f (nαxf )

• Iteration: if c:σ and g:σ→σ, then define It c g : Nat→σ as

λn:Nat.n σ c g

Then
It c g n = g(. . . (gc)) (n times g)

⇒ Define +, ×, . . . using iteration.

21

Properties of λ2.

• Uniqueness of types
If Γ ` M : σ and Γ ` M : τ , then σ = τ .

• Subject Reduction
If Γ ` M : σ and M −→βη N , then Γ ` N : σ.

• Strong Normalization
If Γ ` M : σ, then all βη-reductions from M terminate.

22

Strong Normalization of β for λ2.
Note:

• There are two kinds of β-reductions

– (λx:σ.M )P −→β M [P/x]

– (λα.M )τ −→β M [τ/α]

• The second doesn’t do any harm: we can just look at the
underlying untyped λ-terms

Recall the proof for λ→:

• [[α]] := Term(α) ∩ SN.

• [[σ→τ ]] := {M : σ→τ |∀N ∈ [[σ]](MN ∈ [[τ ]])}.

Question:
How to define [[∀α.σ]] ??

[[∀α.σ]] := ΠX∈U [[σ]]α:=X??

23

Strong Normalization of β for λ2.

Question:
How to define [[∀α.σ]] ??

[[∀α.σ]] := ΠX∈U [[σ]]α:=X??

• What is U?
The collection of all ‘possible’ interpretations of types (?)

• ΠX∈U [[σ]]α:=X may get very (too?) big.

Girard:

• [[∀α.σ]] should be small
⋂

X∈U

[[σ]]α:=X

• Characterization of U .

24



U := SAT, the collection of saturated sets of (untyped) λ-terms.
X ⊂ Λ is saturated if

• xP1 . . . Pn ∈ X (for all x ∈ Var, P1, . . . , Pn ∈ SN)

• X ⊆ SN

• If M [N/x] ~P ∈ X and N ∈ SN, then (λx.M )N ~P ∈ X.

Let ρ : TVar → SAT be a valuation of type variables.
Define the interpretation of types [[σ]]ρ as follows.

• [[α]]ρ := ρ(α)

• [[σ→τ ]]ρ := {M |∀N ∈ [[σ]]ρ(MN ∈ [[τ ]]ρ)}

• [[∀α.σ]]ρ := ∩X∈SAT[[σ]]ρ,α:=X

25

Proposition

x1 : τ1, . . . , xn : τn ` M : σ ⇒ M [P1/x1, . . . , Pn/xn] ∈ [[σ]]ρ

for all valuations ρ and P1 ∈ [[τ1]]ρ, . . . , Pn ∈ [[τn]]ρ

Proof
By induction on the derivation of Γ ` M : σ.

Corollary λ2 is SN

(Proof: take P1 to be x1, . . . , Pn to be xn.)
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Lecture 2: Higher Order Logic and Type Theory

1

The original motivation of Church to introduce simple type the-
ory was:

to define higher order (predicate) logic

In λ→ we add the following

• prop as a basic type

• ⇒ : prop→prop→prop

• ∀σ : (σ→prop)→prop (for each type σ)

This defines the language of higher order logic HOL.

2

• Induction
∀N→prop( λP :N→prop.(P 0)

⇒ (∀N (λx:N.(Px⇒ P (S x)))
⇒ ∀N (λx:N.Px)))

Notation:
∀P :N→prop( (P 0)

⇒ (∀x:N.(Px⇒ P (S x)))
⇒ ∀x:N.Px)

• Higher order predicates/functions
transitive closure of a relation R

λR: A→A→prop.λx, y:A.
(∀Q:A→A→prop.(trans(Q) ⇒ (R ⊆ Q) ⇒ Qxy))

of type
(A→A→prop)→(A→A→prop)

3

Derivation rules for Higher Order Logic HOL (following Church)

• Natural deduction style.

• Rules are ‘on top’ of the simple type theory.

• Judgements are of the form

∆ `Γ ϕ

– ∆ = ψ1, . . . , ψn

– Γ is a λ→-context

– Γ ` ϕ : prop, Γ ` ψ1 : prop,. . . , Γ ` ψn : prop

– Γ is usually left implicit: ∆ ` ϕ

4



(axiom) ∆ ` ϕ if ϕ ∈ ∆

(⇒ -introduction)
∆ ∪ ϕ ` ψ
∆ ` ϕ⇒ ψ

(⇒ -elimination)
∆ ` ϕ⇒ ψ ∆ ` ϕ

∆ ` ψ

(∀-introduction)
∆ ` ϕ

∆ ` ∀x:σ.ϕ
if x:σ /∈ FV(∆)

(∀-elimination)
∆ ` ∀x:σ.ϕ

∆ ` ϕ[t/x]
if t : σ

(conversion)
∆ ` ϕ
∆ ` ψ

if ϕ =β ψ

5

Church has additional things that we will not consider now:

• Negation connective with rules

• Classical logic
∆ ` ¬¬ϕ

∆ ` ϕ

• Define other connectives in terms of ⇒,∀,¬ (classically).

• Choice operator ισ : (σ→prop)→σ

• Rule for ι:
∆ ` ∃!x:σ.P x
∆ ` P (ισP )

This (Church’ original higher order logic) is basically the logic
of the theorem prover HOL (Gordon, Melham, Harrison) and of
Isabelle-HOL (Paulson, Nipkow).
We will here restrict to the basic constructive core (∀,⇒) of
HOL.

6

Important in HOL:
Conversion rule:

∆ ` ∀P :N→prop.(. . . P c . . .) ∀-elim
∆ ` (. . . (λy:N.y > 0)c . . .) conv

∆ ` (. . . c > 0 . . .)

Definability of other connectives (constructively):

⊥ := ∀α:prop.α

ϕ∧ψ := ∀α:prop.(ϕ⇒ ψ ⇒ α) ⇒ α

ϕ∨ψ := ∀α:prop.(ϕ⇒ α) ⇒ (ψ ⇒ α) ⇒ α

∃x:σ.ϕ := ∀α:prop.(∀x:σ.ϕ ⇒ α) ⇒ α

7

Equality is definable in higher order logic:

t and q terms are equal if they share the same properties
(Leibniz equality)

Definition in HOL (for t, q : A):

t=Aq := ∀P :A→prop.(Pt⇒ Pq)

• This equality is reflexive and transitive (easy)

• It is also symmetric(!) Trick: find a “smart” predicate P

Exercise: Prove reflexivity, transitivity and symmetry of =A.

8



Exercise: Proof of symmetry of =A.
(Trick: take λy:A.y =A t for P .)

∆ ` t =A q
∆ ` ∀P :A→prop.(Pt⇒ Pq)

∆ ` (t =A t) ⇒ (q =A t)
. . .

∆ ` t =A t
∆ ` q =A t

9

One more exercise on Higher Order Logic
The transitive closure of a binary relation R on A has been de-
fined as follows.

trclosR := λx, y:A.

(∀Q:A→A→Prop.(trans(Q)→(R ⊆ Q)→(Qxy))).

1. Prove that the transitive closure is transitive.

2. Prove that the transitive closure of R contains R.

10

(axiom) ∆ ` ϕ if ϕ ∈ ∆

(⇒ -introduction)
∆ ∪ ϕ ` ψ
∆ ` ϕ⇒ ψ

(⇒ -elimination)
∆ ` ϕ⇒ ψ ∆ ` ϕ

∆ ` ψ

(∀-introduction)
∆ ` ϕ

∆ ` ∀x:σ.ϕ
if x:σ /∈ FV(∆)

(∀-elimination)
∆ ` ∀x:σ.ϕ

∆ ` ϕ[t/x]
if t : σ

(conversion)
∆ ` ϕ
∆ ` ψ

if ϕ =β ψ

11

Why not introduce a λ-term notation for the derivations?

This gives a type theory λHOL

• Let prop be a new ‘universe’ of propositional types.

• Direct encoding (deep embedding) of HOL into the type
theory λHOL

12



(axiom) ∆ `Γ x : ϕ if x:ϕ ∈ ∆

(⇒ -introduction)
∆, x:ϕ `Γ M : ψ

∆ `Γ λx:ϕ.M : ϕ⇒ ψ

(⇒ -elimination)
∆ `Γ M : ϕ⇒ ψ ∆ `Γ N : ϕ

∆ `Γ M N : ψ

(∀-introduction)
∆ `Γ,x:σ M : ϕ

∆ `Γ λx:σ.M : ∀x:σ.ϕ
if x:σ /∈ FV(∆)

(∀-elimination)
∆ `Γ M : ∀x:σ.ϕ
∆ `Γ M t : ϕ[t/x]

if Γ ` t : σ

(conversion)
∆ `Γ M : ϕ
∆ `Γ M : ψ

if ϕ =β ψ

13

Now we have two ‘levels’ of type theories

• The (simple) type theory describing the language of HOL

• The type theory for the proof-terms of HOL

NB Many rules, many similar rules.

We put these levels together into one type theory λHOL.
Pseudoterms:

T ::= Prop |Type |Type′ |Var | (ΠVar:T.T) | (λVar:T.T) |TT

{Prop,Type,Type′} is the set of sorts, S.

Some of the typing rules are parametrized

14

(axiom) ` Prop : Type ` Type : Type′

(var)
Γ ` A : s

Γ, x:A ` x : A
(weak)

Γ ` A : s Γ `M : C
Γ, x:A `M : C

(Π)
Γ ` A : s1 Γ, x:A ` B : s2

Γ ` Πx:A.B : s2

if (s1, s2) ∈ { (Type,Type),
(Prop,Prop), (Type,Prop) }

(λ)
Γ, x:A `M : B Γ ` Πx:A.B : s

Γ ` λx:A.M : Πx:A.B

(app)
Γ `M : Πx:A.B Γ ` N : A

Γ `MN : B[N/x]

(conv)
Γ `M : A Γ ` B : s

Γ `M : B
if A =β B

15

(Π)
Γ ` A : s1 Γ, x:A ` B : s2

Γ ` Πx:A.B : s2

if (s1, s2) ∈ { (Type,Type),
(Prop,Prop), (Type,Prop) }

• The combination (Type,Type) forms the function typesA→B
for A,B:Type.
This comprises the unary predicate types and binary relations
types: A→Prop and A→A→Prop.
Also: higher order predicate types like (A→A→Prop)→Prop.
NB A Π-type formed by (Type,Type) is always an →-type.

• (Prop,Prop) forms the propositional types ϕ→ψ for ϕ, ψ:Prop;
implicational formulas.
NB A Π-type formed by (Type,Type) is always an →-type.

• (Type,Prop) forms the dependent propositional type Πx:A.ϕ
for A:Type, ϕ:Prop; universally quantified formulas.

16



Example: Deriving irreflexivity from anti-symmetry

Rel := λX :Type.X→X→Prop

AntiSym := λX :Type.λR:(RelX).∀x, y:X.(Rxy) ⇒ (Ryx) ⇒ ⊥

Irrefl := λX :Type.λR:(RelX).∀x:X.(Rxx) ⇒ ⊥

Derivation in HOL:

∀xAyARxy ⇒ Ry x⇒ ⊥

∀yARxy ⇒ Ry x⇒ ⊥
Rxx⇒ Rxx⇒ ⊥ [Rxx]

Rxx⇒ ⊥ [Rxx]
⊥

Rxx⇒ ⊥

∀xA.R x x⇒ ⊥

17

Derivation in HOL, with terms:

z : ∀xAyARxy ⇒ Ry x⇒ ⊥

zx : ∀yARxy ⇒ Ry x⇒ ⊥
zxx : Rxx⇒ Rxx⇒ ⊥ [q : Rxx]

zxxq : Rxx⇒ ⊥ [q : Rxx]
zxxqq : ⊥

λq:(Rxx).zxxqq : Rxx⇒ ⊥

λx:A.λq:(Rxx).zxxqq : ∀xA.R x x⇒ ⊥

Typing judgement in λHOL:

A:Type, R:A→A→Prop, z : Πx, y:A.(Rxy→Ry x→⊥) `
λx:Aλq:(Rxx).z x x q q : (Πx:A.Rxx→⊥)

18

Question: is the type theory λHOL really isomorphic with HOL?

Yes:Disambiguation Lemma Given

Γ `M : T in λHOL

there is a permutation of Γ: ΓD,ΓL,ΓP such that

1. ΓD,ΓL,ΓP `M : T

2. ΓD consists only of declarations A : Type

3. ΓL consists only of declarations x : σ with ΓD ` σ : Type

4. ΓP consists only of declarations z : ϕ with ΓD,ΓL ` ϕ : Prop

So, if Γ `M : T , we also have

A1:Type, . . . , An:Type
︸ ︷︷ ︸

ΓD
domainvar.

, x:σ1, . . . , xm:σm
︸ ︷︷ ︸

ΓL
termvar.

, z1:ϕ1, . . . zp:ϕp
︸ ︷︷ ︸

ΓP
proofvar.

`M : T

19

Properties of λHOL.

• Uniqueness of types
If Γ `M : A and Γ `M : B, then A=βB.

• Subject Reduction
If Γ `M : A and M −→β N , then Γ ` N : A.

• Strong Normalization
If Γ `M : A, then all β-reductions from M terminate.

Proof of SN is a higher order extension of the one for λ2 (using
the saturated sets).

20



Decidability Questions:

Γ `M : σ? TCP
Γ `M : ? TSP
Γ `? : σ TIP

For λHOL:

• TIP is undecidable

• TCP/TSP: simultaneously.

21

Type Checking

Define algorithms Ok(−) and Type (−) simultaneously:

• Ok(−) takes a context and returns ‘true’ or ‘false’

• Type (−) takes a context and a term and returns a term or
‘false’.

22

Ok(<>) = ‘true’

Ok(Γ, x:A) = TypeΓ(A) ∈ {Prop,Type},

TypeΓ(x) = if Ok(Γ) and x:A ∈ Γ then A else ‘false’,

TypeΓ(Prop) = if Ok(Γ)then Type else ‘false’,

TypeΓ(Type) = if Ok(Γ)then Type′ else ‘false’,

TypeΓ(Type′) = ‘false’,

23

TypeΓ(MN ) = if TypeΓ(M ) = C and TypeΓ(N ) = D

then if C �β Πx:A.B and A =β D
then B[N/x] else ‘false’

else ‘false’,

TypeΓ(λx:A.M ) = if TypeΓ,x:A(M ) = B

then if TypeΓ(Πx:A.B) ∈ {Prop,Type}
then Πx:A.B else ‘false’

else ‘false’,

TypeΓ(Πx:A.B) = if TypeΓ(A) = Type

and TypeΓ,x:A(B) = s ∈ {Prop/Type}

then s else

if TypeΓ(A) = Prop and TypeΓ,x:A(B) = Prop

then Prop else ‘false’
24



Soundness

TypeΓ(M ) = A ⇒ Γ `M : A

for all Γ, M .
Completeness

Γ `M : A ⇒ TypeΓ(M ) =β A

for all Γ, M and A.
This implies that, if TypeΓ(M ) = ‘false’, then M is not typable
in Γ.

