
Disrete Mathematis Fall 2008RelationsEverybody knows what a relation is. The mathematial de�nition of a relationis a way to formalize this onept so that it an be used in di�erent�and muhwider�ontexts than we do in everyday language. To be a relative of somebody, orsomebody's hild, or to be in the same lass as somebody, are examples of relations.But we even need to study suh relations as being older than somebody, or for twonumbers to leave the same remainder when divided by 12, or for a binary string xto have 1's in all the plaes where a string y has 1's.A relation is de�ned on a set (whih an onsist of people, or numbers, or whatever)and it an be desribed by saying whih pairs of elements are related to eah other.The set of all ordered pairs of elements in a set is alled the ross produt , or Cartesianprodut of the set with itself, and the formal de�nition of a relation is as follows:De�nition 1 A relation R on a set M is a subset of the ross produt M × M .Observe that the ross produt onsists of all ordered pairs of elements from M.This means that the pair (a, b) is not the same as (b, a). In other words, there is a�diretion� in a relation R beause the ourrene of (a, b) in R�whih means that
a stands in the relation R to b�does not imply that b stands in the relation R to a.Let R be the relation �less than� on the set M = {1, 2, 3}. Then R onsists of thethree pairs (1, 2), (1, 3) and (2, 3), whih all are elements of M × M . We an thuswrite

R = {(1, 2), (1, 3), (2, 3)}.Another way of indiating that 1 stands in the relation R to 2 is to write 1R2.We mainly study four properties of relations:De�nition 2 A relation R on a set M is1. re�exive if we have: xRx for every x ∈ M ,2. symmetri if for every pair x, y ∈ M we have: if xRy then yRx,3. antisymmetri if for every pair x, y ∈ M we have: if xRy and yRx then x = y,4. transitive if for every triple x, y, z ∈ M we have: if xRy and yRz then xRz.Observe that only re�exivity demands that any element in M must be related tosome element in M . The empty relation, that is, the relation R where xRy doesn'thold for any pair (x, y), is symmetri, antisymmetri and transitive (but not re�exive,unless M = ∅). In partiular, a relation an be neither symmetri nor antisymmetri,and a relation an be both.The relation �=� has all four properties, and this is the only relation that does (provethis!).



De�nition 3 A relation that is re�exive, symmetri and transitive is alled an equiv-alene relation.The most important equivalene relation for us will be the one used for modulararithmeti, that is, the relation that says two integers are equivalent if they leave thesame rest when divided by a given integer.De�nition 4 Let n be a positive integer. The relation �ongruene modulo n,�denoted by ≡n, is de�ned on the set of all integers by
x ≡n y ⇐⇒ x − y is divisible by n.We normally use the symbol | to denote divisibility. More preisely, �a|b � is read as�a divides b.� That a divides b means that b is an integer multiple of a.De�nition 5 Let ∼ be an equivalene relation on M and suppose a ∈ M . Then theequivalene lass of a (with respet to M) is the set [a] = {x ∈ M | a ∼ x}.De�nition 6 Let M be a set and A1, A2, . . . , An subsets of M . Then {A1, A2, . . . , An}is a partition of M if the following two onditions are satis�ed:(i) A1 ∪ A2 ∪ · · · ∪ An = M ,(ii) Ai ∩ Aj = ∅ if i 6= j.A partition of a set M is thus a set of non-empty subsets of M so that eah elementin M belongs to preisely one of the subsets.Theorem 7 The equivalene lasses of an equivalene relation on a set M form apartition of M .In other words, if R is an equivalene relation on a set M then eah element of Mbelongs to preisely one equivalene lass with respet to R.For many equivalene relations it is lear what the equivalene lasses are. If therelation is �being born in the same year,� then eah equivalene lass onsists ofall those who are born in a ertain year. For the equivalene relation �ongruenemodulo 4� (on N) there are preisely four equivalene lasses, namely {0, 4, 8, . . .},

{1, 5, 9, . . .}, {2, 6, 10, . . .}, {3, 7, 11, . . .}. It is often useful to hoose a representativefor eah equivalene lass. For ongruene modulo 4 we would typially pik thenumbers 0, 1, 2, 3, eah of whih is the smallest in its lass. More generally, forthe relation �ongruene modulo n,� we usually pik the numbers 0, 1, 2, . . . , n− 1 asrepresentatives for the equivalene lasses. This is what most programming languagesdo in their modular arithmeti.De�nition 8 Let ∼ be an equivalene relation on a set M . A set R ⊆ M is a setof representatives for ∼ if R ontains preisely one element from eah equivalenelass.De�nition 9 A relation that is re�exive, antisymmetri and transitive is alled apartial order . 2