Completeness only makes sense if we have uniqueness of types
(Otherwise: let Type (−) generate a set of possible types)

25

Termination
We want Type (−) to terminate on all inputs.
(Not guaranteed by soundness and completness)

Interesting case (1): application:

TypeΓ(MN ) = if TypeΓ(M ) = C and TypeΓ(N ) = D

then if C �β Πx:A.B and A =β D
then B[N/x] else ‘false’

else ‘false’,

For this case, termination follows from the decidability of equality
on well-typed terms (using SN and CR).

26

Termination

Interesting case(2): λ-abstraction:

TypeΓ(λx:A.M ) = if TypeΓ,x:A(M ) = B

then if TypeΓ(Πx:A.B) ∈ {Prop,Type}
then Πx:A.B else ‘false’

else ‘false’,

Replace the side condition

TypeΓ(Πx:A.B) ∈ {Prop,Type}

by

TypeΓ(A) = Prop and B ≡ Π~y: ~C.D withD 6= Prop/Type/Type′

or

TypeΓ(A) = Type and B ≡ Π~y: ~C.D withD 6= Type/Type′.
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Lecture 3: Extensions of λHOL; the λ-cube; Pure Type
Systems

1

(axiom) ` Prop : Type ` Type : Type′

(var)
Γ ` A : s

Γ, x:A ` x : A
(weak)

Γ ` A : s Γ `M : C
Γ, x:A `M : C

(Π)
Γ ` A : s1 Γ, x:A ` B : s2

Γ ` Πx:A.B : s2

if (s1, s2) ∈ { (Type,Type),
(Prop,Prop), (Type,Prop) }

(λ) Γ, x:A `M : B Γ ` Πx:A.B : s
Γ ` λx:A.M : Πx:A.B

(app)
Γ `M : Πx:A.B Γ ` N : A

Γ `MN : B[N/x]

(conv)
Γ `M : A Γ ` B : s

Γ `M : B
if A =β B

2

λHOL contains λ2 and λ→.

(Π)
Γ ` A : s1 Γ, x:A ` B : s2

Γ ` Πx:A.B : s2

if (s1, s2) ∈ { (Type,Type),
(Prop,Prop), (Type,Prop) }

This rule allows to form

• →-types on the Type-level (one copie of λ→)

• →-types on the Prop-level (second copie of λ→)

• Πα:Prop.α→α: polymorphic types on the Prop-level (one
copie of λ2)

3

(Π)
Γ ` A : s1 Γ, x:A ` B : s2

Γ ` Πx:A.B : s2

if (s1, s2) ∈ { (Type,Type),
(Prop,Prop), (Type,Prop) }

Why not extend λHOL to include

• Higher order logic over polymorphic domains?
like ΠA : Type.A→A

• Quantification over all domains?
like in ΠA : Type.ΠP :A→Prop.Πx:A.P x→P x

4



(Π)
Γ ` A : s1 Γ, x:A ` B : s2

Γ ` Πx:A.B : s2

if (s1, s2) ∈ { (Type,Type),
(Prop,Prop), (Type,Prop) }

Why not extend λHOL to include

• Higher order logic over polymorphic domains?
like ΠA : Type.A→A

• Quantification over all domains?
like in ΠA : Type.ΠP :A→Prop.Πx:A.P x→P x

This can easily be done by allowing in the Π-rule

• (s1, s2) ∈ { (Type′,Type) } to obtain higher order logic over
polymorphic domains  system λU−

• (s1, s2) ∈ { (Type′,Prop) } to allow quantification over all
domains  system λU

5

Problem:

• λU (λHOL + (Type’,Type) and (Type’,Prop)) is inconsistent
(Girard)

• λU− (λHOL + (Type’,Type)) is inconsistent
(Coquand, Hurkens)

NB λHOL + (Type’,Prop) is consistent.

6

Problem:

• λU (λHOL + (Type’,Type) and (Type’,Prop)) is inconsistent
(Girard)

• λU− (λHOL + (Type’,Type)) is inconsistent (Coquand, Hurkens)

NB λHOL + (Type’,Prop) is consistent.

Implications

• λU− can’t be used as a logic.

• In λU−, there is a closed term M with `M : ⊥

• This M can not be in normal form (by some syntactic rea-
soning)

• So, λU− is not SN

7

Type Checking in λU− is still decidable:
All types (terms of type Prop, Type or Type′) are strongly nor-
malizing

TypeΓ(MN ) = if TypeΓ(M ) = C and TypeΓ(N ) = D

then if C �β Πx:A.B and A =β D
then B[N/x] else ‘false’

else ‘false’,

In the type synthesis algorithm we only check equality of types

8



Variations on the rules of λHOL:

• There are many type system with (slightly) different rules

• Many (proofs of) properties are similar

• Plan: Study these type systems in one general framework:

– The cube of typed λ-calculi (Barendregt)

– Pure Type Systems (Terlouw, Berardi)

9

The cube of typed λ-calculi: (forget about Type′ for the mo-
ment)
Vary on all possible combinations for

R ⊆ { (Prop,Prop), (Type,Prop), (Type,Type), (Prop,Type) }

in the Π-rule:

(Π)
Γ ` A : s1 Γ, x:A ` B : s2

Γ ` Πx:A.B : s2
if (s1, s2) ∈ R

We take (Prop,Prop) in every R

10

λω -λPω
6 6
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λ→ -λP

add (Type,Prop)
6

add (Type,Type)
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(Prop,Prop) -add (Prop,Type)
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(Π)
Γ ` A : s1 Γ, x:A ` B : s2

Γ ` Πx:A.B : s2
if (s1, s2) ∈ R

System R
λ→ (Prop,Prop)
λ2 (system F) (Prop,Prop) (Type,Prop)
λP (LF) (Prop,Prop) (Prop,Type)
λω (Prop,Prop) (Type,Type)
λP2 (Prop,Prop) (Type,Prop) (Prop,Type)
λω (system Fω) (Prop,Prop) (Type,Prop) (Type,Type)
λPω (Prop,Prop) (Prop,Type) (Type,Type)
λPω (CC) (Prop,Prop) (Type,Prop) (Prop,Type) (Type,Type)

λ→ in this presentation is equivalent to λ→ in the way we’ve
presented before. Similarly for λ2, λP, . . .

12



This cube also gives a fine structure for the

Calculus of Constructions, CC (Coquand and Huet)

CC has:

• Polymorphic data types on the Prop-level,
e.g. Πα:Prop.α→(α→α)→α.

• Predicate domains on the Type-level,
e.g. N→N→Prop

• Logic on the Prop-level,
e.g. ϕ ∧ ψ := Πα:Prop.(ϕ→ψ→α)→α.

• Universal quantification (first and higher order),
e.g. ΠP :N→Prop.Πx:N.Px→Px.

13

One can do higher order predicate logic in CC, in a slightly un-
usual way:

• ‘propositions’ and first order ‘sets’ are both of type Prop

• propositions and sets are completely mixed

Is it faithful to do higher order predicate logic in CC??

Answer: No!
There are non-provable formulas of HOL that become inhabited
in CC

14

Consider extensionality of propostions:

EXT := ∀α, β:prop.(α ⇔ β) ⇒ (α =prop β)

In CC, this becomes Πα, β:Prop.(α ↔ β) → (α =Prop β)

15

Consider extensionality of propostions:

EXT := ∀α, β:prop.(α ⇔ β) ⇒ (α =prop β)

In CC, this becomes Πα, β:Prop.(α ↔ β) → (α =Prop β)

Suppose two base domains A and B and constants a : A, b : B.
In HOL, the following formulas are consistent.

• ϕ := ∀x:A.x = a, ψ := ∀x:B.∃y:B.x 6= y

16



Consider extensionality of propostions:

EXT := ∀α, β:prop.(α ⇔ β) ⇒ (α =prop β)

In CC, this becomes Πα, β:Prop.(α ↔ β) → (α =Prop β)

Suppose two base domains A and B and constants a : A, b : B.
In HOL, the following formulas are consistent.

• ϕ := ∀x:A.x = a, ψ := ∀x:B.∃y:B.x 6= y

But in CC, EXT also applies to the base sets A and B.
A↔ B (both are non-empty) so A =Prop B

so property ψ (of B) also applies to A
so ∀x:A.∃y:A.x 6= y

contradicting ϕ
So, in CC, ϕ and ψ are inconsistent

17

We have to be careful when doing higher order logic in CC.

Or: we may try to improve on this: taking the sets and the
propositions apart:
System λPREDω:

• Sorts: Prop, Set,Typep,Types

• Axioms for these sorts: Prop : Typep, Set : Types

• Rules R:

– (Prop,Prop): implication

– (Set,Prop): first order quantification

– (Typep,Prop): higher order quantification

– (Set, Set): function types

– (Set,Typep): predicate types

– (Typep,Typep): higher order types
18

Pure Type Systems
Determined by a triple (S,A,R) with

• S the set of sorts

• A the set of axioms, A ⊆ S × S

• R the set of rules, R ⊆ S × S × S

If s2 = s3 in (s1, s2, s3) ∈ R, we write (s1, s2) ∈ R.

pseudoterms:

T ::= S |Var | (ΠVar:T.T) | (λVar:T.T) |TT.

19

(sort) ` s1 : s2 if (s1, s2) ∈ A (var)
Γ ` A : s

Γ, x:A ` x : A
if x /∈ Γ

(weak)
Γ ` A : s Γ `M : C

Γ, x:A `M : C
if x /∈ Γ

(Π)
Γ ` A : s1 Γ, x:A ` B : s2

Γ ` Πx:A.B : s3
if (s1, s2, s3) ∈ R

(λ) Γ, x:A `M : B Γ ` Πx:A.B : s
Γ ` λx:A.M : Πx:A.B

(app)
Γ `M : Πx:A.B Γ ` N : A

Γ `MN : B[N/x]

(convβ) Γ `M : A Γ ` B : s
Γ `M : B

A =β B

20



Examples of PTSs

λPREDω

S Set,Types,Prop,Type
A Set : Types,Prop : Type
R (Set, Set), (Set,Type), (Type,Type), (Prop,Prop),

(Set,Prop), (Type,Prop)

CC

S Prop,Type
A Prop : Type
R (Prop,Prop), (Prop,Type), (Type,Prop), (Type,Type)
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λHOL

S Prop,Type,Type′

A Prop : Type,Type : Type′

R (Prop,Prop), (Type,Type), (Type,Prop)

λU

S Prop,Type,Type′

A Prop : Type,Type : Type′

R (Prop,Prop), (Type,Type), (Type′,Type), (Type′,Prop), (Type,Prop)

λ?

S ?
A ? : ?
R (?, ?)
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A PTS-morphism from λ(S,A,R) to λ(S ′,A′,R′) is an
f : S → S ′ that preserves the axioms and rules:

• if (s1, s2) ∈ A then (f (s1), f (s2)) ∈ A′

• if (s1, s2, s3) ∈ R then (f (s1), f (s2), f (s3)) ∈ R′

f extends to pseudoterms and contexts
Proposition:

If Γ `M : A then f (Γ) ` f (M ) : f (A)

Examples:

• f : λ(S,A,R) → λ?, f (s) := ?. (“initial” PTS)

• g : λPREDω → CC, g(Prop) = g(Set) := Prop,
g(Typep) = g(Types) := Type.

Corollary: SN for CC ⇒ SN for λPREDω

23

There are now two type systems for higher order predicate logic:
λPREDω and λHOL.

λPREDω

S Set,Types,Prop,Type
A Set : Types,Prop : Type
R (Set, Set), (Set,Type), (Type,Type), (Prop,Prop),

(Set,Prop), (Type,Prop)

λHOL

S Prop,Type,Type′

A Prop : Type,Type : Type′

R (Prop,Prop), (Type,Type), (Type,Prop)

They are equivalent:
The PTS-morphism h : λPREDω → λHOL, given by

h(Prop) := Prop h(Set) := Type
h(Typep) := Type h(Types) := Type′

constitutes an isomorphism between the derivable sequents.

24



CC∞

S Prop, {Typei}i∈IN
A Prop : Type,Typei : Typei+1
R (Prop,Prop), (Prop,Typei), (Typei,Prop)

(Typei,Typej,Typemax(i,j))

NB: (Typei+1Typei,Typei)) would be inconsistent.

25

CC∞

S Prop, {Typei}i∈IN
A Prop : Type,Typei : Typei+1
R (Prop,Prop), (Prop,Typei), (Typei,Prop)

(Typei,Typej,Typemax(i,j))

NB: (Typei+1Typei,Typei)) would be inconsistent.
The Extended Calculus of Constructions has in addition

• Cumulativity: Prop ⊆ Type0 ⊆ Type1 ⊆ . . .

• Σ-types:

Γ ` A : Prop Γ, x:A ` B : Prop
Γ ` Σx:A.B : Prop

Γ ` A : Typei Γ, x:A ` B : Typej
Γ ` Σx:A.B : Typemax(i,j)

NB: We have ΠA:Typei.ϕ : Prop, but not ΣA:Typei.ϕ : Prop
NB: Coq has in addition Set : Type and rules (Set, Set), (Typei, Set), (Set,Prop)
and inductive types.
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What is the use of the abstract framework of PTSs?

• Present (the kernel of) systems in a uniform way

• Compare systems (e.g. λHOL, λPREDω, CC) within one
framework

• Prove properties for many systems at once.

27

Properties of PTSs.

• Uniqueness of types
If Γ `M : A and Γ `M : B, then A=βB.
Holds if A ⊆ S × S and R ⊆ (S × S) × S are functions.

• Subject Reduction
If Γ `M : A and M −→β N , then Γ ` N : A.

• Substitution property
If Γ, x : B,∆ `M : A, Γ ` P : B, then
Γ,∆[P/x] `M [P/x] : A[P/x].

• Thinning
If Γ `M : A and Γ ⊆ ∆, ∆ well-formed, then ∆ `M : A.

• Strengthening
If Γ, x : τ,∆ `M : A and x /∈ FV(M,A,∆), then
Γ,∆ `M : A.
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Strong Normalization:

If Γ `M : A, then all β-reductions from M terminate.

SN holds for some PTSs (all subsystems of CC,. . . ), and for
some not (λU−, λ?, . . .).

SN for CC can be proved by a higher order extension of the
saturated sets argument (for λ2).

29
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Dogma ofType Theory

• Everything has a type
M :A

• Types are a bit like sets, but: . . .

– types give “syntactic information”

3 + (7 ∗ 8)5:nat

– sets give “semantic information”

3∈{n ∈ IN | ∀x, y, z > 0(xn + yn 6= zn)}

2

Per Martin-Löf:
A type comes with
construction principles: how to build objects of that type? and
elimination principles: what can you do with an object of that
type?

This fits well with the Brouwerian view of mathematics:

“there exists an x” means
“we have a method of constructing x”

In short: a type is characterised by the construction principles
for its objects.

3

Examples

• A summer school is constructed from students, teachers, a
team of good organisers and good weather.

• A phrase is constructed from a noun and a verb or from two
phrases with the word “and” between them.
So any phrase has the shape
“noun verb and noun verb and . . . and noun and verb”.

• A natural number is either 0 or the successor S applied to a
natural number.
So the natural numbers are the objects of the shape S(. . . S(0) . . .).

Note:

Checking whether an object belongs to an alleged type is
decidable!

4



But if type checking should be decidable, there is not much
information one can encode in a type (?)

X := {n ∈ IN | ∀x, y, z > 0(xn + yn 6= zn)}

is X a type?
The proper question is: what are the objects of X? (How does
one construct them?)

One constructs an object of the type X by giving an N ∈ IN
and a proof of the fact that ∀x, y, z > 0(xN + yN 6= zN ).

The type X consists of pairs 〈N, p〉, with

• N ∈ IN

• p a proof of ∀x, y, z > 0(xN + yN 6= zN )

〈N, p〉 : X is decidable (if proof-checking is decidable).

5

More technically.
(Especially related to the type theory of Coq, but more widely
applicable.)

• A data type (or set) is a term A : Set

• A formula is a term ϕ : Prop

• An object is a term t : A for some A : Set

• A proof is a term p : ϕ for some ϕ : Prop.

• Set and Prop are both “universes” or “sorts”.

Slogan: (Curry-Howard isomorphism)

Propositions as Types

Proofs as Terms

6

Judgement
Γ `M : U

• Γ is a context

•M is a term

• U is a type

Two readings

•M is an object (expression) of data type U (if U : Set)

•M is a proof (deduction) of proposition U (if U : Prop)

7

Γ contains

• variable declarations x : T

– x : A with A : Set ; ‘declaring x in A’

– x : ϕ with ϕ : Prop ; ‘assuming ϕ’ (axiom)

• definitions x := M : T

– x := t : A with A : Set ; ‘defining x as the expression t’

– x := p : ϕ with ϕ : Prop ; ‘defining x as the proof p of
ϕ’
(' declaring x as a “reference” to the lemma ϕ)

8



Type theory as a basis for theorem proving

• Interactive theorem proving = interactive term construction
Proving ϕ = (interactively) constructing a proof term p : ϕ

• Proof checking = Type checking
Type checking is decidable and hence proof checking is.

NB Proof terms are first class citizens.

9

Type theory as a basis for theorem proving

• Interactive theorem proving = interactive term construction
Proving ϕ = (interactively) constructing a proof term p : ϕ

• Proof checking = Type checking
Type checking is decidable and hence proof checking is.

Decidability problems:

Γ `M : A? Type Checking Problem TCP
Γ `M : ? Type Synthesis Problem TSP
Γ `? : A Type Inhabitation Problem TIP

TCP and TSP are decidable
TIP is undecidable

10

De Bruijn criterion for theorem provers / proof checkers:
How to check the checker?

Interactive Theorem Prover:

USER
→
←

Proof Engine,
big, with lots

of automation,
generating

(potential?) proofs

proof term
−→

Proof Checker,
small program,
user verifiable

↓
OK (Checked!)

A TP satisfies the De Bruijn criterion if a small, ‘easily’ verifiable,
independent proof checker can be written.

11

How proof terms occur (in Coq):

Lemma trivial : forall x:A, P x -> P x.

intros x H.

exact H.

Qed.

• Using the tactic script a term of type
forall x:A, P x -> P x has been created.

• Using Qed, trivial is defined as this term and added to the
global context.

· · ·

12



Computation

• (β):
(λx:A.M )N →β M [N/x]

• (ι): primitive recursion reduction rules (later)

• (δ): definition unfolding: if x := t : A ∈ Γ, then

M (x)→δ M (t)

• Transitive, reflexive, symmetric closure: =βιδ

NB: Types that are equal modulo =βιδ have the same inhabitants
(definitional equality):

(conversion)
Γ `M : A Γ ` B : s A =βιδ B

Γ `M : B
This is also called the Poincaré principle:
“(computational) equalities do not require a proof”
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The Poincaré principle says that if x : A(n) → B and y :
A(f m), then

x y : B iff f m = n.

But: type checking should be decidable, so f m = n should be
decidable.

So: the definable functions in our type theory must be restricted:
all computations should terminate.
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Data types and executable programs in type theory
Data types:

Inductive nat : Set :=

0 : nat

| S : nat->nat.

This definition yields

• The constructors 0 and S

• Induction principle:
nat ind : ∀P :nat→Prop.(P 0)→ (∀n:nat.(P n)→(P (S n)))→
∀n:nat(P n)

• Recursion scheme (primitive recursion over higher types)

15

Example of the recursion scheme (1 abbreviates (S 0) etc.)

Fixpoint nfib (n:nat) :nat :=

match n with

| 0 => 1

| S m => match m with

| 0 => 1

| S p => nfib p + nfib m

end

end.

NB: Recursive calls should be ‘smaller’ (according to some rather
general syntactic measure)

• Coq includes a (small, functional) programming language in
which executable functions can be written.

· · ·
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Dependently typed data types: vectors of length n over A

Inductive vect (A:Set) : nat -> Set :=

| nnil : vect A 0

| ccons : forall (n:nat)(a:A), vect A n -> vect A (S n).

Now define, for example,

• head : forall (A:Set)(n:nat), vect A (S n) → A

• tail : forall (A:Set)(n:nat), vect A (S n) → vect A n

· · ·
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Let the type checker do the work for you!
Implicit Syntax
If the type checker can infer some arguments, we can leave them
out:

Write f a b in stead of f S T a b if
f : ΠS, T :Set.S → T → T

Also: define F := f and write F a b.
· · ·
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Inductive types are also used to define the logical connectives:
(Notation: A\/B denotes or A B etc.)
Inductive or (A : Prop)(B : Prop) : Prop :=

or_introl : A → A\/B |
or_intror : B → A\/B.

Inductive and (A : Prop)(B : Prop) : Prop :=
conj : A → B → A/\B.

Inductive ex (A : Set)(P : A→Prop) : Prop :=
ex_intro : (x:A)(P x) → (Ex P).

Inductive True : Prop := I : True.
Inductive False : Prop := .
All (constructive) logical rules are now derivable.
· · ·
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Proof terms in intensional type theory

• The ‘subtype’ {t : A | (P t)} is defined as the type of pairs
〈t, p〉 where t : A and p : (P t).

• A partial function is a function on a subtype
E.g. (−)−1 : {x:R | x 6= 0} → R.
If x : R and p : x 6= 0, then 1

〈x,p〉
: R.

• Usually we only consider partial functions that are proof-
irrelevant, i.e.
if p : t 6= 0 and q : t 6= 0, then 1

〈t,p〉
= 1
〈t,q〉

.

20



Use Σ-types for mathematical structures:
theory of groups: Given A : Type, a group over A is a tuple
consisting of

◦ : A→A→A

e : A

inv : A→A

such that the following types are inhabited.

∀x, y, z:A.(x ◦ y) ◦ z = x ◦ (y ◦ z),

∀x:A.e ◦ x = x,

∀x:A.(inv x) ◦ x = e.

Type of group-structures over A, Group-Str(A), is

(A→A→A)× (A× (A→A))
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The type of groups over A, Group(A), is

Group(A) := Σ ◦ :A→A→A.Σe:A.Σinv:A→A.
(∀x, y, z:A.(x ◦ y) ◦ z = x ◦ (y ◦ z))∧
(∀x:A.e ◦ x = x)∧
(∀x:A.(inv x) ◦ x = e).

If t : Group(A), we can extract the elements of the group struc-
ture by projections: π1t : A→A→A, π1(π2t) : A
If f : A→A→A, a : A and h : A→A with p1, p2 and p3
proof-terms of the associated group-axioms, then

〈f, 〈a, 〈h, 〈p1, 〈p2, p3〉〉〉〉〉 : Group(A).

22

We would like to use names for the projections:
Coq has labelled record types (type dependent)

• Record My_type : Set :=

{ l_1 : type_1 ;

l_2 : type_2 ;

l_3 : type_3 }.

If X : My_type, then (l_1 X) : type_1.

• Basically, My_type consists of labelled tuples:
[l_1:= value_1, l_2:=value_2, l_3:=value_3]

• Also with dependent types: l_1 may occur in type_2.
If X : My_type, then

(l_2 X) : type_2 [(l_1 X)/l_1]
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• Record Group : Type :=

{ crr : Set;

op : crr -> crr -> crr;

unit : crr;

inv : crr -> crr;

assoc : (x,y,z:crr)

(op (op x y) z) = (op x (op y z))

... ...

}.

If X : Group, then (op X) : (crr X) -> (crr X) -> (crr X).

The record types can be defined in Coq using inductive types.
Note: Group is in Type and not in Set

24



Let the checker infer even more for you! Coercions

• The user can tell the type checker to use specific terms as
coercions.
Coercion k : A >-> B declares the term k : A -> B

as a coercion.

– If f a can not be typed, the type checker will try to type
check (k f) a and f (k a).

– If we declare a variable x:A and A is not a type, the type
checker will check if (k A) is a type.

Coercions can be composed.

25

Coercions and structures

Record CMonoid : Type :=

{ m_crr :> CSemi_grp;

m_proof : (Commutative m_crr (sg_op m_crr))

/\ (IsUnit m_crr (sg_unit m_crr) (sg_op m_crr))

}.

• A monoid is now a tuple 〈〈〈S, =S, r〉, a, f, p〉, q〉

If M : Monoid, the carrier of M is (crr(sg crr(m crr M)))

Nasty !!
⇒ We want to use the structure M as synonym for the carrier
set (crr(sg_crr(m_crr M))).
⇒ The maps crr, sg_crr, m_crr should be left implicit.

• The notation m_crr :> Semi_grp declares the coercion
m crr : Monoid >-> Semi grp.

26

Functions and Algorithms

• Set theory (and logic): a function f : A→B is a relation
R ⊂ A×B such that ∀x:A.∃!y:B.R x y.
“functions as graphs”

• In Type theory, we have functions-as-graphs (R : A→B→Prop),
but also functions-as-algorithms: f : A→B.

Functions as algorithms also compute: β and ι rules:

(λx:A.M )N −→β M [N/x],

Rec b f 0 −→ι b,

Rec b f (S x) −→ι f x (Rec b f x).

Terms of type A→B denote algorithms, whose operational se-
mantics is given by the reduction rules.
(Type theory as a small programming language)

27

Intensionality versus Extensionality
The equality in the side condition in the (conversion) rule can
be intensional or extensional.

Extensional equality requires the following rules:

(ext) Γ `M,N : A→B Γ ` p : Πx:A.(Mx = Nx)
Γ `M = N : A→B

(conv) Γ ` P : A Γ ` A = B : s
Γ ` P : B

• Intensional equality of functions = equality of algorithms
(the way the function is presented to us (syntax))

• Extensional equality of functions = equality of graphs
(the (set-theoretic) meaning of the function (semantics))

28



Adding the rule (ext) renders TCP undecidable:

Suppose H : (A→B)→Prop and x : (H f ); then

x : (H g) iff there is a p : Πx:A.f x = g x

So, to solve this TCP, we need to solve a TIP.

The interactive theorem prover Nuprl is based on extensional
type theory.

29

Setoids
How to represent the notion of set?
Note: A set is not just a type, because
M : A is decidable whereas t ∈ X is undecidable

A setoid is a pair [A, =] with

• A : Set,

• = : A→(A→Prop) an equivalence relation over A

Function space setoid (the setoid of setoid functions)

[A
s
→B, =

A
s
→B

] is defined by

A
s
→B := Σf :A→B.(Πx, y:A.(x =A y)→((f x) =B (f y))),

f =
A

s
→B

g := Πx, y:A.(x =A y)→(π1 f x) =B (π1 g y).

30

Two mathematical constructions: quotient and subset for se-
toids.

Q is an equivalence relation over the setoid [A, =A] if

• Q : A→(A→Prop) is an equivalence relation,

• =A ⊂ Q, i.e. ∀x, y:A.(x =A y)→(Q x y).

The quotient setoid [A, =A]/Q is defined as

[A,Q]

Easy exercise:
If the setoid function f : [A, =A]→ [B, =B] respects Q
(i.e. ∀x, y:A.(Q x y)→((f x) =B (f y)))
it induces a setoid function from [A, =A]/Q to [B, =B].
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Given [A, =A] and predicate P on A define the sub-setoid

[A, =A] | P := [Σx:A.(P x), =A|P ]

=A|P is =A restricted to P : for q, r : Σx:A.(P x),

q (=A|P ) r := (π1 q) =A (π1 r)

Proof-irrelevance is “embedded” in the subsetoid construction:

Setoid functions are proof-irrelevant.
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1 Introduction

The type theory described in this chapter has been developed by Martin-Löf
with the original aim of being a clarification of constructive mathematics.
Unlike most other formalizations of mathematics, type theory is not based
on predicate logic. Instead, the logical constants are interpreted within type

1This is a chapter from Handbook of Logic in Computer Science, Vol 5,
Oxford University Press, October 2000
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theory through the Curry-Howard correspondence between propositions
and sets [10, 22]: a proposition is interpreted as a set whose elements
represent the proofs of the proposition.

It is also possible to view a set as a problem description in a way simi-
lar to Kolmogorov’s explanation of the intuitionistic propositional calculus
[25]. In particular, a set can be seen as a specification of a programming
problem; the elements of the set are then the programs that satisfy the
specification.

An advantage of using type theory for program construction is that it
is possible to express both specifications and programs within the same
formalism. Furthermore, the proof rules can be used to derive a correct
program from a specification as well as to verify that a given program has
a certain property. As a programming language, type theory is similar
to typed functional languages such as ML [19, 32] and Haskell [23], but
a major difference is that the evaluation of a well-typed program always
terminates.

The notion of constructive proof is closely related to the notion of com-
puter program. To prove a proposition (∀x∈A)(∃y ∈B)P (x, y) construc-
tively means to give a function f which when applied to an element a
in A gives an element b in B such that P (a, b) holds. So if the proposi-
tion (∀x∈A)(∃y∈B)P (x, y) expresses a specification, then the function f
obtained from the proof is a program satisfying the specification. A con-
structive proof could therefore itself be seen as a computer program and
the process of computing the value of a program corresponds to the process
of normalizing a proof. It is by this computational content of a constructive
proof that type theory can be used as a programming language; and since
the program is obtained from a proof of its specification, type theory can be
used as a programming logic. The relevance of constructive mathematics
for computer science was pointed out already by Bishop [4].

Recently, several implementations of type theory have been made which
can serve as logical frameworks, that is, different theories can be directly
expressed in the implementations. The formulation of type theory we will
describe in this chapter form the basis for such a framework, which we will
briefly present in the last section.

The chapter is structured as follows. First we will give a short overview
of different formulations and implementations of type theory. Section 2 will
explain the fundamental idea of propositions as sets by Heyting’s explana-
tion of the intuitionistic meaning of the logical constants. The following
section will give a rather detailed description of the basic rules and their
semantics; on a first reading some of this material may just be glanced at,
in particular the subsection on hypothetical judgements. In section 4 we
illustrate type theory as a logical framework by expressing propositional
logic in it. Section 5 introduces a number of different sets and the final sec-
tion give a short description of ALF, an implementation of the type theory
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of this chapter.
Although self-contained, this chapter can be seen as complement to

our book, Programming in Type Theory. An Introduction [33], in that
we here give a presentation of Martin-Löf’s monomorphic type theory in
which there are two basic levels, that of types and that of sets. The book is
mainly concerned with a polymorphic formulation where instead of a level
of types there is a theory of expressions. One major difference between
these two formulations is that in the monomorphic formulation there is
more type information in the terms, which makes it possible to implement
a type checker [27]; this is important when type theory is used as a logical
framework where type checking is the same as proof checking.

1.1 Different formulations of type theory

One of the basic ideas behind Martin-Löf’s type theory is the Curry-Howard
interpretation of propositions as types, that is, in our terminology, propo-
sitions as sets. This view of propositions is closely related to Heyting’s
explanation of intuitionistic logic [21] and will be explained in detail be-
low.

Another source for type theory is proof theory. Using the identification
of propositions and sets, normalizing a derivation corresponds to computing
the value of the proof term expressing the derivation. One of Martin-Löf’s
original aims with type theory was that it could serve as a framework
in which other theories could be interpreted. And a normalization proof
for type theory would then immediately give normalization for a theory
expressed in type theory.

In Martin-Löf’s first formulation of type theory from 1971 [28], theories
like first order arithmetic, Gödel’s T [18], second order logic and simple type
theory [5] could easily be interpreted. However, this formulation contained
a reflection principle expressed by a universe V and including the axiom
V∈V, which was shown by Girard to be inconsistent. Coquand and Huet’s
Calculus of Constructions [8] is closely related to the type theory in [28]:
instead of having a universe V, they have the two types Prop and Type and
the axiom Prop ∈ Type, thereby avoiding Girard’s paradox.

Martin-Löf’s later formulations of type theory have all been predica-
tive; in particular second order logic and simple type theory cannot be
interpreted in them. The strength of the theory considered in this chapter
instead comes from the possibility of defining sets by induction.

The formulation of type theory from 1979 in Constructive Mathematics
and Computer Programming [30] is polymorphic and extensional. One im-
portant difference with the earlier treatments of type theory is that normal-
ization is not obtained by metamathematical reasoning; instead, a direct
semantics is given, based on Tait’s computability method. A consequence
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of the semantics is that a term, which is an element in a set, can be com-
puted to normal form. For the semantics of this theory, lazy evaluation is
essential. Because of a strong elimination rule for the set expressing the
propositional equality, judgemental equality is not decidable. This theory
is also the one in Intuitionistic Type Theory [31]. It is also the theory used
in the Nuprl system [6] and by the group in Groningen [3].

The type theory presented in this chapter was put forward by Martin-Löf
in 1986 with the specific intention that it should serve as a logical frame-
work.

1.2 Implementations

One major application of type theory is to use it as a programming logic
in which you derive programs from specifications. Such derivations easily
become long and tedious and, hence, error prone; so, it is essential to
formalize the proofs and to have computerized tools to check them.

There are several examples of computer implementations of proof check-
ers for formal logics. An early example is the AUTOMATH system [11, 12]
which was designed by de Bruijn to check proofs of mathematical theorems.
Quite large proofs were checked by the system, for example the proofs in
Landau’s book Grundlagen der Analysis [24]. Another system, which is
more intended as a proof assistant, is the Edinburgh (Cambridge) LCF
system [19, 34]. The proofs are constructed in a goal directed fashion,
starting from the proposition the user wants to prove and then using tac-
tics to divide it into simpler propositions. The LCF system also introduced
the notion of metalanguage (ML) in which the user could implement her
own proof strategies. Based on the LCF system, a system for Martin-Löf’s
type theory was implemented in Göteborg 1982 [35]. Another, more ad-
vanced, system for type theory was developed by Constable et al at Cornell
University [6].

During the last years, several logical frameworks based on type theory
have been implemented: the Edinburgh LF [20], Coq from INRIA [13],
LEGO from Edinburgh [26], and ALF from Göteborg [1, 27]. Coq and
LEGO are both based on Coquand and Huet’s calculus of constructions,
while ALF is an implementation of the theory we describe in this chapter.
A brief overview of the ALF system is given in section 6.

2 Propositions as sets

The basic idea of type theory to identify propositions with sets goes back to
Curry [10], who noticed that the axioms for positive implicational calculus,
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formulated in the Hilbert style,

A ⊃ B ⊃ A

(A ⊃ B ⊃ C) ⊃ (A ⊃ B) ⊃ A ⊃ C

correspond to the types of the basic combinators K and S

K ∈ A→ B → A

S ∈ (A→ B → C)→ (A→ B)→ A→ C

Modus ponens then corresponds to functional application. Tait [39] no-
ticed the further analogy that removing a cut in a derivation corresponds
to a reduction step of the combinator representing the proof. Howard [22]
extended these ideas to first-order intuitionistic arithmetic. Another way
to see that propositions can be seen as sets is through Heyting’s [21] ex-
planations of the logical constants. The constructive explanation of logic
is in terms of proofs: a proposition is true if we know how to prove it. For
implication we have

A proof of A ⊃ B is a function (method, program) which to
each proof of A gives a proof of B.

The notion of function or method is primitive in constructive mathematics
and a function from a set A to a set B can be viewed as a program which
when applied to an element in A gives an element in B as output. The
idea of propositions as sets is now to identify a proposition with the set of
its proofs. In case of implication we get

A ⊃ B is identified with A → B, the set of functions from A
to B.

The elements in the set A → B are of the form λx.b, where b ∈ B and b
may depend on x ∈ A.

Heyting’s explanation of conjunction is that a proof of A ∧ B is a pair
whose first component is a proof of A and whose second component is a
proof of B. Hence, we get the following interpretation of a conjunction as
a set.

A∧B is identified with A×B, the cartesian product of A and B.

The elements in the set A×B are of the form 〈a, b〉 where a ∈ A and b ∈ B.
A disjunction is constructively true if and only if we can prove one of

the disjuncts. So a proof of A ∨ B is either a proof of A or a proof of B
together with the information of which of A or B we have a proof. Hence,
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A ∨B is identified with A + B, the disjoint union of A and B.

The elements in the set A+B are of the form inl(a) and inr(b), where a ∈ A
and b ∈ B.

The negation of a proposition A can be defined by:

¬A ≡ A ⊃ ⊥

where ⊥ stands for absurdity, that is a proposition which has no proof. If
we let ∅ denote the empty set, we have

¬A is identified with the set A→ ∅

using the interpretation of implication.
In order to interpret propositions defined using quantifiers, we need

operations defined on families of sets, i.e. sets B depending on elements x in
some set A. We let B [x←a] denote the expression obtained by substituting
a for all free occurrences of x in B. Heyting’s explanation of the existential
quantifier is the following.

A proof of (∃x∈A)B consists of a construction of an element a
in the set A together with a proof of B [x←a].

So, a proof of (∃x∈A)B is a pair whose first component a is an element
in the set A and whose second component is a proof of B [x←a]. The
set corresponding to this is the disjoint union of a family of sets, denoted
by (Σx ∈ A)B. The elements in this set are pairs 〈a, b〉 where a ∈ A
and b ∈ B [x←a]. We get the following interpretation of the existential
quantifier.

(∃x∈A)B is identified with the set (Σx∈A)B.

Finally, we have the universal quantifier.

A proof of (∀x∈A)B is a function (method, program) which to
each element a in the set A gives a proof of B [x←a].

The set corresponding to the universal quantifier is the cartesian product
of a family of sets, denoted by (Πx ∈ A)B. The elements in this set are
functions which, when applied to an element a in the set A gives an element
in the set B [x←a]. Hence,

(∀x∈A)B is identified with the set (Πx∈A)B.
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The elements in the set (Πx∈A)B are of the form λx.b where b ∈ B and
both b and B may depend on x ∈ A. Note that if B does not depend on x
then (Πx∈A)B is the same as A → B, so → is not needed as a primitive
when we have cartesian products over families of sets. In the same way,
(Σx∈A)B is nothing but A×B when B does not depend on x.

Except the empty set, we have not yet introduced any sets that cor-
respond to atomic propositions. One such set is the equality set a =A b,
which expresses that a and b are equal elements in the set A. Recalling
that a proposition is identified with the set of its proofs, we see that this set
is nonempty if and only if a and b are equal. If a and b are equal elements
in the set A, we postulate that the constant id(a) is an element in the set
a =A b.

When explaining the sets interpreting propositions we have used an
informal notation to express elements of the sets. This notation differs from
the one we will use in type theory in that that notation will be monomorphic
in the sense that the constructors of a set will depend on the set. For
instance, an element of A → B will be of the form λ(A,B, b) and an
element of A×B will be of the form 〈A,B, a, b〉.

3 Semantics and formal rules

We will in this section first introduce the notion of type and the judgement
forms this explanation give rise to. We then explain what a family of
types is and introduce the notions of variable, assumption and substitution
together with the rules that follow from the semantic explanations. Next,
the function types are introduced with their semantic explanation and the
formal rules which the explanation justifies. The rules are formulated in
the style of natural deduction [36].

3.1 Types

The basic notion in Martin-Löf’s type theory is the notion of type. A type
is explained by saying what an object of the type is and what it means for
two objects of the type to be identical. This means that we can make the
judgement

A is a type,

which we in the formal system write as

A type,

when we know the conditions for asserting that something is an object of
type A and when we know the conditions for asserting that two objects
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of type A are identical. We require that the conditions for identifying two
objects must define an equivalence relation.

When we have a type, we know from the semantic explanation of what
it means to be a type what the conditions are to be an object of that type.
So, if A is a type and we have an object a that satisfies these conditions
then

a is an object of type A,

which we formally write
a ∈ A.

Furthermore, from the semantics of what it means to be a type and the
knowledge that A is a type we also know the conditions for two objects of
type A to be identical. Hence, if A is a type and a and b are objects of
type A and these objects satisfies the equality conditions in the semantic
explanation of A then

a and b are identical objects of type A,

which we write
a = b ∈ A.

Two types are equal when an arbitrary object of one type is also an
object of the other and when two identical objects of one type are identical
objects of the other. If A and B are types we know the conditions for being
an object and the conditions for being identical objects of these types. Then
we can investigate if all objects of type A are also objects of type B and if
all identical objects of type A are also objects of type B and vice versa. If
these conditions are satisfied then

A and B are identical types,

which we formally write
A = B.

The requirement that the equality between objects of a type must be
an equivalence relation is formalized by the rules:

Reflexivity of objects

a ∈ A

a = a ∈ A

Symmetry of objects

a = b ∈ A

b = a ∈ A
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Transitivity of objects

a = b ∈ A b = c ∈ A

a = c ∈ A

The corresponding rules for types are easily justified from the meaning
of what it means to be a type.

Reflexivity of types
A type

A = A

Symmetry of types
A = B

B = A

Transitivity of types

A = B B = C

A = C

The meaning of the judgement forms a ∈ A, a = b ∈ A and A = B
immediately justifies the rules

Type equality rules

a ∈ A A = B

a ∈ B

a = b ∈ A A = B

a = b ∈ B

3.2 Hypothetical judgements

The judgements we have introduced so far do not depend on any assump-
tions. In general, a hypothetical judgement is made in a context of the
form

x1 ∈ A1, x2 ∈ A2, . . . , xn ∈ An

where we already know that A1 is a type, A2 is a type in the context
x1 ∈ A1, . . . , and An is a type in the context x1 ∈ A1, x2 ∈ A2, . . . ,
xn−1 ∈ An. The explanations of hypothetical judgements are made by
induction on the length of a context. We have already given the meaning
of the judgement forms in the empty context; hence we could now directly
explain the judgement forms in a context of length n. However, in order not
to hide the explanations by heavy notation, we will give them for hypothet-
ical judgements only depending on one assumption and then illustrate the
general case with the judgement that A is a type in a context of length n.
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Let C be a type which does not depend on any assumptions. That A
is a type when x ∈ C, which we write

A type [x ∈ C],

means that, for an arbitrary object c of type C, A [x←c] is a type, that is,
A is a type when c is substituted for x. Furthermore we must also know
that if c and d are identical objects of type C then A [x←c] and A [x←d]
are the same types. When A is a type depending on x ∈ C we say that A
is a family of types over the type C.

That A and B are identical families of types over the type C,

A = B [x ∈ C],

means that A [x←c] and A [x←c] are equal types for an arbitrary object
c of type C.

That a is an object of type A when x ∈ C,

a ∈ A [x ∈ C],

means that we know that a [x←c] is an object of type A [x←c] for an
arbitrary object c of type C. We must also know that a [x←c] and a [x←d]
are identical objects of type A [x←c] whenever c and d are identical objects
of type C.

That a and b are identical objects of type A depending on x ∈ C,

a = b ∈ A [x ∈ C],

means that a [x←c] and b [x←c] are the same objects of type A [x←c] for
an arbitrary object c of type C.

We will illustrate the general case by giving the meaning of the judge-
ment that A is a type in a context of length n; the other hypothetical
judgements are explained in a similar way. We assume that we already
know the explanations of the judgement forms in a context of length n−1.
Let

x1 ∈ A1, x2 ∈ A2, . . . , xn ∈ An

be a context of length n. We then know that

A1 type
A2 type [x1 ∈ A1]

...
An type [x1 ∈ A1, x2 ∈ A2, . . . , xn−1 ∈ An−1]
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To know the hypothetical judgement

A type [x1 ∈ A1, x2 ∈ A2, . . . , xn ∈ An]

means that we know that the judgement

A [x1←a] type
[x2 ∈ A2 [x1←a], . . . , xn ∈ An [x1←a] ]

holds for an arbitrary object a of type A1 in the empty context. We must
also require that if a and b are arbitrary identical objects of type A1 then
the judgement

A [x1←a] = A [x1←b]
[x2 ∈ A2 [x1←a], . . . , xn ∈ An [x1←a] ]

holds. This explanation justifies two rules for substitution of objects in
types. We can formulate these rules in different ways, simultaneously sub-
stituting objects for one or several of the variables in the context. For-
mulating the rules so they follow the semantical explanation as closely as
possible gives us:

Substitution in types

A type [x1 ∈ A1, x2 ∈ A2, . . . , xn ∈ An] a ∈ A1

A [x1←a] type [x2 ∈ A2 [x1←a], . . . , xn ∈ An [x1←a] ]

A type [x1 ∈ A1, x2 ∈ A2, . . . , xn ∈ An] a = b ∈ A1

A [x1←a] = A [x1←b] [x2 ∈ A2 [x1←a], . . . , xn ∈ An [x1←a] ]

The explanations of the other hypothetical judgement forms give the
following substitution rules. Let A and B be types in the context x1 ∈ A1,
x2 ∈ A2, . . . , xn ∈ An.

Substitution in equal types

A = B [x1 ∈ A1, x2 ∈ A2, . . . , xn ∈ An] a ∈ A1

A [xj←a] = B [xj←a] [x2 ∈ A2 [x1←a], . . . , xn ∈ An [x1←a] ]

Let A be a type in the context x1 ∈ A1, x2 ∈ A2, . . . , xn ∈ An.
Substitution in objects

a ∈ A [x1 ∈ A1, x2 ∈ A2, . . . , xn ∈ An] a ∈ A1

a [x1←a] ∈ A [x1←a] [x2 ∈ A2 [x1←a], . . . , xn ∈ An [x1←a] ]

Let A be a type and c and d be objects of type A in the context x1 ∈ A1,
x2 ∈ A2, . . . , xn ∈ An.
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Substitution in equal objects

c = d ∈ A [x1 ∈ A1, x2 ∈ A2, . . . , xn ∈ An] a ∈ A1

c [x1←a] = d [x1←a] ∈ A [x1←a] [x2 ∈ A2 [x1←a], . . . , xn ∈ An [x1←a] ]

The explanations of the hypothetical judgement forms justifies the fol-
lowing rule for introducing assumptions.

Assumption

A1 type
A2 type [x1 ∈ A1]

...
An type [x1 ∈ A1, . . . , xn−1 ∈ An−1]
A type [x1 ∈ A1, . . . , xn−1 ∈ An−1, xn ∈ An]

x ∈ A [x1 ∈ A1, . . . xn ∈ An, x ∈ A]

In this rule all premises are explicit. In order to make the rules shorter and
more comprehensible we will often leave out that part of the context which
is the same in the conclusion and each premise.

The rules given in the previous section without assumptions could be
justified also for hypothetical judgements.

3.3 Function types

One of the basic ways to form a new type from old ones is to form a function
type. So, if we we have a type A and a family B of types over A, we want
to form the dependent function type (x ∈ A)B of functions from A to B.
In order to do this, we must explain what it means to be an object of
type (x ∈ A)B and what it means for two objects of type (x ∈ A)B to be
identical. The function type is explained in terms of application.

To know that an object c is of type (x ∈ A)B means that we know that
when we apply it to an arbitrary object a of type A we get an object c(a)
in B [x←a] and that we get identical objects in B [x←a] when we apply
it to identical objects a and b of A.

That two objects c and d of (x ∈ A)B are identical means that when
we apply them on an arbitrary object a of type A we get identical objects
of type B [x←a].

Since we now have explained what it means to be an object of a function
type and the conditions for two objects of a function type to be equal, we
can justify the rule for forming the function type.

Function type

A type B type [x ∈ A]
(x ∈ A)B type
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We also obtain the rule for forming equal function types.
Equal function types

A = A′ B = B′ [x ∈ A]
(x ∈ A)B = (x ∈ A′)B′

We will use the abbreviation (A)B for (x ∈ A)B when B does not depend
on x. We will also write (x ∈ A; y ∈ B)C instead of (x ∈ A)(y ∈ B)C and
(x, y ∈ A)B instead of (x ∈ A; y ∈ A)C.

We can also justify the following two rules for application
Application

c ∈ (x ∈ A)B a ∈ B

c(a) ∈ B [x←a]
c ∈ (x ∈ A)B a = b ∈ A

c(a) = c(b) ∈ B [x←a]

We also have the following rules for showing that two functions are equal.
Application

c = d ∈ (x ∈ A)B a ∈ A

c(a) = d(a) ∈ B [x←a]

Extensionality

c ∈ (x ∈ A)B d ∈ (x ∈ A)B c(x) = d(x) ∈ B [x ∈ A]
c = d ∈ (x ∈ A)B

x must occur free neither in c nor in d

Instead of writing repeated applications as c(a1)(a2) · · · (an) we will use the
simpler form c(a1, a2, . . . , an).

One fundamental way to introduce a function is to abstract a variable
from an expression:

Abstraction
b ∈ B [x ∈ A]

([x]b) ∈ (x ∈ A)B

We will write repeated abstractions as [x1, x2, . . . , xn]b and also exclude
the outermost parentheses when there is no risk of confusion.

How do we know that this rule is correct, i.e. how do we know that [x]b
is a function of the type (x ∈ A)B? By the semantics of function types,
we must know that when we apply [x]b of type (x ∈ A)B on an object a
of type A, then we get an object of type B[x ← a]; the explanation is by
β-conversion:
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β-conversion

a ∈ A b ∈ B [x ∈ A]
([x]b)(a) = b [x←a] ∈ B [x←a]

We must also know that when we apply an abstraction [x]b, where b ∈
B [x ∈ A], on two identical objects a1 and a2 of type A, then we get
identical results of type B [x←a] as results. We can see this in the following
way. By β-conversion we know that ([x]b)(a1) = b [x←a1] ∈ B [x←a1]
and ([x]b)(a2) = b [x←a2] ∈ B [x←a2]. By the meaning of the judgements
B type [x ∈ A] and b ∈ B [x ∈ A] we know that B[x ← a1] = B[x ← a2]
and that b [x←a1] = b [x←a2] ∈ B [x←a1]. Hence, by symmetry and
transitivity, we get ([x]b)(a1) = ([x]b(a2) ∈ B [x←a1] from a1 = a2 ∈ A.

To summarize: to be an object f in a functional type (x ∈ A)B means
that it is possible to make an application f(a) if a ∈ A. Then by looking
at β-conversion as the definition of what it means to apply an abstracted
expression to an object it is possible to give a meaning to an abstracted
expression. Hence, application is more primitive then abstraction on this
type level. Later we will see that for the set of functions, the situation is
different.

By the rules we have introduced, we can derive the rules
η-conversion

c ∈ (x ∈ A)B
([x]c(x)) = c ∈ (x ∈ A)B

x must not occur free in c

ξ-rule
b = d ∈ B [x ∈ A]

[x]b = [x]d ∈ (x ∈ A)B

3.4 The type Set

The objects in the type Set consist of inductively defined sets. In order
to explain a type we have to explain what it means to be an object in it
and what it means for two such objects to be the same. So, to know that
Set is a type we must explain what a set is and what it means for two
sets to be the same: to know that A is an object in Set (or equivalently
that A is a set) is to know how to form canonical elements in A and when
two canonical elements are equal. A canonical element is an element on
constructor form; examples are zero and the successor function for natural
numbers.
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Two sets are the same if an element of one of the sets is also an element
of the other and if two equal elements of one of the sets are also equal
elements of the other.

This explanation justifies the following rule
Set-formation

Set type

If we have a set A we may form a type El(A) whose objects are the
elements of the set A:

El-formation
A : Set

El(A) type

Notice that it is required that the sets are built up inductively: we
know exactly in what ways we can build up the elements in the set and
different ways corresponding to different constructors. As an example, for
the ordinary definition of natural numbers, there are precisely two ways of
building up elements, one using zero and the other one using the successor
function. This is in contrast with types which in general are not built
up inductively. For instance, the type Set can obviously not be defined
inductively. It is always possible to introduce new sets (i.e. objects in
Set). The concept of type is open; it is possible to add more types to the
language, for instance by adding a new object A to Set gives the new type
El(A)).

In the sequel, we will often write A instead of El(A) since it will always
be clear from the context if A stands for the set A or the type of elements
of A.

3.5 Definitions

Most of the generality and usefulness of the language comes from the possi-
bilities of introducing new constants. It is in this way that we can introduce
the usual mathematical objects like natural numbers, integers, functions,
tuples etc. It is also possible to introduce more complicated inductive sets
like sets for proof objects: it is in this way rules and axioms of a theory is
represented in the framework.

A distinction is made between primitive and defined constants. The
value of a primitive constant is the constant itself. So, the constant has only
a type and not a definition; instead it gets its meaning by the semantics
of the theory. Such a constant is also called a constructor. Examples
of primitive constants are N, succ and 0; they can be introduced by the
following declarations:

N ∈ Set
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succ ∈ N→ N

0 ∈ N

A defined constant is defined in terms of other objects. When we apply
a defined constant to all its arguments in an empty context, for instance,
c(e1, . . . , en), then we get an expression which is a definiendum, that is, an
expression which computes in one step to its definiens (which is a well-typed
object).

A defined constant can either be explicitly or implicitly defined. We
declare an explicitly defined constant c by giving it as an abbreviation of
an object a in a type A:

c = a ∈ A

For instance, we can make the following explicit definitions:

1 = succ(0) ∈ N

IN = [x]x ∈ N→ N

I = [A, x]x ∈ (A∈Set;A)A

The last example is the monomorphic identity function which when applied
to an arbitrary set A yields the identity function on A. It is easy to see
if an explicit definition is correct: you just check that the definiens is an
object in the correct type.

We declare an implicitly defined constant by showing what definiens it
has when we apply it to its arguments. This is done by pattern-matching
and the definition may be recursive. Since it is not decidable if an expres-
sion defined by pattern-matching on a set really defines a value for each
element of the set, the correctness of an implicit definition is in general
a semantical issue. We must be sure that all well-typed expressions of
the form c(e1, . . . , en) is a definiendum with a unique well-typed definiens.
Here are two examples, addition and the operator for primitive recursion
in arithmetic:

+ ∈ N→ N→ N

+(0, y) = y

+(succ(x), y) = succ(+(x, y))
natrec ∈ N→ (N→ N→ N)→ N→ N

natrec(d, e, 0) = d

natrec(d, e, succ(a)) = e(a, natrec(d, e, a))
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4 Propositional logic

Type theory can be used as a logical framework, that is, it can be used to
represent different theories. In general, a theory is presented by a list of
typings

c1 ∈ A1, . . . , cn ∈ An

where c1, . . . , cn are new primitive constants, and a list of definitions

d1 = e1 ∈ B1, . . . , dm = em ∈ Am

where d1, . . . , dm are new defined constants.
The basic types of Martin-Löf’s type theory are Set and the types of

elements of the particular sets we introduce. In the next section we will give
a number of examples of sets, but first we use the idea of propositions as sets
to express that propositional logic with conjunction and implication; the
other connectives can be introduced in the same way. When viewed as the
type of propositions, the semantics of Set can be seen as the constructive
explanation of propositions: a proposition is defined by laying down what
counts as a direct (or canonical) proof of it; or differently expressed: a
proposition is defined by its introduction rules. Given a proposition A,
that is, an object of the type Set, then El(A) is the type of proofs of A.
From the semantics of sets we get that two proofs are the same if they have
the same form and identical parts; we also get that two propositions are
the same if a proof of one of the propositions is also a proof of the other
and if identical proofs of one of the propositions are also identical proofs
of the other.

The primitive constant & for conjunction is introduced by the following
declaration

& ∈ (Set;Set)Set

From this declaration we obtain, by repeated function application, the
clause for conjunction in the usual inductive definition of formulas in the
propositional calculus:

& -formation
A ∈ Set B ∈ Set

A&B ∈ Set

where we have used infix notation, that is, we have written A&B instead
of &(A,B).

We must now define what counts as a proof of a conjunction, and that
is done by the following declaration of the primitive constant &I .

&I ∈ (A,B ∈ Set;A;B)A&B
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This declaration is the inductive definition of the set &(A,B), that is, all
elements in the set is equal to an element of the form &I(A,B, a, b), where
A and B are sets and a ∈ A and b ∈ B. A proof of the syntactical form
&I(A,B, a, b) is called a canonical proof of A&B.

By function application, we obtain the introduction rule for conjunction
from the declaration of &I .

& -introduction

A ∈ Set B ∈ Set a ∈ A b ∈ B

&I(A,B, a, b) ∈ A&B

To obtain the two elimination rules for conjunction, we introduce the
two defined constants

&E1 ∈ (A,B∈Set;A&B)A

and
&E2 ∈ (A,B∈Set;A&B)B

by the defining equations

&E1(A,B, &I(A,B, a, b)) = a ∈ A

and
&E2(A,B, &I(A,B, a, b)) = b ∈ B

respectively. Notice that it is the definition of the constants which justifies
their typings. To see that the typing of &E1 is correct, assume that A and
B are sets, and that p ∈ A&B. We must then show that &E1(A,B, p)
is an element in A. But since p ∈ A&B, we know that p is equal to an
element of the form &I(A,B, a, b), where a ∈ A and b ∈ B. But then we
have that &E1(A,B, p) = &E1(A,B, &I(A,B, a, b)) which is equal to a by
the defining equation of &E1.

From the typings of &E1 and &E2 we obtain, by function application,
the elimination rules for conjunction:

& -elimination 1

A ∈ Set B ∈ Set c ∈ A&B

&E1(A,B, c) ∈ A

and
& -elimination 2

A ∈ Set B ∈ Set c ∈ A&B

&E2(A,B, c) ∈ B



Martin-Löf ’s Type Theory 19

The defining equations for &E1 and &E2 correspond to Prawitz’ reduction
rules in natural deduction:

...
A

A&B
A

=
...
A

and

...
B

A&B
B

=
...
B

respectively. Notice the role which these rules play here. They are used
to justify the correctness, that is, the well typings of the elimination rules.
The elimination rules are looked upon as methods which can be executed,
and it is the reduction rules which defines the execution of the elimination
rules.

The primitive constant ⊃ for implication is introduced by the declara-
tion

⊃∈ (Set;Set)Set

As for conjunction, we obtain from this declaration the clause for implica-
tion in the inductive definition of formulas in the propositional calculus:

⊃ -formation
A ∈ Set B ∈ Set

A ⊃ B ∈ Set

A canonical proof of an implication is formed by the primitive constant
⊃I , declared by

⊃I ∈ (A,B∈Set; (A)B)A ⊃ B

By function application, the introduction rule for implication is obtained
from the declaration of ⊃I :

⊃ -introduction

A ∈ Set B ∈ Set b(x) ∈ B [x ∈ A]
⊃I (A,B, b) ∈ A ⊃ B

So, to get a canonical proof of A ⊃ B we must have a function b which
when applied on a proof of A gives a proof of B, and the proof then obtained
is ⊃I (A,B, b).
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To obtain modus ponens, the elimination rule for ⊃, we introduce the
defined constant

⊃E ∈ (A,B ∈ Set;A ⊃ B;A)B

which is defined by the equation

⊃E (A,B,⊃I (A,B, b, a)) = b(a) ∈ B

In the same way as for conjunction, we can use this definition to show that
⊃E is well-typed.

The defining equation corresponds to the reduction rule

A
...
B

A ⊃ B

...
A

B

=

...
A
...
B

By function application, we obtain from the typing of ⊃E

⊃ -elimination

A ∈ Set B ∈ Set b ∈ A ⊃ B a ∈ A

⊃E (A,B, b, a) ∈ B

5 Set theory

We will in this section introduce a theory of sets with natural numbers,
lists, functions, etc. which could be used when specifying and implementing
computer programs. We will also show how this theory is represented in
the type theory framework.

When defining a set, we first introduce a primitive constant for the set
and then give the primitive constants for the constructors, which express
the different ways elements of the set can be constructed. The typing rule
for constant denoting the set is called the formation rule of the set and the
typing rules for the constructors are called the introduction rules. Finally,
we introduce a selector as an implicitly defined constant to express the
induction principle of the set; the selector is defined by pattern-matching
and may be recursive. The type rule for the selector is called the elimination
rule and the defining equations are called equality rules.

Given the introduction rules, it is possible to mechanically derive the
elimination rule and the equality rules for a set; how this can be done have
been investigated by Martin-Löf [29], Backhouse [2], Coquand and Paulin
[9], and Dybjer[14].
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5.1 The set of Boolean values

The set of Boolean values is an example of an enumeration set. The values
of an enumeration set are exactly the same as the constructors of the set
and all constructors yield different elements. For the Booleans this means
that there are two ways of forming an element and therefore also two con-
structors; true and false. Since we have given the elements of the set and
their equality, we can introduce a constant for the set and make the type
declaration

Bool ∈ Set

We can also declare the types of the constructor constants

true ∈ Bool
false ∈ Bool

The principal selector constant of an enumeration set is a function that
performs case analysis on Boolean values. For the Booleans we introduce
the if constant with the type

if ∈ (C ∈ (Bool)Set; b ∈ Bool;C(true);C(false))C(b)

and the defining equations

if(C, true, a, b) = a

if(C, false, a, b) = b

In these two definitional equalities we have omitted the types since they
can be obtained immediately from the typing of if. In the sequel, we will
often write just a = b instead of a = b ∈ A when the type A is clear from
the context.

5.2 The empty set

To introduce the empty set, {}, we just define a set with no constructors
at all. First we make a type declaration for the set

{} ∈ Set

Since there are no constructors we immediately define the selector case and
its type by the declaration

case ∈ (C ∈ ({})Set; a ∈ {}) C(a)

The empty set corresponds to the absurd proposition and the selector cor-
responds to the natural deduction rule for absurdity

⊥ true C prop

C true
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5.3 The set of natural numbers

In order to introduce the set of natural numbers, N, we must give the rules
for forming all the natural numbers as well as all the rules for forming
two equal natural numbers. These are the introduction rules for natural
numbers.

There are two ways of forming natural numbers, 0 is a natural number
and if n is a natural number then succ(n) is a natural number. There are
also two corresponding ways of forming equal natural numbers, the natural
number 0 is equal to 0 and if the natural number n is equal to m, then
succ(n) is equal to succ(m). So we have explained the meaning of the
natural numbers as a set, and can therefore make the type declaration

N ∈ Set

and form the introduction rules for the natural numbers, by declaring the
types of the constructor constants 0 and succ

0 ∈ N

succ ∈ (n ∈ N)N

The general rules in the framework makes it possible to give the introduc-
tion rules in this simple form.

We will introduce a very general form of selector for natural numbers,
natrec, as a defined constant. It could be used both for expressing elements
by primitive recursion and proving properties by induction. The functional
constant natrec takes four arguments; the first is a family of sets that
determines the set which the result belongs to, the second and third are
the results for the zero and successor case, respectively, and the fourth
argument, finally, is the natural number which is the principal argument
of the selector. Formally, the type of natrec is

natrec ∈ (C ∈ (N) Set;
d ∈ C(0);
e ∈ (x ∈ N; y ∈ C(x))C(succ(x));
n ∈ N)

C(n)

The defining equations for the natrec constant are

natrec(C, d, e, 0) = d

natrec(C, d, e, succ(m)) = e(n, natrec(C, d, e,m))

The selector for natural numbers could, as we already mentioned, be used
for introducing ordinary primitive recursive functions. Addition and mul-
tiplication could, for example, be introduced as two defined constants
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plus ∈ (N;N)N

mult ∈ (N;N)N

by the defining equations

plus(m,n) = natrec([x]N, n, [x, y]succ(y),m)

mult(m,n) = natrec([x]N, 0, [x, y]plus(y, n),m)

Using the rules for application together with the type and the definitional
equalities for the constant natrec it is easy to derive the type of the right
hand side of the equalities above as well as the following equalities for
addition and multiplication:

plus(0, n) = n ∈ N [n ∈ N]
plus(succ(m), n) = succ(plus(m,n)) ∈ N [m ∈ N, n ∈ N]

mult(0, n) = 0 ∈ N [n ∈ N]
mult(succ(m), n) = plus(mult(m,n), n) ∈ N [m ∈ N, n ∈ N]

In general, if we have a primitive recursive function f from N to A

f(0) = d
f(succ(n)) = e(n, f(n))

where d ∈ A and e is a function in (N;A)A, we can introduce it as a defined
constant

f ′ ∈ (N)A

using the defining equation

f ′(n) = natrec([x]A, d′, e′, n)

where d′ and e′ are functions in type theory which correspond to d and e
in the definition of f .

The type of the constant natrec represents the usual elimination rule
for natural numbers

C(x) Set [x ∈ N]
d ∈ C(0)
e ∈ C(succ(x)) [x ∈ N, y ∈ C(x)]
x ∈ N
natrec(C, d, e, x) ∈ C(x)

which can be obtained by assuming the arguments and then apply the
constant natrec on them. Note that, in the conclusion of the rule, the
expression natrec(C, d, e, x) contains the family C. This is a consequence
of the explicit declaration of natrec in the framework.
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5.4 The set of functions (Cartesian product of a family

of sets)

We have already introduced the type (x ∈ A)B of functions from the type
A to the type B. We need the corresponding set of functions from a set to
another set. If we have a set A and a family of sets B over A, we can form
the cartesian product of a family of sets, which is denoted Π(A,B). The
elements of this set are functions which when applied to an element a in
A yield an element in B(a). The elements of the set Π(A,B) are formed
by applying the constructor λ to the sets A and B and an object of the
corresponding function type.

The constant Π is introduced by the type declaration

Π ∈ (A ∈ Set;B ∈ (x ∈ A)Set)Set

and the constant λ by

λ ∈ (A ∈ Set;B ∈ (x ∈ A) Set; f ∈ (x ∈ A)B) Π(A,B)

These constant declarations correspond to the rules

A ∈ Set B(x) ∈ Set [x ∈ A]
Π(A,B) ∈ Set

A ∈ Set B(x) ∈ Set [x ∈ A] f ∈ B(x) [x ∈ A]
λ(A,B, f) ∈ Π(A,B)

Notice that the elements of a cartesian product of a family of sets, Π(A,B),
are more general than ordinary functions from A to B in that the result of
applying an element of Π(A,B) to an argument can be in a set which may
depend on the value of the argument.

The most important defined constant in the Π-set is the constant for
application. In type theory this selector takes as arguments not only an
element of Π(A,B) and an object of type A but also the sets A and B
themselves. The constant is introduced by the type declaration

apply ∈ (A ∈ Set;B ∈ (x ∈ A)Set; g ∈ Π(A,B); a ∈ A) B(a)

and the definitional equality

apply(A,B, λ(f), a) = f(a)

The cartesian product of a family of sets is, when viewed as a propo-
sition the same as universal quantification. The type of the constructor
corresponds to the introduction rule

B(x) true [x ∈ A]
(∀x ∈ A) B(x) true
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and the type of the selector corresponds to the elimination rule

(∀x ∈ A) B(x) true a ∈ A

B(a) true

The cartesian product of a family of sets is a generalization of the ordi-
nary function set. If the family of sets B over A is the same for all elements
of A, then the cartesian product is just the set of ordinary functions. The
constant → is introduced by the following explicit definition:

→ ∈ (A,B ∈ Set) Set

→ = [A,B]Π(A, [x]B)

The set of functions is, when viewed as a proposition, the same as
implication since the type of the constructor is the same as the introduction
rule for implication

B true [A true]
A ⊃ B true

and the type of the selector is the same as the elimination rule

A ⊃ B true A true

B true

Given the empty set and the set of function we can define a constant
for negation in the following way

¬ ∈ (A ∈ Set) Set

¬(A) = A→{}

Example 1. Let us see how to prove the proposition A ⊃ ¬¬A. In order
to prove the proposition we must find an element in the set

A→ (¬(¬A)) ≡ A→ ((A→ {})→ {})

We start by making the assumptions x ∈ A and y ∈ A → {} and then
obtain an element in {}

apply(A→ {}, A, y, x) ∈ {}

and therefore

λ(A, (A→ {})→ {},
[x]λ(A→ {}, {},

[y]apply(A→ {}, A, y, x)))
∈ A→ ((A→ {})→ {}) ≡ A→ (¬(¬A))
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Example 2. Using the rules for natural numbers, booleans and functions
we will show how to define a function, eqN ∈ (N,N)Bool, that decides if
two natural numbers are equal. We want the following equalities to hold:

eqN(0, 0) = true

eqN(0, succ(n)) = false

eqN(succ(m), 0) = false

eqN(succ(m), succ(n)) = eqN(m,n)

It is impossible to define eqN directly just using natural numbers and re-
cursion on the arguments. We have to do recursion on the arguments
separately and first use recursion on the first argument to compute a func-
tion which when applied to the second argument gives us the result we
want. So we first define a function f ∈ (N) (N → Bool) which satisfies the
equalities

f(0) = λ([m] iszero(m))
f(succ(n)) = λ([m] natrec(m, false, [x, y] apply(f(n), x)))

where

iszero(m) = natrec(m, true, [x, y] false)

If we use the recursion operator explicitly, we can define f as

f(n) = natrec(n,
λ([m]iszero(m)),
[u, v]λ((m)natrec(m, false, [x, y] apply(v, x))))

The function f is such that f(n) is equal to a function which gives true if
is applied to n and false otherwise, that is, we can use it to define eqN as
follows

eqN(m,n) = apply(f(m), n)

It is a simple exercise to show that

eqN ∈ (N,N) Bool

and that it satisfies the equalities we want it to satisfy.
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5.5 Propositional equality

The equality on the judgement level a = b ∈ A is a definitional equality
and two objects are equal if they have the same normal form. In order to
express that, for example, addition of natural numbers is a commutative
operation it is necessary to introduce a set for propositional equality.

If a and b are elements in the set A, then Id(A, a, b) is a set. We express
this by introducing the constant Id and its type

Id ∈ (X ∈ Set; a ∈ X; b ∈ X) Set

The only constructor of elements in equality sets is id and it is introduced
by the type declaration

id ∈ (X ∈ Set;x ∈ X) Id(X, x, x)

To say that id is the only constructor for Id(A, a, b) is the same as to say
that Id(A, a, b) is the least reflexive relation. Transitivity, symmetry and
congruence can be proven from this definition. We use the name idpeel for
the selector and it is introduced by the type declaration

idpeel ∈ (A ∈ Set;
C ∈ (x, y ∈ A; e ∈ Id(A, x, y))Set;
a, b ∈ A;
e ∈ Id(A, a, b);
d ∈ (x ∈ A) C(x, x, id(A, x)))

C(a, b, e)

and the equality

idpeel(A,C, a, b, id(A, a), d) = d(a)

The intuition behind this constant is that it expresses a substitution rule
for elements which are propositionally equal.

Example 3. The type of the constructor in the set Id(A, a, b) corresponds
to the reflexivity rule of equality. The symmetry and transitivity rules can
easily be derived.

Let A be a set and a and b two elements of A. Assume that

d ∈ Id(A, a, b)

In order to prove symmetry, we must construct an element in Id(A, b, a).
By applying idpeel on A, [x, y, e]Id(A, y, x), a, b, d and [x]id(A, x) we get,
by simple typechecking, an element in the set Id(A, b, a).

idpeel(A, [x, y, e]Id(A, y, x), a, b, d, [x]id(A, x)) ∈ Id(A, b, a)
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The derived rule for symmetry can therefore be expressed by the constant
symm defined by

idsymm ∈ (A ∈ Set; a, b ∈ A; d ∈ Id(A, a, b)) Id(A, b, a)

idsymm(A, a, b, d) = idpeel(A, [x, y, e]Id(A, y, x), a, b, d, [x]id(A, x))

Transitivity is proved in a similar way. Let A be a set and a, b and c
elements of A. Assume that

d ∈ Id(A, a, b) and e ∈ Id(A, b, c)

By applying idpeel on A, [x, y, z]Id(A, y, c)→Id(A, z, c), a, b, d and the iden-
tity function [x]λ(Id(A, x, c), Id(A, x, c), [w]w) we get an element in the set
Id(A, b, c)→Id(A, a, c). This element is applied on e in order to get the
desired element in Id(A, a, c).

idtrans ∈ (A ∈ Set; a, b, c ∈ A; d ∈ Id(A, a, b); e ∈ Id(A, b, c)) Id(A, a, c)

idtrans(A, a, b, c, d, e) = apply(Id(A, b, c), Id(A, a, c),
idpeel(A, [x, y, z]Id(A, y, c)→Id(A, x, c),

a, b, d,
[x]λ(Id(A, x, c), Id(A, x, c), [w]w)),

e)

Example 4. Let us see how we can derive a rule for substitution in set
expressions. We want to have a rule

P (x) ∈ set [x ∈ A] a ∈ A b ∈ A c ∈ Id(A, a, b) p ∈ P (a)
subst(P, a, b, c, p) ∈ P (b)

To derive such a rule, first assume that we have a set A and elements a
and b of A. Furthermore assume that c ∈ Id(A, a, b), P (x) ∈ Set [x ∈ A]
and p ∈ P (a). Type checking gives us that

λ(P (x), P (x), [w]w) ∈ P (x)→P (x) [x ∈ A]

idpeel(A, [x, y, z](P (x)→P (y)), a, b, c, [x]λ(P (x), P (x), [w]w))
∈ P (a)→P (b)

We can now apply the function above on p to obtain an element in P (b). So
we can define a constant subst that expresses the substitution rule above.
The type of subst is

subst ∈ (A ∈ Set;
P ∈ (A)Set;
a, b ∈ A;
c ∈ Id(A, a, b);
p ∈ P (a))

P (b)
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and the defining equation

subst(A,P, a, b, c, p) = apply(P (a), P (b),
idpeel(A, [x, y, z](P (x)→P (y)),

a, b, c,
[x]λ(P (x), P (x), [w]w)),

p)

5.6 The set of lists

The set of lists List(A) is introduced in a similar way as the natural num-
bers, except that there is a parameter A that determines which set the
elements of a list belongs to. There are two constructors to build a list, nil
for the empty list and cons to add an element to a list. The constants we
have introduced so far have the following types:

List ∈ (A ∈ set) Set

nil ∈ (A ∈ set) List(A)
cons ∈ (A ∈ set; a ∈ A; l ∈ List(A)) List(A)

The selector listrec for types is a constant that expresses primitive recursion
for lists. The selector is introduced by the type declaration

listrec ∈ (A ∈ Set;
C ∈ (List(A))Set;
c ∈ C(nil(A));
e ∈ (x ∈ A; y ∈ List(A); z ∈ C(y))C(cons(A, x, y));
l ∈ List(A))

C(l)

The defining equations for the listrec constant are

listrec(A,C, c, e, nil(A)) = c

listrec(A,C, c, e, cons(A, a, l)) = e(l, a, listrec(A,C, c, e, l))

5.7 Disjoint union of two sets

If we have two sets A and B we can form the disjoint union A+B. The ele-
ments of this set are either of the form inl(A,B, a) or of the form inr(A,B, b)
where a ∈ A and b ∈ B. In order to express this in the framework we in-
troduce the constants

+ ∈ (A,B ∈ Set) Set

inl ∈ (A,B ∈ Set;A) A + B

inr ∈ (A,B ∈ Set;B) A + B
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The selector when is introduced by the type declaration

when ∈ (A,B ∈ Set;
C ∈ (A + B) Set;
e ∈ (x ∈ A) C(inl(A,B, x));
f ∈ (y ∈ B) C(inr(A,B, y));
p ∈ A + B)

C(p)

and defined by the equations

when(A,B, C, e, f, inl(A,B, a)) = e(a)

when(A,B, C, e, f, inr(A,B, b)) = f(b)

Seen as a proposition the disjoint union of two sets expresses disjunction.
The constructors correspond to the introduction rules

A true

A ∨B true

B true

A ∨B true

and the selector when corresponds to the elimination rule.

A ∨B true C prop C true [A true] C true [B true]
C true

5.8 Disjoint union of a family of sets

In order to be able to deal with the existential quantifier and to have a set
of ordinary pairs, we will introduce the disjoint union of a family of sets.
The set is introduced by the type declaration

Σ ∈ (A ∈ Set;B ∈ (A)Set) Set

There is one constructor in this set, pair, which is introduced by the type
declaration

pair ∈ (A ∈ Set;B ∈ (A)Set; a ∈ A;B(a))Σ(A,B)

The selector of a set Σ(A,B) splits a pair into its parts. It is defined by
the type declaration

split ∈ (A ∈ Set;B ∈ (A) Set;
C ∈ (Σ(A,B))Set;
d ∈ (a ∈ A; b ∈ B(a))C(pair(A,B, a, b));
p ∈ Σ(A,B))

C(p)
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and the defining equation

split(A,B,C, d, pair(A,B, a, b)) = d(a, b)

Given the selector split it is easy to define the two projection functions that
give the first and second component of a pair.

fst ∈ (A ∈ Set;B ∈ (A)Set; p ∈ Σ(A,B))A
fst(A,B, p) = split(A,B, [x]A, [x, y]x, p)

snd ∈ (A ∈ Set;B ∈ (A) Set; p ∈ Σ(A,B))B(fst(A,B, p)
snd(A,B, p) = split(A,B, [x]B(fst(A,B, p)), [x, y]y, p)

When viewed as a proposition the disjoint union of a family of sets
Σ(A,B) corresponds to the existential quantifier (∃ x ∈ A)B(x). The types
of constructor pair and when correspond to the natural deduction rules for
the existential quantifier

a ∈ A B(a) true

(∃x ∈ A) B(x) true

(∃x ∈ A) B(x) true C prop C true [x ∈ A,B(x) true]
C true

5.9 The set of small sets

A set of small sets U, or a universe, is a set that reflects some part of the set
structure on the object level. It is of course necessary to introduce this set
if one wants to do some computation using sets, for example to specify and
prove a type checking algorithm correct, but it is also necessary in order to
prove inequalities such as 0 6= succ(0). Furthermore, the universe can be
used for defining families of sets using recursion, for example non-empty
lists and sets such as Nn.

We will introduce the universe simultanously with a function S that
maps an element of U to the set the element encodes. The universe we will
introduce has one constructor for each set we have defined. The constants
for sets are introduced by the type declaration

U ∈ Set
S ∈ (U)Set
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Then we introduce the constructors in U and the defining equations for S

BoolU ∈ U
S(BoolU ) = Bool

{}U ∈ U
S({}U ) = {}

NU ∈ U
S(NU ) = N

ΠU ∈ (A ∈ U;B ∈ (S(A))U) U
S(ΠU (A,B)) = Π(S(A), [h]S(B(h)))

IdU ∈ (A ∈ U; a ∈ S(A); b ∈ S(A))U
S(IdU (A, a, b)) = Id(S(A), a, b)

ListU ∈ (A ∈ U)U
S(ListU (A)) = List(S(A))

+U ∈ (A ∈ U;B ∈ U)U
S(+U (A,B)) = +(S(A),S(B))

ΣU ∈ (A ∈ U;B ∈ (S(A))U) U
S(ΣU (A,B)) = Σ(S(A), [h]S(B(h)))

Example 5. Let us see how we can derive an element in the set

¬Id(N, 0, succ(0))

or, in other words, how we can find an expression in the set

Id(N, 0, succ(0))→{}

We start by assuming that

x ∈ Id(N, 0, succ(0))

Then we construct a function, Iszero, that maps a natural number to an
element in the universe.

Iszero ∈ (N) U

Iszero(m) = natrec(m,BoolU , [y, z]{}U )

It is easy to see that

Iszero(0) = S(BoolU ) = Bool

Iszero(succ(0)) = S({}U ) = {}
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and therefore
true ∈ Bool = Iszero(0)

subst(x, true) ∈ Iszero(succ(0)) = {}

Finally, we have the element we are looking for

λ(Id(N, 0, succ(0)), {}, [x]subst(x, true)) ∈ Id(N, 0, succ(0))→{}

It is shown in Smith [37] that without a universe no negated equalities can
be proved.

6 ALF, an interactive editor for type theory

At the department of Computing Science in Göteborg, we have developed
an interactive editor for objects and types in type theory. The editor is
based on direct manipulation, that is, the things which are being built are
shown on the screen, and editing is done by pointing and clicking on the
screen.

The proof object is used as a true representative of a proof. The process
of proving the proposition A is represented by the process of building a
proof object of A. The language of type theory is extended with place
holders (written as indexed question marks). The notation ? ∈ A stands
for the problem of finding an object in A. An object is edited by replacing
the placeholders by expressions which may contain placeholders. It is also
possible to delete a subpart of an object by replacing it with a placeholder.

There is a close connection between the individual steps in proving A
and the steps to build a proof object of A. When we are making a top-
down proof of a proposition A, then we try to reduce the problem A to some
subproblems B1, . . . , Bn by using a rule c which takes proofs of B1, . . . , Bn

to a proof of A. Then we continue by proving B1, . . . , Bn. For instance,
we can reduce the problem A to the two problems C ⊃ A and C by using
modus ponens. In this way we can continue until we have only axioms and
assumptions left. This process corresponds exactly to how we can build a
mathematical object from the outside and in. If we have a problem

? ∈ A

then it is possible to refine the place holder in the following ways:

• The placeholder can be replaced by an application c(?1, . . .?n) where
c is a constant, or x(?1, . . .?n), where x is a variable. In the case that
we have a constant, we must have that c(?1, . . .?n) ∈ A, which holds
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if the type of the constant c is equal to (x1∈A1; . . . ;xn∈An)B and
?1 ∈ A1, ?2 ∈ A2 [x1←?1], . . . , xn∈An[x1←?1, . . . , xn−1←?n−1] and

B[x1←?1, . . . , xn−1←?n−1] = A

So, we have reduced the problem A to the subproblems A1, A2 [x1←?1],
. . . , An[x1←?1, . . . , xn−1←?n−1] and further refinements must satisfy
the constraint B[x1←?1, . . . , xn−1←?n−1] = A. The number n of new
placeholders can be computed from the arity of the constant c and
the expected arity of the placeholder. As an example, if we start with
? ∈ A and A is not a function type and if we apply the constant c of
type (x∈B)C, then the new term will be

c(?1) ∈ A

where the new placeholder ?1 must have the type B (since all argu-
ments to c must have that type) and furthermore the type of c(?1)
must be equal to A, that is, the following equality must hold:

C [x←?1] = A.

These kind of constraints will in general be simplified by the system.
So, the editing step from ? ∈ A to c(?1) ∈ A is correct if ?1 ∈ B and
C [x←?1] = A. This operation corresponds to applying a rule when
we are constructing a proof. The rule c reduces the problem A to the
problem B.

• The placeholder is replaced by an abstraction [x]?1. We must have
that

[x]?1 ∈ A

which holds if A is equal to a function type (y ∈ B)C. The type of
the variable x must be B and we must keep track of the fact that
?1 may be substituted by an expression which may depend on the
variable x. This corresponds to making a new assumption, when we
are constructing a proof. We reduce the general problem (y∈B)C to
the problem C [y←x] under the assumption that x∈B. The assumed
object x can be used to construct a solution to C, that is, we may
use the knowledge that we have a solution to the problem B when
we are constructing a solution to the problem C.

• The placeholder is replaced by a constant c. This is correct if the
type of c is equal to A.

• The placeholder is replaced by a variable x. The type of x must be
equal to A. But we cannot replace a placeholder with any variable of
the correct type, the variable must have been abstracted earlier.
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To delete a part of a proof object corresponds to regretting some earlier
steps in the proof. Notice that the deleted steps do not have to be the last
steps in the derivation, by moving the pointer around in the proof object it
is possible to undo any of the preceeding steps without altering the effect
of following steps. However, the deletion of a sub-object is a non-trivial
operation; it may cause the deletion of other parts which are depending on
this.

The proof engine, which is the abstract machine representing an ongoing
proof process (or an ongoing construction of a mathematical object) has two
parts: the theory (which is a list of constant declarations) and the scratch
area. Objects are built up in the scratch area and moved to the theory part
when they are completed. There are two basic operations which are used to
manipulate the scratch area. The insertion command replaces a placeholder
by a new (possible incomplete) object and the deletion command replaces
a sub-object by a placeholder.

When implementing type theory we have to decide what kind of induc-
tive definitions and definitional equalities to allow. The situation is similar
for both, we could give syntactic restrictions which guarantees that only
meaningful definitions and equalities are allowed. We could for instance
impose that an inductive definition has to be strictly positive and a defin-
ional equality has to be primitive recursive. We know, however, that any
such restriction would disallow meaningful definitions. We have therefore
– for the moment – no restrictions at all. This means that the correctness
of a definition is the user’s responsibility.

Among the examples developed in ALF, we can mention a proof that
Ackermann’s function is not primitive recursive [38], functional complete-
ness of combinatorial logic [16], Tait’s normalization proof for Gödel’s
T [17], the fundamental theorem of arithmetic [40], a constructive ver-
sion of Ramsey’s theorem [15], and a semantical analysis of simply typed
lambda calculus with explicit substitution [7].
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� ��* � � ' � � � *,$#� #�+ ( � ��* � '+� *#� '+�$# �
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4 * $ $ / � K ; 3<5I� � H 5 � 5 �<^ Y0D<= DFb b G�6 /[D<5cB,= =>1 7Ci 1 645N=>@LHJ= D-& 	 � � � 1 =>@L5[B =>@L5
7Ci 1%1�& B�=>5cib� � DFbSHJB 5c3<5I� 5[B,=S1�& � 1 � � 7 1:i>5��:5[BC5ci H43<36;4Y�H�5 7Ci 1 645:Y�"%; D6BLKeGL/2=>D614B 1 645ci
= @C5 @C5[D/�4@,=I1&0= @C5 7Ci 1,1& B H:b>b>D/�4B�� 5[B,=8=>i 5[5:YV= @LH�=ID-& 	 � � � 1*Y�� DFbIH b>G�"Lb =>D<=>Ge= D<1:B� HJ7L7CD<B#�\=>@C5�= 5[i � 6�HJi DFH�"C365�=>1\=>5cib� b�H4BLK � D6b�H b>G�"Lb =>D<=>GC=>D614BW� HJ7C7LD<B��Ib>1� 5�7Ci 1%1�&
6�HJi DFH�"C365cb�H4b b 1e/2DFH�= 5cK = 1NHN7Ci 147l1:b>D = D<1:B:3 D6B 	 =>1�HJB 5[3650� 5[B,=\1�& � 3 � Y}=>@C5cB � � � D6bH4BN5c3<5I� 5cB,=S1�& � 1 � �

7 T feD<1�� � M & � DFbRH16�H4i>DFH�"C365 �eY�H05I@9H3645 � ��� 1 � � 	 � M & � D6bRD<B = @C5*Ke1�� HJD6B 1�&Ke5FELBLD = D<1:B*1�& � Y�=>@C5cB � � � U � �RDFbqHJBI5c3<5I� 5cB,= 1& � 1 � Y41J=>@L5[i H D6b>5 � � � U � � U �

D6bSH4BN5c3<5I� 5[B,=S1�& � 1 � "%; 7Ci 147l1:b>D = D<1:B 5 � 5 � '#�
7 � B�D6B,=>i 1 � � @C5�7Li>1%1�& B�=>5cib� � @LH:b�= @C5<& 14i � � �� 5�@LH36:5 � � � U � � � @CDFb�7Ci>1%1& B=>5[i ��D6b0BC1:ib� HJ3}HJB9K =>@%GLb0D =�DFb0b =>i 14B��:3<;'=>5cib� D6BLH�= D<B#� � . 5[B9/254Y,= @C5�7Li>1%1�& B�=>5cib�
� ��� DFb�D<B � 1 � �

7 5 B�D6B,=>i 1 � � @L5N7Ci 1%1�& B�=>5cib� � @LH:b =>@L5 & 1:ib� ��� > ? � � 	 H @L5[i 5 � > DFb'H 7Ci>1%1&S1�&b 1�� 5 7Ci 147l1:b>D = D<1:B 3 HJBLK � � H 7Ci>1%1&I1�& b>1� 5 7Ci>1:791,b D<=>D614B � � � 5 @LH36:5
� � � U���� � � > ? � � � � 	 � d014BLb>DFKe5[i HRi 5cKeG9/ =>D614B'b 5?E:GL5[BL/[5ZDFb>b>GC5cK & i>1�� =>@CDFb 7Ci>1%1& B
=>5[i � � � @CDFb�b 5?E:GL5[BL/[5 /[H4B 14BC36; i>5?KeGL/25 =>@C5 7Ci 1,1& B"= 5[i � b � � � > H4BLK � � � � �K ; D6BLKeG9/ =>D614B @%;%7914=>@C5?b DFb�=>@C5?b 5 7Ci 1%1�& B�=>5[i � b\HJi 5*D6B � 3 � H4BLK � � � �[� @%GLb8=>@L5
i>5?KeGL/ = D<1:B�b>5cE,GC5cBL/25\DFb@ELBCD<=>5 �
hCGCi>=>@C5cib� 1:i>5:YJHJ363ei>5?KeGL/ =Abq1�& � � � @9H36450=>@C5@& 1:ib� ���  > ? �  � 	 H @C5ci>5 �  > DFb H8i>5?KeGL/2=1�& � � � >RHJBLK �  � 14BC5�1�& � � � � � � @L5�7Ci 1%1�& B�=>5cib� b �  > HJBLK �  � HJi 5SD6B � 3 � HJBLK � � �",; 7Ci>1:791,b D<=>D614B 5#� 5#� _��
. 5[B9/254YC=>@C5 7Ci 1%1�& B�=>5cib� � � ��� > ? � � 	�D6b�D6B � 1 � �

7 � B�D6B,=>i 1 � � @C5 7Ci 1%1�& B�=>5cib� � @LH:b�=>@C5�& 1:ib� ����� � � i>5?b 7 � � ��� �,� HJB9K � DFbSH 7Ci 1%1�&1�&0b>1� 5*7Li>1:791,b D<=>D614B:3 � � 5 @LH36:5 � � � U � ��� � � � � i>5?b 7 � �%� � � � �,� � d01:BLb DFKe5ciHIi 5cKeGL/2=>D614B�b 5?E:GL5[BL/[5RDFb>b>GC5cKW& i>1���=>@CDFb�7Ci>1%1& B"= 5[i � � � @CDFb�b 5?E:GL5[BL/[5�/[H4B 14BL3<;
i>5?KeGL/25 = @C5 7Ci 1%1�& B�=>5cib� b � � � � K ; D<B9KeGL/ = D<1:B @%;,7l1J= @C5cb>DFb =>@LD6b 7Li>1%1�& B�=>5cib� D6b
HJB�5[3650� 5[B,=S1�& � 3 � � � @,G9b�=>@C5 i 5cKeG9/ =>D614B b>5cE,GC5[B9/25 DFb ELBCD<=>5 �
hCGCi>=>@C5cib� 1:i>5:Y%H43<3}i 5cKeG9/ = b�1& � � � @LH3645R=>@C5�& 14i � � ���  � � i>5?b 7 � �%���  � � H @C5ci>5 �  D6bSH i 5cKCGL/ =S1& � � � � � @C5I7Ci 1%1�& B�=>5[i � �  DFbRHJB 5c3<5I� 5cB,=S1�& � 3 � "%; 7Ci 147l1:b>D<=>D614B5#� 5#� _��
. 5[B9/254YC=>@C5 7Ci 1%1�& B�=>5cib� � � ����� � � i>5?b 7l5c/2=>D/645c3<; � � � ��� �,� DFbSHJB�5[3650� 5[B,=S1& � 1 � �

7 � B D<B,= i>1 �]� @C5R7Ci>1%1& B"= 5[i � � @LH:b =>@L5 & 14i � � �� � H @C5ci>5 � DFbZH 7Li>1%1�&_6�HJi DFH�"C365
1�&8b>1� 5N7Ci>1:791,b D<=>D614B63 HJBLK � H 7Ci 1%1�&S1&8b>1� 5N7Li>1:791,b D<=>D614B � � � 5 @LH36:5
� � � U � �� � � � Y0/[14BLb>D6KC5[i'H i 5cKeGL/2=>D614B b>5cE,GC5cBL/25�DFb>b>GC5cK & i>1�� =>@CDFb 7Ci>1%1& B
=>5[i � �,� @CDFbIb 5?E,GC5[BL/[5 /[HJB 14BL3<; i 5cKCGL/25 =>@L5 7Ci>1%1& B"= 5[i � � � � �,K ; D<B9KeGL/ = D<1:B@,;%7l1J= @C5cb>D6bcY =>@C5N7Ci>1%1& B"= 5[i � � � � D6b'HJB 5[3650� 5cB:= 1�& � � � Y =>@%GLbI=>@C5 i>5?KeGL/ = D<1:Bb 5?E:GL5[BL/[58DFb@ELBLD = 5 �
hCGCi>=>@C5cib� 1:i>5:Y,H43<3li>5?KeGL/2= b01�& � � � @9H3645 = @C5 & 1:ib� � �� �  H @L5[i 5 �  lDFb0H*i>5?KeGL/2=1�& � � � � U 5[=�� "95\HJB%; 7Ci 1%1�& 1�& � 3 � Y,=>@L587Li>1%1�& B�=>5cib� � � � � � �  /[H4B,"l5�1�"e= H4D<BC5?K
",; i 5cKCGL/ = D<1:B,& i 1� � � � � � � � � � � � � K ; D6BLKeG9/ =>D614BN@%;,7l1J= @C5cb>DFb[Y,=>@L587Li>1%1�& B�=>5cib�
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�,� � � � � � � � � � D6b8HJB 5[3650� 5[B,=�1& � � � ��� @C5*7Ci 1%1�& = 5[i � � � � � � �  DFb�H4B 5[3650� 5[B,=1& � � � Y#",; 7Ci>1:791,b D<=>D614B 5#� 5#� _��
. 5[BL/[54Ye= @C5 7Ci 1,1& B"= 5[i � � � � � �� � � DFb HJB 5[3650� 5cB:= 1& � 1 � �

7 ��B�D6B,=>i 1 � � @C5 7Ci 1,1& B"= 5[i � � @9H4b0=>@C5�& 1:ib�  ��� � H @C5ci>5 � DFb H'7Li>1%1�& 1�&qb 1�� 57Ci 147l1:b>D<=>D614B 3 � � 5*@9H3645 � � � U  ��� � � � � d01:BLb DFKe5ci�H i 5cKeG9/ =>D614B b>5cE,GC5cBL/25DFb>b>GC5?K^& i>1�� = @C5 7Ci 1%1�& B�=>5cib� � � � U  �� � � � � � @CD6bNb 5?E,GC5[BL/[5 /[H4B 14BC36;
i 5cKeG9/25 = @C5I7Ci 1%1�& B�=>5[i � � � � � K ;�D<BLKCGL/ = D<1:B @,;%7l1J= @C5cb>D6bcYC= @C5*7Li>1%1�& B�=>5cib� � � �DFbSHJB�5[3650� 5cB:=S1& � 3 � Ye= @,G9b�=>@C5 i 5cKeG9/ =>D614B b>5cE,GC5[B9/25\D6b ELBCD<=>5 �
hLGCi = @C5[i � 14i 54Y\HJ363\i>5?KeGL/ =Ab 1�& � � � @LH36:5 = @C5 & 14i �  �� �  H @L5[i 5 �  D6b Hi 5cKeG9/ =R1& � � � � � @L5I7Ci 1,1& B"= 5[i � � =��  � �  VD6b 1�"e= H4D<BL5cKG"%; i 5cKeGL/[D<B#� =>@C5 7Ci 1%1�& B
= 5[i � �,� =��  � � � � � =��  ��� � � � � K ;ND<BLKCGL/ = D<1:B�@%;%7l1J=>@L5cb>D6bSH�:H4D<B Y%= @C5 7Ci 1%1�& B�=>5[i �
�,� =��  � � � � � =��  � � � � � D6b HJB 5[3650� 5[B,= 1�& � 3 � � � @C5�7Ci 1,1& B"= 5[i � � =��  � �  �D6b H4B5c3<5I� 5cB,=S1�& � 3 � Y�"%; 7Li>1:791,b D<=>D614B 5#� 5#� _��
. 5[BL/[5 � � �  ��� � � DFb HJB�5[3650� 5cB:=S1& � 1 � �

7 �CB D6B:= i>1 � � @L5 7Ci>1%1& B"= 5[i � � @LH4b =>@C5�& 1:ib� � = ? � 	2Y#H @C5ci>5 � D6b�H 7Ci 1,1& 1&�b 1�� 57Ci 147l1:b>D<=>D614B 3 � � 5*@LH36:5 � � � U � � = ? � � � 	 � d014BLb>DFKe5[i8H i 5cKeGL/2=>D614B b>5cE,GC5cBL/25DFb>b>GC5?K & i 1� = @CDFb 7Ci 1,1& B"= 5[i � � � @CDFb b 5?E,GC5[BL/[5 /[HJB 14BC36; i 5cKeG9/25�=>@C5 7Ci 1%1�& B
= 5[i � � � � �PK ; D<BLKCGL/ = D<1:B @,;%7l1J= @C5cb>D6bI=>@CDFbI7Li>1%1�& B�=>5cib� DFbID6B � 3 � �P� @%GLbI=>@C5
i 5cKeG9/ =>D614B b>5cE,GC5cBL/25\DFb ELBCD<=>5 �
hLGCi = @C5[i � 14i 54Y%HJ3639i 5cKCGL/ =Ab�1�& � � � @LH3645S=>@C5 & 14i � � �F= ? �  	 H @C5ci>5 �  9DFb0H i 5cKCGL/ =1& � � � � � @C5\7Ci 1%1�& B�=>5cib� �  gDFb HJB�5[3650� 5[B,=S1& � 3 � Y�"%; 7Ci 147l1:b>D = D<1:B 5 � 5 � _��
. 5[BL/[54Ye= @C5 7Ci 1,1& B"= 5[i � � � � = ? � 	�D6b H4BN5c3<5I� 5[B,=S1�& � 1 � �

7 � B 5[36D-� ��� @L5 7Ci 1,1& B"= 5[i � � @LH:b = @C5,& 1:ib� � 	 ��� � H @C5[i 5 � D6b'H 7Ci 1%1�& 1�& � �
� 5 @LH36:5 � � � U � 	 � � � � � � K ; D6BLKeGL/2=>D614B @%;%7914=>@C5?b DFbcYV= @C5 7Ci 1%1�& B�=>5cib� � � �DFb H4B 5c3<5I� 5[B,= 1�& � � � � . 5cBL/25:Y D = DFb b =>i 14B��:3<; =>5[i � D<B9H�=>D6B�� � UV52= < "95 =>@C5
� H�feD/�*G��365[B��4=>@ 1�&qi>5?KeGL/2=>D614B b 5?E,GC5[BL/[5cb DFb b GC5?K & i>1�� =>@LD6bR7Ci>1%1& B"= 5[i � � � 5
7Ci 1 645["%; D<BLKCGL/ = D<1:B 1:B < = @LH�= � 	 � � � � � D6b8D6B � 1 � � S D<BL/[5*= @CDFb\7Ci>1%1& B"= 5[i �DFb
H4B 5[36D-� D6BLH�= D<1:B Y#"%;�7Ci 147l1:b>D = D<1:B 5#� 5#� 5 Y�H�5I14BL3<;�BC5[5?K =>1 7Ci>1 6:5\=>@LHJ=R506:5[i ; 1&
D<= b 1:BC5 bP= 5[7 i>5?KeGL/2= b\DFb\D<B � 1 � �1� @L5 i>5?KeGL/ = D<1:B /cHJB 14BC36; =AH&�45 7C3FH4/[5 D6B � � �H4BLKGH05 HJ7L7C3<; =>@C5 D6BLKeGL/2=>D614B @%;%7914=>@C5?b DFb �
. 5[BL/[54Ye= @C5 7Ci 1,1& B"= 5[i � � � � 	 ��� � DFb HJB�5[3650� 5[B,=S1�& � 1 � �

7 5 B 5[36D-� � � 5\14BC36; Ke5[= H4D<3}= @C5I/[H:b 5\1�& 3<50& =S5[36D-� D6BLH�= D<1:B � � @C5 7Ci 1%1�& B�=>5[i � � @LH4b= @C5W& 14i � / � � ��� � H @C5[i 5 � DFbIH 7Ci 1,1&01&�b>1� 5 7Ci 147l1:b>D = D<1:B 1 5:3 � � 5 @LH3645
� � � U / � � ��� � � �F� K ;'D6BLKeGL/2=>D614B @%;%7l1J=>@L5cb>D6bq= @C5R7Li>1%1�& B�=>5cib� � � � D6bZD<B � 1 583 � �
. 5[BL/[54Y D<= D6b bP= i>1:B��436; =>5cib� D6BLH�= D<B#� � U 52= < "l5 =>@C5�� HJfeD-�'G�� 365[B#�J=>@ 1& H
i 5cKeG9/ =>D614B b>5cE,GC5cBL/25 DFb b GC5?K & i>1�� = @CD6b*7Ci 1,1& B"= 5[i � � � 5 7Ci 1 6451"%; D6BLKeG9/ =>D614B
1:B < =>@9H�= / ��� � � � � � DFbZD6B = @C58b>52= � 1 � � S D<BL/[5R= @CDFb07Li>1%1�& B�=>5cib��DFb0H*5[36D-� D6BLH�= D<1:B Y
"%; 7Ci>1:791,b D<=>D614B 5 � 5 � 5 Y H�5 14BL3<; BC5[5?K =>1 7Ci 1 645 = @LH�=N50645ci>; 1�&\D =Ab 1:BC5 b =>5[7
i 5cKeG9/ = bID6b\D6B � 3 � � M &�=>@C5 i 5cKeG9/ =>D614B = H �45?b\7C36H:/25 D6B � � � =>@C5cB)H05 HJ7L7C3<; =>@C5
D6BLKeGL/2=>D614BN@,;%7l1J= @C5cb>D6b � � =>@C5cibH DFb>5 � � � @LH4bZ=>@L5 & 1:ib� ���  > ? �  � 	�H4BLK = @C5Ri 5cKCGL/ =DFb �  > � K ; =>@L5IKe5FELBLD = D<1:B�1& � 1 573 � = @CDFb 7Ci 1,1& B"= 5[i � DFb�D<B � 1 � �
. 5[BL/[54Ye= @C5 7Ci 1,1& B"= 5[i � � � / � � ��� � D6b H4BN5c3<5I� 5[B,=S1�& � 1 � �
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7 � B�5c3<D/� � � @C5\7Ci>1%1& B"= 5[i � � @LH:bZ= @C5�& 14i � � ��� > ? � � � � �  � H @C5[i 5 � > D6b H'7Ci 1%1�&1�&'b>1� 5 7Li>1:791,b D<=>D614B 3 � � HJB9K � � HJB9K �  H4i>5 7Ci>1%1&!b 1& 1 � � 5 @LH36:5
� � � U � ��� � � > ? � � � � � ?�� � � �  � �^K ; D<BLKCGL/ = D<1:B @%;%7914=>@C5?b DFbcY�=>@L5�7Li>1%1�& B�=>5cib�
� � � > D6bRD<B = @C5*b>52= � 3 � � � Y9H4BLK�=>@C5*7Ci>1%1& B"= 5[i � b � � � � HJBLK � � �  H4i>5\D6B =>@L5b 5[= � 1 � � . 5[BL/[54Ye= @C5cb>5\7Ci>1%1& B"= 5[i � b H4i>5\b =>i 14B��:3<; = 5[i � D<BLHJ=>D6B�� � UV52= < Y <  H4BLK
<   	"l50=>@C5 � H�feD-�'G�� 365[B��4=>@*1&Li 5cKeGL/2=>D614B b 5?E:GL5[BL/[5cb D6b b GL5cK�& i 1��= @C5cb>5�7Ci>1%1& B
=>5[i � b � � 5I7Ci 1 645�"%;ND6BLKeGL/2=>D614B 1:B < 5 <  5 <   =>@LHJ= � � � � � > ? � � � � � ? � � � �  �D6b D6B � 1 � � S D6BL/25�=>@LD6b 7Ci 1%1�& B�=>5[i � D6b H4B 5[36D/� D6BLHJ=>D614B Y "%; 7Ci 147l1:b>D<=>D614B 5 � 5 � 5 YH05 14BC36; BC5[5?K = 1 7Ci 1 645*=>@LHJ=85I645[i ;�1�&ZD<= b814BL5'b =>5[7 i>5?KeGL/2= b8D6b�D6B � 1 � � M &Z=>@L5i>5?KeGL/ = D<1:B = H �45cbS7C36H:/25ID6B � � � >�Y � � � � 1:i � � �  =>@L5[B H�5*HJ7C7L3<;N=>@C5'D<B9KeGL/ = D<1:B
@,;%7l1J= @C5cb>D6b ��� =>@L5[i H D6b>54Y Da& � � � > @LH4bI=>@C5W& 1:ib� � ���  � � i 5cb>7 � �%���  �,� H4BLK =>@L5i>5?KeGL/ = DFb � ���  � � � � � � � � � � i>5?b 7 � �,���  � � � � � � � �  �F�]K ;\=>@L5�KC5FELBCD<=>D614B 1�& � 3(� � �=>@C5 7Ci 1%1�& B�=>5[i � �  �DFb D<B � 3 ��� i>5?b 7 � � � � � � . 5[BL/[5 "%; D6BLKeGL/2=>D614B @,;%7l1J= @C5cb>D6b
� ���  � � � � � � � � � � i 5cb>7 � � ���  � � � � � � � �  � D6b�D6B � 1 � �
. 5[B9/254YC=>@C5 7Ci 1%1�& B�=>5cib� � � � ��� > ?�� � � ?�� �  � DFb HJB 5c3<5I� 5cB,=�1& � 1 � �

7 � B 5[36D-� � � @C5 7Ci 1%1�& B�=>5cib� � @LH4b =>@C5�& 14i � ��� > � � � HJBLK � > DFbNH 7Ci 1,1& 1�&b 1�� 5 7Ci 147l1:b>D = D<1:B:3 � 1�H4BLK � � H 7Ci 1%1�&Z1&�=>@L5'7Ci 147l1:b>D<=>D614B�3 � � 5'@LH36:5
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